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Abstract. In this study, we obtain asymptotic formulas for eigenvalues and eigenfunctions of the
one-dimensional Sturm-Liouville equation with one classical-type Dirichlet boundary condition
and integral-type nonlocal boundary condition. We investigate solutions of special initial value
problem and find asymptotic formulas of arbitrary order. We analyze the characteristic equation
of the boundary value problem for eigenvalues and derive asymptotic formulas of arbitrary order.
We apply the obtained results to the problem with integral-type nonlocal boundary condition.
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1 Introduction

Consider the following one-dimensional Sturm-Liouville equation:
—u"(t) + q()u(t) = Mu(t), te€(0,1), (1

where the real-valued function ¢ € C[0,1]; A = s is a complex spectral parameter, and
s=z+wy;x,y €R.

Remark 1. In this article, s € C, := R, UCS U Cy, where R, := R; URF URY?,
Ry, ={s=z+weCzx=0,y>0}, Rf i={s=z+weC:z>0,y=0}
RO:={s=0},Cl={s=a+weC:x>0,y>0}andC; :={s=x+1wy € C:
x>0,y < 0}. Then amap \ = s? is the bijection between C, and C, := C [21].

In this study, we will investigate nonlocal eigenvalue problems, which consist of
equation (1) on [0, 1] with one classical (local) Boundary Condition (BC)

u(0) =0, 2)
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another integral-type Nonlocal Boundary Condition (NBC)

(1) =~ [ut)dt, €e(0,1], (Casel) )

o .

or

1
u() =7 fuldr. gefo.1), (Case2), @)
3

where v € R. Both these BC we can write as

B8
mn:v/mww, )

wherea = 0,8 =¢inCase l,anda = ¢, 5 = 1inCase 2. Wenote that 0 < a < 3 < 1.

The first work on Boundary Value Problems (BVPs) with nonlocal integral-type BCs
belongs to J.R. Cannon [2]. These kinds of BCs together with a parabolic equation arise,
for example, in the study of the process of heat transmission in a thin heated rod when
the part of the rod adjoining one of its ends [7]. Parabolic equations with NBCs are also
encountered in the study of the heat conduction within linear thermo elasticity [3,4].

Eigenvalues and eigenfunctions of BVPs with integral-type NBCs and discrete case
have been investigated in [1,6, 8,10, 11, 16, 19]. Structure of eigenvalues of multi-point
BVPs were presented in [5,13,14]. The spectrum structure of one-dimensional differential
operator with nonlocal conditions and of the difference operator, corresponding to it, has
been exhaustively investigated in [15]. A more comprehensive list can be found in the
survey article [20].

Spectral asymptotics of eigenvalues and eigenfunctions of SLPs with Bitsadze—
Samarskii-type NBC

u(l) = 7“(5)7 §€ (07 1)7 (6)

where v € R, have been investigated recently [17,18]. In [17], for sufficiently large & and
|v| < 1, it is derived that the asymptotic expansions

sin(xzyt)

S = Tk + O(k‘_l), u;g(t) = + O(k?_Q) 7

Tk
are valid for eigenvalues and eigenfunctions, respectively, for the SLP (1)—(2), (6), where
xk, k € N, are the positive roots of sinz — ysin({z) = 0. Under the condition ¢ €
C1[0,1], it is obtained that the asymptotic formulas

sk =k + Qu(z)r, " +O(k7?), ®)
) = =T 1 Q1) —1Qum)) gt + O ©
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are valid for eigenvalues and eigenfunctions, respectively, for the SLP (1)—(2), (6). Here

01(s) 1 QLU €088 = 7QUE) cos(es) a0

cos s — v€ cos(€s) ’ Q) =3

In [18] the authors consider the equation with retarded argument
—u"(t) + q(t)u(t — A(t)) = Au(t), te(0,1), (11)

together with the BCs (2), (6), where the real-valued function ¢(¢t) € C|0,1]; the real-
valued function A(t) > 0 is continuous on [0, 1], A = s? is a complex spectral parameter.
They calculate the asymptotics of eigenvalues and eigenfunctions. To speak more precise,
under the conditions ¢ € C'*[0, 1], A”(t) exist and bounded in [0, 1], A’(t) < 1in [0, 1],
A(0) =0 and || < 1 they find the asymptotic formulas

Sp = T + Ql(:ck.)xgl + (9(152),

k
+0(k7?)

for eigenvalues and eigenfunctions, respectively, for the SLP (11), (2), (6), where
t t
A(s,t) := %/q(T) sin(sA(7)) dr, B(s,t) := %/q(T) cos(sA(7)) dr,
0 0
A(s,1)sins + B(s,1)coss — vA(s, &) sin(€s) — vB(s, &) cos(€s)
cos s — y€ cos(€s)

Ql(s) =

In both of these studies, it is proven that cos 2, — € cos(€xy) # 0. Furthermore, in these
articles the authors prove the simplicity and countability of eigenvalues and show that all
eigenvalues are real.

The article is organized as follows. The statement of the problem and a literature
review are given in Section 1. In Sections 1-3, notation and definitions used in the paper
are stated. In Section 2, some results about the case ¢ = 0 are presented. In Section 3, we
write the fundamental solutions of the Initial Value Problem (IVP) and find formulas for
their asymptotics. In Section 4, we analyze the characteristic equation of the BVP (1)—(2),
(5). In Section 5, we investigate the distribution of eigenvalues and obtain asymptotic for-
mulas for eigenvalues and eigenfunctions. Also, we calculate normalized eigenfunctions.

