Nonlinear Analysis: Modelling and Control, Vol. 28, No. 1, 1-19 \@ng:f"%

https://doi.org/10.15388/namc.2023.28.29615 Il -, | Vilnius

P & . | University
£

Press

0 Vi,

N
s

Siras N

Dynamics analysis of an HIV infection model
with latent reservoir, delayed CTL immune response
and immune impairment*

Liru Zhang, Rui Xu!

Complex Systems Research Center, Shanxi University,
Taiyuan 030006, China
xurui@sxu.edu.cn; rxu88@163.com

Received: September 23, 2021 / Revised: September 4, 2022 / Published online: November 4, 2022

Abstract. In this paper, we propose an HIV model with latent reservoir, delayed CTL immune
response and immune impairment in which both virus-to-cell infection and cell-to-cell viral
transmission are considered. By using Lyapunov functionals and LaSalle’s invariance principle,
it is verified that when time delay is equal to zero, the global threshold dynamics of the model is
determined by the basic reproduction ratio. With the help of uniform persistence theory for infinite
dimensional systems, we obtain the uniform persistence when the basic reproduction ratio is greater
than unity. By choosing time delay 7 as a bifurcation parameter and analyzing the corresponding
characteristic equation of the system, we establish the existence of Hopf bifurcation at the
chronic-infection equilibrium. Numerical simulations are carried out to illustrate the corresponding
theoretical results.

Keywords: latent reservoir, cell-to-cell transmission, delayed CTL immune response, immune
impairment, stability, Hopf bifurcation.

1 Introduction

The human immunodeficiency virus (HIV) is a lentivirus that causes HIV infection and
over time acquired immunodeficiency syndrome (AIDS) [16]. Because of destructiveness
and complexity, researchers have been trying to find a way to cure HIV since it was
discovered in 1981. Combination antiretroviral therapy (ART) or highly active antiretro-
viral therapy (HAART) [5] have led to significantly reduced the incidence of HIV related
morbidity and mortality. Although the current therapy can reduce plasma virus to unde-
tectable, residual low-level viremia can be detected in most patients using ultrasensitive
assays [15]. That is because latently infected cells persist during treatment and release
infectious virus when activated by relevant antigens [12].
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To study the effect of latently infected cells on HIV infection dynamics, Rong et al. [18]
proposed a mathematical model including uninfected cells x(t), latently infected cells
u(t), actively infected cells y(¢) and free virus v(t) to describe the effect of latently
infected cells on HIV infection dynamics:

dx(t)

= A= de(t) - (1 - Ba(t)(t),

= a(l —e)Bz()o(t) — (u+ d)ult),
dit (1)

d?(/Tit) = (1 — a)Bz(t)o(t) + su(t) — ay(t),
dziit) = Nay(t) — ov(t),

where uninfected cells are produced at rate A and die at rate d; 3 is the infection rate of
virus-to-cell infection, « is the fraction of infections that result in latency and e is the ef-
ficacy of reverse transcriptase (RT) inhibitors. J is the rate at which latently infected cells
become activated, and p is the death rate of latently infected cells. a and o are the death
rate of actively infected cells and free virus, respectively. N is the number of virus pro-
duced by an infected cells during its life time. All parameters are positive, and 0 < € < 1.

It is noted that model (1) includes virus-to-cell infection only. However, cell-to-cell
transmission formed by virological synapses has great influence on virus infection, which
might be 100—1000 times faster than cell-free virus spread [14]. Moreover, virus can
persist in the presence of antiretroviral therapy that is because cell-to-cell viral trans-
mission permits the transfer of HIV without exposing the virus to extracellular envi-
ronment [20]. Accordingly, some mathematical analysis of virus model with cell-to-cell
viral transmission has been performed. For example, Lai and Zou [11] studied the global
dynamics of HIV infection model, which incorporated both virus-to-cell and cell-to-cell
viral transmissions.

As is shown in [25], antigen-specific immune response after viral infection is universal
and necessary to kill pathogens and infected cells. Faced with HIV infection, cytotoxic
T lymphocytes (CTLs) play a critical role in antiviral defense by attacking infected cells,
which are the main host immune factor that determines viral load. Furthermore, time de-
lays cannot be ignored in models for immune response [3]. That is because the generation
of new CTLs stimulated by antigen needs a period of time 7 and it depends on the number
of infected cells at time ¢ — 7 [4]. In [22], Wang et al. studied the effects of time delay for
immune response on the dynamic of model with

dz(t)
dt

=cy(t —7) — bz(t).

However, several studies found that dendritic cells (DCs) are susceptible to HIV
infection in vitro, and the modulation of DCs by HIV infection plays a key role in viral
pathogenesis [7]. During the course of HIV infection, the number and function of DCs are
gradually lost, which engenders some impairment effects for CTL inducement [17]. That
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Table 1. The descriptions of parameters in system (2).

