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Abstract. In this paper, we consider the existence of infinitely many sign-changing solutions for an
elliptic equation involving double critical Hardy—Sobolev—Maz’ya terms. By using a compactness
result obtained in [C.H. Wang, J. Yang, Infinitely many solutions for an elliptic problem with double
Hardy—Sobolev—Maz’ya terms, Discrete Contin. Dyn. Syst., 36(3):1603-1628, 2016], we prove the
existence of these solutions by a combination of invariant sets method and Ljusternik—Schnirelman-
type minimax method.

Keywords: Hardy—Sobolev—Maz’ya exponents, invariant sets, sign-changing solutions, minimax
method.

1 Introduction and main results

Let N >3, 14u>200<t<s<22%t) =2(N—t)/(N—2)and 2*(s) = 2(N — s)/
(N —2) are the critical Hardy—Sobolev—Maz’ya exponents, {2 is an open bounded domain
in R™V. We study the following equation:

B ‘ulz*(t)—Qu

2% (s)—2
A=y n [ul u

ly[* lyl®
u=0 ondf2,

in 2
+a(x)u in £, o

where a () is a positive function, z = (y, z) € RF x RVN=% 2 <k < N. Itis well known
that solutions of (1) are critical points of the corresponding functional J : H(2) — R
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given by

1 poo [ 1 Jul* )
J(u) = 7/ Vul? —a(z)u?) doe — dz — / dz. (2)
| (Ve =56 ) T T w @ )

By using the following Hardy—Sobolev—Maz’ya inequality (Lemma 1), we know that .J is
well defined and C*! functional on H}(§2) for any open subset of R™.

Since (1) involves the double critical Hardy—Sobolev—Maz’ya exponents, we can
use the pioneering idea of Brézis and Nirenberg [5], or the concentration compactness
principle of Lions [16, 17], or the global compactness of Struwe [23] to show that (2) has
a critical point, then get a positive solution to (1).

When s = = 0, a(z) = Aand k = N, (1) is related to the well-known Brézis—
Nirenberg problem [5]

—Au=Xu+|u* 2u in £,

3
uw=0 ondf2, ®)

where 2* = 2N /(N — 2) is the critical Sobolev exponent. Since the pioneering work
of [5], there are some important results on this problem. See, e.g., [6,8,9,11,25]. Here
we would like to point out [10]. In this paper, Devillanova and Solimini proved that when
N > 7, (3) has infinitely many solutions for each A > 0. Let us now briefly recall the
main results concerning the sign-changing solutions of (3) obtained before. If N > 4 and
{2 is a ball, then for any A > 0, (3) has infinitely many nodal solutions, which are built
by using particular symmetries of the domain {2 (see [12]). In [22], Solimini proved that
if 2isaballand N > 7, for each A > 0, (3) has infinitely many sign-changing radial
solutions. When (2 is a ball and 4 < N < 6, there is a A* > 0 such that (3) has no radial
solutions, which change sign if A € (0, A\*) (see [2]). In [12,22], the symmetry of the ball
plays an essential role, hence their methods are invalid for general domains.
When ¢t = 2, a(z) = A\, k = N, (1) is becoming Hardy—Sobolev-Maz’ya equation

2%(s)—2

—Au—u—uzz)\u—f—u in {2,
Yl ly|®

u=0 ondf?

By using the idea of [10], the authors of [26] obtained infinitely many solutions for Hardy—
Sobolev—Maz’ya equation. Ganguly [13] and Wang [29] used different methods to get
infinitely many sign-changing solutions. For the existence of infinitely many solutions
or infinitely many sign-changing solutions for the related equations, see [14, 24, 30, 32]
and the references therein. Very recently, Wang and Yang [27] proved the existence of
infinitely many sign-changing solutions for (1).

Theorem 1. Suppose that a((0,2*)) > 0 and {2 is a bounded domain. If (0, z*) € 912,
(x —(0,2%)) - v < 0 in a neighborhood of (0, z*), where v is the outward normal of 0f2.
If N >6+twhenp > 0andif N > 6 + s when p = 0, then (1) has infinitely many
sign-changing solutions.

https://www.journals.vu.lt/nonlinear-analysis
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Wang and Yang also considered the following nonexistence theorem.

Theorem 2. (See [27].) Suppose that N > 3, a(z) € C*(2) and (a(z)+(x/2)-Va) < 0
for every x € (2. Then (1) does not have nontrivial solution in a domain, which is star
shaped domain with respect to the origin.

