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Abstract. In this paper, we deal with the existence of solutions for a coupled system of integral
equations in the Cartesian product of weighted Sobolev spaces £ = W2'(a,b) x Wi'(a,b).
The results were achieved by equipping the space £ with the vector-valued norms and using the
measure of noncompactness constructed in [F.P. Najafabad, J.J. Nieto, H.A. Kayvanloo, Measure
of noncompactness on weighted Sobolev space with an application to some nonlinear convolution
type integral equations, J. Fixed Point Theory Appl., 22(3), 75, 2020] to applicate the generalized
Darbo’s fixed point theorem [J.R. Graef, J. Henderson, and A. Ouahab, Topological Methods for
Differential Equations and Inclusions, CRC Press, Boca Raton, FL, 2018].
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1 Introduction

Sobolev spaces WP(£2) (2 C R¥) [7] are the classes of functions f defined a.e. on
2 with its derivatives in distributional sense D f for orders || < m in LP({2). One
of the most important mathematical discoveries of the XXth century was the concept
of Sobolev spaces. This theory is essential in the study of nonlinear partial differential
equations in modern analysis. In the early 1970s, Muckenhoupt [14] introduced the A,
class of weights, which are common in applications. Following that, many papers and
books have been discussed intensively in Sobolev spaces with Muckenhoupt’s weights.

Measures of noncompactness introduced by Kuratowski [12] are functions that mea-
sure the degree of noncompactness of sets in complete metric spaces. These functions
play an outstanding role in fixed point theory. In 1955, Darbo presented a fixed point
theorem [8] using this notion. Furthermore, several interesting papers on the solvability
of various integral equations in Sobolev spaces without weights using the measures of
noncompactness have been shown; see, for example, [3,5, 11, 13].

The coupled system of integral equations describe a phenomenon in biological sci-
ence, physics, electrodynamics, electromagnetic, and fluid dynamics. In the last decades,
the problem of existence solutions of these equations has been taking great interest [1,4,
16-18]. In particular, Nasiri et al. [16] gave an existing result of the following category
of Volterra integral equations system:

V]

01(t) = A(L) + f(t, 01(¢), 02(1))

+P(01(1),02(1)) [ 9(s,01(5), 02(¢))Q(01(5), 02(<)) ds,

ey

02(¢) = A(L) + f(La 02(t), (L))

+P(02(0), 01(1)) [ 9(s,02(c), 01(5))Q(02(), 01(5)) ds

O\H_ TS O\ﬂ

inC([0, L],&) xC(]0, L], £). Here £ is real Banach algebra, and the entries on system (1)
satisfy certain conditions. The idea used here is to prove that system (1) has a coupled
fixed point with the help of the measure of noncompactness defined by

K % Ka) = G(u(Ka), 1K),

where K1,Ky C C([0,L],€), G is a convex function from R? into R, satisfying
G(t1,t2) = 0if and only if ¢; = {2 = 0, and p is a usual measure of noncompactness.
Another method to ensure the existence of solutions of a coupled system of integral
equations is to work on some suitable generalized Banach space in the sense of Perov. In
[10], the authors extended Darbo’s fixed point theorem on generalized Banach spaces by
replacing the set contraction factor with a matrix convergent to zero and the usual measure
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of noncompactness of a set .4 with a generalized (vector) measure of noncompactness

w1 (A)
pa(A) = :
pn (A)

(see Definition 8 and Theorem 1 below).

More recently, authors in [15] constructed a new measure of noncompactness on
weighted Sobolev spaces WP ({2), where w is A, weight, and presented the effective-
ness of this measure by studying the existence of solution of some nonlinear convolution-
type integral equations using Darbo’s fixed point theorem.

The organization for the rest of this manuscript is as follows: Section 2 is devoted to
the presentation of definitions and some auxiliary results regarding the main objects of
the monograph. In Section 3, we present existence results with the help of the so-called
generalized measure of noncompactness for the following system of the integral equation
(SIE):

L

01(¢) = P1(t, 01(1), 02(1)) +/Kl(b,c)Ll(c,gl(L),Qg(b))dc,
‘ (2
02(1) = P2 (1, 01(1), 02(1)) -‘r/K2(L,§)L2(§,QI(L)7Q2(L))dC7

a
where the functions Py, P2, Ki, Ko, L1, Ly are given and verify some conditions. The
functional setting of this system is the generalized Banach space & = Wl1(a,b) x
W2k(a,b). Finally, an example is given to show the effectiveness of the obtained result.

2 Preliminaries

We recall some concepts that are necessary for this paper. So, this section deals with no-
tations, definitions, and auxiliary results of weighted Sobolev spaces, generalized Banach
spaces, generalized measures of noncompactness, and fixed point theory. Beginning with
a review of the definition of weights, in particular, A; weights, for more details, we refer
the reader to the following monographs: [9, 14].

Definition 1. (See [19].) A weight on R is a locally integrable function w such that
w(t) > 0forae.t € R.

