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Abstract. This paper is concerned with a sixth-order diffusion equation, which describes continuum
evolution of film-free surface. By using the regularity estimates for the semigroups, iteration
technique and the classical existence theorem of global attractors we verified the existence of
global attractor for this surface diffusion equation in the spaces H?>(£2) and fractional-order spaces
H*(£2), where 0 < k < 0.
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1 Introduction

In order to describe the continuum evolution of the film-free surface, the authors in [5]
proposed the following classical surface diffusion equation:

Un = DAgp = DAg(pby + f) = DAS(ﬁaﬁCag + A%+ pw),

where v,, Ds, So, 29, Vo, R and T are the normal surface velocity, the surface dif-
fusivity, the number of atoms per unit area on the surface, the atomic volume, the molar
volume of lattice cites in the film, the universal gas constant and the absolute temperature,
respectively. D = DgSy2Vy/(RT)?3. Moreover, A is the surface Laplace operator,
v represents the regularization coefficient that measures the energy of edges and corners,
C means the surface curvature tensor, and /1., being an exponentially decaying function
of u that has a singularity at u — 0 (see [5]).

Particularly, in the small-slop approximation, the cases of a crystal, which has cubic
symmetry and high-symmetry orientations, arise an evolution equation in the following
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form for the film thickness:

ou .
5= D{D%u+ D*u — D[|Dul*D*u]

+ D[wo(u) + wa(u)|Du|? + ws(u)D?u] }, (1)

where (z,t) € Qr = 2x(0,T), 2= (0,1), D = §/0xz, and wg 2 3(h) are three smooth
functions, respectively [w3(hg) = 0, 2wz = dws/dh]. From the physical consideration,
Eq. (1) is supplemented with the following boundary value conditions:

Du(z,t) = D3u(x,t) = Dou(z,t) =0, x=0,1, (2)

and initial condition
u(z,0) = uo(z), =z €]0,1]. 3)

We remark that Eq. (1) is related to the formation of quantum dots in epitaxially grown
thin solid films. This formation has been attracting attention as a very promising area
of nanotechnology that can lead to a new generation of electronic devices. According
to the mechanism for the formation, the substrate induces the film growth in a certain
crystallographic orientation. In the absence of wetting interactions with the substrate,
due to a large surface-energy anisotropy, this orientation would be thermodynamically
forbidden, and the surface would undergo a long-wave faceting (spinodal decomposition)
instability. In [5], the authors show that wetting interactions between the film and the
substrate can suppress this instability and qualitatively change its spectrum, leading to the
damping of long-wave perturbations and the selection of the preferred wavelength at the
instability threshold. This creates a possibility for the formation of stable regular arrays
of quantum dots even in the absence of epitaxial stresses.

In [15], on the basis of the Schauder-type estimates and the techniques in Campanato
spaces, the author assumed that the smooth functions wq 2 3(u) satisfy

ws(ug) =0,  2wa(u) = ws(u),

wo(u) ds > @

Ug
Wo(u) [w;:,(u)} 2,

e~ w

0

and studied the existence of classical global solutions.

The dynamic properties of diffusion systems such as the global asymptotical behaviors
of solutions and global attractors are important for the study of diffusion models, which
ensure the stability of diffusion phenomena and provide the mathematical foundation for
the study of diffusion dynamics. For the higher-order diffusion equation, there are many
classical results related to its global attractors, see, for example, Dlotko [3], Li and Zhong
[7], Schimperna [10], Alouini [1], Cheskidov and Dai [2], Huang, Yang, Lu and Wang [6],
Duan and Xu [4] and so on. To the best of our knowledge, the existence of the global
attractor for problem (1)—(3) has not been addressed yet, which is the main goal of this
article.
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In this paper, by using the regularity estimates for the semigroups, iteration technique
and the classical existence theorem of global attractors we consider the global attractor
of solutions for the initial boundary value problem for Eq. (1). The main results are
Theorem 1 in the next section and Theorem 2 in Section 3.