2 Properties of a spectrum in the case g = 0

In the case ¢(t) = 0 the spectrum of problems (1)—(3) and (1)—(2), (4) have countably
many eigenvalues [11, 16]. A unique negative eigenvalue exists for v > 2/¢2 in Case 1

Nonlinear Anal. Model. Control, 26(5):969-991, 2021
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Figure 1. Real Characteristic Functions y(s) for s = wz, z > 0,and s = wy, y > 0. (b) g = 7wx/
(1 — cos(mw&x)) — amplitude modulation function.

and vy > 2/(1—£?) in Case 2. Also, A = 0 is eigenvalue if and only if v = 2/£2 in Case 1
and v = 2/(1 — £2) in Case 2.

Let us define a Constant Eigenvalue (CE) as the eigenvalue A, which does not depend
on the parameter v € R for fixed £. In [11] the spectrum and eigenfunctions with BC (2)
and integral-type BCs (3) and (4) were investigated for the case ¢(t) = 0. Constant
eigenvalues exist only for rational numbers £ = m/n € [0,1], and those eigenvalues
Ae = m2q2, k € N, are given by: g = nk for m € Neyen and g, = 2nk for m € Noygq in
Case 1; g = nk forn — m € Ngyen and g, = 2nk for n — m € Nygq in Case 2. So, all
CE are positive.

All nonconstant (that depend on the parameter v € R) eigenvalues A\ = s2, s € C,,
are y-points of the Characteristic Function v : C; — R [21]

~ ssins  ssins
B 2sin?(£5/2) 1 —cos(&s)
ssin s s sin s
~ 2sin((1 + &)s/2)sin((1 — £)s/2)  cos(€s) — coss (Case 2). (13)

~(s) (Case 1), (12)

v(s)

So, for fixed v € R, the roots of this meromorphic function describe nonconstant eigen-
values. The graphs of CF on R; are presented in Fig. 1(a) in Case 1 and Fig. 1(c) in
Case 2.

In Case 2, all nonconstant eigenvalues are real and simple [11, 12]. All poles of CF
belong to one of the families of the first order poles:

21k 27l
sz{p}gzlﬂ, keN}, sz{pf ={=g leN}.

Iffgé@,then?éfﬂ%z@.

Lemma 1. (See [11].) If ¢ = m/n € Q, then in Case 2, points p}z = 0;2 =7gj j €N,
where q; = nj for n —m € Ny, or qj = 2nj for n —m € Noyyq are the first-order poles

of CF and CE points. A set of these points is intersection of 7351 and 7352.
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So, all poles of CF are of the first order. We can enumerate all poles in nondecreasing
order: py, k € N. If a pole is CE point, then we write it twice py = pg1, else px < Dr+1-
Additionaly, we denote pg = 0. Then in Case 2, we can enumerate positive eigenvalues
A = x,%, k € N, where zj, € (p—1,pr) for nonconstant eigenvalues, and z; = py =
pr+1 for CE. Note that 2, = wk, k € N, in the case v = 0 and |z, — wk| < 7 for all k.

In Case 1, nonconstant eigenvalues can be complex [11, 12]. All poles of CF belong

to the family
2k
P = {p}f = —Z ke N}.

If £ ¢ Q, then all poles are of the second order.

Lemma 2. (See [11].) If ¢ = m/n € Q, then in Case 1, points p;Q = 0}2 =7g;, j €N,
where q; = mnj for m € Ny, or q; = 2mnj for m € Nygq are the first-order poles of
CF and CE points, else we have the second-order poles.

Lemma 3. Let xi, k € N, be eigenvalues of problem (1)—(3) in the case ¢ = 0. Then
exists K € N such that for fixed v € R, all eigenvalues xy, k > K, are positive, simple
and zy, € (vk — 7, Tk + 1), i.e. |x, — k| < 7 forallk > K.

Proof. For not simple positive eigenvalues we have
veos(éx) =y — xsinz, &vysin(€x) = x cosx + sin z.
From this system we get
€2~% = €2(y — xsinz)? + (zcosx + sinx)?.
Then we estimate
vl = - |sinz|

_a(€ = (€77~ Dsin®z) | §(sin(20) 4 222)
_ : . 2

z -2
> —¢72
5 ¢
So, all eigenvalues in the angle |y| < /7 for # > 8£~2 are positive and simple.
CE points are the first-order poles of CF. Eigenvalues corresponding to these points are
positive and simple. Since CF has zeros at points 7k, k € N, we have |z, — k| < 7. O
3 Solutions of initial value problem and their asymtotics
Let A = s2, s € C,, and w,(t) be a solution of equation (1) satisfying the initial conditions
ws(0) =0, wi(0) = —1. (14)

According to [9, Chap. I, Thm. 1.1], this IVP determine a unique solution of (1) on
[0,1]. The function ws(t) = w(t,s) is an analytic (holomorphic) function of s. We
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will use notation for derivatives w’(t) := dw(t, s)/0t, (ws)gl)(t, s) == dwl(t,s) /s,
@)D (t, 5) = 01 w(t, 5)/0t0s'.