Definition 2. (See [19].) A weight w is said to be an A; weight if there exists a positive
constant A such that for every ball B C R,

(fowa)essp—ts<a whee fl0]a = - [170]a,
B B B

here | B| is the Lebesgue measure of the ball B. The infimum over all such constants A is
called the A; constant of w. We denote by A; the set of all A; weights.
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Let w be a weight, and let (a,b) C R be open. We define the weighted Lebesgue space
L!((a,b)) as the set of measurable functions f on (a,b) such that

b
1 f11L ((ap)) = / | £()|w(e) de < 0.

Definition 3. (See [19].) Suppose that the weight w is in A;. Then we define the weighted
Sobolev space W11((a,b)) as the set of functions f € L} ((a,b)) with weak derivatives
f’ € LL((a,b)). The weighted Sobolev space W2((a,b)) is a Banach space with the
norm

1wt (apyy = max{ 1 F1Ls aoyys 11123 (Gab)) }-

Now, define on M,,x,,(R4) the partial order relation as follows. Let M, N
MpxnRy), m > landn > 1. Put M = (M;;)ig<j<m,1<i<n and N
(Nij)1<j<m,1<i<n- Then

IIm

M%N ifNi,j>Mi7jf0rallj:1,...,m,izl,...,n,

M<N ifN;; >M;;forallj=1,...,m,i=1,...,n.
Let A = [, A; be a bounded set of R, the supremum bound (resp. the infimun bound)
of A is the vector
sup{A1: A\ € A1}
sup{\: A e A} =
sup{An: \p € Ap}

inf{)\1: )\1 S Al}
resp. inf{\: A € A} := :
inf{\,: A\, € A,}

Definition 4. Let £ be a vector space on K = R or C. By a generalized norm on £ we
mean a map

o]l
la:€—=RE, o lelle =
llolln
satisfying the following properties:
(i) Forall o € &;if [[of|c = O, then o = 0,
@) |[Molle = |Alllollq forall p € € and A € K, and
(i) lo+ylc < llollc + llyllc forall o,y € €.

The pair (€,]||q) is called a vector (generalized) normed space. Furthermore,
(€, ]I"lle) is called a generalized Banach space (in short, GBS) if the vector metric space
generated by its vector metric is complete.
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Proposition 1. (See [10].) In a GBS, in the sense of Perov, the definitions of convergence
sequence, continuity, open subsets, and closed subsets are similar to those for usual
Banach spaces.

Let (£,]]]|c) be a generalized Banach space. Throughout this paper and for r =
(r1,...,mn) €ERY, 00 € £,and i = 1,...,n, we denote by

B(oo,r) ={0€&: |loo—ollc <r} (resp. B;(0o,7i) = {0 € & |loo—olli <7i})
the open ball centered at gg with radius 7 (resp. ;) and by
B(go,r) = {0 €& llao—elc <} (resp. Bi(eo,7i) = {e € &: oo —elli < 7i})

the closed ball centered at go with radius 7 (resp. r;). If go = 0, we simply denote
B, = B(0,r) and B, = B(0,r). Finally, we respectively denote by K and co(K) the
closure and the convex hull of an arbitrary subset C of £.

Definition 5. A matrix M € M,,,,(R) is said to be convergent to zero if
M™—0 asm — oo.

Lemma 1. See [20].) Let M € M, «n(Ry). The following affirmations are equivalent:

1) M™ — 0asm — oo.
(ii) The matrix I — M is invertible, and (I — M)™' € Myxn(R4).
(iii) The spectral radius p(M) is strictly less than 1.

Definition 6. Let (£, |-||c) be a GBS, and let K be a subset of £. Then K is said to be
G-bounded if there is a vector V' € R} such that for all o € £, olla < V, and we write

sup ek [l ollx
IK||c :==sup{[lellc : 0 € K} = : <V
sup,eicllolln

Definition 7. Let (€, ||-||q) be a GBS. A subset K of £ is called G-compact if every
open cover of K has a finite subcover. K is said relatively G-compact if its closure is
G-compact.

We denote by N (&) the family of all relatively G-compact subsets of £.
Now, we present a definition of an axiomatic measure of noncompactness for gener-
alized Banach spaces similar to that introduced in 1980 by Bana$ and Goebel [6].

Definition 8. Let (£, ||-||¢) be a GBS, and let B (€) be the family of G-bounded subsets
of £. A map

pa(A)

pe : Bg(€) — [0,+00)", A pg(A) =
fin(A)

is called a generalized measure of noncompactness (for short G-MNC) defined on & if it
satisfies the following conditions:

Nonlinear Anal. Model. Control, 27(5):927-947, 2022
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() The family kerug(€) = {A € Bg(€): na(A) = 0} is nonempty, and
ker ug(€) C Ng(€).
(ii) Monotonicity: A; C Ay = pc(Ar) < pa(Az) forall Ay, Ay € Bg(E).

(iii) Invariance under closure and convex hull: pg(A) = pa(A) = pe(co(A)) for
all A € Bg(€).

