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Abstract. In this paper, we are concerned with the eigenvalue problem of Hadamard-type singular
fractional differential equations with multi-point boundary conditions. By constructing the upper
and lower solutions of the eigenvalue problem and using the properties of the Green function, the
eigenvalue interval of the problem is established via Schauder’s fixed point theorem. The main
contribution of this work is on tackling the nonlinearity which possesses singularity on some space
variables.
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1 Introduction

In this paper, we focus on the existence of positive solutions for the following eigen-
value problem of Hadamard-type singular fractional differential equations with multi-
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point boundary conditions:

−HDαx(t) = λf
(
t, x(t)

)
, a.e. t ∈ (1, e),

x(1) = 0, x(e) = x0 + µ

m∑
i=1

aix
(
ϕ(ηi)

)
,

(1)

where f : [1, e] × (0,+∞) is continuous, HDα is the Hadamard fractional derivative of
order α with 1 < α < 2, 1 < η1 < η2 < · · · < ηm < e, and the constants x0, µ and ai
are nonnegative, the function ϕ : [1, e]→ [1, e], ϕ(t) 6 t is continuous.

In recent years, fractional-order nonlinear problems have attracted the attention of
many researchers from mathematics and other applied science due to its wide range of
applications in applied mathematics, physics, bioscience, engineering, chemistry, etc.
A large number of contributions have been made for fractional differential equations in the
sense of the Riemann–Liouville fractional derivative or the Caputo fractional derivative,
[1,4–6,8,9,12–20]. However, the Hadamard-type fractional integral and derivative differ
from the Riemann–Liouville and the Caputo fractional derivative since the kernels of the
Hadamard-type integral and derivative contain logarithmic functions of arbitrary exponent
and thus are regarded as a different kind of weakly singular kernels. Thus it is more
difficult to explore the existence of solutions for the Hadamard-type fractional differential
equations, [2, 10, 11, 21].

In the recent work [21], by analysing the spectral construct of a linear operator and
calculating the fixed point index of the corresponding nonlinear operator, Zhang et al.
considered the existence of positive solutions for the following Hadamard-type fractional
differential equation:

Dt
αDt

βz(t) = f
(
t, z(t),−Dt

βz(t)
)
, 1 < t < e,

z(1) = σz(1) = σz(e) = 0,

Dt
βz(1) = σDt

βz(1) = σDt
βz(e) = 0,

(2)

where 2 < α, β 6 3, σ is a differential operator denoted by t(d/dt), that is, σz(t) =
t(d/dt)z(t), Dt

α and Dt
β are the Hadamard fractional derivatives of order α, β, f ∈

(1, e) × (0,+∞) × (0,+∞), [0,+∞) is a continuous function, and the criteria of the
existence of positive solutions were established. Recently, based on Leray–Schauder-type
continuation, El-Sayed and Gaafar [3] established the existence of positive solutions to a
class of singular nonlinear Hadamard-type fractional differential equations with infinite-
point boundary conditions or integral boundary conditions.

However when f possesses singularities on space variables, especially for the eigen-
value problem, few results are established on Hadamard-type fractional differential equa-
tions. Inspired by the above works, the aim of this paper is to establish the existence of
positive solutions for the eigenvalue problem of the Hadamard-type fractional differential
equation (1) when f possesses singularity on space variables.

The rest of this paper is organized as follows. In Section 2, we firstly recall the
concepts and properties of Hadamard fractional integral and derivative and then give the
logarithmic Green kernel. Our main results are summarized in Section 3.
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2 Basic definitions and preliminaries

In this section, we firstly present the definition of Hadamard-type fractional integral and
derivatives as given in [7]. Then we give some basic lemmas, which will be used in the
rest of the paper.

Suppose α ∈ C, n = [Reα], Reα > 0, and (a, b) is a finite or infinite interval of R+.
The α-order left Hadamard fractional integral is defined by

HI
αx(t) =

1

Γ(α)

t∫
a

(ln t− ln s)α−1x(s)
ds

s
, t ∈ (a, b),

and the α left Hadamard fractional derivative is defined by

HD
αx(t) =

1

Γ(n− α)

(
t

d

dt

)n t∫
a

(ln t− ln s)n−α−1x(s)
ds

s
, t ∈ (a, b).

