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Abstract. In this paper, we discuss the asymptotically periodic problem for the abstract fractional
evolution equation under order conditions and growth conditions. Without assuming the existence
of upper and lower solutions, some new results on the existence of the positive S-asymptotically
w-periodic mild solutions are obtained by using monotone iterative method and fixed point theorem.
It is worth noting that Lipschitz condition is no longer needed, which makes our results more widely
applicable.
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1 Introduction

Let (E, ||-]|) be an ordered Banach space, whose positive cone K := {z € E: x > 6}
is a normal cone with normal constant IV, # is the zero element of E. In this paper,
we discuss the positive S-asymptotically w-periodic mild solutions for the following
fractional evolution equation:

‘Diu(t) + Au(t) = F(t,u(t)), t=0,

u(0) = wuyg, b
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where °D{ is a Caputo fractional derivative of the order ¢ € (0,1) with the lower limits
zero, A : D(A) C E — E'is a closed linear (not necessarily bounded) operator, and — A
generates a Co-semigroup T'(¢) (t > 0)in E, F : Rt x E — F is a given continuous
function, which will be specified later.

In the past decades, in view of the wide practical background and application prospects
of fractional calculus in physics, chemistry, engineering, biology, financial sciences, and
other applied disciplines, numerous scholars pay more attention to fractional differen-
tial equations and have found that in many practical applications, fractional differential
equations can more truthfully describe the process and phenomena of things’ motion
development than integer differential equations (see [1, 30, 40] and references therein).
Since fractional evolution equations are abstract models from many practical applications,
the study for fractional evolution equations has attracted more and more attention of
mathematicians (see [6,12,17,37,38,41] and references therein).

Recently, the periodicity problems or asymptotic periodicity problems have extensive
physical background and realistic mathematical model, hence, it has been considerably
developed and many properties of its solutions have been studied (see [3, 11, 13, 14, 18,
20,21,23-25, 31, 36, 39] and references therein). On the other hand, because fractional
derivative has genetic or memory properties, the solutions of periodic boundary value
problems for fractional differential equations cannot be extended periodically to time ¢
in RT. Specially, the nonexistence of nontrivial periodic solutions of fractional evolution
equations had been shown in [32]. In 2008, Henriquez et al. [15] formally introduced
the concept of S-asymptotically w-periodic function, which is a more general approx-
imate period function. Since then, the S-asymptotically periodic functions have been
widely studied in fractional evolution equations, and the existence and uniqueness of
S-asymptotically w-periodic solutions have been well studied (see [3,9,10,19,29,32,33,
35]). It is not difficult to find that in most of the above work, the Lipschitz-type condi-
tions for nonlinear functions are necessary. In fact, for equations arising in complicated
reaction—diffusion processes, the nonlinear function represents the source of material or
population, which depends on time in diversified manners in many contexts.

It is well known that in many practice models, such as heat conduction equations,
neutron transport equations, reaction diffusion equations, etc., only positive solutions are
significant. But as far as we know, only a few scholars are concerned about the existence
of positive solutions for fractional evolution equations on infinite interval (see [7, 8, 35]).
In [7, 8], by means of the monotone iterative method Chen presented the existence and
uniqueness of the positive mild solutions for the abstract fractional evolution equations
under certain initial conditions. In [35], Shu studied a class of semilinear neutral fractional
evolution equations with delay and obtained the existence and uniqueness of the positive
S-asymptotically w-periodic mild solutions by using contraction mapping principle in
positive cone.

Inspired by the above literature, we will use a completely different method to improve
and extend the results mentioned above, which will make up the research in this area
blank. In Section 3, we investigate the positive S-asymptotically w-periodic mild solu-
tions for problem (1) under order conditions and growth conditions. Without assuming
the existence of upper and lower solutions, some new results on the existence of the
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positive S-asymptotically w-periodic mild solution are obtained by using monotone itera-
tive method and fixed point theorem. It is worth noting that we no longer require nonlinear
functions to satisfy Lipschitz condition, which makes our results more widely applicable.
Thus, our conclusions are new in some respects. In Section 2, some notions, definitions,
and preliminary facts are introduced, and at last, an example of time-fractional partial
differential equation is given to illustrate the application of our results.