(iv) Convexity: pc(AM1 + (1 — A)A2) < Apc(Ar) + (1 — Mpa(Asz) for all
Al,AQ S B(;(g) and \ € [0, 1].

(v) Generalized Cantor intersection property: if (A, )m>1 is a sequence of nonempty,
closed subsets of £ such that A; is G-boundedand 4; D Ay D --- D A, -,
and limy, 400 pic(Am) = Ogr , then the set Ao = (Noo_; A, is nonempty
and is G-compact.

Definition 9. Let (€, |-||c) be a GBS, and let ug be a G-MNC. A self-mapping S':
& — £ is said to be a M -set contractive with respect to ug if S maps G-bounded sets into
G-bounded sets and there exists a matrix M € M, (R™) such that

e (S(4)) < Mpc(A)

for every nonempty G-bounded subset A of £. If the matrix M converges to zero, then
we say that .S satisfies the generalized Darbo condition.

Theorem 1. (See [10].) Let £ be a GBS. Then every nonempty G-bounded, closed,
convex subset IC of £ has the fixed point property for continuous mappings satisfying
the generalized Darbo condition.

Theorem 2. (See [15].) Let A be a bounded subset of the space W21 ((a,b)). For o € A
and € > 0, let us denote

1°(0,€) = sup{llmho — ollywr1 .y 1Bl <},
10 (A e) = sup{p’(0.e): 0 € A},
O A\ — Tir 1,0
p(A) = lim p7 (A, €),
where T,0(¢) = o(t + h) for .,h € R, and
dr(A) = SuP{||Q||wj=1((a7b)\BT)3 o€ A},
d(A) = Jim dr(A)
(A) = p’(A) + d(A).

The function pn : Bg(Wr((a,b))) — Ry is a measure of noncompactness on the
weighted Sobolev space W21 ((a,b)), and moreover, ker p = N (W2t((a,b)))

Proposition 2. The space € = W2t((a,b)) x Wkl((a,b)) define a generalized Banach
space equipped with the generalized norm

1l = (fl”wi'l(wb»)
12022 o,y

https://www.journals.vu.lt/nonlinear-analysis
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for each f := (f1, f2) € Wki((a,b)) x Wi((a,b)). Furthermore, the function g :
Ba(Wkt((a,b)) x Wi'((a,b))) — R2 defined as

(AN L (EP(AD) +d(AD)Y o
1o (A) = (52( Az)) - <Zo< pRa A2)> = J(A) + da(A)

is generalized measure of noncompactness on E.

Definition 10. (See [2].) A function f : RY x R™ — R is said to have the Carathéodory
property if

(i) the functiont — f(z,u) is measurable for any u € RM,
(ii) the function u — f(,u) is continuous for almost all ¢ € RY.

3 Main results

In this section, we study the existence of solutions for the system of integral equation
(SIE) (2). Problem (2) will be discussed under the following assumptions:

(H1) Kl, K2 S Cl((a, b)2,R)

(H2) The functions P, Py : (a,b) x R x R — R satisfy the Carathéodory conditions
and have the continuous derivatives of order 1 with respect to the first variable,
and

(a) There exists a matrix M1 = (a1 o33 ) € Max2(L>(a,b),R.) such that
for each (¢, 01, 02), (¢, 01, 02) € (a,b) x R xR and for ¢ € {1, 2}, we have

|Pi(L7 01, Q2) - Pi(L7 01, EZ)| < aiJ(L)‘Ql - §1| + Oéi72(L)|92 - §2|7

aP; oP;, _ _
’&(L’ QIMQQ) - E(La Q17g2)

< ai1(L)|or — o1] + as,2(1) |02 — 02

(b) There exists a matrix My = (g; g;z ) € Myyo(R,) such that for each

(¢, 01, 02), (¢,01,02) € (a,b) X R x R and fori € {1,2} and j € {1,2},
we have

OP; oP, . _
’%(um,gz)@}(t)—8@_(@@1,92)-9}(&)

J

< Hijloj () = g5(0)].
. . A1,1 A2
(¢) There exists a matrix M3z = (/\2’1 Nos ) € Mosy2(Ry) such that for each

(¢,01,09), (¢, 01,02) € (a,b) x R x Rand for: € {1,2} and j € {1, 2},
we have

7(L7 01, 92) : Q_/](L) < >\17]|Q;(L)|

an
(d) Foreachi € {1,2} the functions P;(-,0,0) € Wl1(a,b).

‘ oP;

Nonlinear Anal. Model. Control, 27(5):927-947, 2022
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(H3) The functions Ly, Ly : (a,b) x R x R — R satisfy the Carathéodory conditions
and have the continuous derivatives of order 1 with respect to the first variable,
and

(a) There exists a matrix My = (g; g;i) € Maya(L'((a,b),R,)) such that
for each (s, 01, 02), (s, 81, 02) € (a,b) x RxRand fori € {1, 2}, we have

|Li(s, 01, 02) — Li(s, 01, 02)| < Bia(<)lor — 01| + Bi2(s)] 02 — 02l.