Remark 1. Let \; be the first eigenvalue of

—Au = Xa(z)u in {2
“)
u=0 ondf2.
Since a(z) € C(£2) and is strictly positive, system (4) has infinitely many eigenvalues
{/\1,/\2, .. } such that 0 < /\1(9) < )\2(..(2) < /\3(9) < - K /\m(Q) < --eL Ttis
characterized by the following variational principle:

v 2
M@ = i eV 5)
weHL(R2),u0 [, a(x)u?

Let e, be the orthonormal eigenfunction corresponding to \,, and e,,, > 0. Denote
H,, :=span{ey,ea,...,en}.

Then H,, C Hyy1 and HY(2) = UP_ H,,. It is easy to know that if \; < 1,
equation (1) has infinitely many sign-changing solutions. Indeed, by multiplying the first
eigenfunction e; and integrating both sides, then we can check that if \; < 1, any
nontrivial solution of (1) has to change sign. Therefore, by the result of [28], to prove
Theorem 1 it suffices to consider the case of \; > 1.

Remark 2. When s = 0,¢ = 2 and k = N, Cao and Peng [6] considered the following
system:
—Au = [u]* Pu+ ,u% + Au in £,
|z| (6)
u=0 ondf2.

They obtained a pair of sign-changing solutions to (6). In [8,32], the authors get infinitely
many sign-changing solutions for (6). They only considered the case 0 € (2. In another
case, 0 € 02, the mean curvature of 92 at 0 plays an important role in the existence of
mountain pass solutions, see [3,6,14]. Asitis pointed in [4,31], there are some differences
between the case t = 2 and t € (0,2). When ¢ = 2, solutions of (6) have a singularity at
0, and the authors of [8,32] impose the condition p € [0, (N — 2)%/4 — 4). If t € (0,2),
no such condition is needed. So the estimates for the case ¢ € (0,2) and the case ¢ = 2
are very different. Therefore we have generalize the results in [32] to the case 0 € 0f2.

Remark 3. In order to prove the results, Wang and Yang [27] first used an abstract theo-
rem, which is introduced by Schechter and Zou [21]. Then by combining with the uniform
bounded theorem due to [28], the authors of [27] obtained infinitely many sign-changing
solutions. The methods introduced in [4, 8, 13, 21, 31] sometimes are limited because,
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by general minimax procedure to get the Morse indices of sign-changing critical points,
sometimes are not clear. Another limited condition is that the corresponding functional is
also needed to be C2.

Before giving our main results, we give some notations first. We will always denote
0 <t < 2. Let E = HZ(£2) be endowed with the standard scalar and norm

1/2
(u,v) = /Vqudx; lul| = (/|Vu2dx) .
Q Q

The norm on L* = L*(£2) with 1 < s < oo is given by |ul, = ([, |ul* dz)'/*. L{(2)
(1 < g <o00,0<t<2) withthe norm |ulg .0 = ([, |u|?/|z| dz)*/9, where dz denote
the Lebesgue measure in RYY. Denote B, = {u € E: ||u|| < r} and B¢ := E \ B,.

We will use the usual Ljusternik—Schnirelman-type minimax method and invariant
set method to prove Theorem 1. Our method is much simpler than the proof of [27].
In fact, our approach also works for the Brézis—Nirenberg problem involving subcritical
perturbation term f(x, ), which is not C'. However, the techniques developed by Wang
and Yang [27] or Schechter and Zou [21] cannot be applied directly. Let us outline the
proof of Theorem 1 and explain the difficulties we will encounter.

In general, by using the combination of invariant sets method and minimax method
to obtain infinitely many nodal critical points, we need the energy functional satisfies the
Palais—Smale condition in all energy level. This fact prevents us from using the variational
methods directly to prove the existence of infinitely many sign-changing solutions for (1)
because J(u) does not satisfy the Palais—Smale condition for large energy level due to the
double critical Hardy—Sobolev—Maz’ya exponents 2*(¢) and 2*(s).

