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Abstract. This article studies the distributed optimization problem for multi-agent systems with
communication delays and external disturbances in a directed network. Firstly, a distributed
optimization algorithm is proposed based on the internal model principle in which the internal
model term can effectively compensate for external environmental disturbances. Secondly, the
relationship between the optimal solution and the equilibrium point of the system is discussed
through the properties of the Laplacian matrix and graph theory. Some sufficient conditions are
derived by using the Lyapunov—Razumikhin theory, which ensures all agents asymptotically reach
the optimal value of the distributed optimization problem. Moreover, an aperiodic sampled-data
control protocol is proposed, which can be well transformed into the proposed time-varying delay
protocol and analyzed by using the Lyapunov—Razumikhin theory. Finally, an example is given to
verify the effectiveness of the results.

Keywords: distributed optimization, internal model principle, directed network, multi-agent
systems, Lyapunov—Razumikhin theory.

1 Introduction

During the last decade, the distributed optimization problem of multi-agent systems has
been widely studied due to its potential applications in sensor networks [1], resource
allocation over networks [5], economic dispatch [2], and so on. The core of the distributed
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optimization problem is to minimize the sum of the local objective functions of all agents
in a distributed way in which each agent only accesses its local cost function. The
distributed optimization problem, as contrasted with multi-agent system consensus [13,
18, 19], minimizes the optimization function while also forcing all agents to the same
state.

In the study of distributed optimization, how to design effective algorithms has be-
come a hot topic for various multi-agent systems. The existing distributed optimization
algorithms can be roughly divided into two categories: discrete-time algorithms [10, 12,
23] and continuous-time algorithms [4, 6, 9]. It is well recognized that the design of
the distributed optimization strategy for practical large-scale systems is apt to encounter
two main issues simultaneously. On the one hand, the communication delays will affect
the dynamics of the system and even destroy the stability due to the finite bandwidth of
the network. To solve the distributed optimization problem with communication delays,
some distributed algorithms were given in [21,22]. In [21], the distributed optimization
is addressed based on a continuous-time multi-agent system in the presence of time-
varying communication delays by the Lyapunov stability theory. When the number of
agents is large, verifying the solvability of the linear matrix inequality (LMI) conditions
becomes difficult. Based on the Lyapunov—Razumikhin theorem, the authors propose
a distributed controller [22] that allows agents to achieve consensus while enduring in-
terconnection delays, avoiding the need to verify the LMI conditions, and reducing the
computation burden. On the other hand, external disturbances are also unavoidable in
many physical systems, which may degrade the performance of systems. In existing
works, the internal model principle can effectively restrain some uncertain disturbances
caused by the external environment. In [11], the heterogeneous linear multi-agent system
subject to external disturbances was investigated, and it was proved that the protocol
devised by the internal model principle can make all agents reach the optimal output.
Furthermore, there are some distributed optimization algorithms in the current studies.
For instance, motivated by the internal model idea, a distributed optimization protocol was
proposed for a class of nonlinear multi-agent systems with external disturbances in [16].
To solve distributed optimization for continuous-time multi-agent systems with unknown
frequency disturbances, a distributed optimization algorithm by using an adaptive internal
model approach was designed in [17].

It is not difficult to find that all the above works [11, 16, 17, 21, 22] are focused
only on one issue while ignoring the other. To the best of the authors’ knowledge, the
distributed optimization problem for multi-agent systems by simultaneously considering
the communication delays and disturbances was rarely studied. Although the distributed
optimal problem of the system with both communication delays and external disturbances
was investigated and some sufficient conditions in terms of LMIs were derived based on
the Lyapunov—Krasovskii functionals in [15], sufficient conditions are only applicable to
undirected networks, and it is difficult to verify the LMI conditions when the network
size is very large. Additionally, in some systems, delayed information is intentionally
used to ensure the system performance and simultaneously reduce input cost. Because of
this, it is crucial to implement consensus algorithms in multi-agent systems based on the
sampled-data control method. A typical example is the sampled-data system [3,14], where
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the sampled data are used during sampling intervals and updated at sampling instants.
Whereafter, the distributed consensus optimization problem of multi-agent systems with
delayed sampled-data is considered in [20].