(b) There exists a matrix Mz = (i; f; 2) € Maxa(L'((a,b),Ry) such that
for each (s, 01, 02), (s, 01, 02) € (a,b) x R x R and for i € {1,2} and

J € {1,2}, we have
aL; oL, _ _
T 2a) 60 - S0, 00) 2,0 < Lag(ole — £

(¢) There exists a matrix Mg = (13} 153 ) € Maxa2(L*((a,b), R) such that
for each (s, 01, 02), (S, 01, 02) € (a,b) Xx R x R and for ¢ € {1,2} and
J € {1,2}, we have
aL;
(s, 01,02) - &5 ()| < mi(s)] (1)
0Qj

(d) For each i € {1,2}, the functions &(z) := [|Li(<,0,0)|ds exist, and
& € LL(a,b).

Theorem 3. Suppose that assumptions (H1)—(Hs) are satisfied. Then the system of inte-
gral equation (SIE) (2) has at least one solution in W1((a, b)) x W11((a,b)) if there is
r € R? such that

(7"1) llt,1llzoe +2 0, 1+ K (1811l e +Hlm,all 2)  Nlen,2llzee 21,2+ K (181,20l 2 +llm1,20 1)
T2 lloz,1ll o +22,1+K (1B2,1l i 4+HlIm2,1ll 1) lez,2llzeo +A2,2+K([182,2 2 +lIm2,2l 11)
)
0)

« () IP1(0,0) g1 +K €l Ly,
T2 IP2(-,0,

3
i+ Kl 1 @
and the matrix

AL lan1l[ze + 2K |81l 21 + 2K\ 82,1l 1
i a1l + 2K ||B1 2]l | + 2K || Ba,2|| 1
converges fo zero. Here

Ki
K = max{ sup ’K,;(L,g)|, sup ‘%L(b,g)
(e55

2 (g etan® (1.5) (@)’

b

https://www.journals.vu.lt/nonlinear-analysis
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Proof. We define the operator = : W!(a,b) x Whi(a,b) — Wki(a,b) x Wl(a,b)
by

ﬂ)@(ﬁwwﬁ P1(t. 01(0). 02()) + J Ki (1)L (s, 01(1), 02(1)) ds
o Z2(0)(v) Pa(t, 01(2), 02(0)) + [ Ko, )La(s, 01(1), 02(2)) ds )

The proof will be broken up into several steps.

Step 1. Our first claim is to show that the operator = is well defined. Looking that for
each i € {1,2}, the function Z; (o) is measurable for any o € Wl1(a,b) x Wli(a,b).
Also, for any ¢ € (a,b) and i € {1, 2}, we have

(5:0)'0) = G2 (110, 2200) + 5 (10200, 2(0) 4 0)
OP; [ 0K,

L A CLIONIO)AOR I m COIH CYIONS0)

+&wq@z@mw@mmmHQZ@mw@@me«

Then =Z;(p) has a measurable derivative. Now, we shall show that Z(p) € Wl1(a,b) x
b

Wl1(a,b) for any o € Wl(a,b) x Wli(a,b). Using our hypotheses, for arbitrarily
fixed v € (a,b) and i € {1, 2} we obtain
)

| (o | |P (L 01(1), 02(1)) — P;i(2,0,0) + Pi(I,,0,0)|
+ / |Ki(L,§)|(||_i(§, 01(1), 02(1)) — Li(c,0,0)’ + |Li(§,0,0)|) dg

< ai1(0)]or(v)| + aiz2(e)|o2(1)] + |Pi(e,0,0)]

+ K(/ Bi1(s)|| o1 (e)] + |Bi2()||02(2)| ds Jrfi(ﬂ))

< ai1(W)]or(W)] + aiz(1)]e2(0)] + [Pi(t,0,0)]
+ K([IBiallo|or(®)] + B2l [e2(0)| + &i(0)),

/Emwmwm</@mW@MH%ﬂMMN+W%&M
’ C A K18l |en()] + 1Bizllp |e2(0)]))w(e) de
<lagalle=lloillzy + llevizllzeello2lLy + HPi(',UaO)HL&

+ K (1Biallzllorlicy + 1Biz2llzllealicy + &Ly )-

Nonlinear Anal. Model. Control, 27(5):927-947, 2022
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Also,
[(Z:(0) (0)]
< ‘%?(L, 01(b), QQ(L)) — %(L,0,0) +

P,
0,0
" (0,0.0)

+ ‘gzz (1, 01(0), 02(v)) - 01 (0)| + ‘gZ(L, 01(1), 02(1)) - 6h (1)

(§ Ql( ) «Q2(L)) - Lz(<»070)| + |L1(§a070)‘)

H&@Q(bé@m@wﬁhv%)

)

+B2@m@me@%)

P;
E(bu 0,0)‘ + Xi]oh (0)] 4 Ai 2] dh (1)