Parameters  Biological meaning

The rate of production of uninfected cells

The nature death rate of uninfected cells

The rate of infection by virus-to-cell

The rate of transmission by cell-to-cell

The fraction of infections leading to latency

The fraction of infections leading to latency

The death rate of latently infected cells

The rate at which latently infected cells translate to actively infected cells
The death rate of actively infected cells

The remove rate of actively infected cells due to CTL immune responses
The number of virus produced by an infected cells during its life time
The rate of viral clearance

The time delay of CTL immune response

The proliferation rate of CTLs

The natural death rate of CTLs

The rate of immune impairment

IO QST R OTI TR
N =

is why virus evades immunity and contributes to the development of AIDS eventually [6].
In [23], Wang et al. incorporated immune impairment into viral model, where the specific
expression of CTL cells is as follows:

dz(t)
dt

=cy(t —7) — bz(t) — my(t)z(t).

In this paper, motivated by the works of Rong et al. [18], Lai and Zou [11], Wang et
al. [22] and Wang et al. [23], we are concerned with the effects of latent reservoir, both
virus-to-cell and cell-to-cell transmissions, delayed CTL immune response and immune
impairment on the dynamics of HIV infection. To this end, we consider the following
delayed differential system:

d‘flit) — = da(t) — Bra(t)o(t) — Box(B)y(t),

dziﬂ = [Pra(t)o(t) + nax(t)y(t) — (1 + d)u(t),

d%(tt) = (1= f)Bra(t)v(t) + (1 — n)Baz(t)y(t) 2)
+ dult) — ay(t) — py(t)=(t),

dzc)l(tt) = Nay(t) — ov(t),

dzi(tt) =cy(t — 1) — bz(t) — my(t)z(t),

where z(t), u(t), y(t), v(t), z(t) represent the concentrations of uninfected cells, latently
infected cells, actively infected cells, free virus and CTL immune cells at time ¢, respec-
tively, and other parameters are described in Table 1.

Nonlinear Anal. Model. Control, 28(1):1-19, 2023
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The initial condition for system (2) takes the form

;o 2(0) = s(0), 3)
¢1(9) = 05 e [_Tv O)a ¢1(0) > Ov 1= 1; 27374a5a

where (¢1(6), p2(0), ¢3(0), 94(0), $5(0)) € RxRxCxRxR,C = C([-T,0),R) is the
Banach space of continuous real-valued functions on the interval [—7, 0] with norm ||¢|| =
SUp_, <p<o |¢(0)]. It is well known by the fundamental theory of functional differential
equations [8] that system (2) has a unique solution (z(t), u(t), y(t), v(t), z(t)) satisfying
the initial condition (3).

This paper is organized as follows. In Section 2, we verify the positivity and bounded-
ness of solutions of system (2) with the initial condition (3). In Section 3, we get the repro-
duction ratio and establish the existence of feasible equilibria of system (2). In Section 4,
we investigate the global asymptotic stability of each of feasible equilibria. In Section 5,
we analyze the uniform persistence of system (2) when the basic reproduction ratio is
greater than unity. In Section 6, we establish the existence of Hopf bifurcation at the
chronic-infection equilibrium. In Section 7, we present numerical simulations to illustrate
the theoretical results. Besides, we perform a sensitivity analysis of basic reproduction
ratio. A brief conclusion of our paper is given in Section 8.

2 Preliminaries

Theorem 1. Under initial condition in (3), all solutions of system (2) are positive and
ultimately bounded in R x R x C x R x R.

Proof. First, we prove that x(t) is positive for all ¢ > 0. Indeed, assuming the contrary,
let t; € [0,400) be the first time such that 2:(¢;) = 0. By the first equation of system
(2), we have 2/(t1) = A > 0, and hence z(t) < O forall ¢t € (¢t; — ¢,¢1), where € is an
arbitrarily small positive constant. This contradicts z(¢) > 0 for ¢t € [0,¢1). It follows
that z(¢) > 0 for all ¢ > 0.

Similarly, we show that u(t), y(¢), v(t) and z(t) are positive for all ¢ > 0. Assume the
contrary, and let 2 > 0 be the first time such that y(¢2) = 0. From the third equation
of system (2) we can know y'(t2) = (1 — f)B1x(t2)v(t2) + du(te). Solving u(ts), v(ts)
from the second and forth equations of system (2), we obtain that

to

u(ty) = [¢2(0)+/ [FBr2(t)v(t) + nBax(t)y(t)] e +D dt| e~ oz,
0

ef6t2 .