Motivated by the aforementioned discussion, this paper concentrates on the distributed
optimization problem for multi-agent systems with both communication delays and ex-
ternal disturbances over a directed network. Based on the internal model principle, a new
kind of distributed optimization protocol is proposed, and the convergence of the protocol
is analyzed by using the Lyapunov—Razumikhin theory. The key contributions of this
paper are listed as follows:

1. Unlike the distributed continuous-time optimization algorithms in [21, 22] and
[11, 16, 17], which only consider communication delays or external disturbances.
We propose a new distributed optimal protocol for multi-agent systems with both
communication delays and external disturbances under a directed network in which
each agent only uses its information.

2. Compared with [15], this paper utilizes the Lyapunov—Razumikhin theory to ana-
lyze the optimization problem of multi-agent systems with communication
delays, which can enable the agents to achieve consensus and avoid verifying the
LMIs. In addition, the stability conditions are derived via the construct Lyapunov—
Razumikhin function, which can estimate the upper bound of communication
delays and can also clearly find the relationship among the parameters in the al-
gorithm.

3. In general, the distributed optimization problem with aperiodic sampling and exter-
nal disturbances can be transformed into one with communication delays. There-
fore, the protocol and theoretical method proposed in this paper can be extended to
the aperiodic sampling data systems.

The remaining sections are organized as follows. Some preliminaries and problem
statements are given in Section 2. In Section 3, the main results are detailed. An example is
given to illustrate the effectiveness of the results in Section 3. Section 5 gives a conclusion
to this paper.

Notations. Let N, R, and R" denote the sets of natural numbers, real numbers, and
real vectors of dimension n, respectively. I,, € R™*™ represents n x n identity matrix,
1,(or 0,,) denotes an n-dimensional column vector whose all entries are 1 (or 0). For
amatrix A, AT is its transpose, Apin(A), and Apax(A) denote the smallest and the largest
eigenvalues of the matrix, respectively. For vectors 1, s, . . ., Zp, col(x1, Ta, ..., Ty) =
[21T, 22T, ..., 2, 7). Let ||-|| and ® represent the Euclidean norm and the Kronecker
product, respectively. The gradient of f is denoted by V f.

2 Preliminaries

2.1 Algebraic graph theory

Let G = (V, &, A) represent a weighted digraph with the finite set of nodes V = {1, 2,
..., N}, edge set £ C V x V, and weighted adjacency matrix A = [a;;] € RV*N . Let
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N; ={j €V, (j,i) € £} be the set of neighbors of node 4, and the weighted adjacency
matrix A = [a;;] is defined as a;; = 0, a;; > 01if (4,7) € € and a,;; = 0 otherwise.
If Zjvzl a;; = Z;\Ll a;; for all ¢ € V, then the digraph G is called weighted-balanced.
The digraph G is called strongly connected if there exists a directed path between any

different nodes. The Laplacian matrix of digraph G is L = [l;;] € RY¥*N which is

defined as l;; = Zjvzl ;i @ij and lij = —ay; fori # j.

Lemma 1. (See [7].) Let L be the Laplacian matrix of a directed graph G, then it has
at least one zero eigenvalues, and all the nonzero eigenvalues have positive real parts.
In particular, if G is strongly connected, L has a simple zero eigenvalue with 1y =
[1,1,...,1)T € RY as its right eigenvector.

2.2 Definitions and lemmas

Consider the following time-delay system:

(t) = f(t,xe), t>to,

x(0) =I1(0), 6 € [—T,10], M

where z:(0) = z(t + 0) and f(¢,0) = 0. In the sequel, suppose that ty = 0. Let
C([—7,0],R™) be a Banach space of continuous function I7 : [—7,0] — R™ with the
norm || 17| = SUp_r<6<0 [11(0)]-

Lemma 2. (See [8].) Suppose that the function f : R x C([—7,0],R™) — R" is con-
tinuous, and f maps bounded sets of C([—7,0],R"™) to bounded sets of R". Let II;(t),
I15(t), and I15(t) be continuous, nonnegative, nondecreasing functions with IT; (t) > 0,
II5(t) > 0, IT5(t) > 0fort > 0 and I1;(0) = II5(0) = 0. There is a continuous function
W (t,x) such that

I (|z]]) < W(t,z) < Iy (||z]]), teR, zeR™

In addition, if there exists a continuous nondecreasing function I1(t) with I1(t) > t,
t >0, and

W(t+0, z(t+0)) < I(W(t,z)), 0€[-70] )
such that

W(t,z)lay < —1I5(t),
then the solution x = 0 of system (1) is uniformly asymptotically stable.
Lemma 3. (See [15].) For a positive matrix M € RN*N and for all a,b € RY, it has
2a7b < a"M " 'a+b" Mb.