The relationship between fractional integration and derivative is introduced as follows.

Lemma 1. (See [7].). Suppose n− 1 < α < n, γ > 0.

(i) If 1 < α < 2, then HD
αx(t) = 0 if and only if x(t) = c1(ln t)α−1 + c2(ln t)α−2

for any c1, c2 ∈ R.
(ii) The equality HDα(HI

αx(t)) = x(t) holds for every x ∈ L1[1, e].
(iii) Let x ∈ C[1,∞) ∩ L1[1,∞). The following formula holds:

HI
α
(
HD

αx(t)
)

= x(t)−
n∑
i=1

ci(ln t)
α−i.

(iv) HI
α(HI

γx(t)) =H I
α+γ(x)(t).

Lemma 2. (See [3].) For g ∈ L1[1, e], the boundary value problem

−HDαx(t) = λg(t), a.e. t ∈ (1, e),

subject to the multi-point boundary conditions

x(1) = 0, x(e) = x0 + µ

m∑
i=1

aix
(
ϕ(ηi)

)
has a unique solution x ∈ AC[1, e] if and only if x is a solution of the integral equation

x(t) = λ

e∫
1

G(t, s)g(s)
ds

s
+

m∑
i

λµai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
g(s)

ds

s

+
x0(ln t)α−1

(1− σ)
,
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where

G(t, s) =
1

Γ(α)

{
(ln t)α−1(1− ln s)α−1 − (ln t− ln s)α−1, 1 6 s 6 t 6 e,

(ln t)α−1(1− ln s)α−1, 1 6 t 6 s 6 e,

and

σ = λ

m∑
i=1

ai
(
lnϕ(ηi)

)α−1 6= 1.

Lemma 3. (See [15]). Let κ(t) = tα−1(1−t). The Green’s functionsG has the following
properties:

(i) G ∈ C([1, e]× [1, e],R+).
(ii) For all t, s ∈ (1, e), the following inequalities hold:

(α− 1)κ(ln t)κ(1− ln s) 6 Γ(α)G(t, s) 6 κ(ln t)(1− ln s)α−2.

Definition 1. A continuous function ψ(t) is called a lower solution of (1) if it satisfies

−HDαψ(t) 6 λf
(
t, ψ(t)

)
, a.e. t ∈ (1, e),

ψ(1) > 0, ψ(e) > x0 + µ

m∑
i=1

aiψ
(
ϕ(ηi)

)
.

Definition 2. A continuous function φ(t) is called a upper solution of the eigenvalue
problem (1) if it satisfies

−HDαφ(t) > λf
(
t, φ(t)

)
, a.e. t ∈ (1, e),

φ(1) 6 0, φ(e) 6 x0 + µ

m∑
i=1

aiφ
(
ϕ(ηi)

)
.

We make the following assumptions throughout this paper:

(H1) f : [1, e]× (0,+∞)→ [0,+∞) is continuous and is nonincreasing in x > 0;
(H2) For all r ∈ (0, 1), there exists a constant ε > 0 such that, for any (t, x) ∈

[1, e]× (0,+∞), f(t, rx) 6 r−εf(t, x).

Remark 1. For r > 1, by (H2), we have the following equivalent conclusion: for any
(t, x) ∈ [1, e]× (0,+∞), f(t, rx) > r−εf(t, x).

In fact, for r > 1 and any (t, x) ∈ [1, e] × (0,+∞), one has f(t, r · (1/r)x) 6
(1/r)−εf(t, rx), that is, f(t, rx) > r−εf(t, x).

Lemma 4 [Maximal principle]. If x ∈ C([0, 1],R) satisfies

x(1) = 0, x(e) = x0 + µ

m∑
i=1

aix
(
ϕ(ηi)

)
and −HDαx(t) > 0 for any t ∈ [0, 1], then x(t) > 0, t ∈ [0, 1].

Proof. By Lemma 2, the conclusion is obvious, and we thus omit the proof here.
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3 Main results

Let

A =
(α− 1)

Γ(α+ 2)
+

m∑
i=1

µai(α− 1)κ(lnϕ(ηi))

(1− σ)Γ(α+ 2)
,

then we state our main result as follows.