In order to overcome the difficulty, we will adopt the idea in [10,24] and [4,31]. We
first study the following perturbed problem:

2% (t)—2—¢ 2%(s)—2—¢
—Au = Hll - Yy [ - 4 a(x)u in §2,
|y | @)

u=0 ondf2,

where € > 0 is a small constant. The corresponding energy functional is

1 2 2 M Jul* (=<
2

9]
1 " 2% (s)—¢
2%(s) — ¢ [l
2

By the following lemmas, we will know J.(u) is a C! function on H{ (£2) and satisfies
the Palais—Smale condition. It follows from [1,20] that J. («) has infinitely many critical
points. More precisely, there are positive numbers c. ;, l = 2,3, ..., with ¢, ; — +00 as
I — oco. Moreover, a critical point u. ; for J, (u) satisfies J. (us 1) = ce .

https://www.journals.vu.lt/nonlinear-analysis
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Next, we will show that for any fixed | > 2, |luc;|| are uniformly bounded with
respect to €, then we can apply the following compactness result Proposition 1 (see
[28, Thm. 1.3]), which essentially follows from the uniform bounded theorem due to
Devillanova and Solimini [10], to show that u. ; converges strongly to u; in E/ as € — 0.
Therefore it is easy to prove that w; is a solution of (1) with J(w;) = ¢; := lim._,¢ ¢ ;.

Proposition 1. (See [28].) Suppose that a((0,2*)) > 0 and 2 satisfies the conditions in
Theorem 1. If N > 6 4+t when p > 0 and N > 6 + s when (i = 0, then for any sequence
Un, Which is a solution of (7) with € = &, — 0 satisfying ||u,| < C for some constant
independent of n, u,, has a sequence, which converges strongly in H}(§2) as n — oo.

In the end, we will distinguish two cases to prove that J(u) has infinitely many sign-
changing critical points.

Casel. Thereare 2 <y < --- <l; <--- satistying ¢, <--- <¢p, <---.
Case II. There is a positive integer L such that ¢; = cforalll > L.

The central task in this procedure is to deal with case II. In fact, we can prove that the
usual Krasnoselskii genus of K. \ W (W is denoted in Section 2) is at least two, where
K.:={u € E: J(u) =c¢, J'(u) = 0}. Then our result is obtained.

Throughout this paper, the letters C, Cy, Co, ... will be used to denote various pos-
itive constants, which may vary from line to line and are not essential to the problem.
The closure and the boundary of set G are denoted by G and JG, respectively. We denote
“—” weak convergence and by “—” strong convergence. Also if we take a subsequence
of a sequence {u,, }, we shall denote it again {u,, }.

The paper is organized as follows. In Section 2, we introduce some notations and
Hardy-Sobolev—Maz’ya inequality. In Section 3, we give an auxiliary operator A, and
construct the invariant sets. We give the proof of Theorem 1 in Section 4.

2 Preliminaries

Now we give some integrals inequalities, for details we refer to [19].

Lemma 1 [Hardy-Sobolev—-Maz’ya inequality]. Ler N > 3, 0 < t < 2, then there
exist a positive constant S = S(§2, s) such that

2 (s) N\ 2/(2°()
( [ dx) < S_1/|Vu|2dac 9)
(9] 2

|yl

forallu € H}(92).
Lemma 2. (See [13].) If {2 is a bounded subset ofRN, 0<t< 2, N =3, then
L}(92) C L{(2)

with the inclusion being continuous whenever 1 < g < p < oo.

Nonlinear Anal. Model. Control, 27(5):863-878, 2022
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Remark 4. If f € LY(2) for 1 < p < oo, then f € LP({2) with

[flo <CIf

p,t,02-

For each € and u € E, we define

1/(2*(t)—¢)
el “(/ ||f dx) +(/
(93

Lemma 3. (See [13].) Let 1 < ¢ < 2*(t), 0 < t < 2and N > 3, then the embedding
HY(2) — L{(9) is compact.

2 (s)—e N 1/(2"(s)=e)
[ 7= d:z:> .
lyl*

By Lemmas 2, 3 and Hardy—Sobolev—Maz’ya inequality, we know that the singular
term [, [ul> ®=¢/|y|* and [, |u|> (== /|y|* are finite and ||u]. < C|u|, where C'is
independent of ¢. Therefore J. is a C'! function on H}(2). By Lemma 3, J. satisfies the
Palais—Smale condition. In order to prove Theorem 1, it is enough to obtain sign-changing
critical points for the functional .J..

Fix £ € (2,2*(s)). In the following, we will always assume thate € (0,2*(s)—¢&). In
order to construct the minimax values for the perturbed functional .J., the following two
technique lemmas are needed.

