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Abstract. In this paper, we consider the convolution closure problem for the class of strong
subexponential distributions, denoted as .%*. First, we show that, if F,G € ., then inclusions
of FxG, FG, and pF 4 (1 — p)G for all (some) p € (0, 1) into the class .* are equivalent. Then,
using examples constructed by Kliippelberg and Villasenor [The full solution of the convolution
closure problem for convolution-equivalent distributions, J. Math. Anal. Appl., 41:79-92, 1991],
we show that .#”* is not closed under convolution.

Keywords: class of strong subexponential distributions, class of subexponential distributions,
convolution closure.

1 Introduction and the main result

Throughout the paper, we will say that a distribution F is on R := (—o0, c0) if F(z) :=
1 — F(z) > 0 for all z; we will say that a distribution F is on R if its support is
contained in R, := [0,00) and F(x) > 0 for all z. For two positive functions a(x)
and b(z), we write a(z) ~ b(x) if lim,_, o a(z)/b(z) = 1, we write a(x) =< b(x) if
0 < liminf, o a(x)/b(z) < limsup,_,  a(x)/b(z) < oo. For any two distribution F
and G, by F' x G we denote their convolution:

F*G(x):/F(z—y)dG(y), z € R.
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We say that distribution /" on R belongs to the class of long-tailed distributions,
denoted &, if its right tail F' = 1 — F satisfies

F _
N Gl )

for any y > 0. We say that distribution F' on R belongs to the subexponential class of
distributions, denoted .7, if F € ¥ and

i TEEE) o (1)

The class of distributions, characterized by (1), was introduced by Chistyakov [2] and
later, in more general setup, by Athreya and Ney [1] and Chover et al. [3,4].

A distribution F on R is said to belong to the strong subexponential class of distri-
butions, introduced by Kliippelberg [9] and denoted .7%, if pup = fooo F(y)dy € (0,00)

and
xT

1 _ _
lim — / Fz —y)F(y)dy = 2up. 2)
T—00 F(x) /

The properties of class . and related classes were studied in [6, Sect. 3.4], [8-14],
[18-20], and other papers. In particular, it is well known that, under urp < oo, it holds
that ¥* C .%¥ C Z.

In the following theorem, we present equivalent conditions for the convolution F' x G
to be in the class .”* under the initial assumption F, G € .Z.

Theorem 1. Suppose that F' and G are two distributions on R. Let F, G € Z. Then the
following statements are equivalent:

i) FxGe. .7

(i) FG e .7
(iii) pF+ (1 —p)G € S for some 0 < p < 1,
iv) pF+ (1 —p)G € S* forall0 < p < 1.

Moreover, any of these equivalent statements implies the relations

F+G(x) ~ F(z) + G(x), 3)

x

/ F(z —y)G(y) dy ~ peF(z) + prG(z), )
0
where pp = [~ F(y)dy, pg == [, G(y) dy.

In the corollary below the assumption F, G € £ of Theorem 1 is replaced by a stricter
assumption F, G € .* In this case, the asymptotic relation (4) is equivalent to any of
statements (i)—(iv) of Theorem 1 (see also [7, Thm. 3], which refers to [10]).
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Corollary 1. Suppose that F' and G are two distributions on R. Let F,G € /" Then
any of statements (1)—(iv) of Theorem 1 is equivalent to (4).

Proof. We need only to prove that (4) implies (iii) of Theorem 1. Obviously,

Ii= [ 340 - 4)5(F + 0 dy

2
0
1 [~ _ 17 _
:Z/F(x—y)F(y)dy+§/( dy+ Gz —y)G(y)dy
0 0
2211+Ig+13.

Since F, G € %%, by relation (4), we get
I

lim sup — —

v—oo (up + pa)(F(z) + G(2))

. { I I I3 }
< lim sup max - —— — —— <
p—>00 prF(x) pek(z) + prG@) peG(x)

N =

Similarly, we obtain that

lim inf

1
T—00 (MF + MC;)(F(JJ) +6(I))

The derived estimates imply that

>

N =

1 - — [
~ (up + MG)i(F +G) (@) = 2u(rra)2(F + G)/2(),
and, consequently, (F' + G)/2 € ./* by definition. O

We use Theorem 1 for proving main Theorem 2 on the convolution non-closure of
class .* Indeed, by Theorem 1, for distributions F, G € .¥*, their convolution F * G is
not in .’* if and only if pF + (1 — p)G is not in .”* for some p € (0, 1). Hence, in order
to prove Theorem 2, we construct two distributions F' and G such that F/2 + G/2 ¢ ./*
or, equivalently, F' « G ¢ /*

Theorem 2. Distribution class ./* is not closed under convolution, i.e. there exist distri-
butions F,G € /* such that F « G ¢ ./*

Remark 1. The first counterexample for the closure of the subexponential class with
respect to convolution was provided by Leslie [16]. Another counterexample for the
closure of the convolution equivalent class of distributions with respect to convolution
was given a few years later by Kliippelberg and Villasenor [10].