Theorem 1. Suppose (H1) and (H2) hold, and

(H3) inft∈[1,e] f(t, 1) > 0 and 0 <
∫ e

1
(1− ln s)α−2f(s, κ(ln s))(ds/s) < +∞.

Then there are constants 0 < λ1 < λ∗ and ρ > 0 such that for any λ ∈ (λ1, λ
∗), the

eigenvalue problem (1) has at least one positive solution x(t) satisfying the asymptotic
property

κ(ln t) 6 x(t) 6 ρ(ln t)α−1.

Proof. Firstly, define a function space E = C[1, e] and a subset Q of E:

Q =
{
x(t) ∈ E

∣∣ ∃lx > 0: x(t) > lxκ(ln t), t ∈ [1, e]
}
. (3)

Obviously, Q is a nonempty since κ(ln t) ∈ Q.
Define an operator Tλ in E:

(Tλx)(t) = λ

e∫
1

G(t, s)f
(
s, x(s)

)ds

s

+

m∑
i=1

λµai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, x(s)

)ds

s
+
x0(ln t)α−1

(1− σ)
. (4)

It follows from Lemma 2 that the fixed point of the operator Tλ is the solution of the
eigenvalue problem (1).

In what follows, we prove that the operator Tλ is well defined and Tλ(Q) ⊂ Q. To
do this, for any x∗ ∈ Q, it follows from the definition of Q that there exists a positive
number l∗x∗ such that x∗(t) > l∗x∗κ(ln t) for any t ∈ [1, e]. Choose lx∗ = min{1/2, l∗x∗},
then we have x∗(t) > lx∗κ(ln t) for any t ∈ [1, e]. So by Lemma 3, (H2) and (H3), we
gets

(Tλx
∗)(t)

6
λκ(ln t)

Γ(α)

e∫
1

(1− ln s)α−2f
(
s, x∗(s)

)ds

s

+

m∑
i=1

λµai(ln t)
α−1κ(lnϕ(ηi))

(1− σ)Γ(α)

e∫
1

(1− ln s)α−2f
(
s, x∗(s)

)ds

s

+
x0(ln t)α−1

(1− σ)

Nonlinear Anal. Model. Control, 27(4):789–802, 2022

https://doi.org/10.15388/namc.2022.27.27491


794 X. Zhang et al.

6
λκ(ln t)

Γ(α)

e∫
1

(1− ln s)α−2f
(
s, lx∗κ(ln s)

)ds

s

+

m∑
i=1

λµai(ln t)
α−1κ(lnϕ(ηi))

(1− σ)Γ(α)

e∫
1

(1− ln s)α−2f
(
s, lx∗κ(ln s)

)ds

s

+
x0(ln t)α−1

(1− σ)

6

(
λlx∗

−ε

Γ(α)
+

m∑
i=1

λµailx∗
−εκ(lnϕ(ηi))

(1− σ)Γ(α)

) e∫
1

(1− ln s)α−2f
(
s, κ(ln s)

)ds

s

+
x0

(1− σ)

< +∞. (5)

Next, take B = max{2,maxt∈[1,e] x
∗(t)}, then it follows from Lemma 3 and (H2)

that

(Tλx
∗)(t)

>
λ(α− 1)

Γ(α)
κ(ln t)

e∫
1

κ(1− ln s)f
(
s, x∗(s)

)ds

s

+

m∑
i=1

λµ(α− 1)aiκ(ln t)κ(ϕ(ηi))

(1− σ)Γ(α)

e∫
1

κ(1− ln s)f
(
s, x∗(s)

)ds

s

>
λ(α− 1)

Γ(α)
κ(ln t)

e∫
1

κ(1− ln s)f(s,B)
ds

s

+

m∑
i=1

λµ(α− 1)aiκ(ln t)κ(ϕ(ηi))

(1− σ)Γ(α)

e∫
1

κ(1− ln s)f(s,B)
ds

s

>
λ(α− 1)B−ε

Γ(α)
κ(ln t)

e∫
1

κ(1− ln s)f(s, 1)
ds

s
(6)

+

m∑
i=1

λµ(α− 1)B−εaiκ(ln t)κ(ϕ(ηi))

(1− σ)Γ(α)

e∫
1

κ(1− ln s)f(s, 1)
ds

s

>

[
λ(α− 1)B−ε

Γ(α)

