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Abstract. In this paper, by introducing a relativistic Schrédinger tempered fractional p-Laplacian
operator (—A)>"\", based on the relativistic Schrodinger operator (—A + m?)*® and the tempered
fractional Laplacian (A + A)ﬁ/ 2, we consider a relativistic Schrodinger tempered fractional
p-Laplacian model involving logarithmic nonlinearity. We first establish maximum principle and
boundary estimate, which play a very crucial role in the later process. Then we obtain radial
symmetry and monotonicity results by using the direct method of moving planes.

Keywords: relativistic Schrodinger tempered fractional p-Laplacian operator, direct method of
moving planes, logarithmic nonlinearity, radial symmetry and monotonicity.

1 Introduction

In recent years, the study of the Schrodinger operators have attracted widespread attention
from researchers. These operators appear in a variety of different fields, for instance,
physics, wireless electronics, telecommunication technology, materials science, mechan-
ics, industrial communication technology, and automation technology. Fall and Felli in
[13] introduced the relativistic Schrodinger operator (—A + m?)*, which is for each
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s € (0,1) and u(z) € C=(RY),
(=A +m?) u(x)

N+2s)/2 —u(y)
=Cns mN+2s)/ PV/xy|(N+23)/2 (N+2s)/2(m|33_y|)

+ m*u(x),
where PV indicates the Cauchy principal value,

_ ol1-N/2+s_—Nj2.92s S(1 —8)
Oy = 217N/ 2Hsg=N/29 T@ s

K is the modified Bessel function of the second kind with order 7, meanwhile, they ob-
tained the asymptotics of solutions to relativistic fractional elliptic equations with Hardy-
type potentials. The properties of solution for a nonlinear pseudorelativistic Schrodinger
equation in R"V were proved by Ambrosio [1]. Based on a singular homogeneous po-
tential, the essential self-adjointness of a relativistic Schrodinger operator was obtained
by Fall and Felli [14]. Dai, Qin, and Wu [10] studied the properties of solutions for
several types of equations with respect to the operator (—A + m?)* in two kinds of
domains, respectively. Some other research results about this operator can be found in the
literatures [5, 15,19, 20] and the references therein.

As we all know, in a 3-stable Lévy process, the nonlocal operator fractional Lapla-
cian (A)#/2 as the infinitesimal generator is used to describe the anomalous dynamics.
For Lévy flights, the £ with finite first moment and 7 with infinite second moment are
independent, leading to infinite propagation speed and the divergent second moments of
the distribution of the particles. This causes much difficulty in relating the models to
experimental data, especially when analyzing the scaling of the measured moments in
time. In order to overcome the shortcoming that it sometimes does not simulate some
real physical processes very well, [11] introduced a sufficiently small parameter A to
exponentially temper the isotropic power law measure of the jump length, which generates
the tempered fractional Laplacian (A + \)5/2 as follows:

B/2y () — — ) — u(y)
(A + NP 2u(z) = CNﬁ)\PV/e)\lx y‘|£7y|N+de

where 0 < 8 < 2, Cngn = ['(N/2)/(2nN/?|T'(—B)|). This operator has attracted the
attention of many scholars, and many excellent results have emerged [12,27,28].

Based on the above work, we consider a relativistic Schrodinger tempered fractional
p-Laplacian operator defined by

(~A); 5 u(a)

P,A

-2
- e/ o [ 100@) = u@)P (@) = u@) K v 2(mlz — y))
= CN,spm PV/ e)\‘gx—y||x7y|N+Sp

dy

+ mPu(x), e (D
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where PV represents the Cauchy principal value, A is a sufficiently small positive con-
stant, m > 0 is a constant, /', denotes the modified Bessel function of the second kind
with order 7 having the following property [18]:

K. (r) ~ \\/f%r_lme_" for r — oo.

For integral (1) to make sense, let u € C\2' N Ly, and

—lz]

_ . RN e "u(z)|
Lsp_{u.R —>R’/1+|x|(1\f+1)/2+sdx<oo .
RN

It is worth noting that the above operator can degenerate into the following different
operators when the parameters take different values.

(i) When p = 2, A = 0, the relativistic Schrodinger tempered fractional p-Laplacian
(=A);’’ becomes the relativistic Schrodinger operator (—A + m?)*; based on
this, when m — 04, (—A + m?)® turns into the familiar fractional Laplacian
(=A)*.