0
< ai1(v)]or(e)| + @i2(1)]02(v) |+’
+K/&AMQMH&AMW®HHMﬁmM<

()] 40| + ()|

OP;
< aala()] + as2]e20)] + | 50.0.0)[ 4 sl 0]+ Niaeho)
+ K([|Bialle[or(0)| + 1Bi2llzr|02(e)] + & ()
+ il | ()] + lmi2llz |05 (0)]),
then
1(Z:(0) [l < llaiali=lleslley + lawallzlozly
oP;
B 00|+ raldil + daldle
L
+ K( iy + [1Biz2llc o2l
lleilicy + lImizlleelloalcy + l&llz )-
Thus,

[Zi(0) || yr < lailleelloallw, e
+ ||Pi('»0»0)“W5,1 + Xialloillizy + Xizlleblly
+ K(Hﬁi,l“LlHQlHL; +[1Bi2llc o2l s
+lmiallcelletlicy + llmiallallozlly + 1€l )

< 00,

this means that the operator = maps Wl (a, b) x W1t (a, b) into W2t (a,b)x Wl (a,b).

https://www.journals.vu.lt/nonlinear-analysis
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Keeping in the mind that the vector r fulfills inequality (3), thus for all o € B,,

1Z)lc
ot 1llzee +A 1+ K ([| Bl Hlmnalln) lleazllzee +A124+K ([ 81,20l 2 +llm1,2] 1)
S \llazalle A2+ K (B2l +HIn2alln) ozl + X224+ K (| B2zl +llm2.2 )l 12)

y lellyy n IP1(-,0,0) [y + Kll&all 2y,
HQ2”W:}*1 HPQ(VOvO)”W‘};l J’_K”g?HL&)
1
< (m) . )
Due to (4), we derive that = is a mapping from B, into B,..

Step 2. Our claim here is to proof the continuity of =. To this end, let (o, )nen =
(01,,, 02, )nen be a convergence sequence to some z:= (g1, 02) in Wkt (a, b)x Wi1(a,b).

Then for each ¢ € {1, 2},

1Zi(en) = Zilo)|

b
S / ‘Pi(L7 01,(1), 02, (1)) = Pi (s, QI(L>7Q2(L))’UJ(L) de
“ b
“r//’Ki(L,g)HLi(§7 an(b),QQn(L)) —Li(C, Ql(b),QQ(L))|dgw(L)dL
ba a

< /(ai,l(L)’QLn (1) — 01(1)] + @i2(1)] 02, (1) — 02(1)])w(v) du

a

b
+K//!Bi,1(<)|!mn(b)—91(L)|+\ﬁi,z(g)ngn(t)—QQ(L)|d§w(L)dL

< laiall=llor, — o1llLy + llaizllL=lo2, — o2llzy

b b
+K</|ﬂi,1(<)|d</|91n(t) —o1(1)|w(e) de

b ¢ b “
n / 16:.2(6)] ds / |2, (2) — 02(0)|w(0) m)

< (laiallze + Kl Biallz) e, — o1lly
+ (laizlle + Kllaiallz) o, — o2l

— 0 asn — +oo.
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On the other hand, we have for each i € {1,2},
(=i Qn))'—(Ei Dl
BP OP;
/\ (01,0022, 0) = G a0 20D )

/ Pt gz<>)g’lnu)—g—Z(a,m(L),gzu))-gau)wmcu
/ T 001,022, 0) 5,0 = 5 e n (0, 20 400 )

)|Li(ss 01, (1), 02, (1)) = Li(s, 01(¢), 02(2)) | dsw(e) de

i
s

- Se (60 20) - 40

s

B 892 (§ 01(1), 02(1)) - 05(1)

(5 01, (1) 02, (1)) - €f,, (1)

dsw(e) de

(s, 01, (1), 02,(2)) - b, (1)

dew(e) de

b
< / (ai1(0)]or, (1) = 01(0)| + 2 (1)| 02, (¢) — 02()])w(e) e

a

b
4 / (Has|dh (1) — 60| + Hinloh, (1) — o5(0)])ole) d

‘ b L
+ K/ (/ ‘ﬁi,l(QHan(ﬁ) - 91(0‘ + ’5i,2(§)|’@2"(L) - QQ(L)| dg)w(L) de
ab aL
vk [ ( [ B, 0 = 0]+ Lia(6)]eh, () - 300 d<>w> &

< (leiallps + Hig + K([1Biillzr + [ Ziallze) ler, — erllyra
+ (il + Hio + K(Bi1llzr + [ Li2llzr))lloz, — e2llyia

—0 asn — +oo.
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Step 3. The operator = is G-set contractive with respect to uq. Indeed, let A; be
a nonempty and bounded subset of B,,, and let ¢,h € Bp be such that |h| < € and