Nonlinear Anal. Model. Control, 28(1):97-115, 2023
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2 Proof of Theorem 1

2.1 Auxiliary lemmas

Before proving our main result, we state two auxiliary lemmas.

Lemma 1. Suppose that F' and G are two distributions on R.

() IfF €. G €%, and G(x) < F(x), then G € ./*
() fFe€ % Ge & thnFxGcZL.
(ii) fF € ¥, Ge %, and F xG € ¥, then F x G(x) ~ F(z) + G(x).

Proof. For the proof of part (i), see [9, Thm. 2.1(b)] (see also [6, Thm. 3.25]). For part (ii),
see [5, Thm. 3(b)] (see also [6, Cor. 2.42] or [17, Lemma 4.2]). Part (iii) can be found in
Theorem 1.1 of Leipus and Siaulys [15]. O

Lemma 2. Suppose F' is distribution on R with finite up. The following statements are
equivalent:

(i) Fe. o~
(i) F e % and

xr—v

lim lim sup / M dy = 0.
V=0 oo F (x)

Proof. An equivalent assertion by choosing a special form function instead of the addi-

tional variable v is given in [6, Them. 3.24]. For the sake of completeness, we briefly

present the main steps of the lemma proof. According to considerations in [6] (see the

proof of Theorem 3.24), [7] (see the proof of Lemma 4), and [9] (see the proof of

Theorem 3.2(b)), the assertion of the lemma follows from the estimate

z/2__ _ y o z/2
F(z — 2)F(2) — Flo—y) [+
O/ F(x)dZ>O/F(Z)dZ+F(1;) y/F(z)dz, x> 2y >0,
implying that
L Fla—y) _ F@) 7P F - 2)F(2)dz - J{ F(z) d
X T = X )2 = g )
F(z) Jo " F(z)dz— [] F(z)dz
and from equality
/F(w —2)F(2)dz =2 /F(x —2)F(2)dz + / F(z — 2)F(2)dz,
0 0 v
where z > 2v > 0. O

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

On the non-closure under convolution 101

2.2 Proof of the theorem

(i1) = (i) Assume that F'G € .* Lemma 1(ii) implies F' x G € £, thus the proof will
follow from
F+G(x) < FG(x) Q)

and Lemma 1(i). To prove (5), assume that X and Y are independent random variables
with distributions F' and G, correspondingly, and write

FxGz)=PX+Y>z)>2P{X >z, Y >0tU{X >0,Y >z})
= G(0)F(z) + F(0)G(z) — F(2)G(x),
FG(z) = F(x) + G(z) — F(2)G(x).
Thus,
lim inf FLG(I) > lim inf (O)E(I) + E O)G(Ji) — E(I)G(I)
o0 CONE F(z) + G(z) - F(2)G(x)
> min{F(0),G(0)} >0 (6)
On the other hand,
lim su £ Glz) Glw) _ lim su —P(Xl +Y > 1)
. P(X1VY1+X2V}/2>$)
<1 )
P P(XVY > ) @
where (X1, Y7) and (X2, Y2) are independent copies of (X,Y).
Since, by (ii), Fxvy € * C &, we have
P(X1VY1+X2\/Y2>$)N2P(X\/Y>SC). (8)

Hence, by (6)—(8),

o .. FxGx) F+G(z)

and (5) follows.
(1) = (i) Let FxG e . Since .* C ., by Lemma 1(iii),
F xG(x) ~ F(z) + G(z) ~ FG(z),

which further implies F'G € .Z by the above second equivalence. Therefore, F'G € .¥*
follows from Lemma 1(i) immediately.

(il) < (iii) < (iv) follows because of Lemma 1(i).

