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Abstract. In this paper, we are concerned with the Kirchhoff-type variable-order fractional Laplac-
ian problem with critical variable exponent. By using constraint variational method and quantitative
deformation lemma we show the existence of one least energy solution, which is strictly larger than
twice of that of any ground state solution.
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1 Introduction and main results

In this paper, we are interested in the existence of least energy nodal solutions for the fol-
lowing Kirchhoff-type variable-order fractional Laplacian problems with critical variable:
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growth:
(a4 b[ul2()) (—2)*Du = [u?® 20+ A f(z,u) in 2,
u=0 inRV\ 0,

‘2 1/2
o ‘(// e o)

a,b > 0,s(:) : RN x RN — (0,1) is a continuous function, §2 is a bounded domain
in RY with Lipschitz boundary, A > 0 is a parameter, N > 2s(z,y) for all (z,y) €
2 x 02, (—A)*") is the variable-order fractional Laplace operator, 4 < g(x) < 2*(z) :=
2N/(N — 2s(z,z)) for all z € {2. The variable-order fractional Laplace operator
(—A)*0) is defined as follows:

R

(D

where

|$ _ y|N+2s(x,y)

along any ¢ € C§°(12), where PV denotes the Cauchy principle value. As s(-) = const,
the variable-order fractional Laplace operator (—A)*(") reduces to the usual fractional
Laplace operator; see [14, 15] for the concise introduction to the fractional Laplace oper-
ator and related variational results.

We now impose the assumptions on the functions s(-) and f that will in full force
throughout the paper. Firstly, we suppose that s : RY x RY — (0,1) is a continuous
function satisfying the following assumptions:

(s1) 0 < s :=ming ey xry §(2,Y) < 84 1= Max(, y)ery xry S(T,y) < 1;
(s2) s(-) is symmetric, that is, s(z,y) = s(y, ) forall (z,y) € RY x RV,

From now on, for the variable exponents m, we set

m = essinf m(z), m = esssupm(x).
TeN e

Moreover, we suppose that f € C(R, R) satisfies the following conditions:

(f1) Timy o f(2,8)/ [t = 0;

(f2) there exist 0(z) € (4,2*(x)) and C' > 0 such that | f(x,t)| < C(1 + [t|?@)~1)
forallt € Randall x € §2;

(3) f(z,t)/|t|]? is a strictly increasing function of ¢ € R\ {0}.

A typical example of function fulfilling hypotheses (f1)—(f3) is as follows: f(z,t) =
|t|9®)=2¢, where t € R and x € £2.

The main driving force for studying problem (1) includes two aspects. On the one
hand, when s(-) = 1, Eq. (1) reduces to the general Kirchhoff-type model. Recently, some
researchers also explored such equations in the study of nonlinear vibrations theoretically
or experimentally. For example, Carrier [1] used a more rigorous method to deduce a more
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general Kirchhoff model. Moreover, the nonlocal Kirchhoff problems of parabolic type
can model several biological systems such as population density; see, for instance, [4]. In
fact, the energy functionals of (1) have obviously different properties from the case b = 0,
and thus, several mathematical difficulties arise naturally in the study of the case b # 0 by
variational and topological methods. It is worth mentioning that Fiscella and Valdinoci [9]
deduced a new Kirchhoff model involving the fractional Laplacian by considering the
nonlocal aspect of the tension arising from nonlocal measurements of the fractional length
of the string; see [9, App. A] for more details.

In recent years, finding sign-changing solutions to the Kirchhoff-type problems has
been an attractive subject, and many interesting results have been obtained. In the fol-
lowing, let us sketch some advances related to the subject of our paper. Concerning the
advances of Kirchhoff-type problems in the bounded domains, Zhang and Perera in [26]
applied the method of invariant sets of descent flow to investigate the existence of sign-
changing solutions for Kirchhoff-type problems; see also Mao and Zhang in [12] for more
related results via similar approaches. Using the constraint variational methods, Shuai
in [18] obtained that Kirchhoff-type problems has one least energy sign-changing solution
up and the energy of u,, strictly larger than the ground state energy. After that, with the
help of non-Nehari manifold method, Tang and Cheng in [19] generalized some results
obtained in [18]; see also [2] for more general Kirchhoff-type function in this direction. In
[20], Wang obtained the following results for Kirchhoff-type equation with critical growth
by employing the constraint variational method and the quantitative deformation lemma:
the existence of least energy sign-changing solutions u; and the energy of wuy, is strictly
larger than twice that of the ground state solutions. Concerning the advances in the ab-
stract Kirchhoff framework, here we just review two papers as follows: by using the min-
imization argument and a quantitative deformation lemma, Figueiredo et al. in [7] investi-
gated the existence of a sign-changing solution for the following Kirchhoff-type equation:

M(/ |Vul|? d:c) Au=g(u) in {2, u=0 on0df2,
7

where (2 is a bounded domain in R3, M : Rg — R is a continuous function with some
appropriate assumptions, and g is a superlinear C'* class function with subcritical growth.
In unbounded domains, Figueiredo and Santos Junior in [8] obtained a least energy sign-
changing solution to a class of nonlocal Schrodinger—Kirchhof problems involving only
continuous functions by using a minimization argument and a quantitative deformation
lemma. Moreover, the authors also proved that the problem has infinitely many nontriv-
ial solutions when it presents symmetry. In [3], Cheng and Gao studied the following
Kirchhoff-type problem, which involves a fractional Laplacian operator:

a Mm —A)u ou= f(x,u) i )
(+bR[N ddy)( AYu+V(zx)u = f(x,u) inRY

|z —y|N+2s

where 0 < s < 1 is a constant, f satisfies subcritical growth. The authors proved the
existence of least energy sign-changing solutions for this problem by using the constraint
variation method and quantitative deformation lemma.
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On the other hand, variable-order fractional Laplacian problems was introduced by
Xiang et al. in [25]. They studied the following variable-order fractional Laplacian prob-
lems involving variable exponents:

(=A)Vu+ AV (@)u = alulPO~u 4 Blul™™2uin 2,

u=0 inRY\ . @
Under some suitable assumptions, they showed that problem (2) admits at least two dis-
tinct solutions by applying the mountain pass theorem and Ekeland’s variational principle.
Subsequently, Wang and Zhang in [21] proved the existence of infinitely many solutions
for possibly degenerate Kirchhoff-type variable-order fractional Laplacian problems by
using the new version of Clark’s theorem due to Liu and Wang in [11]. Very recently,
Xiang et al. in [24] obtained the existence of two solutions for a class of degenerate
Kirchhoff-type variable-order fractional Laplacian problems by employing the Nehari
manifold approach.

However, regarding the existence of sign-changing solutions for Kirchhoff-type var-
iable-order fractional Laplacian problems involving variable exponents, there has been
no paper in the literature as far as we know. Hence, a natural question is whether or
not there exists sign-changing solutions of problem (1)? Another interesting question is
whether or not the same conclusion still holds for critical exponent ¢(z) = 2*(z) :=
2N/(N — 2s(x,x))? The goal of the present paper is to give an affirmative answer.

The corresponding energy functional Z,, 5 : Hy © (£2) — R to problem (1) is defined
by

b 1
Ty a(u) = g[uﬁ(-) + i - A/F(%U) dz — / @M‘m) dz. 3)
(7]

It is standard to verify that Z;  belongs to Cl(Hg(')(Q),]R), and the critical points of

T, are the solutions of problem (1). Furthermore, if we write u™t(z) = max%u(x), 0}

and v~ (z) = min{u(z),0} for u € Hg(')(ﬂ), then every solution v € H, )(Q) of

problem (1) with the property that u™ # 0 is a sign-changing solution of problem (1).
Now, we give the following first main result.

Theorem 1. Assume that (s1)—(s2) and (f1)—(f3) hold. Then there exists \* > 0 such that
for all X\ > \*, problem (1) has a least energy sign-changing solution uy,.

Another objective of this paper is to establish the so-called energy doubling property
(cf. [22]), i.e., the energy of any sign-changing solution of problem (1) is strictly bigger
than twice that of the ground state solution. We have the following result.

Theorem 2. Assume that (s1)—(s2) and (f1)—(f3) hold. Then there exists A\** > 0 such
that for all X > X**, ¢* = infuen, , Ty a(u) > 0 is achieved and Ty \(u) > 2c¥,
where Ny, = {u € HS(')(Q) \ {0}: ((Zp.n) (uw),u) = O}, and w is the least energy
sign-changing solution obtained in Theorem 1. In particular, c* > 0 is achieved either by
a positive or a negative function.

Nonlinear Anal. Model. Control, 27(3):556-575, 2022
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Remark 1. As an application of Theorem 2, problem (1) with s = 9/10, 2*(x) = 5, and
0(z) =9/2,

(a4 Blul2 1) (~ )"0 = uf*u + Alul*2uin 2,

u=0 inR*\

has a least energy sign-changing solution u with energy doubling property.

2 Preliminaries

In this section, we first recall some definitions and results of variable exponent Lebesgue
spaces (see [5,6, 16]), which will be used later.

Let N > 1 and 2 C R be a nonempty open set. A measurable function p : 2 —
[1,00) is named a variable exponent.