Lemma 4. (See [17].) Let w4 (t) be a solution of IVP (1), (14). Then the following integral
equation holds:

[V

ws(t) = —é sin(st) +

/q(T) sin(s(t — T))ws(T) dr. (15)
0

We will use notation for integrals (k € Ny := {0} UN):

't f) = / g(r)(t — 1) sin (s(t — 7)) f(r) dr,

[}

Tt q, f) = / g(r)(t — 1) cos (s(t — 7)) f(r) dr,

[}

I®(t,q, f) = / q(T)(t — 7)Fsin (s(t — 7))e W= £(r) d7,

(=)

t

Tt q, f) = /q(T)(t —7)¥ cos (s(t —)e)e W) f(r) dr.
0
We note that I¥(t,q, f) = IJ(t,a(7)(t — 7)*, f), JE(t,q, f) = T (¢, a(r)(t — )%, ).
Then we rewrite equation (15) as
ws(t) = —sin(st)s™ + I)(t,q,ws)s™ (16)
Taking derivative with respect to ¢ and s in (15), we get

wi(t) = — cos(st) + JI(t, ¢, ws), (17
(ws)i(t,s) = —tcos(st)s™t + (Ig (t,q, (ws)s) + JHt, q,ws) — ws(t))s_l. (18)

For derivatives of the second order, we get formulas

(wh)4(t,s) = tsin(st) + J2(t,q, (ws)s) — Lo (L, q,ws), (19)
(ws)?(t,s) = t*sin(st)s ™" + (I2(t, q, (ws)?) + 2J1(t,q, (ws)})
— I2(t, q,ws) — 2(wy) (1)) s (20)

http://www.journals.vu.lt/nonlinear-analysis
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Remark 2. The following formulas

dlsin(st)

@009 = - Z g0
l
A N ‘
+s7t Z(fl)b/% <])I§ (t,q. (Ws)glij)),
j=0

o t . l . .
(@)1, 5) = ~ 2§ y)Lirziazel (a) Ti(tq, @)0), 1EN,

Jj=0

are valid, where Z2F=2 = J2k=2 72k=1 — j2k=1 (g2k=2 _ jak=2 g2h=1 _ [2h-1

keN.
Lemma 5. Let s € C,. Then there exists qo > 0 such that for |s| > qo, the asymptotic
Sformulas
w(t) = —sin(st)s ™! + (’)(S_Qely't), (21)
(ws)i(t, s) = —tcos(st)s™ + O (s 2elvl"), (22)
(ws)?(t,s) = t?sin(st)s ™! + O(S_Qe‘ylt), (23)
wi(t) = — cos(st) + O (s~ telvlt), (24)
(Wh)L(t, s) = tsin(st) + O (s el¥l), (25)

are valid. These formulas hold uniformly for 0 < t < 1.

Proof. Putw,(t) = elV'F, (1), (w,).(t,s) = eWIG (1), (ws)!(t,s) = eVt H (1), . (t) =
elVIt K (t) and (W)’ (t, s) = elYI* L ,(t). Then from (16)—(20) we obtain
Fy(t) = —sin(st)e W's™ + 1)(t,q, Fy)s7", (26)
Gs(t) = —tcos(st)e WIs™! + (I9(t,q,Gs) + T (t,q, Fs) — Fs(t))s™,  (27)
H(t) = +t*sin(st)e ¥1ts~1

+ (I2(t, q. Hy) + 2J(t, 0, Gs) — I2(t.q, Fs) — 2G(t))s ™, (28)
K(t) = —cos(st)e W' + J2(t,q, Fy), (29)
Ly(t) = tsin(st)e_lylt + jg(t, q,Gs) — fsl (t,q, Fs). (30)

Let Hs = MaXoge<1 |Fs(t)‘, Vs = Maxoge<1 |Gs(t)‘, 0s = MaXoge1 ‘Hs(t)‘, Mg =
1 .
maxo<i<1 |[Ks(t)|, ks = maxogi<t |Ls(t)] and go := 2f0 |g(7)| dr. Since

—_

1
| sin s| e 1l < (ey Jre*y) el — 5(ely\ + e*ly\) e Wl <1,

o |

Nonlinear Anal. Model. Control, 26(5):969-991, 2021
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| cos s|le”1¥ < 1and t < 1, from (26)—(28) we have

s|t sl Lgov
e < |s] 2qous s, v < |s] 2qO s +|S|1<1+q02us +us),

-1
s o
os < ||2qos+|5|1(1+q0ys+%2ﬂs +2Vs>~

If |s| > qo, then
ps <2871 =0(s7Y), v < |s| T2+ qops +215) = O(s7H), 3D
o5 < |s|7H(2 4 2q0vs + qops + dvs) = O(s71). (32)

It follows from (29), (30) that s¢; < 14+qops/2 = O(1), ks < 1+qo(us+vs)/2 = O(1).
So, we prove asymptotic formulas

ws(t), (@s)a(t,s), (ws)i(t,s) = O(s7tell), wi(t), (W)i(t,s) = O(el!).
Now, substituting formulas (31)—(32) into the integrals of (26)—(30), we obtain
F,(t) = —sin(st)s e~ VIt 4 O(s7?), K, (t) = — cos(st)e™ ¥t 4 o(s™1),
G,(t) = —tcos(st)s te W+ O(s72),  Ly(t) = tsin(st)e "' + O(s71),
H,(t) = t?sin(st)ste VIt 4 O(s7?).
Lemma is proved. O
Remark 3. ¢o := 2f01 lg(T)|dT.
Remark 4. The asymptotic formulas (21)—(24) were proved in [17].

Remark 5. The asymptotic formulas
1
(ws)P(t, 8) = (—1)'t cos (st + 57r(1 — l)>sl + (9(3*2e|y\t),
1
(w;)gl)(t,s) = (,1)171# cos (st - 2771) + @(sfle\y\t)

are valid for l = 0,1, ... . The proof is the same as in Lemma 5.

Corollary 1. Letx € R, § € R, g € C[0,1]. If s = 2 + 6, 6 = O(x™1), then we have
the following formulas:

ws(t) = —sin(zt)z~! + O(z7?), wi(t) = —cos(zt) + O(z71).  (33)

Proof. We substitute expressions (21)-(23) (y = 0) into formula

nlt) = lt, 2+ 8) = 1) + (@)L (02)8 + (@)t 2 +00) 5, 0 [0.1),

http://www.journals.vu.lt/nonlinear-analysis
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and get
ws(t) = —sin(zt)z™! + O(z7?) + (—tcos(zt)z™' + O(272))6 + O(6?)
= —sin(zt)z~" + O(27?).