Nonlinear Anal. Model. Control, 28(1):97-115, 2023
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Finally, relation (3) holds by Lemma 1(iii). It remains to prove relation (4). First,
observe that any of the equivalent statements in (i)—(iv) from Theorem 1 implies the
existence of finite pr and pg. Further, for M > 0 and x > 2M, we have

T M z—M

/ F(z —y)G(y)dy = / F(x —y)G(y)dy + / F(x —y)G(y)dy
0 M

0

= J1+ Jo + J3.
Therefore,
°F G

hmlnff (z ~y) (£> y>hm1 f fJ1+J3

v=o0 peF(2) + prG(z) ~ 2= peF(x) + purG(z)
J1 3

> lim inf min
)d y)d
>min{ Gl) Y fO y} )
BE

Letting M — oo, we get from (9) that

Jo Fle —y)Gly)dy _
vooo peF(z) + ppGx)

For the corresponding upper bound, we obtain

Jo f(fv ~y)Gly)dy _ . Iy Js
lim sup — < lim sup max - ——

Jo
+ lim sup —. (1
s—oo peF(2) + prG(z)

(10)

By condition F' € .Z, we get

M
. J1 . (x—M) 1 /7 1 /f
lim su —= <limsup——— | G(y)dy = — [ G(y)dy.

Now, letting M — oo, we obtain

<1 (12)

hm lim sup

Similarly, condition G € . implies

lim lim sup <1 (13)

https://www.journals.vu.lt/nonlinear-analysis
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Further, according to Theorem 1(iii), we have that (F' 4+ G)/2 € * Hence, due to
Lemma 2,

o Jo
lim limsup — —

z—M - ai
Flz—y)G(y)d
< ; lim limsup fM — (@ g) (v) dy
min{pp, o} M=o zooo F(z) + G(x)
z—M . __ . — _
2 C 3(F+G)(x—y)5(F+G)(y)
< — lim limsup e dy
mln{/J/F;/J/G} M—00 g—00 4 §(F + G)(I’)
=0. (14)
Estimates (11)—(14) imply
"Flx —y)G(y)d
lim sup Jo Fle—y)Gly)dy _ as)

roo pGF(z) + ppG(z)

Hence, the desired relation (4) of the theorem follows immediately from (10) and (15).
Theorem 1 is proved.

3 Proof of Theorem 2

3.1 Auxiliary lemmas

In this subsection, we present two additional lemmas, which play a crucial role in the
proof of Theorem 2. The statement of the first lemma is similar to that in Lemma 2. Note
that equivalent condition for F' € .¥* does not require additional condition F' € &,
comparing to Lemma 2.

Lemma 3. Suppose F is distribution of R such that up <oo. Then F € .* if and only if

z/2

: Fle—y) - F(z) - _
tlggo 0/ ) F(y)dy = 0.

Proof. 'The proof is similar to the proof of Lemma 3 from [10]. Obviously, equality (2)
is equivalent to

JEPF(x - y)F(y) dy

F(z) —hr
Thus,
z/2__ z/2
Fey" <+ lim /F(;T*y)F(y)dy: lim /f(y)dy
0 0
z/2
— lim/(F( y)—1>F()dy:O O
T— 00 ; (Qj)

Nonlinear Anal. Model. Control, 28(1):97-115, 2023
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The second lemma is a technical result about behaviour of the special sequences.

Lemma 4. Let {a,, n > 1} be an unboundedly increasing sequence of positive numbers,
and let

hy = max{k: (k+1)! < a,(loga,)’}
with some positive 3 > 0. Then, for all sufficiently large n,

log a, 2logay,

< hp <

——— < hy < ————. 16
loglog a,, loglog a,, (16)

Proof. The proof is constructed along to similar lines as in Lemma 5 from [10]. Namely,
the Stirling’s formula implies that

log(k+ 1) = (k+1)log(k+1) — (k+1) — O(logk)

for k — 00. Define
7 2logay,

n =

~ logloga,

For some positive constant ¢; and for sufficiently large n, we have

~ N ~ ~ ~ 9 ~ N
log(hy, + 1)! = (hy + 1) log(hn + 1) — (hp, + 1) — ¢ loghy, > 0 hy log hy,

loga, log2 + logloga, — loglogloga,
log log a, log a,, + B loglog a,,

9
== log(an (log an)ﬁ)
> log(an(log a,)?),

which implies the upper bound in (16).
Similarly, using Stirling’s formula again, for