v(ty) = l¢4(0)+/Nay(t)eat dt
0

https://www.journals.vu.lt/nonlinear-analysis
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Thus y'(t2) > 0, it follows that y(¢) > 0 for all ¢ > 0. Accordingly, from the second,
forth and fifth equations of system (2) we have

t

u(t) = [¢2(0) +/ [£Br2(s)v(s) + naz(s)y(s)]e® 95 ds [ e 1+ 5 0,

0

RS 0,

v(t) = [¢4(0>+ / Nay(s)e’ ds
0

t
2(t) = g5 (0)es HmyeN ds 4 / y(s —r)e” JoUEmeNde g5 > .
0

Next, we show that positive solutions of system (2) are ultimately bounded for ¢ > 0.
Adding the first, second and third equations of system (2), we get

d(z(t) + u(t) +y(t))
dt

A= dx(t) — pu(t) — ay(t) — py(t)=(t)
A —dz(t) — pu(t) — ay(t)
A —min{a, d, u} (z(t) + u(t) + y(t)).

Thus limsup,_, | o (z(t) + u(t) + y(t)) < A/min{a,d, u}. Therefore, for arbitrarily
sufficiently small € > 0, there is a T’ > 0 such thatif ¢ > T,

NN

A

z(t) +u(t) + y(t) < min{a, d i} + €.

Furthermore, from the forth and fifth equations of (2), fort > T,
do(t) A
<Na| ——— — t),
dt a(mm{a,d,p} + 6) ou(t)

<l ) 0

which yield
Na( ez +9 atazy T ©)
limsupv(t) < ladi} , limsupv(t) < _minfadp) 7
t——+400 o t——4o00 b

For arbitrary sufficiently small € > 0, the inequalities always hold. We conclude that

I (1) < — YA I (1) < —
imsupv(t)  ——————, imsupv(t)  —8 .
t_H_oop omin{a,d, u} t_>+oop bmin{a,d, u}

Therefore, the solution of system (2) is ultimately boundedin R x R x C x R x R. O

Nonlinear Anal. Model. Control, 28(1):1-19, 2023
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3 Basic reproduction ratio and feasible equilibria

System (2) always has an infection-free equilibrium FEq(zo, 0,0, 0, 0), where 2o = \/d.
In the following, we will apply the next generation matrix method [21] to compute the
basic reproduction ratio of system (2).

The infected compartments in system (2) are u, y and v, ordered (u,y, v). The non-
linear terms with new infection F and the outflow term V are given by

[Brzv + npaxy (64 p)u
F=A=NHbiwv+A—n)pry |, V=|-0u+tay+pyz
0 —Nay + ov
Evaluating the derivatives of F and V at the equilibrium Ej leads the following matrixes:
0 —"ﬁd;k R S+p 0 0
F=1o (1*77dﬁz/\ (1*{1)51/\ , V= -5 a 0
0 0 0 0 —Na o
Therefore, we obtain the next-generation matrix
onBa + NOfB1A nBaA + NfBiA fB1A
[ sty NSO Baa mbar , NO-pBA  (-Be
= —n)pP2 — 1 —n)P2 — 1 — 1
rv - ad(6+p) + do(0+p) ad + od do
0 0 0

One of the eigenvalues of matrix F'V ~! is 0, the other one gives the basic reproduction
ratio of system (2)
aN(1— f)Bidx4+o(l —n)BA  aNSfBiA+ oonba)

ado ado (6 + p)

In addition to the equilibrium Ey, if Rg > 1, system (2) has an chronic-infection
equilibrium E (x1,uy,y1,v1, 21), where

Ro=p(FV!) =

o = Ao wy = NafBi yr + onB2Ayr
do + (BiNa+ Boo)yr’ (6 + p)(do + B1Nay, + Broyr)’
vy = aNy, 7 = CY1
o’ b+ my;’

and y; is the unique positive real root of the following algebraic equation:
hoy® + hiy + ho =0
in which
ho = —abdod(pn+ 6)(Ry — 1) < 0,
hi = (u+6)[m(l — f)B1ANa+m(1 — n)P2Ao
— admo — ab(f1Na + B20) — cdpo]
+om(NafBir+onfad) > 0,
ha = (u+6)(BiNa + p20)(am + cp) > 0.

https://www.journals.vu.lt/nonlinear-analysis
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4 Stability of the equilibria F, and FE;
Theorem 2. If Ry < 1, the infection-free equilibrium Ey(\/d,0,0,0,0) of system (2) is
locally asymptotically stable for all T > 0; if Rg > 1, Ey is unstable.
Proof. The characteristic equation of system (2) at the equilibrium FEj is
L(s) = (s +d)(s + b) (s> + la5% + 115+ 1p) =0, )
where
lo =ao(u+9)(1— Ry) >0,
Iy = [~o(1 —n)Bazo — Na(l — f)Brxo + ao|
— (L=mn)Bazo(p+ 6) — dnPaxo + alp + 0) + o+ 0) >0,
lo=—(1—n)pazo+a+o+d+p>0,
ls =14l =1
= [~ —=n)paxo+a+olli+o(u+ 8)% + odnBazo + 0 fBrzoNa
+ (0 + p) [~ (1 = n)Bowo(p + 8) — dnBazo + a(p + 6)] > 0.