In particular, when M € RV*N s an identity matrix, it yields 2aTb < a%a + bTb.
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2.3 Problem formulation

We consider a multi-agent system consisting of N agents, and the interaction topology is
described by a digraph G. The dynamic of the ith agent is described by

where x;(t),u;(t),d;(t) € R™ are the state, control input, and external disturbance of
agent 4, respectively. Suppose that d;(t) is governed by an exosystem

0i(t) = Bui(t), di(t) = Cui(t), “4)

where v;(t) € R® is the state of the exosystem state. B € R**® and C' € R™** are the
constant matrices with appropriate dimensions. Suppose that all eigenvalues of B € R**¢
are distinct lying on the imaginary axis, which means the disturbance is bounded.

The optimization problem of multi-agent systems (3) is defined as

N
minimize F(z(t)) = Z fi(zi(t)), x;(t) € R,

&)
subjectto (L ® I,,)xz(t) = Onp,

where z(t) = col(xy(t),z2(t),...,zn(t)) € RN", L is the Laplacian matrix of the
communication topology G. In this paper, our goal is to design a distributed optimization
algorithm such that all agents’ states reach consensus and converge to the optimal solution
of the optimization problem (5) via local communication.

Assumption 1. The digraph G is strongly connected and weighted-balanced.

Remark 1. From Assumption 1 zero is a simple eigenvalue of matrix L, and 15 L = 0.
Moreover, there exists a matrix Qo € RV*(N=1) with

1
13Q2 =0, Q3 Q2= In_1, Q2Q3 =1y — NlNI%

such that the matrix Q3 LQ> = J in which the real parts of all eigenvalues of J are
positive, and J + J7 is a positive definite matrix.

Assumption 2. For each agent i € V), the function f; is differentiable, and its gradient
satisfies [;-Lipschitz (I; > 0) condition in R", i.e.,

[ fi(x) = fiy)|| < Lllz =yl Va,y e R™
Assumption 3. For each agent i € V, f; is m;-strongly convex (m; > 0) that means
(@ — )" (Vfilx) = Vfiy)) > mille —yl* Yo,y eR", x#y.

Remark 2. Based on Assumption 3, the global optimization function F'(-) is strongly
convex due to the strong convexity of local cost function f;(-). Therefore, Assumption 3
guarantees the uniqueness of the optimal solution to (5).
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3 Main results

Due to the existence of disturbance d;(t), some existing optimization algorithms are
not applicable. Before designing the distributed optimization algorithm, we first give the
following transformation.

Let

PN =X Fas N 4 a )+ ag
be the minimal zeroing polynomial of the matrix B and ¢; (t) = (¢;1(t), 12( ) oy Gin ()T
1,2

with qij(t) = (dij(t),ddiJ‘(t)/dt, R ,ds_ldij(t>/dts 1)T, 7 = 1,2, ,n. It can be
seen that ¢;; (¢) satisfies ¢;;(t) = Dq;;(t), di;(t) = ¥q;;(t), where

o= " Lo , ¥ =11,0,...,0].
—ag —ay —ag---— a5y N
s—1
Then the disturbance d;(t) can be rewritten as

Since the pair (@, ¥) is observable, so there exists a matrix P such that H = @ + PV
is Hurwitz stable.

3.1 Optimization protocol with communication delays

From above transformation the following internal-model-based optimization protocol is
proposed:

0=k S ay(wi(t =) — a5t (1)),

JEN
0i(t) = (In @ H)mi(t) + ( ® P)uz( ) @
ui(t) = —aVf; (fz ) n Q@ V)0 (t)
— By (wilt - fx](th(t))),
JEN;

where k, «, [3 are positive parameters, w;(t) € R™ is an auxiliary state of agent 4, 7(¢) > 0
is the communication delay.