Analogously, we prove the second formula

wi(t) = W' (t, z 4 0) = w(t) + O(8) = — cos(xt) + O(z ™). O

Lemma 6. Let f € C[a,b], t € [a,b] C [0,1]. Then the following asymptotic formulas
b

/ f(r)esmdr = O(stelv?), (34)

a
b

b
/f(T) cos(sT)dr = O(silely‘b), /f(T) sin(s7)dr = O(sfle“’lb), (35)

a

b
/f(T) cos(2sT — st)dr = O(sfle?"?ﬂb),

b
/f(T) sin(2s7 — st)dr = O(s—lesly\b)

are valid.

Proof. We use integration by parts formula

b b
+st _ f(b)eiwb — f(a)ezl:zsa _ L/ +ast —|ylt g/ lylt
/f(t)e dt = . L] ¢ e fl(®)e¥tdt
= O(silelylb) + O(silely‘a) + O(silelylb) = O(sile‘ylb)‘
The other four formulas follow from formula (34). O

Forreal s (y =0,a=0,b =t € [0, 1]), we can find formulas (35) in [9,22].
Let f € C"[0,1], ¢ € [0,1], » > 1. Then we generalize the last two asymptotic
formulas in Lemma 6:

/tf(T) cos(2sT — st)dr = — § f(i_l)(t) — (_1_)if(i_1)(0) cos( m’)

i=1 (2s)° st 2
+O(s7rePlY), (36)
t =1l i f(ie .
/f(T) sin(2s7 — st)dr = — Zl iU +(;;)11) A sin (st + 7;)
0 i

+O(s7rePlY). (37)

Nonlinear Anal. Model. Control, 26(5):969-991, 2021
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For proof, we use integration by parts formula and Lemma 6.
Under the condition that ¢ € C"[0,1], » € N, the more exact asymptotic formulas
may be obtained

r+1

1 ; .
ws(t) = — ij (t) cos (st + 27rj> s7) 4 O(s7 P Relrt2lulty (38)
j=1
. 1 ; :
wi(t)=— Zﬁj (t) cos (st + 27rj> s 4+ O(s7 i Helrt2lulty (39)
=0

r+1
(ws)/s(t) = _ Zp; (t) cos (st =+ %w(j _ 1)> s 4+ O(s—(r+2)e(r+2)Iylt)7 (40)
j=1

where py (t) = —1, po(t) = 1, pi(t) = ¢.
Now we derive formulas for p;, j = 2,r + 1. We can use the mathematical induction.
Let us substitute

ws(t)

— ij(t) cos (st + ;TJ) 577 4+ O(s7 T elrHlvlt) 41)
=1

r+1
- ij,l(t) sin (st + ;TJ) FEEAREE O(s*(rﬂ)e(”l)‘ylt)
=2

into integral s~ 112(¢, ¢, ws) in right-hand side of (16):

t

2 7 / q(7)pj-1(7) sin(st — s7) sin <ST + ;T]) dr

Jj=2 0
+ O(s~(rHDer+2llty

Then we rewrite the sum

r+1 1 t .
5 /q(r)pj_l(r) dr cos (st + j> 577
Jj=2 0
o+ cos(57) /
— 5o /q(T)pj_l(T) cos(2sT — st)dr
j=2 0
= sin(Z5) / .
+ 5 /q(T)pj_1(7') sin(2st — st) dr
Jj=2 0

http://www.journals.vu.lt/nonlinear-analysis
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and apply (36)—(37) forp;_; € C"92 j =2 r 4+ 1:

r+1

3! / —_— )chos(st—i— 727])3 i 4 O (s~ D ey
=2 9
r4+1r—j+1 NG (1) (. o)1)
cos(55) (gpj—1)" V() — (=1)*(gp;—1)" "1 (0) .
+Z Z o 2s)° cos| st + 5
j=2 i=1
r+1r—j+1 i— i 1—
_Z ZJ: sin 2] qp] 1)( 1)(t)+(71) (qu—l)( 1)(0) sin st—&-zz
257 (2s)? 2 )
j=2 =1

We look for terms near s~ +1) ie. 4 +j=r4+1,

| rmor s+ T2

0

@0 (1

Qr—j+2

N | =

i .
Ccos (st + W) cos J

2

" (qpy—)) T () — (1) (qp;_1) (0
_Z(qp )I(E) = (1) (gpj—1)" 7 (0)

— 741 y
e sin (st N 7T<7"J+>> sin ™

° 2
j=2

or

t

1 w(r+1) "~ (qpj—1)"~ 7)() w(r+1)

§/q(7')pr(7') chos(st+ ) z; 2r j+2 os| st + —5
0 1=

T

+> Fl)r(qu_ll)(rij)(o) cos (st+ W(r;l)) = —pry1(t) cos (st + 7r(7“2+1)>'

Qr—j+2
=2

So, we prove recursive formula

¢ ,
1 — (qpj—1) ") + (1) (ap;—1)" 7 (0)
piy1(t) = 3 /Q(T)pi(T) dr — Z ’ 9i—j+2 : (42)
0 j=2
fori = 1,7 and p1(t) = —1. This formula shows that p; € C"7%3[0,1], p;_1q €

C™=9%4[0,1], j = 2,7 + 1. So, the application of formulas (36)—(37) was correct. We
note that p; € C?|0, 1] for all j

For example, ps(t) = fo 7)d7/2. It is obvious that the function Q(¢) is
bounded for 0 < ¢t < 1.