By the Routh—Hurwitz criterion, we show that all roots of Eq. (4) have negative real parts.
Hence, the infection-free equilibrium is locally asymptotically stable when Ry < 1.

When Ry > 1, noting that L(s) is a continuous function in respect to s, it is easy to
see that

L(0) = abd(u + 6)(1 — Ry) < 0, 1131 L(s) = +oo,
S§—r1+00
hence Eq. (4) has at least one positive real root, and Ej is unstable. O

Theorem 3. Suppose that f = n. If Rg < 1, the infection-free equilibrium Ey()\/d, 0,
0,0,0) of system (2) is globally asymptotically stable for all T > 0.

Proof. Let (x(t),u(t),y(t),v(t), z(t)) be any positive solution of system (2) with initial
condition (3). Define

0+ p
6+ pu(1 —n)

Brizo a6+ p)(1-Ro) . a(@+m(1-Ry) |
e (R R SR g | voras

A(t) = 2(t) —xop — 2o In x? + Lu(t) + y(t)

+

t—7

Calculating the derivative of A;(t) along positive solutions of system (2) and using the
equality A = dxg yields

dA(t) x(t) «x ab(é + p)(1 — Ro)
dt dmo<2xox(g)> c5+cu(1—77)O
B [am(5+u)(1—7€o) p(d+p)

6+ cp(l —n) o+ p(l—n)

2(t)

}yu)z(t). )

Nonlinear Anal. Model. Control, 28(1):1-19, 2023
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It follows from Eq. (5) that A (t) < 0if R < 1. Furthermore, A;(t) = 0 holds if and
only if z(t) = A/d, u(t) = 0, y(t) = 0, v(t) = 0 and z(¢) = 0. It can be verified
that My = {Ep} C (2 is the largest invariant subset of {(z(t),u(t),y(t),v(t),z(¢)):
A1 (t)=0}. By LaSalle’s invariance principle, we conclude that the infection-free equilib-
rium Ey of system (2) is globally asymptotically stable for all 7 > 0 under the assumption

f=n O
Theorem 4. Suppose that f = n. If Ry > 1, the chronic-infection equilibrium E1 (1, u1,
Y1, V1, 21) of system (2) is globally asymptotically stable when 7 = 0.

Proof. Let (x(t),u(t),y(t),v(t), z(t)) be any positive solution of system (2) with initial
condition (3). Define

dAx(t) x(t) ] u(t)
at —x(t)—xl—wlh’lzl+(Ml_m<u(t)_U1_U11nm>
6+ p y(t)
st (U0~ )

Pz v(t) p(0 + 1)y 2
+ S (v(t) T lnvl) + %0 + 1l — 1))es (Z(t) — zl) .

Calculating the derivative of A, (t) along positive solutions of system (2) yields

d/;zt(t) _ <1 - ;&)) (A — dx(t) — Bra(t)v(t) — Boz(t)y(t))
) Uy
H ) (1 - u(t)) (fBrax(t)v(t) + nBaa(t)y(t) — pu(t) + du(t))

0+ p Y
+5+u(1n)(1 y<t>>

x (1= f)Bra(t)v(t) + ou(t) + (1 —n)Baz(t)y(t) — ay(t) — py(t)=(t))

Brz1 U1
i - (1 — v(t)) (Nay(t) — ov(t))
p(d + Wy (2(t) = z1) (cy(t) — bz(t) — my(t)=(t)). ©

b( + (1 —n))z

Substituting equalities A = dz1 + S1z1v1 + Baz1yr, fBix1vr + nbaziyr = (1 + O)ua,
ayr = (1 =n)Brz1v1 + (1 —=n)Baz1yr +dur — py121, Nays = ovy, cyr —my121 = bz
into Eq. (6) yields
dAa(t) du <2_ z(t) 951) (6 + ) (1 — n)Baa1y (2_ I l‘(t)>
dt ! . z(b) 5+ p(1—n) o(t) @
dnBrzivy ( 1 z(t)u)ur  yu(l) U1y(t))
TR = =
6+ p(1—n)

z(t)  mwvu(t)  yHur v(On
(6 + p)(1 = n)Brriv; r1 z(v)yr  vy(t)
T (3 O - )

x(t)  zoy(t)  v(t)n

https://www.journals.vu.lt/nonlinear-analysis
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onBaz1y1 (3 o z®)y®)ur ylu(t)>
6+ p(l—mn) o(t)  myu(t)  y(Hwm
p(d + wy 2
B (b+my(t)) (2(t) — 21)". @)