This article is organized as follows. In Section 2, we give some preparations for
our consideration and prove the existence of global attractors for problem (1)—(3) in
the Sobolev space H3({2). In Section 3, we prove the existence of global attractors for
problem (1)—(3) in the Sobolev space H*(§2) with any k > 0.

2 Global attractor in H?3

In order to consider the global attractors of problem (1)—(3), we select a closed metric
space Uy and prove the existence of global attractors of problem (1)—(3) in this space,
where Uy = {u: u € H3(2), Dulyz—01 =0, fol udx = 0}.

For convenience, we give the following lemma on global existence and uniqueness of
solution to problem (1)—(3).

Lemma 1. Assume that vy € Uy and the functions wg 2 3(h) satisfy (4). Then (1)—~(3)
admits a unique global solution u(x,t), which satisfies

u(z,t) € L>®(0,T; H*(2)) N L*(0, T; H°(£2)).

The proof of existence and regularity of solutions is based on the Galerkin method and
a priori estimates in the following. Thanks to the above existence lemma, we know that
there exists a continuous operator semigroup {S(¢)}+>0 in H3(£2) satisfying S(t)up =
u(t,to), t > 0.

Then, by the classical existence theorem of global attractors (see [14]), we give the
following theorem on the existence of the global attractor of problem (1)—~(3) in H3(£2).

Theorem 1. Assume ug € H>(2) and the three smooth functions wg 2,3(u) satisfy (4).

Then the solution u of problem (1)—(3) possesses a global attractor &/ in the space
H3($2), which attracts all bounded set in the space H?(12).

Similar to [14], we assume that the semigroup S (t)t>0 is generated by the solutions
of Eq. (1) with initial conditions ug € H3(f2). Then we give two lemmas to prove
Theorem 1.

Lemma 2. There exists a bounded set 9 whose size depends only on (2 such that for all
ug € B C U, there exists t > to = to(B) > 0 satisfying S(t)ug € B.

Proof. It suffices to prove that there is a positive constant C' such that for large ¢, there
holds ||u(t)|| gz < C. Now we begin to prove the lemma.
Let

1
1 2 1 1 1
P0) = [ (G107 = §IDuP + 5lDult+ Waw) = Jusu)Daf ) ds.
0

Nonlinear Anal. Model. Control, 27(1):19-37, 2022
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Integrating by parts and by (2) we have

1

il
&F(t) = / (DQuDQut — DuDuy

1 - 1
+ §|Du|‘3Dut + Wo(u)ug — §wg(u)ut|Du|2 - wg(u)DuDut) dz

1
= / (D*u + D*u — | Dul>D*u + Wy(u) + wa(u)|Dul?* + w3 (u) D*u)u dz
0

1
= —/]D5u+D3u—D[\Du|2D2u]
0

+ D[wo(u) + w2 (u)| Dul?® + ws(u) D*u] ’2 dz

<0.

0
1 i 1 h

<F(0)+§/|Du|2dx+§/w3(u)|Du|2 dz. 5
0 0

Then by Poincaré’s inequality and (2) we derive that
1 1
2 1 2,12
|Dul*dz < = [ |D*u|” d=. (6)
™
0 0
Combining (5) and (6) together gives
1 1 1
1 9 (2 1 4
3 |D?u|” dx + - |Du|*dz + [ Wy(u)dz
0 0 0
1 ; 1 h 3 /
2,12 4 2
<F(0)+ﬁ/‘D ul dm+ﬁ/|Du\ dx—i—z/ (w3 (u)]” dz.
0 0 0
Notice that Wo(u) > (3/4)[w3(u)]?, then there exists C' = 2m2F(0)/(n? — 1) such that

1
/|D2u]2dx <c ()
0

https://www.journals.vu.lt/nonlinear-analysis
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It then follows from (6) and (7) that

1
/|Du|2dm <C.
0

23

®)

Note that ug € Up. By Poincaré’s inequality and (8) we deduce that for ¢ > ¢1(B) > 0,

1 1
/|u|2 dr < ¢’ / |Dul*dz < C.
0 0

Hence, by (7), (8) and (9) we get sup,¢, |u| < C and sup,, |Du| < C.