Remark 3. A new distributed optimization algorithm w;(t) is proposed with external
disturbances and communication delays. Obviously, the proposed optimization protocol
consists of four partsThe gradient-based term —a'V f;(z;(t)) is used to drive the agents
to the optimization point. The term w;(t) is introduced to eliminate error caused by the
gradient differences. The internal model term —(I,, ® ¥)n;(t) is employed to compen-
sate the external disturbances asymptotically, and the term —8% . . (2i(t — 7(t)) —
xj(t — 7(t)) can make all agents achieve consensus.
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https://doi.org/10.15388/namc.2023.28.31563

418 X. Xu et al.

Substituting equations (6) and (7) into (3), the following dynamic system is given:
ii(t) = —aV fi(zi(t) —wi(t) + (In @ ¥)(q:(t) — n:(2))
— B Z aij(xi(t — T(t)) — {L‘j(t — T(t))),

JEN;

t)y==k ZN agj(zi(t —7(t)) —x;(t = 7(1))), ®)

’f]i(t) = (In ® H)’I]i(t) + (In 24 P){—OéVfl ($1<t)) — ’U)l(t) — (In X W)??i(t)

B ay(lt 7t )—xj(t—T(t)))}.

JEN;

Let v;(t) = n;(t) — qi(t), then system (8) is rewritten as follows:
Ti(t) = —aVf; (Iv( )) —w;(t) — (In @ ¥);(t)
-B Z aij(zi(t —7(t)) —z; (t —7(t))),

JEN;
t) =k Z agj (i (t —7(t)) —z;(t — 7(1))),
JEN; 9

Yi(t) = (In @ H)vi(t) + (In @ P){ani (@i(t)) — wi(t) — (In @ ¥)7;(t)

-8 Z a;j (xl(t — T(t)) — x; (t — T(t)))}

JEN;

Let w(t) = col(wy(t),wa(t),...,wn(t)), v(t) = col(v1(t),v2(t),...,yn(t)), and
Vf(z(t)) = col(V f1(z1(t)), V fa(z2(t)), ..., VIn(zn(t))). Based on the definition of
Laplacian matrix L, system (9) can be expressed in the following compact form:

@(t) = —aVf(a(t) —w(t) = (Inn @V)Y(t) = B(L® L)z (t — 7(t)),

w(t) = k(L ® L)z (t — 7(t)),

3(t) = (I ® Hyy(t) + (Inn ® P){~aV f ((t)) — w(t)

— (Inn @ U)y(t) = BL & L)z (t —7(t)) }-

The following theorem indicates the relationship between the equilibrium point of
system (10) and the optimal solution of optimization problem (5).

(10)

Theorem 1. Suppose that Assumptions 1-3 are satisfied, then the following two state-
ments hold:
(i) 2(e) = {(z,w,v)|(1n ® I,,)Tw = €} is a positive invariant set for any € € R".
(i) If (z*, —aV f(z*),~*) € £2(0,) is an equilibrium point of system (10), then x*
is an optimal solution of (5).

https://www.journals.vu.lt/nonlinear-analysis
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Proof. (i) Since the directed graph G is weighted-balanced, we have
Ay @ L) (L@ 1,) =0y ® L) .
Therefore,
(An @ L)Ti(t) = k(1y ® I,)" (L ® L)z (t — 7(t)) = 04,
which implies (1y ® I,,)Tw(t) is a constant. That means the set {2(e) is invariant for
any e. Furthermore,
(1n ® L) w(t) = (1y @ L) w(0),
which implies € = (1y ® I,,)Tw(0).
(ii) Let (z*, —aV f(z*),7*) € £2(0,,) be the equilibrium point of system (10), then
we have
—aVf@") —w — (UN, Q¥)Y — (L ® I,)z" =0,
E(L® I,)z* =0,
(INn ® H)’Y* + (INn ® P){—an(.TI*)
—w* = (INn X g/)’y* — B(L (24 In)x*} =0.
From the first equation and the third equation in (11) it yields (In, ® H)vy* = 0,
which implies v* = 0. According to Lemma 1, one has

Ay L)"(Lel,)=15L® I, =0.

Since the directed graph G is strongly connected, it has z* = 1y ® z, where z € R"
is a constant vector. Based on v* = 0 and (z* —aVf(z*),v*) € £2(0,), so multi-
plying from the left by (1 y®1,,)" the first equation in (11), one can obtain a(1x®1,,)T x
Vf(z) = 0. Thus, the optimal condition VF'(z) = 0 is satisfied, which implies that z*
is the optional solution of (5). Substituting x* into the first equation in (11), one obtains
w* = —aVf(z*). O

Y

Remark 4. We can see that the optimal solution of (5) is located in the invariant set £2(0,,)
from Theorem 1, so the initial value w(0) € £2(0,,) is a necessary condition for solving
the optimization problem. If the initial value is not in §2(0,,), i.e., (1x ® I,,)Tw(0) #
0,,, then a(1y ® I,,)TVf(2) # 0, which implies that the optimal solution cannot be
obtained.