The variable exponent Lebesgue space is

LP@(0Q) = {u : £2 — R is a measurable function: 7,(,(u) = / }u(m)|p<$) dz < oo}
Q

with the Luxemburg norm
[ull oo () = mf{ o > 0: My (07 'u) <1},

then LP(®) (£2) is a Banach space, and when p is bounded, we have the following relations:

. P P
mln{Hqup(_)(Q), H“||1[),p<->(9)} 7710()( ) maX{HuHLp()(Qy”uHLp()(Q)}

That is, if p is bounded, then norm convergence is equivalent to convergence with respect
to the modular 77,,(.). For the bounded exponent, the dual space (LP{ )(£2))’ can be identi-
fied with L (*) (£2), where the conjugate exponent p' is defined by p’ = p(z)/(p(z) — 1).
If 1 < p <P < oo, then the variable exponent Lebesgue space LP(*)(£2) is separable
and reflexive. So we can see that Holder’s inequality is still valid in the variable exponent
Lebesgue space. For all ¢ € LP()(02), ¢ € L¥' () (£2) with p(z) € (1, 00), the following
inequality holds:

/vab\dx ( )H‘P”Li’(l) 20l (2) < 2@l Lo @) 19l Lo (2):

Next, we give some definitions and results of variable-order fractional Sobolev spaces.
Define H*(")(£2) as the linear space of Lebesgue measurable functions from R to R
such that any function u = 0 in RY \ 2 belongs to L?({2) and

|2 1/2
= (// L )<

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Sign-changing solutions for Kirchhoff-type problems 561

Equip H, © (£2) with the norm

1/2
ull gz 2y = (lullZegoy + [l2)) "

Similar to the proof of Lemma 7 in [17], we can show that (HS(')(Q), []s(.y) is a Hilbert
space. In this paper, we used norm |[|-|| = [-],(.) to study problem (1).

Lemma 1. (See [25, Lemma 2.1].) The embeddings H3?(§2) — HOS(')(Q) — Hy'(02)
are continuous. Moreover, if N > 2s1, for any fixed constant exponent t € [1, 2N/
(N —2s1)], Hg(')(Q) can be continuously embedded into L*(S2).

The following embedding theorem shows that the variable-order fractional Sobolev
space is related with the variable exponent Sobolev spaces.

Lemma 2. (See [25, Thm. 2.11.) Let 2 C RY be a smooth bounded domain. Assume
that s : RV x RN — (0,1) and p : 2 — (1,00) are two continuous functions satisfying
(s1)—(s2) and 2 < p(x) < 2N/(N — 2s(x,x)), respectively. Then there exists C), =
C(N,p,s,s) > 0 such that for any u € HO( )(Q), it holds that

lell otor < Coplll 0y

That is, the embedding Hg(')(ﬁ) < LP@)(2) is continuous. Furthermore, this embed-
ding is compact. If u € HS(') (£2), then there exists C, = C(N,p,s,s) > 0 such that

[l Lo () < Cpluls(.y-

3 Some technical lemmas

Now, for fixed u € H')(£2) with u # 0, we define function o, : R x R} — R and
mapping T, : R x R — R? by

ou(a, B) = T x(aut + Bu”)
and

Tu(e, B) = ({(Zo\) (aut + Bu™), au™), {(Ty\) (aut + Bu”), Bu™)). @)

Lemma 3. Assume that (s1)~(s2) and (f1)~(f3) hold. If u € H)(£2) with u* # 0, then
oy, has the following properties:

(i) The pair (o, B) is a critical point of o, with o, 8 > 0 if and only if cu™ + Su™ €
My a;

(i) The function o, has a unique critical point (o, 8,,) on (0,00) x (0, 00), which
is also the unique maximum point of o, on [0,00) X [0,00). Furthermore, if
(Tp.2)"(u),u®) <0, then 0 < ay, By, < 1.

Nonlinear Anal. Model. Control, 27(3):556-575, 2022
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Proof. (i) By definition of o,, we have that
Vou(a, B) = (((Zoa) (au™+ pu”), u®), (Tp.0) (ou® + Bu”),u™))
_ (;<(Ib7,\)'(au++ Bu~), aut), %<(Ib7>\)’(au+ 4 6u‘),6u‘>) .
Thus, item (i) holds.