Multiplying (1) with D%u and integrating it over {2, we obtain

1

1
%%/‘D?’ufdm—&—/‘Df‘ufdx
0 0

1 1
:/‘Dsufdx—l—/D2[|Du\2D2u]D6udx
0 0

- /D2 [wo(u) + wa(uw)|Dul® + ws(u) D*u] D°u dx
0

1 1 1
g/|D5u|2dx+2/|D2u|3D6udx+6/DuD2uD3uD6ud:L’
0 0 0

+ [ [IDu* + w3(u)| D*uD%udx

+ [ [wg (w)| Duf® + wy (u)| Dul|*] Dudz

S O~ O—__

+ [ [wh(u) + (3wh(u) + 2w (u))|Dul*] D*uD%u dx
1 1
+ 2/wg(u)‘D2u‘2D6u dz + 3/wg(u)DuD3uD6u dx
0 0

1
:/|D5u]2dx+11+I2+13+I4+I5+I6+I7.
0
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By Nirenberg’s inequality we have

1

/|D5u|2dﬂc <

0

1

1 3/8 1 1/8 1/22
Cl</|D6u|2dw> </|D2u’2dx> +C’z(/|D2u|2dm) :|
0 0

0

1
<€ / ]Deu}2 dz + CL,
0

1 1/24 , 1 11/24 1 1/216
Cl</|D6u|2dw> </|D2u|2dx> +Cg</|D2u|2dx> :|

0 0 0

1

/}D2u|6 dx <

0

1
< E/ |D6u|2dac—|—057
0

1 1/32 , 1 15/32 1 1/244
Cl</|D6u|2dm> </|D2u|2dx> +Cg</|D2u|2dx> :|

0 0 0

1

/}D2u|4dm <

0

1
< E/ |D6u‘2da:+CE,
0

1 5/32 , 1 11/32 1 1/24
/|D3u|4dx< [C1</|D6u|2dx> </|D2u|2dw> +Cg</|D2u’2dw> :|
0 0 0

1
< 5/ !Dﬁu‘de—i-Cs,
0

1 1/8 1 3/8 1 1/2q2
|D3u|2dm < [Cl</‘D6u|2dx> (/’DQude> +Cg</‘D2u‘2dx> }
0 0 0

1
< 5/ {Deu‘QderCs,
0

1 1/4 1 1/4 1 1/292
|D4u{2dm < [Cl</‘D6u|2dx> (/’D2u’2dx) +Cg</‘D2u‘2dx) }
0 0 0

1
< 5/ {DGU‘deJrCe.
0

o o
—

o —__

Then

1 1 1
I <C/|D2u|6dx—|—0/’D‘E"u|2dx<z—:’/|D6u|2dx—4—C’;7
0 0 0

https://www.journals.vu.lt/nonlinear-analysis
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1

I, < 6sup |Du| | D*uD3*uD%udx
zes?

25

1 1 1 1
§C’/|D2u|4dx—|—0/|D3u|4dx+0/|D6u|2dx<5’/’D6u|2dx+C’é,
0 0 0 0

1
I3 < sup |(Du)? + ws(u)| /D4uD6udx
res?
0

1 1 1
éC’/’D‘lu‘de—kC/‘DGu‘Qdm<E’/’D6u’2dx+6’é,
0 0 0
1 1

Iy < sup |wg (w)(Du)? + wh (w)(Du)*| /D6udx < 5’/ }D6u|2dx +C,
€
0 0

1

I5 < sup |wg(u) + (3w (u) + 2wf (u)) (Du)?| /DQuDGu dz
res?
0

1 1 1
§0/|D2u|2dx+0/|D6u|2dx§€’/|D6u|2dx+C’é,
0 0 0
1 1 1
Is <QSup‘wé(u)’/’DzuFDfiudx<C/|D2u’4dm+0/’D6u‘2dx
z€S 5 5 5
1
Se’/|D6u’2dx+C;,
0