2 Preliminaries

In this paper, we always assume that (E, ||-||) is an ordered Banach space, whose positive
cone K = {u € E: u > 0} is a normal cone with normal constant N, 6 is the zero
element of E.

Let b : Rt — R be a continuous and nondecreasing function such that i(t) > 1 for
all t € R" and lim;_, o, h(t) = co. Thus, we can define a Banach space

_ oy o ROl
Ch(E) = {u e C(RT,E): Jim o 0
with the norm ||ul| = sup,> [|u(t)||/h(t). For the Banach space C},(E), we have the
following result.

Lemma 1. (See [16].) A set B C Cp,(E) is relatively compact in Cy,(E) if and only if
(1) B is equicontinuous;
(i) limysoo ||u(®)||/h(t) = O uniformly for u € B;
(iii) The set B(t) = {u(t): u € B} is relatively compact in E for every t > 0.

Next, we introduce a standard definition of S-asymptotically w-periodic function. Let
Cy(R™, ) denote the Banach space of bounded and continuous functions from R to £
with the norm ||[ul|c = sup,cp+ |lu(t)]].

Definition 1. (See [15].) A function u € C,(R™T, F) is called S-asymptotically w-peri-
odic if there exists w > 0 such that lim;_, o [|u(t + w) — u(t)|| = 0. Thus, w is called an
asymptotic period of u.

Let SAP,,(E) be the subspace of Cy,(R*, E) consisting of all the E-valued S-as-
ymptotically w-periodic functions equipped with norm ||-||. Then SAP,,(E) is a Banach
space [15].

Define a positive cone K, C Cp,(FE) by

Ky ={ue Cp(E): u(t) >0 vt >0}

Thus, C,(F) is an ordered Banach space, whose partial order relation “<” is induced by
the cone Kj,.

Let A : D(A) C E — FE be a closed linear operator and — A generate a positive
Co-semigroup T'(t) (¢t > 0) in E. For a general Cy-semigroup T'(¢) (¢ > 0), there exist
M > 1and v € R such that (see [28])

|7 < Me”', t>0.

https://www.journals.vu.lt/nonlinear-analysis
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Specially, Cp-semigroup T'(t)(t > 0) is called to be uniformly bounded if
|IT®)| <M, t=o0.
The growth exponent of T'(¢) (¢ > 0) is defined by
vo=inf{v e R |IM >1: ||T(t)|| < Me"* vt > 0}.

If vy < 0, then T'(¢) (¢ > 0) is said to be exponentially stable. Clearly, the exponentially
stable Cy-semigroup T'(t) (¢ > 0) is uniformly bounded. If Cy-semigroup T'(¢) is contin-
uous in the uniform operator topology for every ¢ > 0 in F, it is well known that vy can
also be determined by o (A) (the resolvent set of A)

vy = —inf{ReX: A € 0(A)},

where — A is the infinitesimal generator of Cy-semigroup T'(t) (¢t > 0). We know that
T(t) (¢t > 0) is continuous in the uniform operator topology for ¢t > 0 if T'(t) (¢ > 0)
is a compact semigroup. For more details about positive Cjp-semigroups and compact
semigroups, we can refer to [5,22,27,34].

For the definition of Caputo fractional derivation, we can refer to many references
(see [6,37] and so on), so we will not repeat it here. Next, we define operator families
U(t) (t =2 0)and V (¢) (¢t > 0) in E as following:

Ut) = /gq(s)T(tqs) ds, V)= q/sﬁq(s)T(t‘]s) ds, 2)
0 0

where

1 = n 1 nq + ) :
= Z — sin(nmq), s € (0,00)

is a probability density function satisfying

&y(s) 20, se€(0,00),

T 7 1 3)
§q(s)ds =1, s&q(s)ds = m——
0/ 0/ T T(1l+q)

Lemma 2. The operator families U(t) (t = 0) and V (t) (t > 0) defined by (2) have the
following properties:

(i) U) (t = 0) and V(t) (t > 0) are strongly continuous operators, i.e., for any
€ Fand0 <t <o

|U(t2)x — U(tr)z|| =0, ||V(t2)z—V(t)z| >0 asta—t; —0. @)
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(i) If T(t) (t = 0) is uniformly bounded , then U (t) and V (t) are linear bounded
operators for any fixedt € RT, i.e.,

U] < Mlzl, V()| < F‘Z)M Voe b, )

(i) IfT(t) (¢ > 0) is compact, then U(t) and V (t) are compact operators for every
t>0.