(
1 +

m∑
i=1

µaiκ(ϕ(ηi))

(1− σ)

) e∫
1

κ(1− ln s)f(s, 1)
ds

s

]
κ(ln t). (7)

(5) and (7) indicate that Tλ is well defined and Tλ(Q) ⊂ Q.
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Now we shall try to construct the upper and lower solutions of the eigenvalue prob-
lem (1). As the operator Tλ is decreasing on x, let

L(t) =

e∫
1

G(t, s)f
(
s, κ(ln s)

)ds

s
+

m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, κ(ln s)

)ds

s
,

then, similar to 7, for all t ∈ [1, e], one gets

L(t) >

[
(α− 1)

Γ(α)

(
1 +

m∑
i=1

µaiκ(ϕ(ηi))

(1− σ)

) e∫
1

κ(1− ln s)f
(
s, κ(ln s)

)ds

s

]
κ(ln t),

i.e.,
λ1L(t) > κ(ln t) ∀t ∈ [1, e],

where

λ1 =
Γ(α)

(α− 1)(1 +
∑m
i=1

µaiκ(ϕ(ηi))
(1−σ) )

∫ e

1
κ(1− ln s)f(s, κ(ln s))ds

s

.

On the other hand, notice that f(t, x) is decreasing in x > 0, thus, for any λ > λ1, it
follows from Lemma 3 and (H3) that

e∫
1

G(t, s)f
(
s, λL(s)

)ds

s
+

m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, λL(s)

)ds

s

+
x0(ln t)α−1

(1− σ)

6

e∫
1

G(t, s)f
(
s, λ1L(s)

)ds

s
+

m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, λ1L(s)

)ds

s

+
x0(ln t)α−1

(1− σ)

6

e∫
1

G(t, s)f
(
s, κ(ln s)

)ds

s
+

m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, κ(ln s)

)ds

s

+
x0(ln t)α−1

(1− σ)

6

(
1

Γ(α)
+

m∑
i=1

µaiκ(lnϕ(ηi))

(1− σ)Γ(α)

) e∫
1

(1− ln s)α−2f
(
s, κ(ln s)

)ds

s
+

x0
(1− σ)

< +∞.

Nonlinear Anal. Model. Control, 27(4):789–802, 2022

https://doi.org/10.15388/namc.2022.27.27491


796 X. Zhang et al.

Now take C = max{2,maxt∈[1,e] L(t)} and

λ∗ > max

{
1, λ1,

[
Cε

A infs∈[1,e] f(s, 1)

]1/(−ε+1)}
.

Let

R(t) = λ∗
e∫

1

G(t, s)f
(
s, λ∗L(s)

)ds

s

+ λ∗
m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, λ∗L(s)

)ds

s
+
x0(ln t)α−1

(1− σ)
.

By (H2), for any t ∈ [1, e], we have

λ∗f
(
s, λ∗L(s)

)
> (λ∗)−ε+1f(s, C) > (λ∗)−ε+1C−εf(s, 1) > A−1.

Thus it follows from Lemma 3 that

R(t) >
(α− 1)A−1

Γ(α)
κ(ln t)

e∫
1

κ(1− ln s)
ds

s

+

m∑
i=1

µai(α− 1)A−1κ(lnϕ(ηi))

(1− σ)Γ(α)
κ(ln t)

e∫
1

κ(1− ln s)
ds

s

=

(
(α− 1)A−1

Γ(α+ 2)
+

m∑
i=1

µai(α− 1)A−1κ(lnϕ(ηi))

(1− σ)Γ(α+ 2)

)
κ(ln t)

> κ(ln t) ∀ t ∈ [1, e].

Let

φ(t) = λ∗L(t) +
x0(ln t)α−1

(1− σ)
, ψ(t) = R(t),

then by Lemma 2, for any t ∈ [1, e], we have

φ(t) = λ∗L(t) +
x0(ln t)α−1

(1− σ)
> κ(ln t),

φ(1) = 0, φ(e) = x0 + µ

m∑
i=1

aiφ
(
ϕ(ηi)

)
,

(8)

ψ(t) = R(t) > κ(ln t), t ∈ [1, e],

ψ(1) = 0, ψ(e) = x0 + µ

m∑
i=1

aiψ
(
ϕ(ηi)

)
.

