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Abstract. We present a novel generalization of the Hyers—Ulam—Rassias stability definition to
study a generalized cubic set-valued mapping in normed spaces. In order to achieve our goals,
we have applied a brand new fixed point alternative. Meanwhile, we have obtained a practicable
example demonstrating the stability of a cubic mapping that is not defined as stable according to
the previously applied methods and procedures.
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1 Introduction and literature reviews

The study for the set-valued dynamics in Banach spaces has been developed in the last
decades. The pioneering published papers by Aumann [2] and Debreu [9] were inspired
by some problems arising in the control theory and mathematical economics. We refer to
the articles by Arrow and Debreu [1], McKenzie [29], and the survey by Hess [18].

! Corresponding author.

2The author has been partially supported by the Agencia Estatal de Investigacion (AEI) of Spain, cofinanced
by the European Fund for Regional Development (FEDER) corresponding to the 2014-2020 multiyear financial
framework, project MTM2016-75140-P; and by Xunta de Galicia under grant ED431C 2019/02.

© 2021 Authors. Published by Vilnius University Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source
are credited.


https://orcid.org/0000-0001-5044-2526
https://orcid.org/0000-0001-5601-6480
https://orcid.org/0000-0001-8202-6578
mailto:m.ramezani@ub.ac.ir
mailto:h.baghani@gmail.com
mailto:juanjose.nieto.roig@usc.es
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/

822 M. Ramezani et al.

The stability of functional equations was first introduced by Ulam [38] in 1940. He
proposed the following problem: Given a group G, a metric group (G2, d), and a positive
number e, does there exist a § > 0 such that if a mapping f : G; — G satisfies the
inequality d(f(xy), f(z)f(y)) < ¢ for all z,y € G, then there is a homomorphism
T : G1 — G such that d(f(x), T(x)) < e for all z € G;. If the answer is positive,
we say that the homomorphisms from G to G are stable. In 1941, Hyers [19] gave
a partial solution of Ulam’s problem for the case of approximate additive mappings under
the assumption that G; and G2 are Banach spaces. In 1978, a generalized version of the
theorem of Hyers by considering the stability problem with unbounded Cauchy differ-
ences was given by Rassias [36]. This phenomenon of stability that was introduced by
Rassias [36] is called the Hyers—Ulam—Rassias stability of functional equations.

Theorem 1. Let f : E — E’ be a mapping from a normed vector space E into a Banach
space E' subject to the inequality

|f(@+y) = f@) = F@)] < e(lzl” + llyl*),

where € and p are constants with € > 0, and p # 1. Then there exists a unique additive
mapping T : E — E' such that in the case of p < 1,

2
I @) = T(@)]| < 5=5 2" Vo€ B,
while in the case of p > 1,
| f(z) = T(2)| < QPQE Sllall? v e E.

The solution to this problem was obtained by Gajda [13] for p > 1, and the problem
for p < 1 was solved by Rassias [36]. Rassias and Semrl [37] proved that the stability
does not occur for p = 1. The result of the Rassias theorem was generalized by Forti [11]
and Gavruta [14], who permitted the Cauchy difference to become arbitrary unbounded.

The stability problems of several functional equations have been extensively investi-
gated by many mathematicians. The results of these kinds of problems have been exten-
sively studied. We refer, for instance, to [6,12,15-17,19,27] and also [11, 13, 14,22,25,
36, 37] and references therein.

A stability problem of Ulam for the cubic functional equation

fRx+y)+ f2x —y) =2f(x +y) +2f(z —y) + 12f(x) (1)

was established by Jun and Kim [22] for mapping f : E; — FE5, where F; is a normed
space, and E5 a Banach space. Also, they solved the stability problem of Ulam for the
generalized Euler—Lagrange-type cubic functional equation

flaz +y) + f(z + ay) = (a+1)(a — 1)*[f(z) + [ (y)]
+ala+1)f(z+y)
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for fixed integer a with a # 0,+£1, and

flaz +by) + f(bx + ay) = (a + b)(a — b)Q[f(m) + f(v)]
+ab(a +b)f(z +vy)

for fixed integers a, b with a # 0, b # 0, and a£b # 0, and the equations being equivalent
to (1). Afterwards, referring to [7], Chu et al. extended the cubic functional equation to
the following generalized form:

n—1

n—1 n—1
f<ij+2mn> +f<ij—2mn> —|—Zf(2xj)

j=1

_2f<2x]>+4z (25 + zn) + fla; — 2n)), 2

where n > 2 is an integer, and they also investigated the Hyers—Ulam stability. Moreover,
in [25], Jung and Chang investigated a generalized Hyers—Ulam—Rassias stability for
a cubic functional equation by using the fixed point alternative. The first systematic study
of the iterative methods in the stability of mappings is due to Isac and Rassias [20].

The stability of the set-valued functional equations has been widely examined by
a number of authors (see [8,21,30-32]), and the Hyers—Ulam stability of the set-valued
functional equations was proved in [21,26,28]. Also, there are many interesting stability
results concerning this problem (see [8,23,24]).