(i) When p = 2, K, () = 1, m — 04, (=A);’\" turns into the tempered fractional
Laplacian (A + \)#/2.

(iii) When A = 0, K;(-) = 1, m — 04, (=A))\' transforms the well-known

fractional p-Laplacian (—A)5.

Over the past decades, many scholars have done a lot of splendid work on fractional
Laplacian, nevertheless, in view of its nonlocality, conventional methods are no longer
effective. To surmount the difficulty of nonlocality, an extension method was introduced
for transforming the nonlocal problem into a local problem in higher dimensions by
Caffarelli and Silvestre [3], which provides a key to solve a class of nonlocal problems;
see [2,4,8]. An alternative way to overcome the nonlocality is to apply the integral
equations method [17, 18,29].

Jarohs, Weth, Chen, C. Li, and Y. Li jointly introduced the direct method of moving
planes, then it was used to work out the different kinds of problems involving various non-
linear operators, there exist some results by applying this efficient and convenient method
to research the solutions of fractional Laplacian or fractional p-Laplacian equations and
systems; see [6,7,9,16,21-26].

Enlightened by the brilliant work above, in this paper, we consider the following
relativistic Schrodinger tempered fractional p-Laplacian equation with logarithmic non-
linearity:

(—A); N u(e) = [g(u(z) + 1)), @)

here 0 < s < 1,2 < p < oo. At present, as far as we know, the research results
of the relativistic Schrodinger tempered fractional p-Laplacian model with logarithmic
nonlinearity by using analytical methods have hardly appeared. Next, we obtain the radial
symmetry of positive solution of Eq. (2) by the direct method of moving planes in the unit
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sphere and whole space, respectively. So this is also a new attempt to study the symmetry
of the solution of the equation involving this kind operator.

To get our main theorems, we need the following notations and lemmas in preparation,
which play a pivotal role in the process of moving planes.

2 Notations and lemmas

We define that

T = {x eRY | zn = « for some o € R} is the moving plane,
Zo={zeRY | 2 < a} is the region to the left of .7,
% = (2a — 1,9, ...,xN) is the reflection of © = (z1, z2, ..., zN) about F,.
Meanwhile, we denote
uq(x) = u(z®), Wo(z) =u(z®) — u(z), 2, = {x ‘ ¥ € Xy}

Lemma 1. Let 2 be a bounded region in . Presume u € Ly, N CL(02). If

(—A)) Nua(z) = (=A)) Nu(r) 20, =€, )

W (x) =20, zeX\,
then

H(x) 20 inf.
Go a step further, provided that % (x) = 0 at certain point in (2. Then
W (x) =0 almost everywhere in R™ .

When 2 is an unbounded region, the following further assumption is required:

lim #(z) > 0.

|| — o0
Then the same conclusions hold.
Proof. If # (x) > 0in 2 is not true, then there exists a point & € {2 such that
W (&) = m!%n%// < 0.
To simplify writing, let £(¢) = |t|P~2¢. Then £/(¢) = (p—1)[t|P~2 > 0, same as follows:
(=A); N ua(®) = (=A) N u(#)

= Oy spm(N+sp)/2
PV [L(ua(?) — ualy)) — L(u(@) — wy)| K (N 1sp)/2(m|2 —y|) q
A=yl — y|N+op Y
RN
+ M (2)
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— Oy aym N2

{ / [£(ua(F) — ua(y)) — £(u(@) — u(y))| K (vrsp)/2(ml2 —y|) dy

x PV e)\‘i_y||i'_y|N+$p

L(un(Z) —u — L(u(Z) — uq K(Ntsp)y2(m|@ —y®
+/[ (ua () — uly)) eA|Ez(ya)@_y(i/|)z)v]+s;N+ y/2(mlE —y I)dy}
b))

+ mP W (7)

= O.gymNFP)/2

1 1
" PV{ / in—yu@ — gVt eXEutl]E — yal“*“”]
X

X [L(ua(E) = ualy)) — £(u(2) — w(y)) | K(ntsp)2(m|E —yl) dy

L(ua () —ua(y)) — L(u() —u(y)) +L(ua () —u(y)) — L(u(®) —ua(y))
e)\\i—y“| |§7_ya |N+sp

+

M\

X K(N4spy/2(m|2 —y®|) dy

e>\|§:—ya\ |i- _ ya|N+sp

+/ [£(ua(E) — ua(y)) — L(u(2) — u(y))]
5
< [K(ntsp) /2 (mlE = yl) = Kvsspy 2 (mlE — )] dy}
M ()
= C’N)San(N-&-s;v)/2 PV{H, + Hy + Hs} + m* ¥ (%). )