1 1 1
I; < 3sup }wg(u)Du|/D3uD6udx < C/|D3u|2dx+0/|D6u|2dx
zeS?
0 0 0

1
< s’/ |DSu|” da + CL.
0
Summing up, we have

1 1
L a1 s [ |ouftas < sct
0 0

Nonlinear Anal. Model. Control, 27(1):19-37, 2022
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Assuming that £’ is small enough and it satisfies 1 — 8¢’ > 0, we have
4 1 1
1 3,12 ’ 3,12 %
5&/‘Du‘ dac—l—C'/’Du‘ de < C".
0 0

Applying Gronwall’s inequality, we have
/ ’D?’u‘ dz < e*Ct/|D3u |2 da —|— Yok

Therefore, for initial data in any bounded set B C H3({2), there is a uniform time to(B)
depending on B such that for t > t2(B) > 0,

1
1"
/|D3u’2dx < Qg, : (11)
0

Sobolev embedding theorem gives sup,.c, |D u| < C. Adding (7), (8), (9) and (10), we
have ||u(z, 1) ||H3 < C. Let to(B) = max{t1(B), t2(B)}, then the lemma is proved. [

From the above lemma we know that {S(¢)}:>0 has a bounded absorbing set in
H3(£2). In what follows, we prove the precompactness of the orbit in H?(2).

Lemma 3. For any initial data ug in any bounded set B C H?(2), there is a T(B) > 0
such that

|u®)||ys <C VE=T>0.

Proof. The uniform boundedness of H?>(§2) norm of u(t) has been achieved in Lemma 2.
In what follows, we give the estimate on [ 4_norm.

Differentiating (1) with respect to 2, multiplying the resultant by D" and integrating
on (2, using the boundary conditions, we have

1
‘D4u|2dm + / ‘D7u|2dx

0
< / ‘D6u|2dx
0

1
+/ [12|D2u|2 + wh(u) + (Bwh(u) + 5wh ()| Dul?
0

4
at

DN =

o\
—
—

+ 7wl (u) D*u] D*uD"u dx

1 1
+ 6/Du|D3u|2D7u dx +/ [8DuD?u + 4w} (u) Du| D*uD"udz
0

https://www.journals.vu.lt/nonlinear-analysis
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+ [ [IDu]* + w3(u)| D*uD"udx

+ [w(’)"(u)|Du|3 + 3w (u) DuD?*u + wY' (u)| Dul?

o O~ _

+ (Tw§ (u) + 2wf' (v)) | Dul* D*u
+ 6 (wh(u) + wlg’(u))Du|D2u|2} D7udx

1
:/\D6u|2dx+J1+J2+J3+J4+J5.
0

By Nirenberg’s inequality we have

1

0
1

<€ / ’D7u|2 dx + CL,
0

1 1/32 , 1
Cs</|D7u|2dx> </|D3u|2dx>
0 0

1
< s/ |D7u|2dyc—|—C,s7
0

15/32

1
/|D3u|4dx <
0

1 1 1/8 , 1 3/8 1
/|D4u{2dm < [Cg(/‘D7u|2d:c> (/’Dgu’2dx) +C4</
0 0

0 0

1
< 5/ |D"u|* dz + C-,
0

1 1/4 , 1 1/4 1
Cg</|D7u|2dm) </|D3u’2dx> —I—C’4(/
0 0 0
1

< 5/ |D7u|2dx+05.
0

1

/}D5u|2 dz <

0

Hence, we have

1

27

12)