Lemma 4. Assume m > 1. Then there exists R = R(H,,) > 0 such that for all ¢ €
(0, 27(s) = &),
sup Je(u) <0,
B}C%man
where BY, := E \ Bp.

Proof. Since H,, is finite dimensional, by Lemma 2, we know that ||-||.. is defined as the
norm on HJ(§2). There is a constant C' > 0 such that |Jul[?> =% < C|ul|?” ~¢ for all
u € H,,. Therefore

1 U |u|2*(t)75 1 |u|2*(s)7s
J(u) < lul® - -
(w) < gl o=/
0]

2%(t) — ¢ |ylt lyl
(?]

1 *(g)—
< sllull® = Clpul> ¢

Since 2*(s) —e > 2 and A\; > 1, we have that lim||,|| o0, ue o, J=(u) = —0c. The proof
is complete. O

Lemma 5. Foranye € (0,2*(s) — &), A1 > 1, there exists p = p(¢), @ = a(e) > 0 such

that
g%f,, Je(u) = a

https://www.journals.vu.lt/nonlinear-analysis
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Proof.
1 1 |u|2*(t)—8 1 |u‘2*(s)—5
Jsu:f/ Vu|? — a(z)u?) — —
2 i) 2
1 2 2% (s)—e
5(A1—1)/ (w)u? = Crfuf2) % = Cofuf21)¢

9]

Since 2* —e > 2*%(t) —e > 2*(s) —e > £ > 2 and A\; > 1, there exists p = p(e),
a = a(e) > 0 such that infap, J.(u) > . The proof is complete. O

Lemma 5 implies that 0 is a strict local minimum critical point. Then we can construct
invariant sets containing all the positive and negative solutions of (1) for the gradient flow
of J.. Therefore nodal solutions can be found outside of these sets.

3 Auxiliary operator and invariant subsets of descending flow

For any ¢ € (0, 2*(s) — &), let A. : E — E be given by

|u|2*(t)—2—su

Actu)i= (-2 (1 +ata)u)

lyl* lyl*
for u € E. Then the gradient of .J. has the form
V. (u) =u— A (u).

Note that the set of fixed points of A. is the same as the set of critical points of .J,
which is K := {u € E: VJ.(u) = 0}. Itis easy to check that V.J, is locally Lipschitz
continuous.

We consider the negative gradient flow ¢. of J. defined by

%qﬁe(t,u) — VJ.(6u(tu)) fort >0,
¢ (0,u) = u.
Here and in the sequel, for u € E, denote u™ () := max{4u(x),0}, the convex cones
+P={u€eFE:uz>0}, —-P={uekE: —uz0}
For 6 > 0, we define
(£P)g := {u € E: dist(u, £P) < 6}.

In the following, we will show that there exists 8y > 0 such that (+P)y is an invariant
set under the descending flow for all 0 < 6 < 6. Note that E \ W contains only sign-
changing functions, where

W = (+P)9 U (—P)g,

Nonlinear Anal. Model. Control, 27(5):863-878, 2022
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since E'\ W contains only sign-changing functions. By a version of the symmetric moun-
tain pass theorem, which provides the minimax critical values on E \ W, we can prove
that (6) has infinitely many sign-changing solutions.

Forany N C E and 6 > 0, Ns denotes the open d-neighborhood of IV, i.e.,

Nj := {u € E: dist(u,N) < 6},

whose closure and boundary are denoted by N5 and O Ns. By the following result, we can
know that a neighborhood of £ P is an invariant set. We can use similar way as Lemma 2
in [9] and Lemma 3.1 in [3] to get the following lemma.

Lemma 6. There exists 0y > 0 such that for any 6 € (0, 0y), there holds

A (O(£P)g) C (£P)g,

and

¢e(t,u) € (£P)g forallt > 0andu € (£P)y.

Moreover, every nontrivial solutions u € (+P)g and u € (—P)g of (5) are positive and
negative, respectively.

By using the combination of invariant sets method and minimax method, we can
construct a nodal solution first, then to prove our main result. We need a deformation
lemma in the presence of invariant sets.

Definition 1. A subset W C F is an invariant set with respect to ¢, if, for any u € W,
o (t,u) € Wforallt > 0.

From Lemma 6 we may choose an § > 0 sufficiently small such that (+P)y are
invariant set. Set W := (+P)gU(—P)p. Note that ¢. (¢, 0W) C int(W) and Q := E\W
only contains sign-changing functions.