It follows from Eq. (7) that Ay(t) < 0. Furthermore, Ay(t) = 0 holds if and only if
z(t) = z1, u(t) = u1, y(t) = y1, v(t) = vy and z(t) = z1. It can be verified that My =
{E\} C £ is the largest invariant subset of {(x(t), u(t),y(t),v(t), z(t)): As(t) = 0}.
By LaSalle’s invariance principle, we conclude that the chronic-infection equilibrium
FE; of system (2) is globally asymptotically stable when 7 = 0 under the assumption
f=n O

5 Persistence of infection

In this section, we will prove the uniform persistence of system (2) when Ry > 1.
Let X be a metric space with metric d. Suppose that X is an open setin X, X° C X,
XN X =0and X° U Xy = X. Furthermore, Q(t) is a Cy-semigroup of X satisfying

QM) : X" —= X° X, — Xo. (8)
Let Qo (t) = Q(t) | Xo, and let Ay be the global attractor for Qy(t).
Lemma 1. (See Hale and Waltman [9].)Suppose that Q(t) satisfies (8) and the following

conditions are valid:
(i) Q(t) is point dissipative in X.
(ii) There is a tg > 0 such that Q(t) is compact for t > t.
(iii) Ap = UxGAa is isolated and has an acyclic covering M = {My, Ms, ..., M,}.
(v) WS (M)NX"=0,i=1,2,...,n

Then Q(t) is uniformly persistent in the sense that there exists ¢ > 0 such that, for any
r € XO liminf, {0 d(Q(t)X, Xo) > € where d is the distance of Q(t)z from X,.

By applying Lemma 1 to system (2), we obtain the following result.

Theorem 5. If Ry > 1, system (2) is uniformly persistent, i.e., for all solutions of
system (2) with initial condition (3), there exists an ¢ > 0 such that

liminf x(t) > €, liminf u(t) > €, lminfy(t) > e,
t—+o0 t—+o0 t—+o0
liminfv(t) > e, liminf z(¢) > e.
t—+oo t—4oc0

Proof. Let X = C([—7,0], R). Define

Xo = {(¢1,¢2,¢3,¢4,¢5) € X: (152(9) =0, ¢3(9) =0, ¢4(9) =0, ¢5(9) = 0},
X0 = X/Xo.

Nonlinear Anal. Model. Control, 28(1):1-19, 2023
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It is easy to see that X% N Xy = () and X° U X, = X. Basic analysis of (2) implies that
Xy is a positive invariant set for system (2). The positive invariance of X follows from
Theorem 1 and simple analysis of (2) when any initial component is zero. Therefore, (8)
is satisfied.

For any initial condition (¢1, @2, @3, P4, ¢5) € X, define Q(¢t) fort > 0 as

Q(t)(p1, b2, b3, b4, 05) := (x(t),u(t), y(1), v(t), 2(1)),

where (2(t), u(t), y(t),v(t), z(t)) is the solution of (2) with initial condition (¢1, ¢2, ¢3,
¢4, ¢5). Then {Q(¢)}+>0 is a Cop—semigroup. By Theorem 1, we have that Q(t)(¢1, ¢2,
&3, 4, ¢5) is dissipative in X and hence condition (i) in Lemma 1 is satisfied.

Next, it is easy to know that the equations in the right-side of system (2) are in C',
and the solutions of system (2) with initial conditions (3) are ultimately bounded. Con-
dition (ii) in Lemma 1 follows from the smoothing property of solutions of neutral delay
differential equations [10] that there is a ¢y > 0 such that Q(¢) is compact for ¢ > t.

Note that system (2) has an unique boundary equilibrium Ey(A/d, 0,0, 0, 0). For any
initial condition (¢1, @2, @3, P4, d5) € Xo, we have u(t) = 0, y(t) = 0, v(t) = 0,
z(t) =0forallt > 0and z(t) — A/d ast — +o0. Hence { Ey} contains all w-limit sets
in Xj. By Theorem 2, we have that Fj is unstable if Ry > 1. Then {Ey} is isolated and
has an acyclic covering, condition (iii) in Lemma 1 is satisfied.

Since
R — aN(1— f)BiA+o(L—n)BaX | aNJdfBiN+ adnfa)
0 ado ado (6 + p)
_aNBN(A = Hut+d]  BAA—nu+0]
B ado (8 + 1) ado (6 + 1) ’

we can choose ¢ > 0 sufficiently small such that

ao(p + ) + poe(p + 9) A
aNB (1 = flu+ 0]+ Bo[(L—n)p+9d] ~d

Now we show that W*(Ep) N X° = (. Suppose W*(Ep) N X° # 0, there exists
a positive solution (z(t), u(t),y(t),v(t), z(t)) such that (z(t),u(t), y(t),v(t), 2(t)) —
(A\/d,0,0,0,0) as t — 0. For € > 0 sufficiently small satisfying (9), there is ty > 0 such
that when ¢ > ¢, we have z(t) > A/d — ¢, z(t) < e. Hence, it follows from system (2)
for t > tg,