0; € A;, and by applying the same procedure of the previous step we get

b
J1E@) ¢+ 1) - (=) Wt d
@ b
< / [(Zi(0)) (t+ h) = (Zi(ole+ 1)) (t+ h)|w() de
“

+ / [(Zi(e(c+ 1)) (t+h) = (Zi(0)) (1) |w(e) de

< (lainllze + Hig 4+ K (|Billor + 1L,
+ (||04i2||L°° +Hi2+K(

Nlimner — o1y
o+ | Ligllor))Imnos — eallyaa

+/ BL ), 02(t + h)) — %(//, 01(1), 02(1)) |w(e) de
b

+/‘gz (L+h7 o1(t +h), Qz(t—i—h))-g’l(L—l—h)
- %(L’ 01(), 02(1)) - €1 (1) jw(v) e
/0P, /

+ [ |3, (s er(t+h), oot + h) - g+ )

¢ oP; !
0, 020) - 1)

I
//

b t+h

w(e)de

)|Li(s, 01(t + h), Tho2) — Li(s, 01(2), 02(¢)

Ki (1,9) | Li(s, 01(¢), 02(¢)) ’ dew(e) de

h
(t+hs9) o

dsw(e) de

v+ h, )Li(s, 01(t + h), 02(t + h))

//!Kb+h§

- 691 (< o1(t), 02(¢)) - 01 (¢)

(< o1(t+h), 02(t + h)) - 01 (L + h)

dsw(e) de
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then
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//mL< i 9| 5 6100 20) - ) Ao e
b t+h |_
L//“ (04 ) F L (00t h). ot 1)) - g4 -+ )| dolr) do
//|K (1 by )| 52 (s eale ). galt 4+ ) - 50+ 1)
- 8@2 (c 01(t), 02(¢)) - 05(¢)| dsw(z) de
l//u<bg 19| 57 (6 01(0), 02(0) - (0| o) e
02
b t+h |_
u//w (14 B )52 (5 0a(t+ h), ga(t + 1) - 40+ B)| dsw(0) i,

/iﬂ (14 1)~ (Z:(0)) (0| de

< (flevillpee +2Hin + 2K (1Bl + 1Liall)) llmnor — o1 llyyan

+

oP; _8Pi
Th oL oL

+ (llaizllpe +2Hio + 2K ([|Bi2llzr + 1 Li2ll ) Imno2 — o2l

‘//]L g, 01(),02(2))] dsw(e)

L

oK;
aL(+hc

+  sup
(1:5)€(ab)®

+  sup |Ki(e,9) = Ki(e + b, §)|
(tys G(ab)

(//‘ (20100, 02(0))- 04 ()

b t+h
oL;
+K// ILi(s, 01(t + 1), 02(t + 1) )]+‘ “ (s, 01(t+ h), ThQ2)'QI1(L+h)‘

+ ‘gg;(q 01(1), 02(1))- 05 (1)

dsw(e) dL>

—i%gm@+hxm@+m)%0+m

d de,
9as sw(t)de

‘ 0
_|_
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it follows that

Irn(Sie) — (Sio)
< (lainllze +2Hin + 2K ([Bialler + | Liallzr)) e — enllyan
+[[7a(Pi) = Pil|
+ (laizllze +2Hio + 2K (|Bi2llor + | Lizllzr)) Imnos — o2l

oK; oK;
+  sup (t4+h, ) — (4,9)
— | O o
(t,5)€(a,b)

X (I1Biallllenllzy + 1Bzl lleally + l€illzy)

+  sup  [Ki(6,9) = Ki(e+ hy )| (Ilmillr [l Ny + [lmi2
(t.9)€(ab)”

L1|||9/2||L&J)

+ K (1811l 9=, b—atmllorllLr + 18i2ll L1 0—a, b—atmy l02]l L2 + 70&i — &ll L,

+ Hni,IHLl(bfa,bfaJrh) | ||ThQ/1 HLL + ||77i,2||L1(b7a,b7a+h) | ||7'h9/2||L}u)-

Thus,

< (il +2Hin + 2K ([1Bialler + |1 Liallzr) ) uf (o1, €) + pd (Pi,€)
+ ([l 2l + 2Hi o + 2K ([Biallzr + | Li2llzr) ) 13 (02, €)

%

oK;
oL (L+h7§)7 (ng)

oL

+ sup
(e)e(ab)”

< (IBiallzllellzy, + l1Bizllce o2l + lIillzy)

+ osup [Ki(,9) = Ki(e+ by [ (Imaallce @by + Nzl llleblcy)
(1:6)€(ab)’

+ K| Biallet (o—a,b—at+my lo1llzy + 1Bi2ll 1 (p—a,p—atn) |02l 21
+Imnéi — &ill oy
+ 522 (b—a, bmatm) IR @8 1+ 175211 1 (b—a, b—actny || TR O L1 -