Since J. satisfies the Palais—Smale condition, we have the following deformation
lemma, which follows from Lemma 5.1 in [18] (also see Lemma 2.4 in [15]).

Define K . := K. .NW, K2 := K..NQ, where K. . := {u € E: J.(u) = c,
Jl(u) = 0}. Let p > 0 be such that (K! ), c W, where (K!.), := {u € E:
dist(u, K} ) < p}.

We can use the similar method to the proof of Lemma 5.1 [18] and Lemma 2.4 [15]
to prove the following lemma.

Lemma 7. Assume that J. satisfies Palais—Smale condition, then there exists an g > 0
such that for any 0 < 0 < 0y, there exists n € C([0,1] x E, E) satisfying:

() n(t,u) =ufort =0o0ru ¢ J= ([c — do, ¢+ o)) \ (Kic)p.
(i) n(1, JSH UW N\ (K2,)s,) C J<S UW and (1, JH UW) € JES UW if
K2.=0.Here J¢ = {u € E: J.(u) < d} forany d € R.
(iii) n(t,-) is odd and a homeomorphism of E fort € [0, 1].
@iv) Je(n(-,w)) is nonincreasing.
V) n(t, W) C W foranyt € [0,1].

https://www.journals.vu.lt/nonlinear-analysis
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4 The proof of Theorem 1

In the following, we assume that A\; > 1. For any € € (0, 2*(s) — &) small, we define the
minimax value ¢, ; for the perturbed functional J.(u) with [ = 2,3,... . We now define
a family of sets for the minimax procedure here. We essentially follow [3], also see [18]
and [20]. Define

G = {h € C(BRNHy,, E): hisodd and h = id on 0B N Hm},
where R > 0 is given by Lemma 4. Note that G,,, # () since id € G,,. Set
Fl::{h(BRﬂHm\Y):hGGm,m [, Y =-Y isopenandv(Y fl}
for k > 2. From [20] I possess the following properties:

() It #0and 14, C I foralll > 2
(i) If ¢ € C(E,E)isodd and ¢ = id on 0B N H,,, then ¢(A) € I if A € I} for
alll > 2.
(iii) fAe},Z=—Zisopenandv(Z) < s <landl—s > 2,then A\ Z € I}_,.

Now, for [ > 2, we can define the minimax value c. ; by

Ceqy = Inf sup J.
o AEFlueAEQ ().

Lemma 8. Forany A € I andl > 2, ANQ # 0, then c.; is well defined, and
Ce = a > 0, where « is given by Lemma 5.

Proof. Consider the attracting domain of 0 in £
D:={u€ E: ¢.(t,u) >0, ast — oo}.

Note that D is open since 0 is a local minimum of .J; and by the continuous dependence
of ODE on initial data. Moreover, D is an invariant set, and (+P)s N (—P)s C D. In
particular, the following holds

Je(u) >0

for every u € (+P)s; N (—P)s \ {0} (see [3, Lemma 3.4]). Now we claim that for any
A € Iy with [ > 2, it holds
ANQNoD #0. (10)

If this is true, then we have AN Q # @ and c.o > o > 0 because 9B, C D and
Sup gnq Je(u) = infap Je(u) > infop, J-(u) > a > 0 by Lemma 5.
To prove (10), let
A=h(BRNH,\Y)

with y(Y) < m — [l and | > 2. Define

O :={u € BrN Hy,: h(u) € D}.

Nonlinear Anal. Model. Control, 27(5):863-878, 2022
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Then O is a bounded open symmetric set with 0 € O and O C Brn H,,. Thus, it
follows from the Borsuk—Ulam theorem that v(00O) = m and, by the continuity of A,
h(00) C OD. As a consequence,

h(0O\Y)C AnoD,
and therefore

A(ANED) > 4(h(BO\Y)) 2 100\ Y) > +(90) ~A(Y) > 1

by the “monotone, subadditive and supervariant” property of the genus [23, Prop. 5.4].
Since (+P)s N (—P)s N D = 0,

y(WnNoD) < 1.
Thus for [ > 2, we conclude that
YANQNID) Z~v(ANID) —~v(WNoD) =21l—-12>1,

which proves (10).
Thus ¢, ; is well defined forall ! > 2and 0 < oo < oo < o3 <o ey Koo
The proof is complete. O

Lemma 9.