~  logay,
" logloga,’
we obtain
1og(ﬁn + 1)< En logﬁn + co logﬁn
loglog log a,
—loga, (1 - 2808084n ) (1 | 2
loglog a,, ho

with some positive co and sufficiently large n. Therefore, for large n,

log(ﬁn + 1)! < log (an (log an)ﬁ),

which implies the lower bound in (16). Lemma is proved. O

https://www.journals.vu.lt/nonlinear-analysis
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3.2 Proof of the theorem

Define two distributions F and G with tails:

o0

F 1
Flr) =L, on(x) + <6!>2{ > Gt et (@
n=6 :
+§: 1 1+(n+1)!—x 1 @
n=6 ((n+ 1)')2 d'n, [(n+1)!7bndn,(n+1)!) ,
_ o .
G(@) == L(—co,s) (@) + (8!)2{ Z Wl[(zn)!’ 15, (@)
n=3 :
3 1 (Qn + 1)! —x
+ n;) ((2n + 1)!)2 <1 + c;f\n >1[(2"+1)!—5n3n, (Qn_H)!)(I)
1
£ sl (@)
n=3

where b,, := n?+2n, d,, := (log bn)3,3n = bgn = 27(2" +2), and d, = (10g37,,)2. The
functions above are constructed according to the scheme presented in [10] and [16].

Because of Theorem 1, it suffices to prove that 7,G € .* and (F + G)/2 ¢ ./~
According to Lemma 3, we have to prove the following relations:

prF < 00, pg < 00, an
z/2 o
. Flr—y)— F(z) = _
hflilip O/ ) F(y)dy =0, (18)
TGy~ 0)
. r—yY)—G(x) = _
llﬂsogp O/ G0 G(y)dy =0, (19)
©/2 o
(F+G)z—y) = (F+9) () = =
har;riilipo/ F1 0w (F+G)(y)dy > 0. (20)
Denote
_ Flz—y) — F(=) _Glx—y)—G(x)
A]:((E,y) i ?(.’E) ) Ag($7y) - g(x)

Proof of (17). According to definitions of F(z) and G(z),

pF = /f(y) dy < 6!+ 6! i ﬁ((fﬁ 1! —nl) <1238,
0 n=3 ’

Nonlinear Anal. Model. Control, 28(1):97-115, 2023
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I =1
_O/g(y)dy<8!+8!;((2n)!)2((2n+1)!(Qn)!)

. 1 1
+81>° ((2n-+1)!_‘(2n+4)!> < 98243,

n=3
implying (17). O
Proof of (18). Suppose that n is sufficiently large and let

(n+ 1) —bpd, <z < (n+1). QD
For such x, we have
d‘l if 0 < Yy < ((n 1)‘ - bndn)a
A]:(xay) - Ii((n"t‘l)!—bndn) . | "
A Diee . T — «n+U-—b%)<y<§

Therefore, for x in (21), we have

dy—i—bn / dy = K1+K2. (22)
bndn

(=)

Define k,, := max{k: (k+ 1)! < b,d,,} and write

kbl
K {1+§: e (((k+1)! = brdi)” = (k))?)

(6 )( 3353{):(6F<1+3%fu9+2@> (23)

S 2, 2dy, =6
because

(%P«@+1ﬂ—m@V-mmf)<%+1V—1=%
and
<L+%;:M)«%+1W2—«k+n“—mﬁf)<2«k+”0%k

https://www.journals.vu.lt/nonlinear-analysis
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Thus, by (23) and Lemma 4,
k3 2logb, \° 1 8(6!)2
K, < (6)2=2 < (6))? n - ) 24
< )dn (61) <loglogbn> (logb,)®  (loglogb,)3 @4
For the second integral in (22), we have
>~ 6!
Ky <bp(6! = bdy)t +0n E ((k+1)! =&Y
k=kn,+1
=1
_ +
= b (6! = bpdy) T + 06! > o
k=kn
(25)

24(6!)
< bn ' - bndn +
(6 )"+ Goglog b, 2 Tog b,

because of the following estimate:
i !
b, 5" L © bndn e (ko +2)l

k' T k! dy kn! dy

loglog b,
24
(loglog b, )?logb,
Here we have used that, by definition of k,,, b, d, < (k, + 2)! < 2k,,! and then applied
Lemma 4. Substituting estimates (24)—(25) into (22), we get that for = from (21), it holds
(26)

2¢ek? <6 2log by, S|
h (log by, )3

C1
<
Jr(@) < (loglog b, )3

for some positive constant c; .
Now, consider x satisfying
m+1)!<e<n+2)! —bpi1dnta- (27)

We split this interval into three subintervals
(n+ 1)<z <2((n+ 1) —bpdy,), (28)
2((n+ ) =bpd,) <z < 2(n+ 1) 29)
(30)

2n+ )<< (n+2)! — bpy1dni

and estimate Jz(x) in each case separately.