(iv) If T(t) (t = 0) is equicontinuous, then U(t) and V (t) are uniformly continuous
fort > 0.

(v) If T(t) (t > 0) is positive, then U (t) and V (t) are positive operators.

(vi) If T(t) (t = 0) is exponentially stable with the growth exponent vy < 0, then

[0 < ME (). VOl < ME(a)  ©
foreveryt > 0, where E4(-) and Eq 4(-) are the Mittag-Leffler functions.

Remark. The proof of statements (i)—(v) can be found in [6, 12,37,41], while the last
one was proved in [4].

Definition 2. A function u : [0,00) — FE is said to be a mild solution of problem (1) if
u € C([0,00), F) and satisfies

t

u(t) = U(t)u(0) + /(t — )17V (t — s)F(s,u(s)) ds

0

for all ¢ > 0. Moreover, if u(t) > 6 for all ¢ > 0, then it is said to be a positive mild
solution of problem (1).

In the proof, we also need the following lemma.

Lemma 3. (See [26].) Let D be a convex, bounded and closed subset of a Banach space
E. If Q: D — D is a condensing map, then Q has a fixed poind in D.

3 Main results

Theorem 1. Let E be an ordered Banach space, whose positive cone K is normal cone,
let A: D(A) C E — E be a closed linear operator and — A generate an exponentially
stable, positive, and compact semigroup T(t) (t > 0) in E, whose growth exponent
denotes vy < 0, ug > 0. Assume that F' : RT x E — E is a continuous function and
the following conditions hold:

(H1) There exist nonnegative constants a € (0, |vg|/M) and b > 0 such that

|F(t,ht)2)|| < allz|| +b, t>0, z€ E;

https://www.journals.vu.lt/nonlinear-analysis
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(H2) F is nondecreasing with respect to the second variable, i.e., for xo > 1 > 0,
F(t,zo) 2 F(t,z1) 20, t>0;
(H3) There exists w > 0 such that

Jim |F(t+w,z)— F(t,z)|=0, t>0,z€E.

Then there exists a minimal positive S-asymptotically w-periodic mild solution u* of
problem (1).

Proof. Define an operator Q on C},(E) by

t
Qu(t) = U(t)u(0) + /(t —8)T W (t—s)F(s,u(s))ds, t>0. (7)
0
It is easy to find Q : Cj,(E) — Cp(FE) is well defined. In fact, for every u € Cj,(F) and

t > 0, we have ||u(t)|| = h(t)[|u(t)]|/h(t) < h(t)||u|/n. Hence, from (H1), (3), and (5) it
follows that for ¢ > 0,

JQu®l _ 1

h(t)  ~ h(t)

N

VAN
N e N
=
o
+
o\&
0\8
L)
q
o
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—
2
=y
|
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=)
L
@
S
=
!
=
Q
—
o
£
>
+
>
N—
(oW
q
o
»
~

0
M o0 o0
< ) [[woll + (a||u||h+b)/ﬁq(U)dU/eWSCLS)
0 0
_ﬁ i C1||U||h) ]
- h(t)(”“o'” ol Tl ) ®

which implies that Q : C,(E) — Cj,(E) is well defined.
It is easy to show that @ : Cj,(E) — Cj,(F) is continuous. Let {u,} C Cp(F) and
U, — win Cp(E) as n — oo, that is, for arbitrary € > 0, there exists sufficiently large n
such that ||u,, — ul|;, < € for. For above ¢, by the continuity of F it is easy to see
w0l

|1 F(t,un(t)) — F(t,u(t)| < %, t>0, 9)
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and the dominated convergence theorem ensures

| Qua (t) — Qu(t)]]
h(t)

1

< sy =9 IV Dl (s (0) = P

o\w

t
wole _
S M;)L(t) /(t_s)q vt —s)|ds<e
0

Hence, we conclude that Q is continuous from C,(E) to Ci,(E). Specially, by (8) one
can find that for every u € C},(E),

Mb
[0l

where v = M]||ug|| + Mb/|vo| and § = Ma/|vy| < 1. Therefore, from Definition 2 it
follows that the fixed points of Q are mild solutions to problem (1).