Keeo,NQ#0D. (11

Proof. 1f not, we assume that
Kesce,l m Q = @

By Lemma 7, for the functional J, there exist § > 0 and a map n € C([0,1] x E, E)
such that (1, -) is odd, n(1,u) = u for u € Jscg,z—Zé and

n(1, JETUW) T U W (12)

By the definition of c. ;, there exists A € I such that sup g Jo(u) < cc; + 0. Let
B = (1, A). It follows from (14) that

sup Je(u) < ¢y — 4.
BNQ

On the other hand, it is easy to show that B € I} by Lemma 4 and the property (ii) of I
above. As aresult, c.; < c.;—4. This contradicts with 6 > 0. The proof is complete. [

Lemma 9 implies that there exists a sign-changing critical point u, ; such that

Je (us,l) = Cel-

As a consequence of Lemma 8, we have that ¢, ; is well defined for all [ > 2 and 0 <
<o <3< < ey <o Now we can show the following lemma.

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 10. c.; — oo as ! — oc.

Proof. Here we deduce by a negation. Suppose c.; — ¢. < oo as! — oo. Since J,
satisfies Palais—Smale condition, it follows that K. . # () and is compact. Moreover, we
have

K2, =K.;.NQ#0.
Indeed, assume {u. , }sen is a sequence of sign-changing solutions to (6) with J. (u. ;,) =
Ce,1,» and we have
|2* (t)—e 2% (s)—

+ _
2 2 |u 1 |U ,
/‘vugz’ll :/J,/ E,bjg - / el 7 .
|yl lyl
Q )

By using the variantional principle of (5), we obtain

(4)— £ 12%(s)—¢
L e e
=i Iy\t Iyl

2

It follows that, by Sobolev embedding theorem, ||“th || = co > 0, where ¢ is a constant
independent of 4. This implies that the limit . € K, z_ of the subsequence of {u. j, }ien
is still sign-changing.

Assume (K2, ) = 7. Since 0 ¢ K2, and K2 is compact, by the “continuous”
property of the genus [23, Prop. 5.4], there exists an open neighborhood N in E with
K2, C N such that v(N) = 7. Now using Lemma 7 for the functional .J., there exist
§ > 0andamapn € C([0,1] x E, E) such that n(1, -) is odd, (1, u) = u foru € J~2°
and

n(l, JETPUWN\N) C JEPUW. (13)

Since c.; — € asl — oo, we can choose [ sufficiently large such that ¢, ; > ¢. —§/2.
Clearly, c. 4+ > c.; > C-—0/2. By the definition of ¢ 4., we canfindaset A € I,
thatis, A = h(BR N H,,, \Y), where h € Gpp,, m 2 1+ 7, v(Y) <m— (I 4+ 7), such
that

Je(u) < Ceppr + 35 <G +0
for any u € A N Q, which implies A C J§f+6 U W. It follows from (13) that
n(l, A\N)C J="UW. (14)
Let Y; =Y Uh~1(N). Then Y; is symmetric and open, and
YY) <AY)+y(hHN) Km—(l+7)+T7=m—L

Then it is easy to check A := n(1, h(Bgr N H,, \ Y1)) € I} by (ii) and (iii) above. As
aresult, by (14),

cor <sup J(u) < sup J(u) e — 0
AnQ n(1, AAN)NQ
This is a contradiction to ¢, ; > & — ¢/2. The proof is complete. O
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Lemma 11. For any fixed | > 2, ||uc ;|| is uniformly bounded with respect to e, and then
U, converges strongly to u; in E as € — 0.

Proof. Indeed, by using the same I above, we can also define the minimax value for the
following auxiliary function:

1 ulé 1 ul®
oo {54 1

2 2 2

= inf sup J.(u), 1=2,3,....
o= j2f2up -0

Here we choose R > 0 sufficiently large if necessary such that Lemma 4 also holds
for J,. Then by a Z5 version of the mountain pass theorem [20, Thm. 9.2], foreach | > 2,
«y > 0 1is well defined, and a; — oo as [ — oo because

s <3 [ (vur —atop) - £ [ (M) - L [
0

ylt ) 2 lyl*
2 (9]