1 3/8 1 1/8 1 1/2q2
/|D6u{2dm< [Cg(/‘D7u|2dx> (/’Daufdx> +C4</‘D3u‘2dx> }
0 0 0

1 1/24
+C4</|D3u|2dx> :|
0

1/272
‘DBu‘de) }

1/212
|D3u|2dm) :|

1 1
Ji <C/‘D3u|2dm+0/|D7u|2dxgel/’D7u|2dx+C;,
0 0

0
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1 1 1
Jo <6sup\Du|/‘D3u|2D7udx<C/’Dgu‘4dx+0/‘D7u|2dx
x€E(2
0 0 0

1
< 5’/ |D7u|2d:z: + CL,
0

1
J3 < sup [8DuDu + 4w} (u) Dul / D*uD"udzx
€N
0

1 1 1
<C/|D4u’2dx+0/|D7u|2dx<s’/|D7u|2dx+C;,
0 0 0

1 1 1
Jy < sup |[(Du)? + ws(u)| /D5uD7udm < C’/ |D5u|2dm + C’/ |D7u’2dx
e
0 0 0

1
< 5’/ |D7u|2d:17 + CL,
0

Js < sup |wf (u)(Du)? + 3wf (u) DuD?u + wh’ (u)(Du)®
€N

1
+ (7wl (u) + 2wy’ (u)) (Du) D*u + 6 (wh(u) + wh (u)) Du(Du)?| /D7u dz
0
1
< 6’/ |D7u|2 dz + CL.
0
Summing up, we derive that
4 1
1
53 / ’D4u|2dx + (1 - 6¢) / |D7u|2dx < 6CL.
0 0

Assuming that £’ is small enough and it satisfies 1 — 6’ > 0, we have

1 1 1
%%/yp‘*u}?dxg —c/\D7u|2dx+C’ <c/|D4u\2dx+c’. (13)
0 0 0

By (10) we have
1d

5 g 0%l de + C|D%* < (14)

https://www.journals.vu.lt/nonlinear-analysis
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Integrating (14) between ¢ and ¢ + 1 and by (11), we have

t+1
/ |DSu|| dr < || DPu(d)||* + ¢ < ¢,
t
By Poincaré’s inequality we have
t+1 t+1 t+1
/ D% dr < / D% dr < / D8] dr < C. (15)
t t t

Therefore, by (13), (15) and the uniform Gronwall inequality we have

1
/|D4u’2dx<07 t>1.
0

The lemma is proved. O
Now we give the proof of Theorem 1.

Proof of Theorem 1. Combining Lemma 2 with Lemma 3, by [14] we have completed the
proof of Theorem 1. O

3 Global attractor in H*

In order to consider the global attractors for Eq. (1) in the H* space, we introduce the
definition as follows:

1

H= {u € L*(0): /udx = O}, (16)

0

1
Hyjp = {u6H3(Q)ﬂH: Dulgn =0, /udsz}, a7
0

1
H, = {u € HS(2)N H: Dulso = D3ulpo = Dulsn =0, /ud:z: = 0}. (18)
0

In this article, we let
G(u) = D* — D*[|Dul*D*u] + D?[wo(u) 4+ w2 (u)| Du|? + w3 (u) D]

be a nonlinear function, and we assume that the linear operator L = DS:H — H
in (16)-(18) is a sectorial operator, which generates an analytic semigroup e'”, and
L induces the fractional-power operators and fractional-order spaces as follows:

L= (-L)*: Hy > H, a€cR, (19)

Nonlinear Anal. Model. Control, 27(1):19-37, 2022
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where H, = D(L®) is the domain of £L%*. By the semigroup theory of linear operators,
Hg C H, is a compact inclusion for any 3 > a.

Now we give the main theorem of this article, which provides the existence of global
attractors of Eq. (1) in any kth space H*.