(ii) For any u € Hg(') (£2) with u™ # 0, we prove the existence of a,, and /3,,.
From (f1) and (f2), for any € > 0, there is C. > 0 such that

|F(z,t)| <elt] + Celt)?™=" forallt € R. (5)
Then by the Sobolev embedding theorem we have
((To)) (au®+ Bu™), au™)
> (a— )\ng)a2||u+H2 + ba4||u+H4 — (a2 +a®)Cy max{HuﬂF,

— AC.Cs(a? + o) max{ ||, Ju* %}

[ (1}

Choose £ > 0 such that (a — A\eC3) > 0. Since q,6 > 4, we have that (I, )" (aut +
Bu~),aut) > 0 for o small enough and all 8 > 0. Similarly, we are also able to prove
that (Z; \ (au™ + Bu~), Bu~) > 0 for 3 small enough and all a > 0. Therefore, there
exists 41 > 0 such that

<(Ib,/\)/(6lu++ 5U7)751U+> > 0, <(Ib7>\)'(o¢u+—|— 51u7),51u7> >0. (6)
On the other hand, by (f2) and (f3) we claim
fz,t)t >0, t#0; F(x,t) 20, teR. @)
Therefore, choose o = 5 > 1. If 5 € [d1, 03] and 63 is large enough, it follows that
{(Ty\) (S5u™ + Bu), d5u™)
< (032 [Jut * -+ b(35) et |+ ba5) ot |l
- (5;)2/ ut | dz < 0.
Q
Similarly, we have ((Zp ) (cu™ + d5u~),d05u~) < 0. Let 0 > 85 be large enough, we
obtain
(@) (S5ut+ pu™),05ut) <0 and  ((Zp ) (aut+63u™),65u™) <0 (8)

for all v, 8 € [d1,02]. Combining (6) and (8) with Miranda’s theorem [13], there exists
(o, Bu) € RT x R such that Ty, (v, 8) = (0,0), i.e., cut + Bu~ € M.
According to the proof in [20], we can prove the uniqueness of the pair (v, 5, ).

https://www.journals.vu.lt/nonlinear-analysis
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Lastly, we prove that 0 < av,, B, < 1if ((Zp ) (u), u*) < 0.
Suppose a,, = 3, > 0. By a,u™ + B,u™ € My, we have
aa o |+ ba et |* 4 b ¥ |
> o[ |* + bay ot |[* + b 8% |~

:)\/f(x,auu+)auu+dx+/|auu+|q(m) dzx. 9)
9 o
On the other hand, by (1, »)'(u),u") < 0 we have
+112 +]14 112]14,— 112 Y0yt +19(=)
alfat [l ol P < [ f ot yatde+ [t s o)
o} 7

So, according to (9) and (10), we obtain

a<1 _ 1) |t |]? > )\/ [f(%autﬁ) B f(fUaUJr)} (uh)* de
2

a (ayut)? (ut)?

+ / (a&q(”)_z) - 1)‘u+|q($) dz.
Q

In view of (f3), we conclude that «,, < 1. Thus, we have that 0 < ay,, 5, < 1. O
Lemma 4. Let ¢y » = infycpm, , Zox(w). Then we have that limy_, o cp » = 0.

Proof. For any u € M 5, we have
aHuiH2-l—bHuiH4+b|]u+||2Hu_H2:/\/f(x,ui)uidx—i—/‘ui|q($)dx.
0 2
Then by (5) and Sobolev inequalities we get
aHuiH2 <)\/f(m,ui)ui dx—&—/‘ui’qm dzx
Q 0

< 2eC[u][? + AC: min{ | |[% [t 7}

—|—C’min{”ujE uiHa}.

q
%,

Thus, we obtain

(a=AeCy)||u]|* < AC minf |, [fu*||"} + Cmin [Ju] [ [ *}.

Nonlinear Anal. Model. Control, 27(3):556-575, 2022
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Choosing ¢ small enough such that @ — AeC; > 0, since 6, 0, q,P > 4, there exists p > 0
such that

|[u®]| = p forallue M. (11)

On the other hand, for any u € M, y, it is obvious that ((Z; »)’(u),w) = 0. Thanks to
(f2) and (f3), we obtain that

f(z,t)t = 3f(x,t) > (<)0 forallt > 0,
This fact implies that
O(z,t) = f(x,t)t — 4F(x,t) 20 (12)

is increasing when ¢ > 0 and decreasing when ¢ < 0 for almost every € 2. Then we
have

Ty () = Tya(w) — 3{(Tor)'(w)) > &l

From above discussions we have that Zp (u) > 0 for all w € M, x. Therefore, Z;  is
bounded below on My, 5, that is, ¢ x = infueat, , Zpa(u) is well defined.