Nonlinear Anal. Model. Control, 26(5):969-991, 2021
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Let us substitute (41) into integral Jg(t, q,ws) in right-hand side of (17). Then we get
formula

: L (i ) D (@) — (— 1) (gps_ ) )
]51(75) _ %/Q(T)pi(T) dr — Z (qp]—l) (t) ( 1) (qp]—l) (O) (43)
0

27,7j+2
=2
fori = 0, r. If we add (42) and (43), we get

¢ NG
pi(t) + piya(t) = — Z ((1155117)7(7?) = p;(t).

=2

So, more simple formula p;(t) = p;(t) — p;+1(t) may be used for calculation p;(t),
i = 1,7 (we note that py = 1). This formula can be proved directly, but formula (43) is
useful independently. We use notation p(t) := p;(t), p 1 (t) == p;—1(t), 5 = T,r + 1,
too.

If we substitute (38) and (40) into integrals I2(t,q, (ws),) and JL(t,q,ws) =
JO(t,q(7)(t — 7),ws), then from (18) we get recursive formula (pi(t) = t)

t

i LoG=0) () — (1) (gp! (-9
P =~ [l ar - 3 WO CU e 20

0 j=2
1 ¢ i 1) =D () — (=1)1(gpj—1)=9(0
+§/ i(r)pi(r) dr _Zg(qp ) Qi(_Hg (Gp;j—1)"7)(0)
0 j=
—p®), =TT ()=t T) = a7 @)

For example, p}(t) = 1 — tQ(t). We see that p}(t) = —p; — tpo. Using the math-
ematical induction and formulas (44) and (42), we can prove simple formula p} (t) =
(1 =D)pi—1(t) —tpi(t), i =2,r + 1.

Lemma 7. Let s € C4 and g € C"|0, 1]. Then for |s| = qo, the asymptotic formulas

r+1
(ws) D (t, 5) ij ) cos (st—f— g(] = l)) s+ O(S_(T+2)e(r+2)ly‘t), (45)

( (l) (t, s) ij ) cos (st + g(J _ l)) s 4+ O(S—(r+l)e(r+2)\y\t) (46)

are valid for | € Ny, where p¥(t) = (1 —i)pF=1(t) — tp* (1),

Z’ =
(), 5E0) = (1—)pE T (O)—tpE (0, = T k€ N pO(1) =
i=T1,r pdt) =1, and p(;(t) is calculated by (42).

177‘+ ,Pe(t) =
( 0

1
) —Pi+1 (),

Proof. We prove (45) formula in the case [ = 0, 1 and (46) formula in the case [ = 0. The
other cases we can prove by mathematical induction by [. O
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For example, p (t) = (—1)"*1#!, pl(t) = (—1)'t!, 1 € Ny (see Remark 5, too).
Corollary 2. Letz € R, § € R, g € C"[0,1], Q;(x), j = 1,7, are bounded functions. If

s=x+40,
0= Z Qj(z)r™7 + O(a:_(H'l)), 47)
j=1
then we have the following formulas:
r+1 r
ws(t) = Z Rj(t,x)z™7 + (’)(zf(r+2)), wh(t) = Rj(t,z)x™ + O(zf(TJrl)).
j=1 Jj=0
From previous results we have R (¢,z) = — sin(zt), Ro(t,z) = — cos(xt). Now we

derive general formula for R;(t,x), j = 1,r + 1. We substitute expressions (45), (47)
into formula

ws(t) = w(t, z +9)

- ) 8" (r42) T
= ;(Ws)s (tw)ﬂ + (ws)$ (t, z + 69) Tk 6 € [0,1],

and get the following expression for w; (¢):

r+1 /r+1 - \ g , | .
_Z (Zpé(t) Cos(zt+ 5(] —l))xi> i <2Qz($)$l> +O(I7(r+2))'

From binomial formula we have (n; > 0,7 =1,7)

” l
(Z@-@W) = Y o) e,
i=1 "

|.
ni:
ni+-+n,=l !

Collecting terms near ) (e.j+n1+2ny+---+rn, =r+1), we get

Roy(t,x) = — Z %pé(t) cos(xt + g(j — l))

ni+-+n,.=l, j>0,
j+ni+2na+-+rn.=r+1 n n
x Q1 (@) - Qr (2). (48)
For R(t, ), we get formula

_ 1
ni+-+n,=l, j20
Jjtni+2na+-trn.=r
x Q7 (x) - Qrr (). 49)
We write explicit formulas in the case ¢ € C1[0, 1]:
pa(t) = p3(t) = Q(2), pi(t) = pi(t) — p2(t) = —Q(1),
pa(t) = (=)' (1= tQ(1), Pi(t) = —(-1)'Q(t), 1€N,
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Ro(t, x) = pa(t) cos(xt) — pi(t)Q1(x) cos(xt) = (Q(f) — tQ1(x)) cos(at),
Ri(t,z) = p1(t)sin(xt) — pg (t)Q1 () sin(xt) (Q —tQ1(x )sm (xt).
We formulate these results in the next two statements.
Lemma 8. Let s € C, and q € C1[0,1]. Then for |s| > qo, the asymptotic formulas
ws(t) = —sin(st)s_ + Q(t) cos(st)s >+ O(s7* 3“’“’)
(ws)4(t, 8) = —tcos(st)s ™ + (1 —tQ(2) )Sl (st)s~2 +O( *Seg‘ylt),
(ws)?(t,s) = t*sin(st)s™" + (2 — tQ(t)) cos 4+ 0(s 3e3‘y‘t),
wh(t) = — cos(st) — Q(t) sin(st)s +-c>( -2 3W“),
(Wh)L(t, s) = tsin(st) — tQ(t) cos(st)s ™' + O(s‘zeg‘ylt)
are valid.