Next, we will prove that Q(SAP,(E)) C SAP,(E). Choose v € SAP,(E), then
for any € > 0, there exists a constant ¢, 1 > 0 such that ||u(t + w) — u(t)|| < e for all
t > tc,1. Thus, by continuity of I" we have

Ma
[Qulln < Mlluoll + — +WIIUHh=7+BHuIIh, (10)

| F(t, ut +w)) — F(t,u(t)|| < %5 Vit >t (11)

On the other hand, by (H3) there is a sufficiently large constant ¢. o such that for ¢ > ¢ o,

|vol

1F( + w, u(t +w)) = F(t, u(t +w))|| < e (12)

Hence, for ¢ > t. := max{tc 1, 2}, from (7) it follows that

Qu(t + w) — Qu(t)
t+w
=U(t +w)u(0) + / (t+w—38)""V(t+w—s)F(s,u(s))ds

0
t

—U(t)u(0) — /(t — )W (t — s)F (s, u(s)) ds
0
=U(t + w)u(0) — U(t)u(0)

+ /(t +w—38) T W(t+w—s)F(s,u(s))ds
0

https://www.journals.vu.lt/nonlinear-analysis
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+ [ (t=s)TV(t—s)(F(s, u(s +w)) — F(s,u(s))) ds

+ [ (t=8) TV (t—s)(F(s +w, u(s +w)) — F(s, u(s +w)) ds

S O —_

= I1(t) + I2(t) + I3(t) + La(?).

According to (6), let

My =M max{ sup Ey (1ot?) (1 4 1), sup Ey 4 (vot?) (1 + t)gq},

>0 >0
then M M
0 0
HU H < (1 —|—t)q’ ||V H S m7 te RT. (13)
Thus, by (13) and (H1) one can find that
I @] < U +w)u©) + [U®O)] < ([UE+w)]] + [[T®])lwoll
< 2Mo||uo|
(1+1¢)e
and
[z < [ +w=s)|[VE+w=s)|[F (s ul)] ds

-t Molalu(s) [ +8)

t
(ttw- (1+t4+w-—s)%

o\a St~

((t +w)? —t9)

< MO(a”uHC + b) q(l +t)2q

M b
o(allulle + )W-

Hence, we deduce that || ||, || I2|| tend to 0 as ¢ — oco. By (13), (11), and (HI) one can
obtain that

HI3(t)|| < /(t — s)q_1HV(t — s)H HF(s7 u(s+ w)) — F(s, u(s)) || ds
0

# [ =T V= P (s, uls +0) = Fls, uls+w) | ds

te

te t

t—s)i !

gQMO(a|u||C+b)/Mds—i—/(t—s)q—l”V(t s)|| ds |ﬂg
0 te
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te

t
< 2Mo(allullc +b) /(t — )7 ds + /(t — ) V(t—s)| ds |l/0‘€
0 0

t—t) "4 — ¢4
< 2My (allulle + b)%

t oo
+4q / / o€y (0)(t — 5)T e I™l=9)" 45 ds |y e
00

oo

(t_tE)_q_t_q i —|vols
< 2Mo (allullc + b)# + [ &(o)do [ e7™¥ds |ple
0

t—t) "t —t74
< 2Mo (allullc + b)% +¢,

which implies that ||I3(¢)|| tends to 0 as ¢ — oo. Similarly, by (13), (12), and (H1) we
can get that || I, (¢)|| tends to 0 as ¢t — cc.
Thus, from the above results we can deduce that

Jm | Qu(t + w) — Qu(t)|| =0,

namely, Qu € SAP,(E), which implies that Q(SAP,,(F)) C SAP,(FE).

Now, we prove the existence of positive solutions by monotone iterative technique.
For any u,v € K}, with u < v, by (H2), (7), the positivity of U(t), V(¢), and ug > 6,
one can find that for all ¢ € [0, 00),

0 < Qu(t) < Qu(t).