Letu € HS(')(Q) with u® # 0 be fixed. By Lemma 3, for each A > 0, there exist
ay, Bx > 0 such that ayu™+ Byu™ € M, ». By Lemma 3 we have

0<cpp = Ei/f\l/[f Tpa(u) < Ty a(apu™+ Bau™)
u b,

b
< Gl B+ Gl |
< aad "+ s+ 200 st |+ 2038

For our purpose, we just prove that &y — 0 and 8y — 0 as A — 0.
Let
Tu = {(ax,Br) € R§ x Rt Ty, Bx) = (0,0), A > 0},

where T, is defined as (4). By (5) there holds
minfad,od} [tz + min( 5,51} [ o[ ao
Q 19;

< /ai(x)|u+|qtr) dx+/aqﬂ(w)|u—‘q(m) dz
0 7]

+)\/f(x,og\qu)aAqudxwL)x/f(z,[%\uf)ﬂ)\ufdx
2 2

= a||o¢>\u++ 6>\u7||2 + b||oz>\u++ ﬂﬂf”él

< 2003 [|ut||* + 2083 |[u||” + 4baik |Jut ||t + 4685 ="

https://www.journals.vu.lt/nonlinear-analysis
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Hence, 7T, is bounded. Let {\,} C R be such that \,, — oo as n — oo. Then there
exist ag and [y such that (v, Bx,) — (a0, Bo) as n — oo.

Now, we claim oy = 5y = 0. Suppose, by contradiction, that ag > 0 or 5y > 0. By
ax,ut+ B, u” € My, forany n € N, we have

n?

aHaAnqu—i— ﬁAnu_HQ + b||a,\nu++ ﬂAnu_H4

:)\n/f(x,a%u*—i— Ba,u”) (an, ut + Br,u”) da
o

+/|aAnu+—|— ﬁAnu_‘Q(m) dz. (13)
19

Thanks to ay, u™ — apu™ and By, u™ — Bou~ in Hg(')(.Q), (5) and (7), we have that

/f(x, ax, ut+ 6>\nu*) (oo\nu*wL ﬂxnuf) dz
19,

— /f(:c, agut + Bou”) (apu™ + Bou”) dz > 0
o

as n — oo. It follows a contradiction with equality (13) from two facts: \,, — oo
asn — oo, and {ay, ut + By, u”} is bounded in HS(')(Q). Hence, ap = fy = 0.
Therefore, we conclude that limy o 3, » = 0. O

Lemma 5. There exists \* > 0 such that for all X > X*, the infimum c;, » is achieved.

Proof. By the definition of ¢, there exists a sequence {u,} C M, such that
limy, 00 Zp 2 (un) = cp x. Obviously, {w,} is bounded in HS(SL(Q) Then, up to a sub-
sequence, still denoted by {u,, }, there exists u € H, (‘)(Q) such that u,, — wu. Since the
embedding Hé“(!)) — L*(£2) is compact, for all ¢ € (2,2*(x)), we have

Up —u in LY(2), wu, »u ae x €.
Hence, v — u*, ae. x € 2, and
uE oo inHYWQ), uF s uF in L)
By Lemma 3 we have
Iya(aut + Buy) < Iy a(uy,) foralla, 8> 0.
Then by Brézis—Lieb lemma and Fatou’s lemma we get

liminf 7, » (au,; + Bu,, )
n—oo

2 2
>Ib,,\(au++ﬁu7)+%nlirr;o||u,f—u+|‘2+%nlgrrgo‘]u;—u’||2
bat 2 2 Bt _ N2y -2

+ 5 im {fog = w7+ et (g — e

Nonlinear Anal. Model. Control, 27(3):556-575, 2022
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gy — )2 ([l =2

4 \n—oo n—00

a(z) - a(z) -
_/3@) |u7+1— q( /5 |un—u |q(
0]

4 a4 o9
>Ib7>\(au++ﬂu)+agz41+(;AlHquHQJrZA%me{c;’a}Bl
aﬁ B g+ O pgfur | 1 Wy - matatal
q
where
A; = lim Hu —qu||27 As = lim Hu
n—o00 n—o00
(z) _q(z)
Bi=lim fuy — oGy, Be= I fu, —u Zm
That is, one has
4 . aa? bat L2, bat o, max{ad, a7}
Tyx(ou” + Bu )+7A1+—A1||u | +TA1*fBl
Y 4
CLB A2+£A || *H Hm{[;’ﬁq}Bz gcb)\ (14)

forall« > Oandall 8 >

Now, we claim that u* 7é 0. In fact, since the situation u~ # 0 is analogous, we just
prove ut # 0. By contradiction we suppose vt = 0. Hence, let 8 = 0 in (14), and we
have

aa? bat max{aZ, o}

7,4 + —AQ Bi1 <cpy foralla > 0. (15)

Case 1: B, =0.
If Ay = 0, that is, u}t — u*t in H3")(£2). From Lemma (11) we obtain |[u*|| > 0,
which contradicts our supposition. If A; > 0, by (14) and Lemma 4 we have

b 4
O<ﬂA1 ZA2<cb>\—>O for all &« > 0 and A — +o0.