Theorem 2. Assume ug € H3(§2) and the smooth functions wo 2 3(h) satisfy (4), then
the solution u of problem (1)—(3) possesses a global attractor < in the space H*, which
attracts all the bounded set of H* in the H*-norm, where k € [0, ).

On the basis of Ma and Wang [9], it is well known that the solution u(¢,ug) of
problem (1)—(3) can be expressed as
t

u(t,ug) = elug + /e(t_T)LG(u) dr, (20)
0
where L = DS and
G(u) = D?*g(u)
= D* — D*[|Dul?*D?u] + D?[wo(u) + wa ()| Dul* + w3 (u)D?u].
Then (20) means

t

t
u(t,ug) = eFug + /e(t_T)LDQQ( ydr = e'fug + / L)Y3et=7Lg(y) dr.
0 0

In order to prove Theorem 2, we first prove the following lemma.

Lemma 4. For any bounded set U € H,, there exists a constant C > 0 such that
|u(t,uo)||,, <C Vt=0, ug€UC Hy, a>0. 21

Proof. For @ = 1/2, this follows from Lemma 2, i.e., for any bounded set U C H; /25
there exists a constant C, C' > 0, such that

[ut,uo)|y,,, <C VE>0,u0 €U C Hyp.

Then we only need to prove (21) for any o > 1/2.

Step 1. We prove that for any bounded set U C H, (1/2 < « < 2/3), there exists
a constant C' > 0 such that

|u(t, uo)|| o < C VE=0, ug €U, % <a< (22)

[SSI )

We claim that g : H, /3 — H is bounded, by Sobolev embedding theorem we have

Hyjp = H*(12), Hyjo — WH3(02),
H1/2 — W2’4(Q), H1/2 — LOO(.Q)

https://www.journals.vu.lt/nonlinear-analysis
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Then we obtain

1
lotw]ps < € [ (D% + 1Dul + | D"
0
+ |w0(u)}2 + ’wg(u)|4 + |Du|8 + |w3(u)\4 + ’DQurL) dz
< C(lulds + ullfyrs + llwo ()3 e + [Jwa(u)]}
+ ullfyrs + [[ws(@)]| 5 + lulliy=.)

< C(lullFz + llullfris + lulliyza +C)

< Clluld, , + llully, , + luls,, +1), (23)
which means that g : H, /o — H is bounded. By (19), (20) and (23) we find that

t
etLuo + /(_L)1/3e(t—T)Lg(u) dr
0

et o)l o =

H,

t
< CHUO”Ha +/H(_L)1/3+ae(t_T)Lg(u)HHdT
0
t
< Gl + [ 07246 o) o
0
t
< Clluollna + C’/(t )BT 4y
0

t
< ClluollHa +C/T_’Be_5TdT <C Vt=0,u€UC H,,
0

where 5 =1/3 + a (0 < 8 < 1). Hence, (22) is valid.

Step 2. We prove that for any bounded set U C H, (2/3 < a < 5/6), there exists
a constant C' > 0 such that

Hu(t,uo)HHQ <C Vt=0,ugeU, g <a< % 24)

We claim that g : H, — Hj 6 is bounded, by Sobolev embedding theorem we have

Hy < H(92), Ho = W),  Hy,— W23(2),  H, = W),
Hy, — W340),  H,— WY(2), H,—W>»4), H,— L>*(),

where 1/2 < a < 2/3.

Nonlinear Anal. Model. Control, 27(1):19-37, 2022
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Then we obtain

1
lo?, . < c/ (ID%uf’ + |Duf2[D%|" + | Dul*| D[}
" (W) PDuf? + [wh(w) | Dul® + |ws(u) 2| Dul?| D?ul?
+ [wh(u) 2| Duf?| D?u|” + [ws(w) *| D*ul”) da