Quite recently, Eshaghi et al. [10] and M. Ramezani et al. [35] introduced the notion
of orthogonal sets and gave a real generalization of the Banach fixed point theorem in
incomplete metric spaces. The main result of [10] is the following theorem.

Theorem 2. (See [10].) Let (X, L,d) be an O-complete orthogonal metric space (not
necessarily complete metric space) and 0 < X\ < 1. Let f : X — X be O-continuous,
L -contraction with Lipschitz constant \, and 1 -preserving. Then f has a unique fixed
point x* € X. Also, f is a Picard operator, that is, lim, o, f™(x) = * forall x € X.

For more details about the orthogonal space, we refer the reader to [3-5, 10,34, 35].

The aim of this paper is to offer a new generalized Hyers—Ulam—Rassias stability
result for the functional equation (2) for the set-valued mappings in normed spaces, which
are not necessarily Banach spaces, by using the fixed point alternative [10] as in [3].
Examplewise, we present a special case of our results, which is a real extension of the
previous results as of this literature.

At first, we recall some basic definitions and our main tools.

Definition 1. (See [10].) Let X # () and L C X x X be a binary relation. If L satisfies
the following condition

Jzo € X (Vy, y Lag) or (Vy, zo Ly),

then L is called an orthogonal relation, and the pair (X, L) — an orthogonal set (briefly,
O-set).
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Note that in the above definition, we say that x( is an orthogonal element. Also, we
say that elements x, y € X are | -comparable either x 1 yory L x.

Definition 2. (See [10,35].) Let (X, L) be O-set. A sequence {z,, } is called

(i) an orthogonal sequence (briefly, O-sequence) if
(Vn, 2p Laxpi1) or (Vn, @pp1 L ay);
(i1) an strongly orthogonal sequence (briefly, SO-sequence) if
(Vn,ky, pn Lxpyr) or (VYn,k, Tpir L ay,).
Every SO-sequence is an O-sequence. But the converse is not true in general.

Definition 3. (See [10,35].) Let (X, L, d) be an orthogonal metric space ((X, L) is an
O-set, and (X, 1) a metric space). X is

(i) orthogonal complete (briefly, O-complete) if every Cauchy O-sequence is con-
vergent,

(ii) strongly orthogonal complete (briefly, SO-complete) if every Cauchy SO-sequence
is convergent.

It is easy to see that every complete metric space is O-complete and every O-complete
metric space is SO-complete. In [3,35], the authors proved that the converse is not true in
general.

Definition 4. (See [10, 35].) Let (X, 1,d) be an orthogonal metric space. Then f:
X > Xis

(i) orthogonal continuous (briefly, O-continuous) at a € X if for each O-sequence
{an}in X, a,, — a implies f(a,) — f(a).

(i1) strongly orthogonal continuous (briefly, SO-continuous) at a € X if for each
SO-sequence {a,} in X, a, — aimplies f(a,) — f(a).

Also, f is O-continuous (SO-continuous) on X if f is O-continuous (SO-continuous) in
eacha € X.

It is obvious that every continuous mapping is O-continuous and every O-continuous
mapping is SO-continuous, but the converse is not hold in general (see [3, 35]).

Definition 5. (See [3].) Let (X, L) be an O-set. A mapping f : X — X is said to be
L -preserving if f(z)L f(y) whenever Ly and z,y € X.

Theorem 3. Let (X, L, d) be an SO-complete orthogonal metric space (not necessarily
complete metric space) and 0 < X\ < 1. Let f : X — X be SO-continuous, 1 -preserving,
and L-contraction with Lipschitz constant \. Then f has a unique fixed point v* € X.
Also, f is a Picard operator, that is, lim,,_,, f"(x) = z* forall x € X.

Proof. The proof of this result uses the same ideas in Theorem 3.11 of [10], and it suffices
to replace the O-sequence by SO-sequence. O

https://www.journals.vu.lt/nonlinear-analysis
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By the aforementioned results we can conclude that Theorem 3 is a real generalization
of Theorem 2. So, in the next steps, we are going to prove the stability of functional
equation (2) in the SO-complete normed spaces.

2 An incomplete distance on subsets of a set

Before introducing the main results, we recall some notations and definitions.

Let (X, ||-||) be a normed space (not necessarily a Banach space), and let L be an
orthogonal relation on X such that (X, L, d) is an orthogonal metric space, where d is
the induced metric by ||||.

We say that L is R-preserving whenever x Ly implies rx L ry for each r € R. See
the next example.

Example 1. Let X = R, and let two relations L and L on X be defined as
rliy <= aye{r,y} and zloy <= TkeZ y=ka.

It is obvious that an orthogonal element of (X, 1 1) and (X, L) is zero. However, (X, 1)
is not R-preserving. To see this, if z = 1, y = 2, and r = 3, then x L1y, while 3z £, 3y.
Notice that it is easy to see that (X, Lo) is R-preserving.