Since for each i € {1,2}, {P;}, {K;} are compact in W}-!(a,b) and {¢;} is compact in
L (a,b), we have puf (P, e) = 0, [|74(&) — &lly — 0 as e — 0. Then we obtain

ne (EA)
llea,1llzee +2H1 1 +2K ([ 81,1l o+ Ll ) lleznllee +2Hz, 1 +2K ([|B2,1 ]+ L2,1 Ml 1)
O \len,2ll oo +2H1 2+ 2K (|| Br 2]l p+I L1 2/l 1) llez,2]l oo +2Hz 2+ 2K (|| 82,2/l +[ L2,2]l 1)

X pg (A)-
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Next, let us fix an arbitrary number 7" > 0. Then, taking into account our hypotheses, for

an arbitrary function g € A, we have

/ |(Zi(0))'(0)]w() de

(a,b)\ Bt
< il @pnsryllotlLy (apnBr) + ldi2llLe (@b llo2ll Ly (@p)\B1)
oP,
+17 (-,0,0) + Xiallot e (e By + Ni2llobll Lt (@b B1)
t LL((a,0)\Br)

+ K (IBiallcrllorllLy ey + 1Bi2llotlozll L ((apy B2
L1041 Ly (o Br) + M2l 105 Ly (awnBr) + €L ((ap)\B2))
L2 + K||77i,1||L1) o1 ijl((a,b)\BT)

+ {171
< (i1l oo ((apn\Br) + Nig + K|Bin
+ (levi2ll oo (@b Br) + Xiz + EKllBi2llcr + Klnizller) lezllwi (. ey

+ HPz(a 0, O)“Wi’l((a,b)\BT) + KugiHL}d((a,b)\BT)-

But for each i € {172}, Pi(.’0’0)||Wi’1((a,b)\BT) — 0, ai,lHLoo((a,b)\BT) — 0,
2l Lo ((ap)\Br) = 05 1€l L2 ((a )\ Br) — O When T' — +o00, hence,

ALK (Bl +lnalle) A +EK (B2l o +1n12ll )
dG(‘—’ ) ) dG(A>7
Ao 1K (|82, Ml o +lm2ill) Aeo K (B2l +lm2,2l 1)

|+ I|Zi gl 2e)

pG(Z(A) 5 ([leujlloe +2H; j + 2K (|55,

+ Aig + Klniglle) o jeota(A). 5)

By the same way we find for i € {1, 2},

b
/ ’(Sz(g))(b +h)— (Ei(g))(b)|w(b) de
¢ b
< / [(Z:(0)) (4 ) — (Zi(o(e+ 1)) (e + 1) |w(e) de
‘o
+ [ 1E e+ )+ 1)~ (SO d
<(lai il + K Biall o )llmnor—ollyra +([le 2l e + K [ evi 2|l 22 )l 7n 02— 02 1.1
b
+ / ’Pi (L +h, 01(t + h), Th02(e + h)) - P; (L, 01(0), ,QQ(L)) |w(L) de
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//‘K v+ hy Q)||Li(s, 01(E+ h), 02(t + h)) — Li(s, 01(¢), 02(t ‘dgw de

//\K (t+ hy¢) = Ki(t,9)||Li(s, 01 (1), 02(1)) | dsw(e) de

b t+h
+ / / IKi (1)L (s, 01 (1), 02(0)) | dsw(z) d

a t
<(

+ 1 (P e) +  sup |K¢(L,§) —K;(t + h, §)|
(L,c)e(a,b)2

X (1Biallcilllenllcy
+K(

)uf(er,€) + (a2l )13 (02, )

lleallz)

oty + 18i2ll L (b—a, b—atm 102l L2 + |Ta& — &l 1),

) 11&s (A),

hence,

_ a1l
ne(EA) < <

|(Zi()) ()] w(v) de
(a,b)\Br

< (loiallzes (@onar) + KlBiallz)lleslzyabnse) + [P0, 0)| 11 (0i\5r)

+ (levi2ll oo (@B + Kl Bi2llno)lle2ll Ly (ampnse) + 1&llLs (B2

- 181,10l 118112l
da(EA) X K ’ ’ da(A).
ol=A) <|/32,1||L1 1ol ) %Y

So

(ZA) < (n vl + 2K Buillzs flowalzs + 25 Byollr

pa(A).  (6)
o[z + 2K |Bon 1 lanallo~ + 2K||/32,2||L1> W

Now, by combining (5), (6) we find

1 (E(A)) < Mapic(A).

Therefore, by the generalized Darbo fixed point Theorem 1 system (2) has at least one
solution in B, C Wl1(a,b) x Wk(a,b). O
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Example 1. Consider the following coupled functional integral equation:

cos(e®01(¢) + e 302(1))

o) = [+ 5
+ /e—4 1n((§—|—t)2 + 1) arctan(em(L)/20-i-gz(b)/10-i-<2)d§7
el
@)
sin(e™01(¢) + e %020
o 00+ )

[e| +3

L

t+
+/arctan

s 01(¢) 02(¢)
ln<cosh<§2 16 + o[+ 8 ds.