(9)
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It follows from (8) and (9) that φ(t), ψ(t) ∈ Q and

κ(ln t) 6 ψ(t) = Tλ∗
(
λ∗L(t)

)
, κ(ln t) 6 φ(t) ∀ t ∈ [1, e], (10)

which implies

ψ(t) = Tλ∗
(
λ∗L(t)

)
= λ∗

e∫
1

G(t, s)f
(
s, λ∗L(s)

)ds

s

+ λ∗
m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, λ∗L(s)

)ds

s
+
x0(ln t)α−1

(1− σ)

6 λ∗
e∫

1

G(t, s)f
(
s, λ1L(s)

)ds

s

+ λ∗
m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, λ1L(s)

)ds

s
+
x0(ln t)α−1

(1− σ)

6 λ∗
e∫

1

G(t, s)f
(
s, κ(ln s)

)ds

s

+ λ∗
m∑
i=1

µai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, κ(ln s)

)ds

s
+
x0(ln t)α−1

(1− σ)

= φ(t) ∀t ∈ [1, e]. (11)

Thus, by (10), (11), we have

HDαψ(t) + λ∗f
(
t, ψ(t)

)
> HD

α
(
Tλ∗
(
λ∗L(t)

))
+ λ∗f

(
t, φ(t)

)
= −λ∗f

(
t, λ∗L(t)

)
+ λ∗f

(
t, φ(t)

)
> 0, (12)

HD
αφ(t) + λ∗f

(
t, φ(t)

)
6 HD

α

(
λ∗L(t) +

x0(ln t)α−1

(1− σ)

)
+ λ∗f

(
t, φ(t)

)
= HD

α
(
Tλ∗κ(ln t)

)
+ λ∗f

(
t, φ(t)

)
= −λ∗f

(
t, κ(ln t)

)
+ λ∗f

(
t, φ(t)

)
6 −λ∗f

(
t, κ(ln t)

)
+ λ∗f

(
t, κ(ln t)

)
= 0. (13)

(8) and (9) imply that φ, ψ satisfy the boundary value conditions of the eigenvalue
problem (1). Thus it follows from (11)–(13) that ψ(t), φ(t) are upper and lower solutions
of the eigenvalue problem (1) when λ = λ∗ and ψ(t), φ(t) ∈ Q.
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Next, construct a function F :

F (y) =


f(t, φ(t)), y < ψ(t),

f(t, y(t)), ψ(t) 6 y 6 φ(t),

f(t, ψ(t)), y > φ(t).

(14)

For any λ ∈ (λ1, λ
∗), consider the following modified eigenvalue problem:

−HDαy(t) = λF (y), a.e. t ∈ (1, e),

y(1) = 0, y(e) = x0 + µ

m∑
i=1

aiy
(
ϕ(ηi)

)
.

(15)

We define an operator Aλ in E:

(Aλy)(t) = λ

e∫
1

G(t, s)F
(
y(s)

)ds

s
+

m∑
i=1

λµai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
F
(
y(s)

)ds

s

+
x0(ln t)α−1

(1− σ)
∀y ∈ E.

It follows from the assumption that F : [0,+∞) → [0,+∞) is continuous. Thus it is
clear that a fixed point of the operator Aλ is a solution of the modified eigenvalue problem
(15).

For all y ∈ E, it follows from Lemma 3, (14) and ψ(t) > κ(ln t) that

(Aλy)(t) = λ

e∫
1

G(t, s)F
(
y(s)

)ds

s
+

m∑
i=1

λµai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
F
(
y(s)

)ds

s

+
x0(ln t)α−1

(1− σ)

6 λ∗
(

1

Γ(α)
+

m∑
i=1

µaiκ(lnϕ(ηi))

(1− σ)Γ(α)

) e∫
1

(1− ln s)α−2F
(
y(s)

)ds

s
+

x0
(1− σ)

6 λ∗
(

1

Γ(α)
+

m∑
i=1

µaiκ(lnϕ(ηi))

(1− σ)Γ(α)

) e∫
1

(1− ln s)α−2f
(
s, ψ(s)

)ds

s
+

x0
(1− σ)

6 λ∗
(

1

Γ(α)
+

m∑
i=1

µaiκ(lnϕ(ηi))

(1− σ)Γ(α)

) e∫
1

(1− ln s)α−2f
(
s, κ(ln s)

)ds

s

+
x0

(1− σ)
< +∞.