Let C¢,(X) be the set of all nonempty, closed, convex, and bounded subsets of X.
Consider the addition and the scalar multiplication as follows:

C+C ={z+2""2eC 2" €C'} and NC={\z:z€eC},
where C, C" € Ccp(X) and A € R. One can show that
AC+XC"=XNC+C") and A+ p)C =\C + uC
forall \, x € Rand C,C’ € Cg,(X). We consider HT on pairs of elements in Cgp, (X)
by
HE(C,C) = S (p(C,C') +9(C, ).

where p(C,C") = sup,cc D(z,C’) and D(x,C") = inf{d(z,y): y € C'}. Pathak
and Shahzad in [33] proved that H ™ is a metric on C},(X ). We define the relation ¢ on

Cep(X) as
CelC =C+C".

The following proposition can be proved from some properties of the distance H ™.

Proposition 1. (See [33].) For any C,C', K, K’ € C.p(X) and X > 0, the following
properties hold:

(i) H*({a}, {0}) = [la — b];
(i) HT(C®C', K& K') <HT(C,K)+H(C',K);
(iii) H+(\C,AK) = XH*(C, K);

Nonlinear Anal. Model. Control, 26(5):821-841, 2021
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(iv) HY(C @ {z},C" ® {z}) =HT(C,C") forall z € X;

(v) HY(C,C") = inf{r > 0: C C 6(C’",r1), C" C 6(C,ra), 7 = (r1 +72)/2},
where §(C,r) = {z € X: D(x,C) < r} for all positive real number r;

(vi) HY(C,C") = inf{r > 0: C C 6(C",r1), C' C &6(C,ra), r = (r1 +12)/2},

where §(C, 1) is the closure of 5(C,r) for each positive real number r.

Given A, B € Ccp(X). We define the relation L* between A and B as follows:
Al*B <= VYa€e A beB, alb.

If xq is an orthogonal element of (X, L), then the singleton {x } is an orthogonal element
for (Cep(X), L¥).

Theorem 4. If (X, d, L) is an SO-complete (not necessarily complete) metric space, then
(Cen(X), @, HT) with orthogonal relation L* is SO-complete.

Proof. Let {A,,} be a Cauchy SO-sequence in (Cep(X), ®, H1). We need to show that
{A,,} converges to some element in C¢p,(X).

Let A be the set of limit points of sequences {a,} with a,, € A,, for all n € N. Our
aim is to prove that A € Cc,(X) and {A,, } converges to A. To see end, let us to divide
the proof in the following steps.

Step 1: A is closed. Let a € A. Definition of A ensures that we can choose the
sequence {ay} in A converging to a. This leads to for all k& € N, there exists {y*},, in
X such that for any n € N, y* € A, and y*¥ — a; as n — oo. Let {ny} be a strictly
increasing sequence of positive integers such that forany k € N, [|y% —ax|| < 1/2%. We
observe that

., — all < [lyn, — ax|| + llar — all.
As k — o0, the right-hand of above inequality converges to zero, which implies a € A.

Step 2: A'is convex. Leta,b € Aand 0 < ¢t < 1. Take two sequences {a,, } and {b,}
such that for eachn € N, a,,, b, € A, and a,, — a and b,, — b as n — co. Since for any
n € N, A, is a convex set, then ta,, + (1 — t)b,, € A,,. The closeness of A implies that
ta+ (1 —t)be A

Step 3: A is nonempty. We observe from {A,} is a Cauchy sequence that there
exists a strictly increasing sequence {nj} such that for all ¥ € N and n,m > ny,
HY(An, Apn) < 1/2EFL Definition of H* ensures that for each k € N, there exists
Unyyy € An,,, for which [la,, — ay,,, | < 1/2*. This results show that the sequence
{an, } is Cauchy.

On the other hand, since {4,,} is an SO-sequence, it follows that

(Vk,m, an, Lan,,,) or (Vk,m, an,,, Lan,).

Therefore, {ay, } is a Cauchy SO-sequence in X. Since X is SO-complete and a.,, € A,
for each k € N, the conclusion follows easily.

Step 4: lim,, oo HT (A, A) = 0. Fix € > 0. There exists a positive integer N7 such
that for all m > n > Ny, HT(A,, A) < e. By definition of H* and condition (v) of

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

On the new Hyers—Ulam—Rassias stability 827

Proposition 1 we see that for all m > n > Ny, A,, C §(Am,€1) and A, C 6(An,€2),
where € = (€1 + €2)/2. Let a € A and {a;} be a sequence such that a; € A; for all
i and {a;} converges to a. We observe that for all i > n > Ny, a; € §(A,,€2), and
the continuity of D implies that a € S(AH7 €2) for all n > Nj. This results show that
A C (A, ) foralln > Ny.

On the other hand, we can choose a positive integer No such that for all n,m > No,
HT(Am, An) < €/4 and a strictly increasing sequence {n;} of positive integers such
that ny > Ny and H1(A,,, A,,,,) < e1/27 2 foralli € N.