< C(llullFrs + llullyrn + llullfyes + [lullfyrs + ullis.a

+ [Jwp ()| Foe llullF + w17 ullfyre + lwa ()| 700 ullf.a

+ [[ulliyas + lws (@)l zoe [l + lulliyes + ws ()2 JulFs)
< Cllulld, + lullg, + lulf, + lulb,), (25)

which means that g : H, — Hje is bounded. On the basis of Step 1 and (25), we
deduce that
t

etLuo+/(7L)1/3e(t7‘r)Lg(u) dr

a
H

lut, wo)l[ o =

0
t
< Clluo|| s, Jr/H(7L)1/6+ae(tfr)Lg(u)HHI/6 dr
0
t
<Cllusllma + [ -2 - fg(wll, , ar
0
t
< Clluoll e + C/(t _ T)*ﬂeﬂ?(tfr) dr
0

t
< ClluollHa +C/T*ﬁe*57 dr < C VYt =0, up €U C H,,
0

where § =1/6 + a (0 < 8 < 1). Hence, (24) is valid.

Step 3. We prove that for any bounded set U C H, (5/6 < a < 1), there exists
a constant C' > 0 such that

5
Hu(t,uo <C Vt=0,ugeU, 6 <ac<l. (26)

M,
We claim that g : H, — Hy,3 is bounded, by Sobolev embedding theorem we have
H, — HY(02), Hy = W?5(2),  Hy,—=W?%(Q), H,— W),
H, — W*(2),  H,— W"(Q), H,—W>»(Q), H, < L>®(2)
where 2/3 < a < 5/6.
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Then we obtain

1
low?, . < c/ (ID*uf* + [D?ul’ + |DuD?*uDuf? + |Dul| Dul*
C ()P 1Dl + |wh(w)]?| D3]
+ [wh (u) | Dul® + [wh (u) 2| Dul*| D?ul*
+ |wa ()2 D% + [ws (u) | Duf? | D3ul?
+ |w () 2| Dul | D?ul* + |wh(w) 2| D?u|*
+ [wh(u) P Dul?| D*ul? + |ws (u) 2| D*ul*) d
C(llullZs + lullfyas + lulyrs + lullfyes + luliyss + lulliy
Lt ()12 [allyrns + 1w (@) 13 llal 2o+ e ()30 [t S
+ ullfyzs + wa ()3 ullya.s + lwa () [4oo el
[l () [ ullyrns + 105 (@) 13l fyras + e ()[4 oo ]l fa)
+ lulltyss + lws ()3 llullZs)
C(llullzr, + Nl + Nl + lull,), @7)

which means that g : H, — H,/3 is bounded. On the basis of Step 2 and (27), we
deduce that
t

Hu(t,uo)HHaZ etLuo+/(_L)1/3e(t—T)Lg(u)dT
Ha
< Cluollz, / e O PR
< Clfuolz, / =2y =) o), 47

< Clluollm. + C/T—ae—éf dr <C V>0, u €U C H.

Hence, (26) is valid.
In the same fashion as in the proof of (26), by iteration we can prove that for any
bounded set U C H, (o > 0), there exists a constant C' > 0 such that

[ut, uo)||,; <C Vt20,u0 €U C Ha, a2 0.

That is, for all & > 0, the semigroup S(t) generated by problem (1)—(3) is uniformly
compact in H,. Lemma 4 is proved. O
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Lemma 5. For any o > 0, problem (1)—(3) has a bounded absorbing set in H,. That is,
for any bounded set U € H,, there exists'T' > 0 and a constant C > 0 independent of ug
such that

[|u(t, uo <C Vt>T,uyc€UC H,. (28)

M,

Proof. For a = 1/2, this follows from Lemma 3. Then we prove (28) for any o > 1/2.
We proceed in the following steps.