Corollary 3. Letz € R, § € R, g € C1[0,1], Q1(x) is bounded function. If s = x + 9,
d = Qi(x)x~t + O(x72), then we have the following formulas:

ws(t) = —sin(zt)z ™! + (Q(t) — tQ1(x)) cos(zt)x™2 + O(27?),
wi(t) = —cos(zt) — (Q(t) — tQ1(x)) sin(zt)z™" + O(27?).

4 Characteristic equation for problem with integral condition

Substituting w,(t) into (5), we get the characteristic equation

B
h@y:wgn—y/egﬂazo. (50)
The set of eigenvalues of the BVP (1), (2), (5) coincides with the set {\: A\ = 52, h(s) =
ws(l) —~ f ’ ws(t)dt = 0}. The function h is analytic function of parameter s € Cj,
and
B
h(l)(s): (ws (l) (1,s) 'y/ l) (t,s)dt, 1€ Np. (51)

Substituting (45) into (51), we get

_72<a/ c05(3t+2(J_l))dtSj>

r+1

— Zpé(l) cos (8 + g(] — l))s_j + O(S_(”+2)e(r+2)|y|),
j=1

where p} € CT=9%3[0,1].
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Remark 6. In the case = 0 the last term is O(s~2el¥l).

If f € C"[0,1], [a,b] C [0,1], ¢ € R, then we use integration by parts formula and
have

b
/ f(t) cos(st + ¢) dt
’ FE=1(b) cos(bs + ¢ — 5i) — =1 (a) cos(as + ¢ — )
o (—1)i-1si
4 O(s~ Dl
So, we derive
1
B (s ZT’J COS(S FI6- l)) 57 4 O(s Il

r or—j+1 z(z— ) § w(j—l—14) 1 (i—1) ) m(j—1—1i)
(B) cos(Bs + =5—2) — p; (a) cos(as + B5—)
VZ Z 2 j 2 .

j=1 =1 (_1)i718i+j

We look for terms near s~ ("1 ie.i+j =7 +1,
By (s) = p7+1(1)cos(s+g(r+1—l))

r z(r J)(ﬁ) cos(Bs + 7r(2j7l7'r71)) _pé_(rfj)(a) cos(as + 77(2j7127r71))

+WZ : (—1)r—

Thus, the next lemma immediately follows from results in the above.

Lemma9. Let s € Cg and g € C"|0, 1]. Then for |s| > qo, the asymptotic formula

r4+1
hW (s Zhl )s7 + O (s~ eIl ] e Ny, (52)

is valid.
Corollary 4. If g € C|0, 1], then we have (see Remark 6, t00)

AW (s) = hi(s)s™! + (9(8_2e‘y‘), 1 € Ny, (53)
where

hl(s) = cos(s +Za- 1))

Corollary 5. If g € C'[0,1], then we have

WO (s) = B (s)s™" + hb(s)s™> + O(s ), 1€ N, (54)
where

hb(s) = (Q(1) — 1) cos <5 + ;Tl) — 8 cos (65 + ;Tl) + ~val cos <as + 72TZ>
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For example, h{(s) = —sin s, h9(s) = Q(1) cos s — v cos(Bs) + v cos(as), hi(s) =
—cos s, hi(s) = —coss.

Analytic functions H (s) := —h(s)s, M(s) := —h(s)s? have the same nonzero roots
as function h.

Corollary 6. If g € C|0, 1], then we have

H(s)=—h{(s) + ( —Lelvl, (55)
H'(s) = —hi(s) — his™' + O(s7telVl) = —hi(s) + O(s7tel¥l), (56)
M(s) = —hi(s)s + o( W, (57)
M'(s) = —hi(s)s — 2h{(s) + O(el"l) = —hi(s)s + O(el¥]). (58)

Remark 7. The asymptotic formula (53) for the integral condition (5) are simpler than in
the case Bitsadze—Samarskii NBC (6) (see [17]). For Bitsadze—Samarskii NBC,

h(s) = ws(1) —wa(€), A (s) = (W) (1,8) = (W) (€ 5), LEN.
Substituting (45) into these expressions, we get

r+1

100 == 3 (eos(s+ 56-1) =@ cos(e5+ 56 -1) )~

j=1
1 O(s™ 2,

We look for terms near s~ (" +1)
T
hlyi(s) == —pli1(1) cos <5 + 5(7’ +1— l))
] s
+ P (§) cos{ Ls + S (r+1-1) ).

So, Remark 9 is valid in the case Bitsadze—Samarskii NBC with above defined hé(s),
j = 1,741, and we get two corollaries.

Corollary 7 [Bitsadze-Samarskii NBC]. If ¢ € C[0,1], then we have formula (53),
where hl(s) = —sin(s + 7l/2) + v&' sin(és + 7wl /2). For example, h{(x) = —sins +
ysin(€s), hi(x) = —cos s + v€ cos(€s).

Corollary 8 [Bitsadze-Samarskii NBC]. If ¢ € C*[0,1], then we have formula (54),
where hh(s) = (Q(1) — I)cos(s + 7l/2) + v&=1(1 — €Q(&)) cos(és + 7l/2). For
example, h3(x) = Q(1) cos s — YQ(&) cos(£s).

Let us consider real eigenvalues. In this case, (52) is valid with s = z € R (y = 0),
and functions hé-, j=1,r+1,1 € Ny, are bounded. We investigate equation h(z + 0) =
0 (or M(x+0) = —z*h(x+J) = 0), § € R, with additional condition |h}(z)| > 5 > 0.
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Lemma 10. [fq € C[0, 1] and § = o(1), then the following asymptotic formula is valid:
§ = —h0(z)(ht(z)) ' cos(sind) "t + O(a1). (59)
Proof. From formula (57) we have

sinzcosd — cosxsind = —sin(z + ) = h(z 4+ 6) = (z + )1 O(1)
= (’)(:v_l).