Assume n > Ny and y € A,. It follows from H*(A,, A,,) < €1/4 that there is
an, € Ap, for which ||y — an, || < €;/2. Similarly, for each 4, since H (A,,,, An,,,) <
€1/2"12, then there is a,,,, € Ap,,, for which [la,, — an,,, | < €/2"T!. We easily
see that {a,, } is a Cauchy sequence. Arguing in the Step 3, we obtain that {a,, } is an
SO-sequence in X and so converges to an element a € X . Moreover, for all : € N,

”y - a” < ”y — Qny ” + ||an1 — Qny ” +oeee ||a’ﬂ1‘71 = Qn, || + ||an1 - CLH

For large enough numbers of 4, ||y — a|| < €1, which implies that y € §(A, €1), and hence,
A, C (A, e) foralln > Ns.

Now, take N = max{Ny, N2}, then condition (vi) of Proposition 1 ensures that
H+(A,, A) < eforeach n > N. This completes the proof of Step 4. O

3 New generalized Hyers—Ulam—Rassias stability

Throughout this section, we assume (X, ||||x) and (Y, ||-]|y) are two normed spaces.
Also, L and L* are the same orthogonal relations on Y and C.,(Y") as defined in the
previous section, respectively. We consider the relation | as R-persevering and d as the
metric induced by ||-||y -

Definition 6. Let f : X — C.,(Y) be a set-valued mapping.

(1) The n-dimensional cubic set-valued functional equation is defined by

= J=1 j=1
2f<z:17]>@4z 93]+In @f( 79:"))

for every x1,...,x, € X, where n > 2 is an integer.
(i) Every solution of the n-dimensional cubic set-valued functional equation is called
an n-dimensional cubic set-valued mapping.

Theorem 5. Letn > 2 be an integer, me€{1,...,n—1} and (Y,d, L) be an SO-complete
metric space (not necessarily a complete metric space). Assume that f : X — Cep,(Y) is
a set-valued mapping such that f(x/2") and f(x)/8" are L*-comparable for each x € X

Nonlinear Anal. Model. Control, 26(5):821-841, 2021
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and r € N, and also, there exist two functions ¢ : X™ — [0,00) and « : [0,00) — [0,1)
satisfying the following conditions:

+<f<§xj +2xn> @f(ixj —2xn> @if(@)y
2f<Zx]>€94Z (z; 4 22) & f(x, n)))

<Py, ... xn) 3)
forallzq,...,x, € X and also

(A1) limsup,_, .+ a(t) < 1 forall s > 0;
(A2) Forall xq,...,z, € X,

o(B ) < galolor )il

(A3) Forallx € X,

a(¢(<§,...,;,0,...,0)> ga(qﬁ(x,...,x,(),...,())).

——
m terms

m terms

Then there exist an n-dimensional cubic set-valued mapping F : X — Ce,(Y) and
a subset X* in X with card(X™*) > 1 such that for some positive real number L < 1, we
have

_L 0,...,0) (4)
m(l_L)qﬁ(:r,...,:r, ey

m terms

W (f(2), F(2)) <

forall x € X*. In particular, if X* = X, then the mapping F' is unique.
Proof. We denote by S the set

So={g:X = Cep(Y) | g(0) is a singelton set}
and the generalized metric D on Sy as follows:

D(h, g) = inf{M >0 | H* (h(z),g(x)) < M§(z,...,2,0,...,0) Vo € X}.

m terms
Consider the set S = {g € So | D(g, f) < oo}. Putting z; = 0(j = 1,2,...,m) in
(A2) yields that ¢(0,...,0) = 0, and by using (3) we observe that f(0) = {0}. Hence S
is a nonempty set.

Now, let T': S — Sp be a function as given by T'g(x) = 8¢g(x/2) forall x € X. We
must show that T is a self-adjoint mapping, that is, 7'(S) C S. To see this, put ; = 0

https://www.journals.vu.lt/nonlinear-analysis
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(g=1,...,m)and z,,41 = Typ+2 = -+ = &, = 0 in inequality (3). Since the range
of f is convex and applying (A2), we have

HT(f(mz) & f(ma) ® mf(2z),2f(mz) & 8mf(z)) < ¢(z,...,x,0,...,0),

——
m terms
and so,
N——
m terms
for all z € X. Dividing by 8m in (5), we get
+( f(2x) < 1
< —o(zy...,2,0,...,0 6
(15, 1@)) < grotez00) ©
m terms

for all z € X. Replacing x by x/2 in (6) and applying (A2), we have

“rﬁ(f(rc),sf(g)) < M(g;

m terms

< iOz(gi)(:n,...,Jn,O,...,O))gé(x,...,x,(),...,O)

3m —— ——
m terms m terms
1
< —oé(z,...,2,0,...,0) @)
8Mm " ———
m terms

for all z € X. This ensures that D(T'f, f) < 1/(8m). On the other hand, if g € S,
definition of D conclude that D(T'g, T f) < D(g, f), and the triangle inequality implies
that D(Tg, f) < D(Tg,Tf) + D(Tf, f) < oo, thatis, Tg € S. Consider

O(z) = {f(2), (Tf)(x), (T*f) (), (T°f) (),... }
for all x € X. Define the relation L g on S as the following:
glsh <= ({9(@),h(x)}NOx)#0 or g(x) L* h(z)) Vze X.