Step 1. We prove that for any 1/2 < « < 2/3, (1)—(3) has a bounded absorbing set
in H,.
By (19) we have
t
u(t,ug) = etlug + /(fL)l/Be(t*T)Lg(u) dr. (29)
T

Assume that B is the bounded absorbing set of problem (1)—(3) and B satisfies
B C Hy 3. In addition, we also assume the time o > 0 such that

u(t,ug) € B YVt >tg, up €U C Hy, 0 >

DN | =

Note that [|e’L]| < Ce=>!, where A, > 0 is the first eigenvalue of the equation

ou
—Au =\ — =0.
u u, o
Then for any given T > 0 and up € U C H, (o > 1/2), we can obtain

lim ||e(t*T)Lu(T, Ug

Jim )W, =0 (30)

Adding (23) and (29) together, we have

H“(t’ o) HHQ

t
< He(t—to)Lu(tmuO)HHa +/H(_L)1/3+ae(t—T)LH o)), dr

to
t
< e o), + [ (=L ar
to

T—to

< He(t_t‘))Lu(to,UO)HHa +C / Tl/Bmae 0T 4y
< [l P uto, o), +C, 31)

where C' > 0 is a constant independent of ug. Then by (30) and (31) we have that (28)
holds forall 1/2 < o < 2/3.
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Step 2. We prove that for any 2/3 < a < 5/6, problem (1)—(3) has a bounded
absorbing set in H,.
Adding (25) and (29) together, we have

et wo)l[ o

t
< ulto, wo)l, + [ I-L)HH D )], o
to

t
< ||e(t—to)Lu(t0,uO)||Ha JrC/||(7L)1/6+ae(t7T)L||dT
to

T—to

< He(t_tO)Lu(to,uo +C / /=g =0m qr

Mo,

< et " u(tg, ug +C, (32)

M,
where C' > 0 is a constant independent of ug. Then by (30) and (32) we have that (28)
holds for all 2/3 < a < 5/6.

Step 3. We can use the same method as the above step to prove that for any 5/6 <
a < 1, problem (1)—(3) has a bounded absorbing set in H,. By the iteration method we
can obtain that (28) holds for all @ > 1/2. O

Now we give the proof of Theorem 2.

Proof. Combining Lemmas 4 and 5, we have completed the proof of Theorem 2. O

4 Conclusion

In the study of a mechanism for the formation of quantum dots on the surface of thin solid
films, there arise a sixth-order parabolic equation (1) (see [5]). Mathematically, Eq. (1)
is a nonlinear evolution equation. Studying the properties of solutions for Eq. (1) is so
interesting and maybe useful for the study of the surface of thin solid films. Recently,
Zhao [15] studied the existence of classical solutions of the initial boundary value problem
of such equation. In order to study the long-time behavior of solutions, we prove the
existence of global attractor of Eq. (1) with boundary and initial value conditions. The
main idea comes from Temam [14] and Ma and Wang [9]. By using the properties of
sectorial operator we define a semigroup related to the fractional-order Sobolev space
H*(0,1) (k € [0,00)). Then applying Sobolev embedding theorem and iteration tech-
nique, we obtain some useful a priori estimates and prove the existence of absorbing sets
and asymptotic compactness of semigroup, obtain our main result on the existence of
global attractor.

Nonlinear Anal. Model. Control, 27(1):19-37, 2022


https://doi.org/10.15388/namc.2022.27.25185

36 N. Duan, X. Zhao

It is worth pointing out that there are also some other papers that studied the existence
of global attractor for dissipative equations in fractional-order Sobolev spaces (see, e.g.,
semilinear parabolic equation [11], fourth-row Cahn—Hilliard equations [12,16], modified
Swift—-Hohenberg equations [13], sixth-row Cahn—Hilliard equations [8] and the reference
cited therein). We also remark that although both [8] and this paper are focus on the sixth-
order diffusion equations, the equation considered in [8] is a sixth-order convective Cahn—
Hilliard equation, which is different from equation (1). Due to the different terms of both
papers, the calculations are different from the paper of Liu and Liu [8].

Acknowledgment. The authors would like to express their deep thanks to the referee’s
valuable suggestions for the revision and improvement of the manuscript.
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