So Aλ is bounded. It is easy to see that Aλ : E → E is continuous from the continuity of
F (y) and G(t, s).
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On the other hand, for any Ω ⊂ E bounded, since G(t, s) is uniformly continuous on
[1, e], we know that Aλ(Ω) is equicontinuous. Thus the Arzela–Ascoli theorem implies
that Aλ : E → E is completely continuous. It follows from the Schauder fixed point
theorem that Aλ has at least one fixed point y such that y = Aλy.

Now we show
ψ(t) 6 y(t) 6 φ(t), t ∈ [1, e].

To do this, let w(t) = φ(t) − y(t), t ∈ [1, e]. Since φ(t) is the upper solution of the
eigenvalue problem (1) and y is a fixed point of Aλ, we have

w(1) = 0, w(e) = x0 + µ

m∑
i=1

aiw
(
ϕ(ηi)

)
. (16)

It follows from the definition of F , (10) and (11) that

f
(
t, φ(t)

)
6 F

(
y(t)

)
6 f

(
t, ψ(t)

)
6 f

(
t, κ(ln t)

)
∀y ∈ E, ∀t ∈ [1, e], (17)

i.e.,

HD
αw(t) =HD

αφ(t)−HDαy(t) = −λ∗f
(
t, κ(ln t)

)
+ λF

(
y(t)

)
6 0, (18)

which implies that −HDαw(t) > 0. It follows from Lemma 4 that w(t) > 0, that is,
y(t) 6 φ(t) on [0, 1]. By the same way, we have y(t) > ψ(t) on [0, 1], thus we get

ψ(t) 6 y(t) 6 φ(t), t ∈ [1, e]. (19)

By (14), we have F (y(t)) = f(t, y(t)), t ∈ [1, e]. Consequently, y(t) is a positive
solution of the eigenvalue problem (1).

Finally, we prove the asymptotic properties of solutions. Firstly, from (19) we get

y(t) > ψ(t) > κ(ln t). (20)

On the other hand, it follows from (20) and Lemma 3 that

y(t) = λ

e∫
1

G(t, s)f
(
s, y(s)

)ds

s
+

m∑
i=1

λµai(ln t)
α−1

(1− σ)

e∫
1

G
(
ϕ(ηi), s

)
f
(
s, y(s)

)ds

s

+
x0(ln t)α−1

(1− σ)

6

[
λ∗

(
1

Γ(α)
+

m∑
i=1

µaiκ(lnϕ(ηi))

(1−σ)Γ(α)

) e∫
1

(1−ln s)α−2f
(
s, κ(ln s)

)ds

s
+

x0
(1−σ)

]
× (ln t)α−1

= ρ(ln t)α−1.

Thus we get the asymptotic properties of solutions κ(ln t) 6 y(t) 6 ρ(ln t)α−1.
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Example. Consider the following singular eigenvalue problem:

−HD3/2x(t) = λ(1− ln t)2x−2/3(t), a.e. t ∈ (1, e),

x(1) = 0, x(e) =
1

2
+ 2x

(
ϕ

(
3

2

))
+ x

(
ϕ

(
5

2

))
,

(21)

where ϕ(t) = t1/2.
Proof. Let α = 3/2, µ = 1, η1 = 3/2, η2 = 5/2,

f(t, x) = (1− ln t)2x−2/3(t),

then (H1) holds, and for all r ∈ (0, 1) and for any (t, x) ∈ [1, e]× (0,+∞),

f(t, rx) = r−2/3(1− ln t)2x−2/3 6 r−2/3f(t, x),

which implies that (H2) also holds.
Also, by direct calculation, we have inft∈[1,e] f(t, 1) = 1 > 0,

0 <

e∫
1

(1− ln s)α−2f
(
s, κ(ln s)

)ds

s
=

e∫
1

(1− ln s)−1/2(1− ln s)2κ−2/3(s)
ds

s

6

e∫
1

(1− ln s)−1/6 ln−1/3(s)
ds

s
< +∞.