In case (28), we have
if,0<y<z—(n+1),
ifr—(n+ ) <y<ae—((n+1)!—bpdy),

Y
dn
(n+1)!—z+y
Zz

A]:(xvy) = dn
ifex—((n+1)! =byd,) <y <3

>
3

Nonlinear Anal. Model. Control, 28(1):97-115, 2023
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Since
n+ 1) —2x+ Yy

i mm{i,bn},
for the x from (28) and forz — (n + 1)! < y < z — ((n + 1)! — budy,), we get that
Jr(z) < Ky + K> and estimate (26) holds again.
Consider now case (29). We have

A (xy)_{o ifo<y<z—(n+1),

7("“()1:“"” ifr—(n+1)!<y<3.
Thus,
©)2
)= [ PRI R,
z—(n+1)!

— Co
/ FW)dy =Ko < 7 Toglogby)?
bndy

according to estimate (25), where ¢, is some positive constant.
Finally, in case (30), Ax(x,y) = 0 forall 0 < y < /2, implying Jr(x) = 0.
Summarizing, estimate (26) holds for all = in (27) and for all sufficiently large n. This
implies relation (18). O]

Proof of (19). Suppose that n is sufficiently large and split the interval
(2" <z < (2!

into following subintervals:

@) <z <2(2), (31)

22")! <& < (2" +1)! = budy, (32)

(2" + 1) = budy, <z < (2" + 1), (33)
2"+ 1) <z <2((2" +1)! = budy), (34)

2((2" +1)! = budy) <z < 2(2" + 1)1, (35)
22" + 1) <o < (2L (36)

As in the case of F, for each subset above, we will obtain the exact expressions for
Ag(z,y) and then, the upper bounds for Jg(z).
In case (31),

0 if 0 < 27)1
Ag<x,y>{ v @O

@ gy <y <

https://www.journals.vu.lt/nonlinear-analysis
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and, consequently,

Jg(x) < 7 ((x - y>2 - 1)g(y) dy.

Since (z/(z — y))? < 4, by the dominated convergence theorem, we have that

sup Jg(z) =€1(n) -0, n— 0. 37
(27)I<z<2(27)!

In case (32), Ag(z,y) = 0for 0 < y < x/2, implying

sup Jg(z) = 0. (38)
2(2m) 1<z < (27 +1) ! —bp dy

In case (33), we have

Y 3 _ n _A 0
A I Ry if0<y<z ((2 +1)! bndn),
o) =\ (@ 1)1 5,d)

if o — ((27 '—b d z
ritdn e B2 = (2" + D= bndn) Sy < 5,

implying that

= Ll + LQ.

Analogously to k,,, define &, := max{k: (2¥ + 1)! < gna?n} We get

> 1
y{1<oo,sx)(y) + (82 (@2 Loy b)) (9)
>0 1+ by,
2
+(B)*) @02 Lok 1) B, (2-+1)) (V)

=1
SHCORD D 1[(2k+1)!,<2k+1>!)(y)} dy

~ (28 +1)! bdn
g2 (g2t g 81)2 1
UL &S T R &
Ty "

82 (82 o~ - (812 et
< (23) + (J) log(bndy) + (2&? Z b = e2(n) = 0, n — oo, (39)

Nonlinear Anal. Model. Control, 28(1):97-115, 2023
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because for sufficiently large n,

Entl ~ ~ - ~
Z b < 16 oot +8.2kn < 6. 9%k < M
k=3 3 (loglogb,,)?

due to Lemma 4.
For the integral Lo, we obtain

L2<Zn<(8l—5ncﬁz)++(8!)2 i wHSI)Q / dy)
i

< <(8! = budn)* + (81)7 i (2F 1_ ot (8!)2>

~ ~ o~ 12 1)2
<Bu(8! — )t + Bl (8Y
2k — 1) d,

=e(n) =0, n— oo, (40)

because (QE"“ - > byd,, for large n, according to definition of the sequence Eon.
Relations (39)-(40) imply that

sup Jg(z) < e2(n) +e3(n) -0, n— oo. 41)
2(27)1<a<(2n+1)!—bydy,

In case (34), we obtain

wiey) if 0<y<z—(2"+1)),

207 n —z A ~ o~
Ag(z,y) = & <d3+(((22nfl>)’!)2 )i — (274 1)! < y<z—((2"+ 1) =bndy,), (42)