To estimate H;, we observe the fact

1 1
N—ul[3 — y| N+ ~ N[5 — yo|NFep

Ve, ye X
due to
[ta(2) = ua(y)] = [u(@) —uly)] = #(2) = #(y) <O but 0.
In view of the strict monotonicity of £ and K'(n4spy/2(m|Z — y[) > 0, we have
[£(ua() — ua(y) — £(u(@) — u(y)) K (n+sp)/2(mle —yl) <O but #0.
Therefore,

H, <O. (5)

https://www.journals.vu.lt/nonlinear-analysis
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To evaluate Hs, by applying the mean value theorem, we obtain

Hy = /[S(Ua(fc)—ua(y))—S(U(i)—U(y)) + £(ua(@) —u(y)) — L(u(@) - ua(y))]

eAME—y*| |i. _ ya‘N+5p

X K(Nysp)/2(m|z —y*]) dy]

) [ D00,

eAE—ye| |:i. _ ya‘N-&-sp

(6)

As for Hs, by reason of the fact
[ua (@) = ualy)] — [w(@) —uly)] = #(&) = #(y) <O but #0,
& —yl < |2 -y
and the monotonicity of £ and Ky p)/2(-), we have
H; <0. (7
Combining (4), (5), (6), and (7), one can deduce
(—A); N ua(®) = (=A) N u(®) <O0.
This inequality is in contradiction with the first condition in (3), therefore
W (%) = 0.
In case of # (x) = 0 at some point x € X, equivalently, z is the minimum point of % in
2,50, Hy = 0 and H3 = 0. Now, in the light of the first inequality in (3), we get H; > 0,
which stands for
[£(ua (@) = ualy)) = L(u(@) — uy)) | K(n+sp)/2(mla = yl) > 0.
Considering the monotonicity of £ and the fact of Ky ) /2( -) > 0, we have
[ua (@) — ua(y)] — [u(@) —u(y)]
=W(x)—W(y)=—#(y) >0 foralmostally € X.
Consequently,
# (y) =0 almost everywhere in X,

besides, since #(z) is antisymmetric with respect to =, # (y) = 0 is established almost
everywhere in RYN. If 2 is unbounded, in this case, in view of assumption

lim # () >0,

|z|— 00
if
W (x) 20, zeX,
does not hold, there is a point z € X' such that x is the negative minimum point of

# (x). Being similar to the above discussion, one can find a contradiction. The proof is
completed. O
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Lemma 2. If #,, > 0 for x € X,,, there exist two sequences {au} (o \y o) and
{a*} € X, such that

W, (iEk) =min#,, <0 and ¥ = 2°€0X,,.

g
Define
b = dist(xk,aﬂak) = ’ak — xm
Then
(=AY Tug, (2F) = (=AY Tk
(D)o, () — (AR
Lk—>0 Lk

Proof.  Similar to the calculation in (4), we can get

(=), N oy, (2%) — (=A); N u(a?)
Lk
Cn Spm(N+sp)/2

25

PV ! !
X p—
eMzk—yl |.Z‘k _ y|N+sp e)\|xkfy°‘k||xk — yon |N+sp
X

X [£(ua (2*) —ualy) =£(u(a®) —u()  Kxssp) 2 (mla* —y[) dy

(N-+sp)/2
™ (a)

Lk
y PV/ [€(&(y)) + £ W) (Ntsp)j2(mlzF — yo+))
X

d
e)\\xk—y‘lkuxk _yak|N+sp Y

ag

| CggmVtor2

Lk

(g (F) = uy, — S(u(zF) —u
c py [ linle!) )~ Sutat) - i)
>,

X [K(nyspyj2(m|e® = y|) = Knvpapy2(m]2® —y*])] dy
n mP W, (z*)

Lk
mP W ()

= CN,spm(N+Sp)/2 PV{Hlk + H2k +H3k} 4 ;
k

Apparently,
Hgk < 0 and H3k < 0.

https://www.journals.vu.lt/nonlinear-analysis
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As for Hyy, on the grounds of the mean value theorem, we have
1 1 1
u [Nt l[gh — y[NFsp - eAlat =y k| gk — g | Nsp