It follows from Theorem 4 that (S, D, Lg) is an SO-complete metric space. Since the
relation L is R-preserving, definition of L g and L* imply that 7" is L g-preserving. By

using the hypothesis we obtain
z\ . f(2) fl@) . (=
(1)) = (7 1(z)

forall z € X and r € N. From R-preserving of | and definition of 7" we get

((T7f) (@) L* f(x)) or (f(x) L* (T"f)(x))

Nonlinear Anal. Model. Control, 26(5):821-841, 2021
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forall x € X and r € N. This means that
(T"fLs f) or (fLsT"f)
for all » € N. It follows from L g-preserving of T that
(Vr,s €N, T"**f LgT"f) or (Vr,seN, T"f LsgT"**f).

That is, {T" f} and consequently {(7" f)(x)} for all z € X are SO-sequences in S and
Cep(X), respectively. In order to show that the SO-sequence {7 f} is Cauchy, replacing
x by x/2" and multiplying by 8" in (7) and using (A2) and (A3), we get

'H+((Tr+lf) (z), (Trf)(:zz)) < [a(¢>(x, vz, 0, ,0))]T¢)(x, cey2,0,...,0)

m terms m terms

forall z € X and r € N. Considering

LI:a(gb(x,...,x,O,...,O)),
———

m terms
we obtain that

HE((T Sf)( ) (T"f) ()
Z'H* (T f) (), (T ZU z,0,...,0)

i=r
m terms

L1 -5t
S LB a0 0)
1-L1L, ~———

m terms
forall z € X and r,s € N with »r < s. Since L, < 1, letting r,s — oo in the
above inequality, we deduce that the sequence {(T" f)(z)} is a Cauchy sequence for each
x € X. By SO-completeness of C.1,(Y") we obtain that for every x € X, there exists an
element F'(x) € Ccp(Y), which is a limit point of { (7" f)(x)}. Thatis, F : X — Ce,(Y)
is well defined and given by
F(z) = lim (T"f)(z) = lim 8"f (;) )

T—00 T—>00

forall z € X. On the other hand, since lim sup,_, o+ (t) < 1, then there exist A € (0, o]
and 0 < L < 1 such that a(t) < Lforall 0 <t < A. Put
X*={zeX|o,...,2,0,...,0) <A}
——
m terms

It follows from ¢(0,...,0) = 0 that 0 € X™* Also, if x is an arbitrary nonzero point
of X, then by using (A2) we can easily see that

1
(;5(;6():;()00) < g 0lao,. . ,20,0,...,0).
—— v

m terms

™ terms

https://www.journals.vu.lt/nonlinear-analysis
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So, there exists a natural number r for which

ZTo Zo
¢(2TO,...’2T070’...70)<>\,
————

m terms

and this means that zy/2" belongs to X* This implies that card(X™*) > 1. Now, we
replace X by X* in definition of Sy. For g, h € S, we have the following implications:

D(g,h) < K
= ’H"‘(g(x),h(m))<K¢(x7...,x70,...70), re X,
———
m terms
— 8H+<g(x>,h<m)><K8¢(x,...,x,0,...,0>7 z e X*,
2 2 2 2
——
m terms
T T
= 7—[+<8g<>,8h(>>§Ka(¢(x,...,z,0, 70))
2 2 —_——

m terms
x ¢(x,...,z,0,...,0), xe€X*
———

m terms

— M1 (sg(L),8h(2)) < KLo(x,...,,0,...,0), ze€X*
2 3 ——

m terms
= N (Ty(z),Th(z)) < KLé(z,...,2,0,...,0), z€ X",
——

m terms

— D(Tg,Th) < KL.

Hence, we see that D(T'g,Th) < LD(g,h) for all g,h € S. It follows from L < 1 that
T is a contraction. Consequently, 7" is an SO-continuous mapping and is a contraction
on | g-comparable elements with Lipschitz constant L. Since (S, D, L g) is SO-complete
and T is also L g-preserving, then from Theorem 3 we conclude that 7" has a unique fixed
point and T is a Picard operator. This means that the sequence {77 f} is convergent to
the fixed point of T'. It follows from (8) that F' is a unique fixed point of T". Moreover,

D(F, f) < D(F,TF)+D(TF,Tf)+D(Tf,f)
< LD(F, f) + D(Tf, f).

Therefore, D(F, f) < D(T'f, f)/(1 — L). Relation (7) ensures that inequality (4) holds.