Since hi(x) = — cosz we have hi(z)sin§ = —h{(x) cosd + O(z~1). We multiply this
equality by 6(sin d) "1 (h}(x))~! (using condition |h}(z)| = s > 0) and get (59). O

Corollary 9. Ifh)(x) = 0, then § = O(x~1).

Lemma 11. Ifq € C"[0,1] and § = o(1), h{(z) = 0, then asymptotic formula

§=> Qj(x)a + Oz~ "Y) (60)
=1

is valid, where Q (), j = 1,r, are bounded functions.
Proof. Formula (60) is valid for r = 0. So, § = O(x~!). If r > 0, then substituting (54)
into equality

0=nh(x+6) =h(x)+h(x)d+ h"(x)% +0(8%),

we have

—hi(z)z™"6 = hY(z)z™" + hY(2)2™> + O(27?) = K ()2 ™% + O(z7?),

ie. 6 = Qi(z)z~1 + O(x~2), where

-1

Q1(z) = —hy(x) (hi(z)) . 1)
We derive formulas for Q;, j = 2,7, 7 > 2. We can use the mathematical induction.
Suppose that § = Z;;i Qj(x)z™7 + O(x~"). Substituting (52) expression in the case
y = 0 into equality

K3 67‘ (a
0=nh(z+08)=h(z +5§ AU ( ] +0(572),
we get
1 hﬁll ' = 0 ' (r+2)
— - _ —_] —(r
SIS L
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or
r+1

_ Z hjo-(x)x’j + O(xf(r+2))

= hy(z)z ™" (Z hj(x)a™ + o(xmn)) 7

i=1
where hj(x) == —h9,  (x)(hi(x))" 1 1<) <,

oSt o)

i=0 j=0

N1
_ x—lz h2+1 Z 1 (QL') e Qrfl (1’) x—(j+7b1+27L2+'“+(7'—1)7Lr—1)

]-H ; | |
(r+1Dng!np_q!
1,5=0 n1+-~-+nr71:z( ) r—1

r—1
-1 (1 - Z 2 (2)z ™" + O(x_r)> ,
k=1
For zx, k = 1,r — 1, we have expressions

Q1 (@) QT (@)

— _pitl 1
(1) = > W@ @) T e 6
ni+-d+n,.—1=1, j =20
jtni+2no+-+(r—1)n,.—1==k
So,
r r—1 —1
5:Zh3(m)x” <1—sz( ) 7k+(9( )) +O(z~ TH))
j=1 k=1
r r r—1 l
= Z Z hj(x)z™7 <Z 2k (z)xk> + (’)(xf(’”rl))
j=11=0 k=1
r o I Z?l (.Z‘) e Z':liil (Z‘) 1)
- Z Z hj(@) Z nil- -,y gitmat2neto (-, +0(z )-
Jj=11=0 nyi+-+nq_1=I
Collecting terms near " (i.e. j +n1 + 2ng + ... + (r — )n,_1 = r), we get
! —h9+1(1') n1 Nyp_1
Qr(z) = 2 T @ @@ 6
ni+-4n._1=l, 7>0
jtni+2ne+-+(r—1)n,._1=r
Lemma is proved. O
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Corollary 10. If g € C2[0, 1], then
Qa(x) = ~h3(@) (hi(2) " — h(a) (h(x)) " 2a(). (64)
a1(2) = ~hh() (W)~ 5 (@) T Qi @)

Corollary 11 [Integral NBC. If g € C1[0, 1], then

Qu(x) = Q1) — oS 2) — cosaz), (65)

COS T

Corollary 12 [Bitsadze-Samarskii NBC]. Ifq € C'|0,1], then

Q1) cosx — yQ(E) cos(&x) .

Qu(z) = cosz — v cos(&x)

(66)

Formula (66) was proved in [17].

S Spectral asymptotics for eigenvalues and eigenfunctions for prob-
lem with integral condition

In this section, we investigate eigenvalues for SLP (1), (2), (5).

Lemma 12. The real eigenvalues of the SLP (1), (2), (5) are bounded from below.

Proof. Set H(y) :=+*H(wy), y > 0. Then

~ . _1 ey efy 1
H(y):smhy—l—@(y ey):5—7—|—(9(y ey).
It is clear that lim,,_, , o, H(y) = 4oc. Then there exists a yo > 0 such that H(y) # 0
for y > 1o. Therefore, we get H(1y) = 1H(y) # 0 for y > yo. Accordingly, -2 < A
for negative . O

Corollary 13. The number of negative eigenvalues of problem (1), (2), (5) are finite
(maybe zero).

Lemma 13. The function H : R — R has at least one positive root in the interval
((k—1/2)m, (k4 1/2)7) for large k.

Proof. If s =x,0 < x € R, then y = 0. In this case, formulas (55) is
H(x) :sinerO(x*l), (67)

We have |O(x~1)| < 1 for large 2. The function sin z takes its local maximum points
at My, = (2k — 3/2)mw, k € N, and its local minimum points at my = (2k — 1/2)m,
k € N. Thus, from Intermediate value theorem at least one root of the function H (z) lies
in each interval ((k —1/2)7, (k+1/2)7), K < k € N, for large K. So, we have infinite
(countable) number positive roots of equation H(x) = 0. O
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Corollary 14. The SLPs (1), (2), (5) have infinitely many (countable) positive eigen-
values.

Remark 8. The function sin s has the same property, but only one root is in the interval
((k=1/2)m, (k+1/2)7), k € N.

Let us denote domain Dy, = {s: |z| < ar = (k+1/2)7, |y| < ar}, D, = CsN Dy,
k € N, and a contour I's;, = C; N ODy. Then we have |s| > 3w/2 on I'sg, k € N.