_ 2(N + sp+ Aer(®)) (% — yn)
T W[y (y) | N2

2(N + sp + Mwo(y)]) (o — yn)
eAleoWlpg (y) [N ot

>0, k— oo,

where |27 — y| < |or(y)| < [2F — ], [2° — y| < |eo(y)| < [2° — y°|. Due to the
monotonicity of £ and K(nysp)/2(-) > 0,

[ag (2°) = Uag (y)] = [u(@®) = u(y)] = Hay (2°) = Wa, (y) < 0.
We have
(20 () — (1)) — Su(a*) (@) Kvsepyz(mla® — yl)
= [L(thag (27) = Uy (4)) — L(u(@®) — u(y)] K(ntsp)/2(m|z® —y|) <0

forall y € X, when k — oo.
Hence

3 Main results

In this part, we give two theorems, which describe the radial symmetry and monotonicity
of positive solution in B;(0) and RY, respectively. The two theorems are also based on
the previous two lemmas by means of the moving plane method.

We first consider the following problem in a unit ball:

(=2 u(z) = [ig(u(z) +1)]",  z € Bi(0),
u(z) =0, x¢ B1(0).

®)

Let us call
2, =X, N B1(0), S =X\ 2.

Theorem 1. Ifu(z) e CLY(B1(0)) N C(B1(0)) is a positive solution of (8) with p+q > 1,

loc
then u(x) will be radially symmetric and monotone decreasing with respect to the origin.

Proof. In (2, we have

(p+ @)llg(u(z) + Pt
u(z) + 1

(—A), N ta(w) = (=A) N u(z) > Holz). )

Nonlinear Anal. Model. Control, 28(1):20-33, 2023
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Step 1. In this step, we prove that when o > —1 and approaches —1 sufficiently,
Wo(x) 20 Ve 2,. (10)
If not, there is a point Z € {2, such that

Wo(Z) =min ¥, = Hzl‘in W, < 0.

@ e

(—A), N ta(E) = (=A), X u(@)

— O yymN+eP)/2

1 1
% PV{E/<ekli—y|5g — y|N+sp N e/\\i—y°l|5; — ya|N+sp)
X ['S( ( ) ) ( ( ) _u(y))]K(N+sp)/2(m|‘%_y|)d

ta(y)
i [ LR,

x

n / [£(ua(T) = ualy)) = £(u(Z) - u(y))]

eAME—ye| “% _ ya|N+sp

< [K vsmyy2 (mlE — 4l) — Ko sopyz(ml@ —yo])] dy}

+ mPH(T)
/ / vl «
(N+sp)/2 ~ [’S (g(y)) +£ (77( )]I((NJrsp)/Q(’rnlaj ) |)
< COpn,spm Wao(Z) / AE—T|3 — yo | N+sp dy

Ya
— CNS N+sp)/27/ ( )J

where
£(y) € (ua(@) = ualy), u(@) — ualy)),
1(y) € (ual@) —uly), u(@) —uly)).

With the help of Lemma 3.1 in [6], considering u(y) = 0 in the region of S, we can get

P—2(\K —
g [av (T) K (N4sp)/2(m|T — y*|) dy
erE Yy ‘|(I;—y |N+sp
. uP—z(i)K(N+Sp)/2(m\@ — ya|) d
-« ATy — yo|[N+sp

Cur=2(3)
)\ém(N+sp)/25(N+35p)/2 ’

where § = (a + 1) is the width of (2, in x y-direction, ¢; and C' are positive constants.

https://www.journals.vu.lt/nonlinear-analysis
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For 0 sufficiently small,

(—A)ﬁ/2’mua(i‘) . (—A)ﬂ/2’mu(i‘) . (p+ Q)[lg(£(£)+1)]p+q_l Wa(i‘)

PA PA &(z)+1
. CuP—2(z) (p + @) llg(u(@) + 1)t
S COnsp¥al(T [e,\am(zv+sp)/25(1v+3sp)/2 - u(@)+1 ]

o [Cu (@) (@) +1] = (p+q)erm 25N 2 Ig (u (i) 1))
e)\ém(N+‘9;())/25(N+3sp)/2[u(i-)_F1]

<0,
where C'is a positive constant, which contradicts with (9). As aresult, when « approaches

—1 enough, (10) must be established.

Step 2. In this step, we will use the initial point provided in Step 1 as a starting point
to gradually move the plane from left to right. As long as (10) is true, we can keep moving
the plane all the way to the limit position, which is defined .7,,, here

ag=sup{a<0|#, >0,z 2, n<a}.