Finally, we need to show that F' is an n-dimensional cubic set-valued mapping. To this
end, let z1,...,x, be fixed elements of X. Since {¢(x1/2",...,2,/2")} is a nonnega-
tive and decreasing sequence, then there is 7 > 0 for which ¢(z1/2",...,2,/2") — T as
r — oo. Taking into account (A1), we have limsup,_, .+ a(t) < 1, so there exist 6 > 0
and v < 1 such thatforall ¢ € [1, 7+ ), a(t) < v. Consider the positive integer N such
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that forall r > N, ¢(x1/2",...,2,/2") € [7, T+ §). By virtue of (3) we obtain
n—1 n—1 n—1
eTRs <F<ij +2xn) @F(ij —2:1:n> @ZF(Q;Uj),
2F<ij>®4z (xj + ) ® F(a; —xn))>

or’ T gr

i x x
<TIL>II;O741_[OO[<¢(11’ ’ 2?>>¢(x17 71’77,)

r—1  N-1 . .
BT ) o1 on
_rlggo,HV | a(d)(2i,...72i>)¢(x17...,xn)

i=N =0

N—-1 . .
. r—N 1 n —
grlirrgoy . .Oa<¢(2i,...,2i>)¢(x1,...,xn)O.
Therefore, F' is an n-dimensional cubic set-valued mapping as desired. O

Corollary 1. Let n > 2 be an integer and m € {1,...,n — 1}. Let Y be a Banach
space and f : X — 'Y be a mapping such that there exists a function ¢ : X™ — [0, 00)

satisfying
n—1 n—1 n—1
Hf(Zx] +2xn> +f<2xj an) +Zf(2zj)
— — =
_2f<Za:]>—4Z (zj + ) — f(2; — 20))

Y
< ¢($1, ) x?’b)
forallzy, ... x, € X. If there exists a positive real number L < 1 such that
1
d(x1,...,x,) < §L¢(2x1,...,2xn) 9)
forall xq,...,2, € X, then there exists a unique n-dimensional cubic mapping F':

X — 'Y, which satisfies the inequality

L
||f — xHngqﬁ(x,,x,O,,O)

m terms

forall x € X. The mapping F' is given by

F(z) = lim 8f<;> Vo e X.
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Proof. For every y1,y2 € Y, define y; L yo if and only if ||y1]|ly < |ly2||y. It is
clear that (Y, L) is an O-set. Moreover, we can consider (Y, d, L) as a closed subset
of (Cep(Y), H, L*), which d is the metric induced by [|-||y. Since Y is a Banach space,
so (Y, d, 1) is an SO-complete metric space. From definition of L follows that

féf)]

{VwEX,TEN, f(;)L

or

[VmeX, r e N, fé?Lf(é)}

It is enough to pick «(t) = L for all ¢ € [0, 00). The result is an immediate consequence
of Theorem 5. O

Theorem 6. Ler n > 2 be an integer, m € {1,...,n — 1}, and (Y,d, L) be an
SO-complete metric space (not necessarily complete metric space). Suppose that f :
X = Cop(Y) is a set-valued mapping such that f(2"x) and 8" f (x) are 1 *-comparable
for each x € X and r € N, and there exists a function ¢ : X™ — [0,00) satisfying
equation (3) of Theorem 5 and the following property:

(B1) ¢(z1,...,2n) =0ifandonlyifx; = 0forallj € {1,...,n}, and {p(2"z1, ...,
2"x,)} is an increasing sequence for all x4, ..., x, € X that are not all zero.
Also,

{#(2"20,...,2"20,0,...,0)}
N————

m terms

is an unbounded sequence for some xro € X.

If a : [0,00) — [0,1) is a mapping, which satisfies relation (A1) of Theorem 5 and the
following conditions:

B2) Forall x,...,x, € X that are not all zero,

o2z, ..., 2x,) < 8a([¢(m1, . ,xn)]fl)qﬁ(xl, ey X);
(B3) For every nonzero element x of X,
a([o(2z,...,22,0,...,0] ") < a([¢(z,...,2,0,...,0)] ).
m terms m terms

Then there exist an n-dimensional cubic set-valued mapping F : X — C.,(Y') and a sub-
set X* in X with card(X™) > 1 such that for some positive real number L < 1, we have

1 1
H(f(z), F(z)) < ﬁ8—m¢(x,...,x,0,...,0) (10)

m terms

forall x € X*. Moreover, if X* = X, then F is unique.
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Proof. By the same reasoning as in the proof of Theorem 5, there exist A € (0, co] and
0 < L < 1suchthat a(t) < Lforeach0 <t < A. Set
X*i={zeX|x#0, [¢(z,...,2,0,...,0] " <A} uU{o}.
——
m terms
As aresult of (B1), we can easily see that for some zy € X, the sequence
T T -1
{[¢(2"x0,...,2"20,0,...,0)] '}
—_————
m terms

is a decreasing sequence which converges to zero. This concludes that card(X*) > 1. By
the same argument of Theorem 5 one can show that the mapping 7" : S — S defined by
Tg(x) = g(2x)/8 for all x € X is a L g-preserving mapping and is a contraction with
Lipschitz constant L on X*. Define F : X — C¢,(Y) by F(x) = lim, o f(272)/8"
forall z € X. Replacing X* by X in definition of Sy and applying Theorem 3, we obtain
that F is a unique fixed point of 7. It follows from (6) that D(f,T'f) < 1/(8m) and so