The inequality is absurd. Anyway, we have a contradiction.

Case 2: B; > 0.
One the one hand, by Lemma 4 there exists A* > 0 such that

cpr < A= min{C;g, Cq—ﬁ}ag/(g—% forall A > \*.

https://www.journals.vu.lt/nonlinear-analysis
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On the other hand, since B; > 0, we obtain A; > 0. Hence, by means of (15) we
have

(aAl)g/2 :| 2/@*2)
Ag[

2 q
< max {WAI _ aBI}
Bl g

0<a<1

2 4 q
ax bo ol
<m —A —A?2_- "B} <
< oga;({ 5 1+ 1 P 1}\Cb,)\;

which is a contradiction. Hence, we deduce that u® # 0.

Second, we prove B; = By = 0.

Since the situation By = 0 is analogous, we only prove B; = 0. By contradiction we
suppose that By > 0.

Case 1: By > 0.

According to By, By > 0 and Sobolev embedding, we obtain that A;, A; > 0. Let

a4 ~9
w(a)_ﬂA ﬁ&Az max{ad, ot} p ¢ alla > 0.
q

It is easy to see that p(«) > 0 for &« > 0 small enough and ¢(a) < 0 for a < 0 large
enough. Hence, by the continuity of ¢ («) there exists @ > 0 such that

A2 A ad
gAl biAQ max{ad, & }Bl
2 K
(o )
£ g

Similarly, there exists 3 > 0 such that

22 R4 ~g R2q
%AQ—I—%Ag—maX{ﬂ 15 }B

a1 2y ) )

Since [0, @] x [0, 3] is compact and o is continuous, there exists (v, 8,) € [0, d] % [0, ]
such that

O'(Oéu, ﬁu) = max - 0'(04, 6)
(a,8)€10,8]x[0,8]

Now, we prove that (c, 8,) € (0,&) x (0, 5). Note that if 3 is small enough, we
obtain

U(O[,O) = Ib’)\ (au+) < Ib,)\ (au+) +Ib,)\ (ﬁu_)
<y (oau+ Bu) = o(a, B)
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for all & € [0, @&]. Hence, there exists 3, € [0, 3] such that
o(a,0) < o(a,By) forall o€ [0,d].

That is, any point of («,0) with 0 < a < & is not the maximizer of o. This yields that

(avw, Bu) ¢ [0,a] x {0}. Similarly, we obtain (o, 8,) ¢ {0} x [0,4].
On the other hand, it is easy to see that

max{a?, ad}

aa’ bat 2 bat
— A+ Aot + = AT - B1 >0 (16)

and

af® bg*

—AH—A |u —H + =

5 WBQ ) (17)

for a € (0,a], B € (0, 5].
Then we have

~2 b~4 a4 ~q b~4
A< a1 M MB 2 AP
2 4 4 39
Py | 2 g T
and -
32 b4
Aé%AzwLTA%—M AH -II°
+%Q+@3Hwhﬂzu%&&ﬂ3
5 1 5 1 u g q 1

for all av€ [0, @] and all 5 € [0, 3]. Therefore, according to (14), we conclude o (a, 3) <0,
o(&,B) < Oforall € [0,a] and all B € [0, 3]. Thus, (cu, Bu) ¢ {@} x [0, 5] and
(v, Bu) ¢ [0, @) x {B}. Finally, we get that (c, 8,) € (0,&) x (0, 3). Hence, it follows
that (v, (3,) is a critical point of o. This implies that a,u™+ B,u~ € M, . From (14),
(16), and (17) we have

o 2 Ty (aqu® + Buu™)

max{aZ,ad}

4

O b 2y - 2
. o g7

+ 0y Bk | g - O

> Ty a(cwut + Buu™) = ey,

which is a contradiction.
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Case 2: By = 0.
In this case, we can maximize in [0, @] x R . Indeed, it is possible to show that there
exist By € RS‘ such that

Ty (out+ B,u™) <0 forall (o, B) € [0,d] x [By,00).

Hence, there is (v, B,) € [0, @] x [0, 00) such that

J(auvﬂu> = max O—(avﬂ)'

(a,8)€[0,&] % [0,00)

In the following, we prove that (a,, 3,) € (0,&) x R*. It is noted that o(c,0) <
o(a, B) for a € [0, @] and 3 small enough, so we have (ay,, 8,) ¢ [0,a] x {0}. Mean-
while, o (0, 8) < o(a, 8) for § € [0,00) and « small enough, then we have (v, 8.) ¢
{0} x R{.