Remark 9. The corresponding contour 'y, in the plane C, = C will be the boundary of
the domain D).

Lemma 14. There exists q1 > 0 such that all eigenvalues of problems (1)—(2), (5) in
the domains {s € Cs: |s| > q1} are positive and, more precisely, there exists only one
positive root of function H (s) in each interval ((k — 1/2)7, (k + 1/2)7) for sufficiently
large k.

Proof. On the vertical part of contour s = ay + 1y, y € [—ak, ax], k£ € N, Re(sins) =
sin ay, cosh y. We estimate

elyl L o1yl S ﬁ.
2 4

On the remaining part of contour y = £a, 0 < z < ag, we estimate

lyl _ e—lul lyl
. /. . . e e e
|sins| = y/sinh?y + sin? 2 > sinh |y| = — > T

So, we have | sin s| > el! /4 on I, for sufficiently large k.

From formula (55) H(s) = sins + O(s 'el¥). Hence, we have |O(s~tell)| <
c1ls|~telv! < el¥l /4 < |sin s| on the contours Iy, for sufficiently large k. Therefore, by
Rouché theorem it follows that the number of zeros of H(s) = sins + O(s~'el?!) and
sin s are the same inside [, for sufficiently large k.

In the domain between contours I's ;1 and I, there is exactly one positive root
of the function sin s (see Remark 8). The function H has one root in this domain for
sufficiently large k. But interval ((k — 1/2), (k + 1/2)m) belongs to this domain. So,
the single root of H in this domain is positive. O

|sins| > ’Re(sins)| > |sinag|coshy = coshy =

This lemma clarifies Lemma 13.

Corollary 15. The function H : R — R has one positive root in the interval ((k—1/2)mw,
(k +1/2)7) for large k.

We can enumerate the zeros of H as si, k € N. The first zeros can be complex num-
bers or not simple. From Corollary 15 we have that sy, are positive for sufficiently large k.
Now we will investigate the distribution of these positive eigenvalues of problem (1)—(3),
and we leave out the note about sufficiently large k. Now we consider only real positive
s = > 0. Since s, € ((k —1/2)m, (k+ 1/2)7), we have s, ~ zj, := 7k (as k — 00)
and h9(xy) = 0, hi(ag) = —cos(z) = (1)1, |hi(zp)| = 1.

http://www.journals.vu.lt/nonlinear-analysis


http://www.journals.vu.lt/nonlinear-analysis

Asymptotic analysis of Sturm—Liouville problem with NBCs 989

Let us denote §;, = s, — xx. The functions H and sin s are analytic. So, from (67)
we have
sp=xk+o(l) or o =o0(1l) (ask — o0). (68)

Theorem 1. Let q € C|0,1]. For eigenvalues N\, = s3 and eigenfunctions uy, of prob-
lem (1)—(2), (5), the asymptotic formulas

sp=ap+O(k™), up(t) = —sin(zxt)z;, " + O(k?) (69)
are valid for sufficiently large k.
Proof. For our problem, h{(s) = —sins, hi(s) = —coss and hY(zy) = 0, hi(zy) =

(—1)F*+1 = 4+1. We have 6, = o(1). So, all conditions of Lemma 10 are valid, and from
Corollary 9 it follows 0, = O(z; ') = O(k™1).
Then we apply Corollary 1 and get

up = ws, (t) = —sin(zpt)z, ' + (9(3:,22) = —sin(zpt)r, ' + O(k™?). O
Remark 10. Normalized eigenfunctions are
Uk(t) = \/isin(xkt) + O(k_l)

Theorem 2. Let g € C"[0, 1]. For eigenvalues \j, = s% and eigenfunctions uy, of problem
(1)—(2), (5), the asymptotic formulas

sk =k + Y Qjlar)ry’ + Ok~ ), (70)
j=1
r+1 )
uk(t) =Y Rj(t,zp)z;,” + O (k™) (71)
j=1

are valid for sufficiently large k.

Proof. We have §;, = O(k™!) = o(1) (see Theorem 1). So, all conditions of Lemma 11
are valid, and it follows

oy = Z Q; («Tk)l’lzj + O(k—(7-+1)) .
j=1
Then we apply Corollary 2 and get

r+1
up = ws, (t) = ZRj(t,xk)x;J + O(k_(r+2)). N
j=1

Corollary 16. If ¢ € C1[0, 1), then the asymptotic formulas
SE = X + Ql(xk)ac;l +O(k™?),
u(t) = —sin(zpt)zy, ' + (Q(t) — tQ1(zk)) cos(zxt)zy, > + O(k?)
are valid for sufficiently large k, where

Q1(zk) = Q(1) + (—1)*y( cos(Bay) — cos(axy)).
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Remark 11. In this case, normalized eigenfunctions are

vp(t) = V2sin(zxt) + ﬂ(w — Ry(t, a:k)> zt+ O(k™?).

6 Conclusion

In this paper the spectrum, existence of solutions and spectral properties of eigenfunctions
for a SLP with one integral-type NBC was investigated. The considered problem differs
from the classical (local) one-dimensional SLP with BCs in that it contains a NBC in
two cases. Therefore, it is not obvious how to apply the classical methods of theory to
such type BVPs. Therefore, suggesting own approach and modifying the techniques of
classical Sturm theory, we obtained asymptotic formulas for eigenvalues and normalized
eigenfunctions. The results obtained in this work can be extended to two- or higher-
dimensional SLPs and to higher-order differential equations. Furthermore, asymptotics
of eigenvalues and eigenfunctions of the same differential equation but with different
NBC:s such as eigenvalue-parameter dependent NBCs can be also investigated.
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