= J*(U) + d07

M 1 1 1
d()zf/7+*/7~
2« ) fylt 22 ) |yl
(9] (93

Therefore, for any fixed [ > 2, c.; is uniformly bounded for ¢ € (0, 2*(s) — &),
that is, there is C' = C(ay, £2) > 0 independent on ¢ such that ¢, ; < C uniformly for ¢
because u, ; is a nodal solution of (6) and J. (u. ;) = ¢ ;. By the definition of \;, we can
obtain the following:

where

C=cey=J(ucy) = Je(uey) — W<Jé(u5;l)’u57l>

— (; - 2*(5%—5) / (IVue,? = a(x)uZ,)
o

+ u(z*(si —& 2*(5 - e) A |ully||2t -

> <; - 2*(3%—5) / (IVue,? = a(x)uZ;)
o

S 1 1 1 1
> (3¢ (- xe

where A1 > 1, ¢ € (0, 2%(s) — &) and 2 < £ < 2*(s). Therefore ||u. ;| is uniformly
with respect to €. So we can apply Proposition 1 and obtain a subsequence {u., ;}ien
such that u., ; — w; strongly in E for some v; and also ¢., ; — ¢;. Thus ; is a solution

20,
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of (5), and J.(u;) = ¢;. Moreover, since Ug,,; 1S sign-changing, similar to Lemma 10,
by Sobolev embedding theorem, we can prove that u; is still sign-changing. The proof is
complete. O

Proof. Proof of Theorem 1 Noting that ¢; is nondecreasing with respect to [, we have the
following two cases:

Case I. Thereare 2 < I} < --- < I; < --- satisfying ¢, < -+ < ¢, < -
Obviously, in this case, equation (1) has infinitely many sign solutions such that
J(u;) = ¢y,

Case II. There is a positive integer L such that ¢; = cforalll > L

From now on we assume that there exists a & > 0 such that J(u) has no sign-changing
critical point u with

J(u) €lc—9, c)U(c, c+4].

Otherwise, we are done. In this case, we claim that y(K2) > 2, where K, := {u €
E: J(u) =¢, J'(u) =0} and K2 = K.NQ. Then as a consequence, J(u) has infinitely
many sign-changing critical points.

Now we adopt a technique in the proof of Theorem 1.1 in [7]. Suppose, on the
contrary, that v(K?) = 1 (note that K? # ()). Moreover, we assume K? contains only
finitely many critical points, otherwise, we are done. Then it follows that K 2 is compact.
Obviously, 0 ¢ K?2. Then there exists a open neighborhood N in E with K? 2 C N such
that 7(N) = 7(K2),

Define

Ve i= (JEP\ T\ N

We now claim that if € > 0 small, J. has no sign-changing critical point v € V. Indeed,
arguing indirectly, suppose that there exist e — 0 and u, € V; satisfying J.(u.) = 0 with
uF #0andu. ¢ N.
Then, by Proposition 1, up to a subsequence, u,, converges strongly to w in £. There-
fore J'(u) =
J(u) € [e =0, ¢+ 9]

andu ¢ K2.

This is a contradiction to our assumption and the fact that w is still sign-changing. The
following proof is similar to that of Lemma 9. By using Lemma 7, for the functional J.,
there exist § > 0 and amap n € C([0, 1] x E, E) such that n(1, -) is odd, n(1, u) = u for
u € JE2° and

n(1l, S UWN\N) C JEPUW. (15)
Now fix [ > L. Since c.j, ¢z, 141 — cas e — 0, we can find an € > 0 small such that
CelsCe, 141 € (c—0/2, ¢+ 6/2). By the definition of ¢, ;41, we canfindaset A € I74q,

that is,
A=h(BgRNH,\Y),

Nonlinear Anal. Model. Control, 27(5):863-878, 2022


https://doi.org/10.15388/namc.2022.27.27538

876 L. Wang et al.

where h € G, m 21+ 1,7(Y) < m — (I + 1) such that
Je(u) < ce, 141 + ié <c+46
for any u € AN Q, which implies A C J¢T9 U W. Then by (15), we have
n(1, A\N) C J<°UW. (16)
LetY =Y U h=1(N). Then Y is symmetric and open, and
VY) <A(Y) +y(hHN)) <m—(+1)+1=m—1

Then it is easy to check A= (1, h(Bgr N Hpy, \ }7)) € I by (ii) and (iii) above. As
aresult, by (16),

N

ceq < sup Jo(u) < sup  Jo(u) <c—4d.

AnQ n(1, AAN)NQ

This contradicts to ¢.; > ¢ — §/2. Then the proof for case II is finished. The proof is
complete. O
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