9

A0 > 1 (2 - e)vu) " nﬁz@ - e)yu) )
WO > = pa (G =)o+ - w5 - )ut

+ 0u(t) — ay(t) — py(t)e,

) = Nay(t) — ov(t).

https://www.journals.vu.lt/nonlinear-analysis
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Consider the following auxiliary system:

du(it(t) = {53 (;\ - e)ug(t) +nps (2 - e) ug(t) — (1 + O)uy (1),

e _ 1 g (2 - ) us(t) + (1 — )P (2 - e)um o
+ oup(t) — (a + pe)usa(t),

du(;(t) = Naus(t) — ous(t).

Clearly, system (10) has a unique equilibrium (0, 0, 0). The characteristic equation of (10)
at the equilibrium (0, 0, 0) takes the form

G(s) =3+ 9282 +91s+90=0,
where
go=— (2 — 6) (aNB (1= f)u+08) + B2((1 —n)u+9))
+ao(d + p) + poe(p + 90),

1= ~a(1 =) (5 =€) (u-+0) + i+ 6) + pelu+9) + o+

+aa+pae—aﬁg(1—n)<2—e> +Naﬁ1<2—e) —(577ﬁ2<2—6>,

A
ggz—ﬁg(l—n)<d—e)+a+pe+a+u+6.

If Ry > 1, it is easy to see that for real s, lims_, 4o, G(s) = +00, and it follows from
Eq. (9) that

G(0) = - (2 - e> [aNB: (1= Fi+0) + Ba (1 —ma+9)]
+ (6 + p)(a+ pe)

<0.

Therefore, G(s) = 0 has at least one positive real root. Hence, the unique equilibrium
(0,0,0) is unstable. It follows from that uy — +00,ugs — +00 and ug — +o0 as t —
+00. By comparison, we obtain that u(t) — +oo, y(t) — +oo and v(t) — 400 as
t — +o0. This contradicts lim;, 4o (2(t), u(t), y(t), v(t), 2(t)) = (A/d, 0,0,0,0). Hence
W3(Eg) N X°= 0, condition (iv) in Lemma 1 is satisfied. This completes the proof. []

6 Hopf bifurcation
In this section, we will identify parameter regimes in which the time delay can destabi-

lize the stability of chronic-infection equilibrium E1 (z1, w1, y1,v1, 21) and lead to Hopf
bifurcation.
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The characteristic equation of system (2) at equilibrium Ey(x1,uy,y1,v1,21) is of
the form

85 + l4$4 + 1353 + 1282 + 115 + ZO + (h383 + h282 + h18 + ho)eis‘r = O, (11)

where

—mpo\y, 21

lo = (14 0) — Napi A [ (1 — f) + 6] (b + my1) — o6nBaX(b+ my1)

T
+ 20 )+ ({1 — )y +a+ )

+ 6(NapBr + 0B2) (1 + 0)uq (b + mys)

+ (Napy + aB2) (1 +6)(b+my1) (1 = f)Brzivr + (1 —n)Baa1yr),

—mpAy1 21

h= (0 +p+6) —mpo(p+6)yi121

z1
+a(b+my1)(p+6) [~ (1 = n)Baz1 + a + p2]
+ Naprz(b+myr) [(1 = f)Bror + (1= n)Bayn] — Na(l — f)BiA(b + myr)

A
+ Z—(b+my1)[u+6— (1 —n)B1 + a+ pz |
1

— 06nBax1(b+ myy) + Pax1(b+ myy + o) (p+0)((1 = f)Brvr + (1 —n)Bayr)
+ NaBrz16(fB1v1 + nBayr)

+ Bax1 (b +my1 4+ o) (4 0) ((1 — f)Brvr + (1 —n)Bay)

— a6nPaxi(b+ my1) + Bax16(b + my1 + o)(fBrv1 + nBayr)

~ Naua: (u(1 - f)+ ) (b T— 2)
+ g%(b +my1 + o) (p+6)[—(1 — n)Baz1 + a + pz]
+ [0B2(b+my1) + Nafi(u+6)] [(1 = f)Brzivr + (1 — 1) Bazry]
— 6nB2A(b+ my1 + o),
ly = Bow16(fBrvr + nPayr) + o (b +myy) (;1 +pu+d—(0Q—n)B1+a +pzl)

+ Naprzi [(1 = f)Bror + (1 —n)Bayi]

+ (b+my1 + o) (p + 8)[~(1 = n)Baz1 + a + pz]

+ 2 0) (=1 =)o + 0+ pa)

+ Baar(b+myr +0)[(1 = f)Bror + (1 —n)Bayn] — mpyrz1 <M +0+ 2)