(GEy)® -1 if 2 —((2"+1)! ~budn) <y<§.
Hence,
z—(2"+1)! ( )
y(2r —vy) =
@) w—p? °¥

o—((2"+1)!=bndy)

22 (dp + (2" + 1) —x +y) >
+ / = —1)G(y)dy
n 1\2
o (2n41)! dn((2"+ 1)1
x/2

o (@) e -

= ((2"+1)!=bndy)
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In particular case of (34), when (2" + 1)! <z < (2" + 1)! + b,d,,, by estimating the
above integrals separately, we get

T —y

0
) bndn 2b,,dy, 00

= / yG(y) dy + 2, / Gy)dy + b, / G(y) dy
"o Budn budn

for some vanishing function e4(n). Thus, for large n and forall z € [(2"+1)!, (2" +1)!+
bndy,), we have that

Jg(z) < e1(n) + €a(n) +3(L1 + L2)

€1(n) + ea(n) + 3(e2(n) + e3(n)) — 0. (44)

NN

-~

For the remaining subinterval of (34), where (2" +1)!+b,d,, < < 2((2"+1)! = bnd,,),
using expressions (42) and (43), we obtain

o0 2 o0 o0
:L’ /\
0 0 bod,
< 61(71) + 363(’/7,) — 0. (45)
Relations (44) and (45) imply that
sup Jg () < €s5(n) (46)
2027 4+1)!1<z<2((27+1)!—bn dy)
with some vanishing function es.
Consider now case (35). For such z,
wley) ifO<y<z—(2"+1),

Ag(x y) = 23+ (2" +1
) T n N —x+y) _ 3 , .
dn ((27+1))2 1 ife— 2"+ <y< 3

implying that
(2" +1)! ( )
y(2r —y) =
sole) = [ 7 Gy)dy
) (z —y)
x/2 o
dp + 2"+ 1) -2 + =
i o7 (dn + ( ) -z y)_1>g(y)dy'
z—(2n+1)! dn((2" + 12
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In the case under consideration, we have that x — (2" 4+ 1)! > Engn and

22(dp + (2" + 1) =z + ) . 48n+(2”+1)!—x/2
dn((2n +1)1)2 d,

The derived estimates yield

2 oo
T _
Jg(w)g/(x—y) 110,272/ ()G (y) dy — / y) dy + 5L,
0 0

which implies that

sup Jg(z) < e1(n) + bez(n). 47)
2((27 4+ 1)1 —=bpdy ) <z <2(27+1)!

Finally, consider case (36). For these x and forall 0 < y < z/2,

20 —
Ag(z,y) = W
Thus,
sup Jg(x) < €1(n). (48)

2(2n+1)I<z< (27 1)
The derived estimates (37), (38), (41), (46), (47), and (48) imply that

lim sup Jg(z) — 0,
N0 (gn) 1L < (2nt1)!

showing the validity of (19).
It remains to prove inequality (20). Integral from this inequality is bounded from
below by

xz/2__
G-y -0) =
Trole J' ST T

Take x,, := (2" + 1)!. Then F(x,) = G(z,,) = 1/22, implying that

171/27 —
1 G(rn —y) —G(Tn) =
Jrg(an) =5 = F(y)dy
2 0/ G(xn)
B dn

1 _
>3 / Ag(zn,y)F(y) dy
0
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for large n. According to (42),
dn + Y

Ag(xnvy) = ngl\ =
n

EES

Consequently, denoting k,, = max{k: (k + 1)! < Zn(fn} we get

brdn
1 _
F.6(xn) . ] Y (y) dy
0
| N
—= /y Loy (y) + (617> Lkt (k1) —brdy) (9)
20, | >

1q, & (R1)?

n2 kn
:(62 k—l—l—bkdk 1
Ad, = k!

Since the series

converges, we have that

’/;3
Jr.g(Tn) = c2 <A" - 03)

n

for large n with some positive constants co and c3. As Bngn = En(loggn)z, applying
Lemma 4 with a,, = b,, and 8 = 2 to the sequence k,,, we get

%731 logi)\"
= 2 ————=— — 00, N — 00.
dn,  (loglogb,)3

Therefore,

w3, 7o) = 00,

and the desired inequality (20) follows. Theorem 2 is proved
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