Thus Q is monotone increasing.
Let vg(t) = 6. Clearly, vg € Kj, N SAP,,(FE). Now, define a sequence {v; } by

v;=Qui_q, i=12,.... (14)

From the definition and properties of Q, (14), (10) one can find {v;} C K;, N SAP,(E)
and

VoSV S S U S

[villn < v+ Bllvi-illn- (15)
Since ||vg|n = 0, from (15) it follows that

1= _ v
=3 S1-p’

thus, the sequence {v;} is uniformly bounded. Next, we prove that the sequence {v;} is
uniformly convergent.

vills <Y+ By+-+ B y=1x (16)

https://www.journals.vu.lt/nonlinear-analysis
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Firstly, {v;(¢)} is relatively compact on E for ¢ € [0,00). Let V = {v;} and Vy =
V U {vp}. Obviously, V(t) = (QVy)(t) for t € [0,00). For arbitrary ry € [0, 00), one
can obtain that {v;(¢)} is relatively compact on E for ¢t € [0, ¢]. In fact, for all € € (0, t)
and for all § > 0, we define a set Q. sV (t) b

Q. sVo(t) i= { Qe 5vi(t): v; € Vo, t € [0,70]},
where
Q. svi(t)
t—e oo
= U(t)vi—1( —|—q//7't—sq Yo (M)T((t = 8)97) F(s,v-1(s)) drds
0 s
= U(t)v;—1(0)

+ qT'(£90) / /T(t — )T ()T ((t — 8)%7 — €90) F (s,v;-1(s)) dr ds.
0 s

By the compactness of U(t) and T'(¢%0) the set Q. 5V (t) is relatively compact in E.
Moreover, for every v; € Vy and t € [0, ro], one has

1Qui(t) — Qe 5vi(t)]l

qo/ ! 7(t = )"y (NT((t — 5)7) F (5,vi-1(s)) dr ds

i _ g\ e (1 —8)IT)F (s,v;_1(s)) dr ds
qt/M/T(t )L, (1T ((t = 5)77) F (5,051 (s)) dr d

t é
< qM<1 (1_76 + b) /(t —5)71 ds/Tﬁq(T) dr
0 0

—0 ase—0,5—0.

Hence, the set (QVy)(t) is relatively compact, which implies that {v;(t)} is relatively
compact on F for t € [0, rg]. Therefore, by the definition of Q and the arbitrariness of
we can obtain that {v;(¢)} is relatively compact on E for ¢ € [0, c0).

Nonlinear Anal. Model. Control, 26(5):928-946, 2021
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Secondly, {v;} C Kj N SAP,(F) is equicontinuous in [0, 00). In general, let 0 <
t1 < to. For any u € {v;}, by the definition of () one can see

1Qu(t2) = Qu(t)|

— v 2)uo) —|—/(t2 — )TV (b — 5)F (s, u(s)) ds
0
—U(t1)u(0) — /(t1 — )W (ty — s)F(s,u(s)) ds
0
< || U (t2)u(0) — U (t1)u(0)||
* / ((t2 =)' = (tr = )T ) [V (t2 = 9)[[|F (s, uls)) | ds
0
+ /(t1 — s)q_lﬂV(tg —s)=V(t; — S)H ||F(s,u(s)) H ds
+ /(t2 — [Vt — 9)|[|F (s, u(s)) || ds

=J1+ Jo+ I3+ Jy.

Next, we check if || J;|| (¢ = 1,2, 3,4) tend to 0 as to —t; — 0 independently of u € {v;}.
From (4) it follows that J; — 0 as t; — ¢; — 0. By (H1), (13), and (16) we can obtain