D(f,F) <D(f,Tf)+D(Tf,TF) <D(f,Tf)+ LD(f, F),

and consequently,
1 1 1
D(f,F) < —=D(f,Tf) < ———.
(f.F) < 7= DU TH < 775

That is, inequality (10) holds. To show that the function F' is an n-dimensional set-valued
mapping on X, let 1, ..., x, be fixed elements of X, which are not all zero. Since

{[¢(2,...,2"2,0,...,0)] '}

m terms

is a nonnegative and decreasing sequence, so the rest of the proof is similar to the proof
of Theorem 5. O

Corollary 2. Letn > 2 be an integer and Y be a Banach space. Suppose that f : X — Y
is a mapping such that there exists a function ¢ : X" — [0, 00) satisfying conditions (B1)
of Theorem 6 and, in addition,

Hf(ij +2xn> +f<2wj 2xn> +if(2:cj)
— — =
2f<Z:1:]>4Z (zj + ) — f(2; — 20))

< ¢(‘/E1"' '7xn)

forallzy, ... x, € X. If there exists a positive real number L < 1 such that

&(2x1, ..., 2x,) < 8Le(x1,...,2y)

Y
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forallzy, ... x, € X, then foreverym € {1,...,n—1}, there exists a unique n-dimen-
sional cubic mapping F' : X — Y, which satisfies the inequality

1

- < 0,“.,0
m terms
forall x € X. The mapping F is given by
2T
F(z) = Tim L rx) vz € X.
r—00

Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same
argument of Corollary 1 one can show that (Y, d, 1) is an SO-complete metric space and
f(2"x) and 8" f(z) are L-comparable for each z € X and r € N. Putting a(t) = L for
all ¢t € [0, 00) and applying Theorem 6, we can easily obtain the results. O

Corollary 3. Suppose that Y is a Banach space and 0 > 0 and p # 3 are fixed. Assume
that f : X — Y is a function satisfies the functional inequality

n—1 n—1 n—1
Hf(ij—i—2xn> +f<ij—2xn> +Zf(2acj)

— — o

_2f<2xj>—4z (zj +xn) — f(2; — 20))

Y
< GZ ;1% (11)
Jj=1
forall x1,...,z, € X. Then there exists a unique n-dimensional cubic mapping F :
X — Y such that the inequality
860
I/@@) = F@)ly < gr—gl=lx (12)

holds for all x € X, where p > 3, or the inequality

1£(z) = F@)ly < 5= (13)

holds for all x € X, where p < 3.

Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same
argument of Corollary 1 one can show that (Y,d, 1) is an SO-complete metric space.
Moreover, definition of L ensures that f(z/2") and f(x)/8" are L-comparable for each

x € X and r € N. Similarly, f(2"x) and 8" f(z) are L-comparable for each z € X and
r e N
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We define (z1,...,2,) = 037, |lz;]/% foreach zy, ..., x, € X. It follows that

T Ty 1
o5 ) < ot

forall x1,...,2, € X, where p > 3. Set a(t) = 1/2P~3 for all t € [0, o). This ensures
that X* = X and relations (A1) and (A3) of Theorem 5 hold. Applying Theorem 5, we
see that inequality (4) holds with L = 1/2P~3, which yields inequality (12). On the other
hand, the function ¢ satisfies properties (B1), (B2) and also

¢(2$1, XN 21‘71) < 232p_3¢($17 (R 7.’17»,1)

for all z1,...,7, € X, where p < 3. Putting a(t) = 2P~3 for every t € [0, 00), it is
easily seen that X* = X and conditions (A1) and (B3) are hold. Employing Theorem 6,
we see that inequality (10) holds with L = 1/23~P. This implies inequality (13). O

The next example shows that Theorem 6 is a real extension of Corollary 1.

Example 2. Letn > 2 be an integer and m € {1,...,n — 1}, and Y be a Banach space.
Let {7,} be a sequence defined by 7o = 0, 71 = 1, and 7, = p + 1/p for all natural
number p with p > 2. It is easy to see that {7, } is a strictly increasing sequence of real
numbers. Suppose that f : X — Y is a mapping satisfying

H (ij+2xn>+f<2xj >+:§_:11f(2xj)

,Qfoj —42 (f(xj +xn) — flx; f:cn))
i=1 i=1 v

< P(xy,. .. xn)
forall zy,...,z, € X. Define a mapping ¢ : X™ — [0, c0) by

T g il o 2050% — X0y ik > 1,
and p is the smallest natural number such that

Z;‘L:1 2% < 7p < Z?:l 1225 1%

0 otherwise

O(x1,.. . ) =

and the function « : [0, 00) — [0,1) as

) %, p is the smallest natural number such that ¢ < 7,,,
o = P

0 otherwise.
Then the following hold:

(i) Forevery s > 0, limsup,_, .+ a(t) < 1.
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(i1) Forevery x € X,

o qb(x,...,x,o,...,O)) <a(¢(x,...,x,0,...,0)).
( 2 2 SN——

m terms

(iii) Forevery z1,...,z, € X,

n 1

qﬁ(x;, e ;1;) < ga(qﬁ(ml, .. ,xn))d)(ml, ceyTp).