A
+ ;(b+my1 +0)(u+6 +a+pz — dnPar)
1
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+ Baw1 (4 0) (1 = f)Bror + (1 —m)Bayn — (1 — 1))
— Na(1 - f)p1z1 <b+ myy + ;\1),
l3 = —mpy121 — Na(1 — f)Brz1 + %[M + 60— (1 =n)fax1 +a+ pz]
— dnBaar + o (b+myr) + Baa1 [(1 = f)Brvr + (1 —n)Bayn]
+(b+my1+a)<;\1+u+5—1—(1—n)ﬂ2x1+a+pzl)
+ (p+8)[—(1 = n)Box1 + a+ pz],
l4:b+my1+0+£+u+57(1—77)52:cl+a+pzl,

cpy1oA
Tl

A
ho = (1 +9), h1=cpy1{x(0+u+5)+0(u+5)],
1

hgchyl(a—i—u—&-é—i-;\l), h3 = cpy;.
When 7 > 0, if iw (w > 0) is a solution of Eq. (11), separating real and imaginary parts,
we have
Lyw* — low? + lg = (h2w2 — ho) COS WT — (h3w3 — hlw) sin wr,
WP — lgwd + lw = (h3w3 - hlw) COS WT + (h2w2 - ho) sin wr. (12)
Squaring and adding the two equations of Eq. (12), it follows that
W% + kgw® + ksw® + kaw® 4+ k1w? 4+ ko = 0, (13)
where
ko=12—h2, ki = —2lgly + 12 + 2hohy — 3,
ko = 13 + 2loly — 21113 — h3 + 2hyhs,
ks = —2laly +13+21y — b3, ky =13 -2l
Letting £ = w?, Eq. (13) becomes
H(E) = & + ksl + k& + ka&® + k1€ + kg = 0. (14)

Suppose now that Eq. (14) has positive real roots. Without loss of generality, we assume
that Eq. (14) has m (1 < m < 5) positive roots denoted respectively as §; < o < -+ <
&m. Then Eq. (13) has m positive roots w; = /&, (1 < j < m). According to Eq. (12),
we get

(l4(¢);L — ZQ(JJ]? + lo)(hgwg — h()) + (w? — lgw? —+ lle')(hgu}? — hle)
(hzwjz - h0)2 + (hgw;)»’ — h1Wj)2

cos(w;T) =

= p(wj).

Nonlinear Anal. Model. Control, 28(1):1-19, 2023
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Thus
j _ arccos o(wj) n 2nm
n )
Wi Wi
where j = 1,2,...,m and n € NT. Then *iw; are a pair of purely imaginary roots

of Eq. (13) with 7 = 7J. Let s(1) = a(7) + iw(7) be the root of Eq. (11) satisfying
a(r?) = 0 and w(7}) = w;. Define

_ ; J — .
To = 1g}1<nm{7(0)}, Wy = Wjo- (15)

Substituting s(7) into Eq. (11) and calculating the derivative with respect to 7, we obtain

o _ L

ds _1_ 5s* 4+ 41483 + 3138 + 2las + 4 3h3s? + 2hgs + hy T
(8% lyst 1383 +1as2 +1is+1g)  s(hzs3 4+ hos2 4+ his+hg) s

Direct calculation yields
dRes)\ " (bwg — 3lawd + 11)(wh — l3wd + liwo)
( dr ) (wh — l3wd + liwo)? + (lawg — low? + 1p)?
(2lawo — 4lgwd) (laws — lawd + o)
(wh — lswd + liwo)? + (Lywg — lawd + 1p)?
(3hswg — h1)(—hawd) + hiwo + 2howo(—hawd + ho)
(hawi — hiwo)? + (ho — haw?)?

T=To

From Eq. (12) we conclude that

(w§ — Lswd + hiwo) + (lawd — owd +10)” = (hawd — hawo)” + (ho — haw?)”.
1(, 2
— wo H'(wg)

dRes)\ "
dr r—ro (hawi — hiwo)? + (ho — hawg)?’

Since wp > 0 and (hzws — hiwo)? + (hg — haw?d)? > 0, it follows that

ol G2}l ()

dr
From what has been discussed above we have the following result.

Thus

} = sign{H (?)}.

T=To

Theorem 6. Let wy and g be defined by (15). If Rg > 1, the following conclusions are
valid.

(1) IfEq. (14) has no positive root, the equilibrium E1 is locally asymptotically stable
for T > 0.

(i) If Eq. (14) has at least one positive root, the equilibrium E; is locally asymp-
totically stable for 0 < T < Ty and becomes unstable for T > T1y. Further, if
H'(w}) > 0, system (2) undergoes a Hopf bifurcation at E1 when T = 7.

https://www.journals.vu.lt/nonlinear-analysis
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7 Simulation and discussion

In this section, we want to illustrate the theoretical results for system (2) by numerical
simulations. Here we choose initial condition (20, 0.6, 5,400, 5), and the relevant param-
eter values of system (2) are listed in Table 2.