Hence (H3) holds. Hence, by Theorem 1, there are two constants 0 < λ1 < λ∗ such
that for any λ ∈ (λ1, λ

∗), the singular eigenvalue problem (21) has at least one positive
solution x(t), and there exists a constant ρ > 0 such that

ln1/2(t)(1− ln t) 6 x(t) 6 ρ ln1/2(t).

Acknowledgment. The authors would like to thank the referee for his/her comments
that improve the results and the quality of the paper.

References

1. Z. Bai, W. Sun, Existence and multiplicity of positive solutions for singular fractional boundary
value problems, Comput. Math. Appl., 63(9):1369–1381, 2012, https://doi.org/10.
1016/j.camwa.2011.12.078.

2. Y. Ding, J. Jiang, D. O’Regan, J. Xu, Positive solutions for a system of Hadamard-type
fractional differential equations with semipositone nonlinearities, Complexity, 2020:9742418,
2020, https://doi.org/10.1155/2020/9742418.

3. A.M.A. El-Sayed, F.M. Gaafar, Positive solutions of singular Hadamard-type fractional
differential equations with infinite-point boundary conditions or integral boundary conditions,
Adv. Difference Equ., 2019:382, 2019, https://doi.org/10.1186/s13662-019-
2315-x.

https://www.journals.vu.lt/nonlinear-analysis

https://doi.org/10.1016/j.camwa.2011.12.078
https://doi.org/10.1016/j.camwa.2011.12.078
https://doi.org/10.1155/2020/9742418
https://doi.org/10.1186/s13662-019-2315-x
https://doi.org/10.1186/s13662-019-2315-x
https://www.journals.vu.lt/nonlinear-analysis


An upper-lower solution method for the eigenvalue problem of HSFDE 801

4. J. He, X. Zhang, L. Liu, Y. Wu, Y. Cui, Existence and asymptotic analysis of positive solutions
for a singular fractional differential equation with nonlocal boundary conditions, Bound. Value
Probl., 2018:189, 2018, https://doi.org/10.1186/s13661-018-1109-5.

5. J. He, X. Zhang, L. Liu, Y. Wu, Y. Cui, A singular fractional Kelvin–Voigt model involving
a nonlinear operator and their convergence properties, Bound. Value Probl., 2019:112, 2019,
https://doi.org/10.1186/s13661-019-1228-7.

6. J. He, X. Zhang, L. Liu, Y. Wu, Y. Cui, A singular fractional Kelvin–Voigt model involving
a nonlinear operator and their convergence properties, Bound. Value Probl., 2019:112, 2019,
https://doi.org/10.1186/s13661-019-1228-7.

7. A. Kilbas, H. Srivastava, J. Trujillo, Theory and Applications of Fractional Differential
Equations, North-Holland Math. Stud., Vol. 204, Elsevier, Amsterdam, 2006.

8. Q. Li, G. Wang, M. Wei, Monotone iterative technique for time-space fractional diffusion
equations involving delay, Nonlinear Anal. Model. Control, 26(2):241–258, 2021, https:
//doi.org/10.15388/namc.2021.26.21656.

9. T. Ren, S. Li, X. Zhang, L. Liu, Maximum and minimum solutions for a nonlocal p-Laplacian
fractional differential system from eco-economical processes, Bound. Value Probl., 2017:11,
2017, https://doi.org/10.1186/s13661-017-0849-y.

10. X. Ren, G. Wang, Z. Bai, A.A. El-Deeb, Maximum principle and its application to multi-
index Hadamard fractional diffusion equation, Bound. Value Probl., 2019:182, 2019, https:
//doi.org/10.1186/s13661-019-01299-y.

11. G. Wang, K. Pei, Y. Chen, Stability analysis of nonlinear Hadamard fractional differential
system, J. Franklin Inst., 356(12):6538–6546, 2019, https://doi.org/10.1016/j.
jfranklin.2018.12.033.

12. G. Wang, W. Sudsutad, L. Zhang, J. Tariboon, Monotone iterative technique for a nonlinear
fractional q-difference equation of Caputo type, Adv. Difference Equ., 2016:211, 2016,
https://doi.org/10.1186/s13662-016-0938-8.

13. J. Wu, X. Zhang, L. Liu, Y. Wu, Y. Cui, Convergence analysis of iterative scheme and error
estimation of positive solution for a fractional differential equation, Mathematical Modelling
and Analysis, 23(4):611–626, 2018, https://doi.org/10.3846/mma.2018.037.