t1

Ty = / ((t2 — )7 — (01— )5 |[V(t2 — )[[[|F (5 u(s)) || ds

0
Tt — )71 — (8 — 5)1!
t1 —s)i " — (to — 5)1™
< M, b) d
[l ) o
0

My [ ay b t] — 13+ (t2 — t1)?
1-p (1+t2—t1)2q

2 M, a
qo(lfyﬂ‘kb)(tz—tl)q—)() asto —t; — 0,
ta
J4<MO<1W6+Z)) /(tg—s)q_lds
ty
M, a
:qo<1_’yﬁ+b>(t2—t1)q—>0 aStg—t1—>0.

https://www.journals.vu.lt/nonlinear-analysis
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Ift;1 = 0 and t5 > 0, then it easy to see that J3 = 0. For ¢; > 0 and € > 0 small enough,
by (H1), (13), (16), and Lemma 2(iv) we get that

t1

Js = / (b = ) [ V(t2 = ) = V(s = 8[| P (s,u(s))]| ds
0

. (161_75 +b) 0/ (b1 — )T Y|V (k2 — 5) — V(b2 — 5)|| ds

t1
+ (16?5 + b) / (t; — s)q_lﬂV(tQ —8)—=V(t; — S)H ds
tl—E
t1—€
ary qg—1
< ( +b> sup  ||[V(tz —s) = V(t1 — s)|| / (t1 —s)? " ds
1-p s€[0,t1—e]
0
t1
ary o qg—1
+ 2M0 (1 — ﬁ + b> / (tl S) dS
tlfe
ay t1 —el  2Mpe?
< +b>( sup Vitg—s)—V(t; — s +
<1 -3 s€[0,t1—€] ” (t2 ) & )” q q

—0 ase—0, to —t; — 0.

As aresult, || Qu(tz) — Qu(t1)] tends to 0 as to — t; — 0 independently of u € {v;},
thus {v;} is equicontinuous.
Thirdly, for every u € {v;}, by (8) and (16) one can find

Qu(t M b
T < (ol + 5+ i) 120

which implies that | Qu(t)||/h(t) — 0 as t — oo uniformly for v € {v;}. Therefore,
Lemma 1 allows us to deduce that {v;} is relatively compact in K;, N SAP,(E), thus
there is convergent subsequence in {v;}. From the monotonicity of sequence and the
normality of cone we can obtain that {v;} itself is uniformly convergent, which means
that there is u* € K} N SAP,,(F) such that lim;_, o, v; = u*.

Taking the limit in (14), one can see u* = Qu*. Thus u* € K, N SAP,(FE)
is fixed point of Q, which is a positive S-asymptotically w-periodic mild solution of
problem (1). It is easy to prove that u* is the minimal positive mild solution. To this
end, let uw € K N SAP,,(F) be a positive S-asymptotically w-periodic mild solution of
problem (1), namely, u(t) = Qu(t) for every ¢t € [0, c0). Obviously, @(t) > vg, and from
the monotonicity of @ it follows that

h(t) ~ h(t)

u(t) = (Qu)(t) = (Quo)(t) = vi(t), (17)
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namely, u > v;. In general, u > vz, 1 =1,2,... . Taking the limit in (17) as = — oo,
we have u > u*, which means that v* is the minimal positive S-asymptotically w-periodic
mild solution of problem (1). O]

Next, we always assume that the positive cone K is regeneration cone. By the char-
acteristic of positive semigroups (see [22]), for sufficiently large Ay > —inf{ReA:
A € o(A)}, we have that A\gI + A has positive bounded inverse operator (Aol + A)~!
Since o(A) # (), the spectral radius

. 1
H(Mol+07) = G heoay =

By the famous Krein—Rutmann theorem A has the smallest eigenvalue A\; > 0, which has
a positive eigenfunction e, and

A =inf{ReX: X € o(A)},
which implies that vy = —\;. Hence, by Theorem 1 we have the following results.

Corollary 1. Let E be an ordered Banach space, whose positive cone K is a regeneration
cone, let A: D(A) C E — E be a closed linear operator and — A generate an exponen-
tially stable, positive, and compact semigroup T (t) (t > 0) in E, ug > 0. Assume that
F :R* x E — E is a continuous function, and let conditions (H2), (H3), and

(H1") there exist nonnegative constants a € (0, \1/M) and b > 0 such that
|F(t,h(t)x)| <allz|+b, t>0,z€E.

hold. Then problem (1) has a minimal positive S-asymptotically w-periodic mild solu-
tion u*.