On the other hand, it is obvious that

~9 q ~4
A< T A biA2 max{at, af} o ) %AzHWHQ
+ ﬂAg + b6" A2|| _H bﬁ ——A3 forall 3 € [0,00).

Hence, we obtain that o(&, ) < 0 for all 3 € R{. Thus, (v, 8.) ¢ {a} x Ry . Hence,
(qu, Bu) € (0,&) x RT. That is, (v, 8,) is an inner maximizer of o in [0,&) x Ry .
Hence, a,u™ + ,u™ € M, x. Then it follows from (16) that

coa = Lpa (aour + Buu”)

+ JAl + bJAl" +H qu max{zq, aq,}Bl

aB b8,

b
Dot B+ P

> Ty (ou™ + Buu™) = cpa,

which is absurd.

Therefore, from the above arguments we have that B; = By = 0.

Finally, we prove that ¢ 5 is achieved. Since ut # 0, by Lemma 1, there exist
Qy, By > 0 such that

U= auut + Byu” € M.

Furthermore, it is easy to see that ((Z;»)'(u),u®) < 0. By Lemma 3 we obtain 0 <
o, By, < 1. Since u,, € My, », according to Lemma 4, we get

Ty () + Buuy ) < Tpx(uf + uy ) = Iy a(un).
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Thanks to (f3), By = By = 0 and the norm in Hg(')(ﬁ) is lower semicontinuous, we
have

< liminf {Ib Alun) — le<(lb 2) (tn

n—o0

Therefore, v, = 3, = 1, and ¢} ) is achieved by up := u™+ u™ € My ». O

4 Proof of main results

In this section, we prove our main results. First, we prove Theorem 1. In fact, thanks to
Lemma 5, we just prove that the minimizer u;, for ¢,y is indeed a sign-changing solution
of problem (1).

Proof of Theorem 1. Since uj, € My », we have
((Zo,0) (up), ) = ((Zp,2) (wp),uy ) = 0.
By Lemma 3 and Lemma 4, for (o, 8) € (Ry x Ry )\ (1, 1), we have
Ib7,\(au;—|— ﬁub_) <Ib,,\(u2'—|— ub_) =Cp,- (18)
If (Zp,2) (up) # 0, then there exist & > 0 and 6 > 0 such that
[[(Zo ) (v)|| =6 forall lu—u| >
Choose 7 € (0, min{1/2,8/(v/2|lup||)}). Let

D=(1-7147)x(1=7,147)
and
g(a, B) = au + Bu,  forall (a, B) € D

In view of (18), it is easy to see that

Cx:=maxlyyoqg <cpa.
A Y bACg b,

Let ¢ := min{(cp,x — ¢1)/2,06/8} and S5 := B(up, ), by Lemma 2.3 in [23] there
exists a deformation € C([0,1] x D, D) such that
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@ n(1,v) =vifv ¢ (Tyx) " ([co,x — 2¢, co,x + 2€] N Sa5);
(b) 77(17 (Ib,A)Cb’A+€ N S(S) C (Ibvk)cbﬁfs;

© Toa(n(1,v)) < Tya(v) forall v € Hi(£2).

First, we need to prove that

e, Toa(n(19(@:5))) < v (19)

In fact, it follows from Lemma 1 that Z;, (g(c, 8)) < cp,n < cp,x + €. That is,
gle, B) € (Zpn) e
On the other hand, we have
lo(a 8) = ws* = [ (@ = Dyuf 4+ (8 = Dy |
<2((a = D2l 7+ (8 = 12wy )
< 27w ||* < 6%,

which shows that g(«, 3) € S5 for all (o, 8) € D.

Therefore, by (b) we have Z;, x(n(1, g(s,t))) < cp,» — €. Hence, (19) holds.

In the following, we prove that 7(1,g(D)) N My # 0, which contradicts the
definition of ¢; .

Let h(a, 8) :==n(1, g(a, B)),
To(a, B) == (((To.n) (9(e, B)), uy ), (Zon) (9(ev, B)),uy )
= (((@on) () + Buy ), ), (Ton) (g + Buy ),y )
= ((P}L(a7ﬁ)ﬂ(pu( 75))7
1 1 _

0y (0, ) = (<(Ib7A)’(h(a, 8): (1a.8) ), 5@ (hlar ). (e ) >>.

!
By the direct calculation we have

1
e I 1 e g e e e
—/(Q(x) ’q( /8 f T ub ub dz,
2
1
S e L %gﬁ\ = 20 | |
2
s e T T

_ / (q(x) — 1)|ub_|Q(I) dx — A/@gf(z,ub_)(ub_)de.