We choose parameter values being listed in Table 2. By calculation, we get Ry =
39.9733 > 1, 79 = 1.743, and system (12) has a chronic-infection equilibrium F; (21.98,
0.6227,7.321,365.1,11.74). From Theorem 6 we derived that the equilibrium FE; is
locally asymptotically stable when 0 < 7 < 79 and becomes unstable for 7 > 7.
Numerical simulations illustrate this fact (see Figs. 1 and 2), and system (2) undergoes
a Hopf bifurcation at £; when 7 = 7 (see Fig. 3).

Table 2. The data of parameters of system (2).

Parameters values Unit Source Parameters values Unit Source
A 10 cells/mm3 /day ~ [24] a 0.5 day~! [18]
d 0.03  day~! [24] p 0.08 mm? /cells /day [23]
51 0.001  mm3 /virion/day [24] N 200 mm3 /cells/day ! [24]
B2 0.01  mm3/virion/day [1] o 2 day~! [1]
f 0.001 - [18] T varied day ~ Assume
n 0.003 - [24] c 0.65 mm?3 /cells /day [24]
i 0.01  day! [19] b 0.06 day~—! [24]
5 0.01  day! [19] m 0.05 cells~1 /day Assume
25 0.625 9.5
24 0.62 9
8.5
23 0.615 8
322 il 75
13/21 :o.eos = 7
6.5
20 0.6
6
19 0.595
55
18 100 200,00 200 0 0P 100 200 . 300 400 500 °0 100 200 . 300 400 500
480 1
460
440 1
420
9
400
8380 € 8
= N
360
340 7
320
6
300
280 100 200 300 400 500 s 0 100 200 300 400 500

t

t

Figure 1. The immune-activated equilibrium E7(21.98,0.6227,7.321,365.1, 11.74) of system (2) is locally
asymptotically stable when Rg > land 7 = 1 < 79.
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400 600 800 1000 o 200 400 600 800 1000
t

400 600

t

Figure 2. The immune-activated equilibrium F1(21.98,0.6227,7.321,365.1,11.74) of system (2) becomes
unstable when Rg > 1 and 7 = 3 > 79.
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2500 70
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Figure 3. The bifurcation diagram of system (2) when A = 10, d = 0.03, 0 = 2, ¢ = 0.065 and the other
parameter values are the same as those in Table 2.
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B2
B1

-1 -0.5 0 0.5 1
Value of correlation coefficient for outcome R

Figure 4. Tornado plot of partial rank correlation coefficients in respect to Rg.

‘We have shown that the disease will die out if Ry < 1, and if Ry > 1, the virus and
the CTL cells persist in the host. In addition, as shown in Fig. 3, we see that a thresh-
old 7y for the CTL immune delay was identified to characterize the existence of Hopf
bifurcation at the chronic-infection equilibrium £E* when the CTL immune delay cross it.
This implies that the CTL immune delay 7 plays an important role in destabilizing the
chronic-infection equilibrium and leading to periodic oscillation.

In terms of the treatment of HIV infection, we pay more attention to antiretroviral
therapies, which is directly related to viral production rate and viral remove rate. Be-
sides, it is noted that the antiviral activity of bNAbs results from antigen-binding site-Env
interactions that block entry of cell-free virions as well as viral cell-cell transmission
in vivo [2]. Since the basic reproduction ratio R is a threshold determining the global
dynamics of the model, we analyze the effect of parameters 31, 52, a, N and o on R
by LHS with 500 samples and partial rank correlation coefficient [13]. As we can see in
Fig. 4, 51, B2 and N are positive correlative variables, while others are negative correlative
variables.

8 Conclusion

In this paper, we have considered an HIV infection model with latent reservoir, both
virus-to-cell and cell-to-cell transmissions, delayed CTL immune response and immune
impairment. By a rigorous mathematical analysis, it was shown that the global dynamics
of system (2) is completely determined by basic reproduction ratio . Supposing that
f=n,if Ry < 1, it was verified that the infection-free equilibrium Ej, is globally asymp-
totically stable, and time delay has no effect on the dynamics of system (2). If Ry > 1, the
infection-free equilibrium Ejy becomes unstable, and the chronic-infection equilibrium E;
is globally asymptotically stable when 7 = 0. On the other hand, the threshold of CTL
immune delay is calculated to characterize the existence of Hopf bifurcation at chronic-
infection equilibrium E; when CTL immune delay crosses it. This implies that the CTL
immune delay 7 plays an important role in destabilizing the chronic-infection equilibrium
and leading to periodic oscillation. Biologically, this explains the sudden jump in viral
load among patients with viral suppression under ART when ART is stopped.

Nonlinear Anal. Model. Control, 28(1):1-19, 2023
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