Theorem 2. Let E be an ordered Banach space, whose positive cone K is regeneration
cone, let A : D(A) C E — E be a closed linear operator and —A generate an ex-
ponentially stable, positive, and compact semigroup T(t) (t > 0) in E. Assume that
F :R" x E — E is a continuous function, and let conditions (H1'), (H3),

(H4) for any u € Cy(E) with u(t) > oey, there is a constant o > 0 such that
F(t,u(t)) = F(t,0e1) = Moer, t=0,

hold and uy > oey. Then problem (1) has at least one positive S-asymptotically
w-periodic mild solution.

Proof. Let Q be defined by (7). From the proof of Theorem 1 it follows
Q(SAP,(E)) C SAP,(E).
Since a € (0, A\1/M), we can choose Ry > M (A ]|ug|| + b)/(A1 — aM). Denote
Ro = {u € Ch(E): |[ulln < Ro, u(t) > oey, t > 0}. (18)
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Then 2, C Ci(FE) is a nonempty bounded convex closed set. Hence, for any u € 2y,
and ¢ > 0, from (H1’), (3), and (5) the following holds:

t

/(t — )W (t — s)F (s, u(s)) ds

0

[[Qu(t)|l

1950 < jwuo) +

t

< MJuo|| + /(t |Vt = )| F (s, uls)) | ds
0

M||uo||+M//J§q )(t — )9 Lerot=) ”( ulln + b) dods

oo

< M||uol| + M (al|ulln + b) /ﬁq(a) da/e”OS ds
0 0
b allull
=M —+ —— ) < Ryp.
(1ol + &+ ) < g
Let wg = oe;. Then wq(t) = oey forany ¢ > 0, and
g(t) =° D?wo(t) + Awo(t) = )\1061 < F(t, 0'61), t 2 0.

By the positivity of semigroup T'(¢) (¢ > 0), condition (H4), and (7), for any u € g,
and ¢t > 0, one can obtain that

t
oep = wp(t) = —l—/ VIV (t — s)g(s)ds
¢
061—|—/t—5q YWt —s)F(s,0e;)ds
0
t
(t

tug +
0
Thus, Q({2r,) C 2g, and (Qu)(t) > oe; forany u € g, and ¢ > 0.

Next, we show that Q is completely continuous. From assumptions (H1’) and (H3)
there is a constant M; such that for all u € 2g,,

—8) 77V (t — s)F(s,u(s)) ds = (Qu)(t).

sup ||[F (¢, u(t))|| < M. (19)
t>0

Thus, it is easy to verify that the set

Q(QRQ,To)(t) = {(Qu)(t) u € QRm te [0,7“0]}
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is relatively compact on E for any ¢ € (0, 00). In order to do this, we define a set

Qe.5(2r,r ) (1) 1= {(Qesu)(t): w € 2py, t € (0,70},

where € € (0,¢),0 > 0, and
(Qe5u)(t)

g OO

=U(t)u(0) +¢ /T(t —8)T 1 ()T ((t — 5)%7) F(s,u(s)) dr ds
5

O~

t—

=U(t)uo + ¢T'(c0) //Tt—sq Yo (M)T((t — 8)97 — €96) F (s, u(s)) dr ds.
5

0

By the compactness of U(¢t) and T'(¢9§) the set Q. 5({2r, r,)(t) is relatively compact
in E. Right now, for every u € §2r, and t € [0, 7], one has

1Qul(#) = Q- su(®)]

/Tt—sq L, (T ((t — 5)77) F (s, u(s)) dr ds
/

/T(t — s)q_lfq(T)T((t — s)qT)F(s7 u(s)) drds
s

t—e
t [ t 9]
< gMM, ( (t—s)""ds | T&(T)dr+ [ (t—s)T""ds [ 7E(T) dT>
Jrmerms o fuzere]

)
< MM, ( [+ s q)>
0

—0 ase—0,0—0.