14. J. Wu, X. Zhang, L. Liu, Y. Wu, Y. Cui, The convergence analysis and error estimation
for unique solution of a p-Laplacian fractional differential equation with singular decreasing
nonlinearity, Bound. Value Probl., 2018:82, 2018, https://doi.org/10.1186/
s13661-018-1003-1.

15. X. Zhang, L. Liu, B. Wiwatanapataphee, Y. Wu, The eigenvalue for a class of singular p-
Laplacian fractional differential equations involving the Riemann–Stieltjes integral boundary
condition, Appl. Math. Comput., 235:412–422, 2014, https://doi.org/10.1016/j.
amc.2014.02.062.

16. X. Zhang, L. Liu, Y. Wu, Variational structure and multiple solutions for a fractional advection–
dispersion equation, Comput. Math. Appl., 68(12):1794–1805, 2014, https://doi.org/
10.1016/j.camwa.2014.10.011.

17. X. Zhang, L. Liu, Y. Wu, Y. Cui, New result on the critical exponent for solution of an ordinary
fractional differential problem, J. Funct. Spaces, 2017:3976469, 2017, https://doi.org/
10.1155/2017/3976469.

Nonlinear Anal. Model. Control, 27(4):789–802, 2022

https://doi.org/10.1186/s13661-018-1109-5
https://doi.org/10.1186/s13661-019-1228-7
https://doi.org/10.1186/s13661-019-1228-7
https://doi.org/10.15388/namc.2021.26.21656
https://doi.org/10.15388/namc.2021.26.21656
https://doi.org/10.1186/s13661-017-0849-y
https://doi.org/10.1186/s13661-019-01299-y
https://doi.org/10.1186/s13661-019-01299-y
https://doi.org/10.1016/j.jfranklin.2018.12.033
https://doi.org/10.1016/j.jfranklin.2018.12.033
https://doi.org/10.1186/s13662-016-0938-8
https://doi.org/10.3846/mma.2018.037
https://doi.org/10.1186/s13661-018-1003-1
https://doi.org/10.1186/s13661-018-1003-1
https://doi.org/10.1016/j.amc.2014.02.062
https://doi.org/10.1016/j.amc.2014.02.062
https://doi.org/10.1016/j.camwa.2014.10.011
https://doi.org/10.1016/j.camwa.2014.10.011
https://doi.org/10.1155/2017/3976469
https://doi.org/10.1155/2017/3976469
https://doi.org/10.15388/namc.2022.27.27491


802 X. Zhang et al.

18. X. Zhang, L. Liu, Y. Wu, Y. Cui, New result on the critical exponent for solution of an ordinary
fractional differential problem, J. Funct. Spaces, 2017:3976469, 2017, https://doi.org/
10.1155/2017/3976469.

19. X. Zhang, L. Liu, Y. Wu, B. Wiwatanapataphee, Nontrivial solutions for a fractional advection
dispersion equation in anomalous diffusion, Appl. Math. Lett., 66:1–8, 2017, https://doi.
org/10.1016/j.aml.2016.10.015.

20. X. Zhang, C. Mao, L. Liu, Y. Wu, Exact iterative solution for an abstract fractional dynamic
system model for bioprocess, Qual. Theory Dyn. Syst., 16(1):205–222, 2017, https://
doi.org/10.1007/s12346-015-0162-z.

21. X. Zhang, L. Yu, J. Jiang, Y. Wu, Y. Cui, Positive solutions for a weakly singular Hadamard-
type fractional differential equation with changing-sign nonlinearity, J. Funct. Spaces, 2020:
5623589, 2020, https://doi.org/10.1155/2020/5623589.

https://www.journals.vu.lt/nonlinear-analysis

https://doi.org/10.1155/2017/3976469
https://doi.org/10.1155/2017/3976469
https://doi.org/10.1016/j.aml.2016.10.015
https://doi.org/10.1016/j.aml.2016.10.015
https://doi.org/10.1007/s12346-015-0162-z
https://doi.org/10.1007/s12346-015-0162-z
https://doi.org/10.1155/2020/5623589
https://www.journals.vu.lt/nonlinear-analysis

	Introduction
	Basic definitions and preliminaries
	Main results
	References