Then
P, (L, 01(1), QQ(L)) = cos(e_891|EL)+—|—5e_392(L))7 Ki(e,6) = e 4 ln((g +1)% + 1),
Pa(t, 01(1), 02(1)) = Sin(e—9g1|(LT)++3e_5g2(L))’ Ka(1,<) = arctan t —12- s,

L, (§7 01(1), QQ(L)) _ Mctgm(egl(L)/20+gz(b)/10+c2)7

L2 (<, 01(c), 02(1)) = IH(COSh(gZQ:E% * |<Q|2£:)8>)’

and we have

&(b ) = sgn() cos(e” a1 + ¢ gy)
oL y01,02) = S8 (|L| +5)2 )

02 (101, 2) = sgn(n 21 toen)
8L )Ql?QQ - g (|L|+3)2 I

and we simply check that

o8 o3
P Ly ) - P Ly 0 ) 0: g + 0: 9
|P1(c, 01, 02) — P1(, 01, 02)| m +5|91 o1 M — 0o
e e™®
P Ly 9 - P Ly 0 ) 0 < + 9
‘ 2(L, 02, 02) 1(t, 01 Qz)‘ |L|+3|Q1 o1 P ‘_’_3\ — 02|
and
0P OP; e 8 e 3
A - a5 0 0 g T N0 -0 T eNo — 0 b
‘ (9L (L7 Qla@?) aL (L’ Ql?QQ) (|L| +5)2|Ql Ql' + (|L|+5)2|92 Q2|
-9 -5

oP oP
‘af(um,@z)—aﬂc,m,@z) <

e _ e _
Wk)l — o1+ mk& — 02|
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Thus, . L,
M, = (;95 REX ) € Mayo(L™®(a,b),R,)
[[+3 T.]+3
with
-8 -3
et e : (5 5
= -9 -5 |-
lasallz flazalle~ ) =\ £ e
Furthermore,
oP1 g sin(e %01 + e 30)
e
0Py _ _gsin(e™®o1 + e %p)
392 (Lv 01, QQ) = —¢€ (|L| + 5)2 )
0P, _gsin(e %01 +e7502)
=\ 9 =e )
Bor 21 22) 1+ 37
0P,y 75sm( 91 + e %09)
-, 01,0 9
Dy 12 010 02) = (i +37
then we can verify easily that
6P1 (9P1 2e~8
90, — (1, 01,00)01(¢) — Dor 35, (0L 2)0 ()| < — |01 (1) = 21(41)]
OP oP - 2e~3 B
TQ;(L’ 01, QQ)QIQ(I’) - TQ;(L’ 01, QQ)Q&(L) < 5 |Ql2(b) - 92([’)|a
8P2 6P2 2e~? _
Tgl(hglygﬂgll() 5 1(L 101, 02)01 (1) < —3—|ei (1) — a1 (v},
3P2 6P2 2e~° _
90, L, 01,02)05(¢) — Bor L 01,02)05(0)| < —5—[en(t) — 22 ())|
and
6P1 e 8 aP -3
et < Sla0) |G e en)| < a0l
0Py e™? OP e~®
5 21, 01,02)0,(1)| < 7!9’1(0}7 ’a (1, 01,02)05(1)| < T‘QIQ(L)‘
Hence

2% 2 ;8 e?
(265—9 265—5> 3 M3 - ( -9 eis) .
3 3 3 3
It is easy to see that for each ¢ € {1,2}, P;(+,0,0) satisfies assumption (H2)(d). Since
we have P1(¢,0,0) = 1/(|¢| +5), OP1/0u(1,0,0) = sgn(e)(1/(]e] + 5)?), P2(1,0,0) =
OP2/0:(t,0,0) = 0. Then we obtain
el —e~

[IP1(2,0,0) | yyan (1) < 5

P2, 0,0)[yy2.0 (1,17 = O-
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By the same way we get
Li(s, 01, 02) — Li(s, 01, 2)|

1 1 L L
< sech(g1 +2 +<2)|91§1| + sech(gl( ) + 22(t) +§2>|Q2§2|7

20 10 20 20 10
|L2(s, 02, 02) — Li(s, 21, 02)|

1 01 QQ) _ 1 < 01 QQ) _
2+16 (<2+16 ls[+8 S S[+8 "\ 2 +16  [g|+8 o
IB1alle IBralle) _ (50 1
1B2aller B2zl s i)
lL1allzr | L12lz: _ Il 2z _ %O
ILoallsr Zozller) — \lmealler lnealle) — \ 4
Furthermore, condition (H2)(d) can be easily verified. Moreover, K = 7 /4. Finally, the

matrix . .
e s e s
S+ E I
M* _ < 5 40 5 20

and

N U=
SN—

-9 -5
Tt 3w

has two eigenvalues: |o1| = 0.0037 < 1, |o2| & 0.4772 < 1. Therefore, M, converges to
zero. All the conditions in Theorem 3 are satisfied, so system (7) has at least one solution
in the space W2 ((—1,1)) x WL1((—=1,1)), where w(:) = e~".
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