Hence, the set Q(2g, ,,)(t) is relatively compact on E for ¢ € [0,7¢]. Therefore,
by the definition of Q and the arbitrariness of o we can deduce that Q(2g,)(t) is
relatively compact on E for ¢t € [0, 00). Moreover, it is easy to prove that set Q({2g,)
is equicontinuous by using the method similar to Theorem 1. Also, for every u € 25,
by (8) and (19) one can find

IQu(o)] ) oy
i < (el 5+ 52). >0

which implies that || Qu(t)]|/h(t) — 0 as t — oo uniformly for u € 25,. Now, we can
assert that Q((2p,) is relatively compact by Lemma 1 in Cj. Hence, Q is completely
continuous.
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From above proof

Q:SAP,(E) N 2r, — SAPL(E) N 25,

is completely continuous, which implies that QO is a condensing mapping from
SAP,(FE) N Ng, into SAP,(E) N 2g,. It follows from Lemma 3 that Q has a fixed
point u* € SAP,(E) N 2g,.

Finally, we show that u* € SAP,(E). Let {u,} C SAP, N g, converge to u*.
Then, according to the continuity of Q and (18), we can find that {Qu,,} converges to
Qu* = u* uniformly in [0,00) and u* > oe;y, which implies that u* € SAP,(F) is

a positive mild solution of problem (1). This completes the proof of Theorem 2. O
4 Example
We consider the following semilinear fractional parabolic equation initial boundary value
problem:
07 0? asin?t 2 . n
%u(g?t) + aigzu(fﬂt) = et ’U/(f’t) + b\/;SIIlg, 5 € [077.[-]7 teR ) (20)

U(O, t) = U(Tr7 t)’ te RJF, u(€7 O) = uO(E)v §€ [Oa ﬂ-]a

where 07/0t9 is the Caputo fractional partial derivative of order ¢ € (0, 1) with the lower

limits zero, a € (0,1), b > 0 are constants, ug : [0, 7] — R is a continuous function.
To treat this system in the abstract form (1), we choose the space E = L?[0, ]

equipped with the L?-norm ||-||. Let K = {u € E: u(¢) > 0 ae. { € [0,7]}, thus,

FE is an ordered Banach space, and positive cone K is a normal regeneration cone.
Define operator A : D(A) C E — E by

D(A):={u€ E: " v € E, u(0) =u(r) =0}, Au= i
From [2] we know that — A is a self-adjoint operator in F and generates an exponentially
stable analytic semigroup 7T'(¢) (¢ > 0), which is contractive in E. Hence, | T'(¢)|| < M :=
1 for every t > 0. Moveover, A has a discrete spectrum with eigenvalues of the form n?,
n € N, and the associated normalized eigenfunctions are given by e,,(§) = /2/m sin(nf)
for £ € [0,7]. On the other hand, by the maximum principle of the parabolic type it is
easy to find that T'(¢) (¢ > 0) is a positive semigroup. Since the operator A has compact
resolvent in L2[0, 7], thus, T'(t) (¢ > 0) is a compact semigroup (see [28]), which implies
that the growth exponent of the semigroup T'(t) (¢ > 0) satisfies vy = —1.
For & € [0, ], we set u(t)(§) = u(&,t) and
asin’t

F(t,u(t)() = 5 u(f,t)—l—b\/zsinf. 1)

It is easy to verify that F' : [0,00) x E — FE is a continuous function. From the
assumptions of problem (20) and (21) one can deduce that F' satisfies the monotonicity
condition (H2) and the asymptotically periodic condition (H3).
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Let h(t) = €, then

asin®t
ol

| F(t,e'2)|| < lle*z|| + blle1]| < al|z|| + b. (22)
Combining (22) and a € (0, 1), one can find that condition (H1’) holds. Therefore, from
Corollary 1 it follows that problem (20) has a minimal positive time S-asymptotically
w-periodic mild solution u* € C([0, 00), L?[0, 71]) NSAP,,(L?[0, 7]). On the other hand,
it is clear that for u(t, &) > beq(§),

.9 in?
T L) +ber(e) > P ey (€) 4 ber (€) > bea (€),

which implies that condition (H4) holds. Hence, if ug > be;, from Theorem 2 one can
obtain that for problem (20), there exists at least one positive time S-asymptotically w-
periodic mild solution u* € C([0, 00), L?[0, 7])NSAP, (L?[0, 7]) with u*(&,t) > beq (€)
forevery £ € [0, 7] and ¢ > 0.
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