(iv) For every positive real number s, there exist a constant L € (0,1) and an n-
dimensional cubic mapping F' : X — Y such that

| F(z) —f(x)HY < ﬁd)(w,...w,(),...ﬁ)

™ terms
for all z with ||z]x < s.

Proof. Take the same metric d and the orthogonal relation of Corollary 1. By the same
argument of Corollary 1 one can show that (Y, d, 1) is an SO-complete metric space and
f(z/27) and f(x)/(8") are L-comparable for each z € X and r € N.

Letus take x1,..., 2, € X and (37, [lz;l%) — 227, [l#;/2[% > 1, and let p be
the smallest natural number such that 37, [lz;/2[|% < 7, < X7, [[#;[|%. Then

(5] =nd

Jj=1

8
Li

2

X
We observe that

n n
Do N2zl =Dl > 8.
j=1 j=1

This follows that there exists kg € N, which

n n
D Ml < mre <D l12511%-
j=1 j=1

Assume that k is the smallest natural number satisfying the above condition. Clearly,
k > pand

n
¢($17 cee ’mn) = Tk Z ||:CJ||§(
j=1

Now, we suppose that g is the smallest natural number that 7, 37, [|2; 1% < 74, then
a(¢(@1,...,2p)) = T4—1/74. Since 37, lz;||% > 1, then 7, < 7,4, and we conclude
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Tp/Tk < Tp/Tp+1 < Tg—1/T4. This implies that

n 3 n n
1 x 1 1741
o5 ) =y =372 llwillk < g~ me Yl
2 2 x 8 j=1 8 7q j=1

j=1
1
= ga(qb(xl, e Tn)) o, ).
That is, condition (i) holds. From definition « it is easily seen that « is a nondecreasing
mapping.
Finally, it follows from limsup,_, .+ a(t) = 0 that for every s > 0, there exists
L < 1 such that

T

J
2

a(¢(x,...,x,0,...,0)) <L
———

m terms

for all x with ||z||x < s. By the same proof of Theorem 5 we prove (iv). O

Notice that there is no L < 1 such that inequality (9) holds, and hence, the stability
of f does not imply by Corollary 1.

Now, we observe in the following example that our results go further than the stability
on Banach spaces.

Example 3. Let @ > 0 and p # 3 be given. Consider Y = C([0,1],R) (the set all of
continuous functions on [0, 1]) with norm ||h|ly = (fol |h(z)|* dz)Y/* = ||h||s, where
1 < s < oo. Suppose that f : X — Y is a mapping satisfying inequality (11) and the
following condition:

Iy > 0: f<;):gf(:c), reX. (14)

Then there exists a unique n-dimensional cubic mapping F' : X — Y such that inequal-
ity (12) holds for all z € X, where p > 3, or inequality (13) holds for all z € X, where
p < 3.

Proof. Let g be the conjugate of s, i.e., 1/s+1/q = 1. Forall h,g € Y, define

hlg <<= /1h(:r)g(x) dz = (jh(x)s dx>1/3</19(x)q dm)l/q

0 0 0
= [[2lsllgllq

and d(h, g) = ||h—g||y. We claim that (Y, L, d) is an SO-complete metric space. Indeed,
let {h,,} be a Cauchy SO-sequence in Y, and for all n, k € N, h,, L h,,1«. The relation L
ensures that for all n € N,

IAn #0: hy, = Xohl ae. or hl = X\h, ae. (15)

We distinguish two cases.
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Case 1. There exists a subsequence {h,, } of {h,} such that h,,, = 0 a.e. for all k.
This implies that h,, — 0 € X.

Case 2. For all sufficiently large n € N, h,, # 0. Take ny € N such that for all
n = ng, hy, # 0. It follows from (15) that for all n > ny, there exists A,, # 0 for which

h, = )\nhi{]q. It leads to
= Al = bzt = Ao, = e = Bl

for each m,n > ng. As n — oo, the right-hand side of the above inequality tends to 0.
Therefore, {\,,} is a Cauchy sequence in R. Assume that \,, — X as n — oco. Put

h= Ahf,{]q. It follows that A € Y and for all n > ny,
1 = Blls = [ Anh3l? = ABSL9]| = A = Al[[B321]]..

This implies that h,, — h as n — oco. Note that the case hyr L h, forall n, k € Nis in
a similar way.

By virtue of (14) and definition of L we obtain that f(z/2") and f(x)/8" are L-
comparable elements for each x € X and r € N. Moreover, putting z := rz in (14), we
can also see that f(2"z) and 8" f(x) are L -comparable elements in Y for all z € X and
r € N. The rest of the proof is similar to the proof of Corollary 3. [
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