9]
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Let
sa,ﬂé()wﬂ) | wiéa,ﬁ) |
a  1(1,1) a  1(1,1)
M = 1 2
Pu (a,8) ‘/’u(aaﬁ

)
ap |(171) B ’(1,1)
By (f3), for t # 0, we have

Orf (z,t)t? — 3f(x,t)t >0 forae. z € §2.

Then, since u, € My, we have

1 2 1

detar = Pule A eul@ B el f)
Ocx (1,1) B (1,1) ap (1.1)

Since ¥y (c, B) is a C'! function and (1, 1) is the unique isolated zero point of ¥, by using

the degree theory we deduce that deg(¥, D, 0) = 1.
Hence, combining (19) with (a), we obtain

g(a, 8) = h(a,8) ondD.

Consequently, we obtain deg(¥;, D,0) = 1. Therefore, ¥;(ap,5y) = 0 for some
(v, Bo) € D so that

ACH:)

0.
1oJe! >

(1,1)

(1, 9(ao, Bo)) = hlao, Bo) € My,

which contradicts (19).

From the above discussions we deduce that w; is a sign-changing solution for prob-
lem (1).

Finally, we prove that u has exactly two nodal domains. To this end, we assume by
contradiction that

up = uy + ug +ug  withwu; #0, ug >0, ug <0

and
suppt(u;) Nsuppt(u;) =0 fori # j, i,j =1,2,3,
and
<(Ib,,\)’(u),ui> =0 fori=1,2,3.
Setting v := wu; + uo, we see that vt = u; and v~ = uy, ie., ot 2 0. Then there

exist a unique pair (., 3,) of positive numbers such that a,uq + S,u2 € M, x. Hence,
by
Iy (apur + Byuz) = cp.

Moreover, using the fact that (1, )’ (u), u;) = 0, we obtain ((1, ) (v), v*) < 0.
From Lemma 3(ii) we have that

(aw, By) € (0,1] x (0,1].

On the other hand, we have

1 b b
0= 2((Zo.2) (u),us) < To\(us) + llun[lus ] + 7 lluall?[lus]|*.
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Hence, by (12) we obtain
con < Ty a(apur + Byug)

= Ib,)\(avul + 51;“2 - 7< Ib )\ avul + 51)“2) (051)u1 + ﬂvu2)>

= & (vl + [Bual?) + 5 [ o) @) = 1F (e 0,m)] do

0

+ 2 / [f(l‘,BUUQ)(Bq,Ug) — 4F(1‘,ﬁq,u2)] dx

n

1 1 1 1
Z_ a(®) |4, 19=) q Z_ a(®)]4,,19(®) 4
+([(4 Q(l’)>a” u x+([(4 W))B” el

< T +12) = (o) (w1 + 2), (1 + )

1 b b
= Toa(ur +ua) + 5 ((Io2) (w), ug) + llua[*usll + 7 llua*us]|*
b
< Ty () + Tox(uz) + Toa(us) + 5 (luz]® + flus ) fur |*

b b
+ Z(IIMII2 + llus|l?) luzll® + 1(Hulll2 + Jluzl|?) lus|®
=Tpa(u) = cp,
which is a contradiction, that is, us = 0 and u; has exactly two nodal domains. O

By Theorem 1 we obtain a least energy sign-changing solution u; of problem (1).
Next, we prove that the energy of wu, is strictly larger than two times the ground state
energy.

Proof of Theorem 2. Similar to the proof of Lemma 5, there exists A} > 0 such that for
all A > A} and for each b > 0, there exists v, € N » such that Z, x(vy) = ¢* > 0.
By standard arguments (see [10, Cor. 2.13]) the critical points of the functional Z; 5 on
N, are critical points of Zj,  in HS(') (£2), and we obtain (Zp »)'(vp) = 0. That is, vy, is
a ground state solution of (1).

According to Theorem 1, we know that problem (1) has a least energy sign-changing
solution uy,, which changes sign only once when A 2 A*.

Let A** = max{\*, AT}. Suppose that u;, = ub + u, . As in the proof of Lemma 3,
there exist o wb > 0and 3,- > 0 such that o +ub € Ny, B, - u ~u, € Nj,». Furthermore,
Lemma 3 1mphes that o b 6 - €(0,1). Therefore in view of Lemma 3, we have

¢ <y (a +Ub)+Ib/\(6 ub)<Ib,,\(Otu;ruf+»3u;U;)
<Ib7>\(ub +7.Lb) = Cp,\-

Hence, it follows that ¢* > 0 cannot be achieved by a sign-changing function. O
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