Next, we show that ap = 0 to obtain the radial symmetry of u(x) of (8) with respect to
the origin. If not, a < 0 because of %, # 0. By Lemma 1 we get

Woo >0, € (2,.

From the definition of « there are sequences {a} (o, \, @) and {z*} € £2,, , which
meet
Wa, (a;k) =min%,, <0 and V¥,, (a:k) —0

o
There exists a subsequence {z*} — 0. In addition, since #,(x) and V#,(z) are
continuous with respect to a and x, one gets
Voo (2°) <0, 2° € 0%, V¥ (2") =0.
For k — o0,
Wy (2°)
2%

— 0.

However, from another perspective, from Lemma 2 the limit of the above expression is
less than zero. Consequently,

ag =0, #o(z) =20, x€ .
Due to the arbitrariness of the direction of xx, we can draw a conclusion that u(x) is

radially symmetric and monotone decreasing about the origin. O

Nonlinear Anal. Model. Control, 28(1):20-33, 2023


https://doi.org/10.15388/namc.2023.28.29621

30 W. Hou, L. Zhang

Theorem 2. Assume that u(z) € C’I{)’i (RN) N Ly, is a positive solution of (2) with
p+q<1land

u(zx) ~ el"’”‘_v(m), |z| — oo, (11
where
_ 2sp + 1 p—1
< — 1 - —15. 12
() < mind 5 2P ool 220 -1} (12)

Then u(x) will be radially symmetric and monotone decreasing about some point in R™ .

Proof. According (2),

sm sm o (p+@lg(x) +1)ptat
(=A)) N ua(z) = (=A)) Nu(z) = o) 11 o),

where £(z) is between u(x) and u ().
Step 1. In this step, we show that

Wo(x) 20 forxe X, a— —occ. (13)
If (13) is not true, there is a point where the following inequality must be true:

o () = r%in We < 0.

Let M = |&

, we pick a point z; € Y, which meets
BM(IM) c XY, and |1‘M| =TM,

here T is a large enough number such that when y € Bps(xp7). According to (11), the
following inequality holds:

Ay Ao
u(y) S T~ 7(M) A= (M) = eM—7(D) S u(x),

where A; and A, are positive constants.
Similar to the calculation process of (4), in line with condition (11), we have

(—A)) N ua(T) — (=A)) Nu()
[£(E(W) + £ (YK (N4 sp)2(m]E — y*])

(N+sp)/2 y
< Onspm V(L) / AME—y*T|g — o[ N+sp dy
Ya
L'(&y) + £ (n(y)) K (m|x —y*|)
(N+sp)/2 N [ (N+sp)/2
S Onyspm P50 (2) A=y — yo| N+sp dy
B (zam)
— ﬁ (N+sp—1)/2 N ’U;p_z(i‘)
- CN;SPﬁm Wa(l‘) e(M+m)|z—y«| ‘L\U _ ya|N+Sp+1/2 dy
B (zar)
Co .
< Msp+1/26(A+m)M —(p—2) M —7(=) Val(2), (14)

https://www.journals.vu.lt/nonlinear-analysis
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here
f(y) S (ua(fn) - ua(y)v u(i) - ua(y)),
1(y) € (ua(@) = uly), u(@) - u(y)),

and () is a positive constant. On the other side,

(p+ @)lg(u(x) + DJPF

(A5 N uad) — (—A) R u() > R

p,

Vald).  (15)

According to (14) and (15), we have

CO < Cl
Msp+1/2o0Am)M—(p—2)M*® = pr(prq—1)y(z) oM7)

which is inconsistent with condition (12). As a result, (13) must be true.

Step 2. Based on the starting point provided in Step 1, we move the plane from left to
right to ,,, which is defined

ag =sup{a | #(x) 20, v € X, p<al.

Next, we confirm the truth of

If not, we have
Wao >0, x€Xy,.

According to the definition of ay, there exist two sequences {ay,} \, g and {z*} € X, ,
which satisfy

We (2F) =min#,, <0 and V#,, (2F) =0.
oy,

In addition, from (11) we know that the sequence {z*} is bounded, and
W (xo) <0, V%, (mo) =0, '€ 0%,
Then we can get the following relation naturally:

Voo (370)

Lk

—0, k— oo,

which contradicts with Lemma 2, hence #,,, = 0 holds. Considering the arbitrariness of
direction v, we can get that u(x) is radially symmetric at certain point in R, O

Nonlinear Anal. Model. Control, 28(1):20-33, 2023
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