Theorem 2. Suppose that Assumptions 1-3 hold, then all states of agents in the multi-
agent system (3) can reach consensus and converge to the optimal solution of the optimiza-
tion problem (5) under the protocol (7) for any initial values x(0), w(0), v(0) satisfying
(1y ® I,)TYw(0) = 0 and 7(t) € [0,7) if the following conditions are satisfied:

4oarm — alo — 4021% — 4o — 8a2 — azas — N =0,
2
B> By +k, (12)
,)\/
< T 3 )
20(8 = B)[(B+ F)A+ BN +pl(p+ 1)

T (13)

Nonlinear Anal. Model. Control, 28(3):412-430, 2023
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—+ (40’5 —+ 25&3)\)( 2Z2 + a% + a%); n = >\max( )
J) = max(JJT), A/ = )\min(A - 2I2N—2) N o=

_(28=RUT+0) 2y
A_< gD A e,

Proof. Letz(t) = z(t) — x*, w(t) = w(t) —w*, and ¥(t) = v(t) — (Inn ® P)Z(¢), then
system (10) can be transformed into the following form:
Z(t) = —ah(z(t)) — @(t) — (Inn @ ¥)(3(t) + (Inn ® P)I(t))
- ﬁ(L ® In)j(t - T(t))a

w(t) = k(L ® I,)Z(t — 7(t)),
Y(t) = (Inn @ H)Y(t) + (Inn @ HP)Z(t),
where h(Z(t)) = ( ( )+ ") = Vf(z).

Let e(t) = (QT ® L,)z(t), &(t) = (QF ® L,)w(t), @ = [1n/VN,Qs]. Denote
e(t) = col(ex(t), ea(t )) with eng ) € R, e3(t) € RIN=Um £(t) = col(&1(t), &a(t))

with &1 (t) € R™ and &7 (t) € RIN=17_ By the structure of  and Remark 1 the above
system can be transformed as follows:

é(t) = —a(\l/%ﬁ ® In)h(:c(t)) - (\1/}% ® In) (),

2l

éx(t) = —a(Qg @ In)h(Z(t)) — &(t) — B(J @ In)ex (t — 7(1))
— (@ @ L)1), 1
& (t) =0, &) =k(J @ L)ea (t — 7(1)),

V() = (Inn @ H)J(t) + (Inn ® HP)Z(t),

where I'(t) = (Inn, @¥)(Y(t) + (Inn ® P)(QT ® I,,)Z(t)). According to the properties
of matrix norm, there is ||I'(¢)|| < a1||7(¢)|| + az2||Z(¢)|| with a; = ||| and a3 = ||ZP||.
There exists a positive definite matrix U such that UHT + HTU + 21, < 0 due to H

is Hurwitz stable. Let £(t) = col(e(t), &(t),7(t)) = col(e1(t), ea(t), &1(t), E2(L), 7(¢)).
We construct the Lyapunov—Razumikhin function as

V() = SO0 @ L)e(t)

with
20 0 2 0 0
0 20Iny_1 0 2In_q 0
D=|2 0 2 0 0 ,
0 2Iy-1 0 Iy, 0
0 0 0 0 as(Iy @ U)

where o > 1, and there is a fact that D is positive definite since 5 > k.

https://www.journals.vu.lt/nonlinear-analysis
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The derivation of V'(¢(¢)) along with system (14) is given by

V(e(t) = 2eT(t)(D ® I,,)é(t)
= 4(oer(t) + &(1) éx(t) + 4(oea(t) + (1)) a(t)

T T
sa(aw+Fam) a0+ 1(ab+7a0) &

+ az¥(t) ((Inn @ U) + (Inn @ UT))3(1).
Due to & (t) = 0 and w(0) € £2(0), one has &;(¢) = 0 for all £ > 0, then

V(e(t)) = az7(t) (Inn @ U) + (Inn @ UT))A(2)
+4oe] (t)ér(t) + 25 (£) Diéa(t),

where £5(t) = col(ea(t), &2(1)),

20’[]\]_1 2]]\/_1
D, = I.
L ( 2w (2ﬁ/k)IN1) ©

From the second and fourth equations of system (14) we have

Eo(t) = Eea(t) + Fea(t — 7(t)) + O(t),

where

0

_ (0 —In— _(=BJ 0
E—(O 0 >®In, and F_(kj O)@In.

o) (~(@F WG~ @F O 1T,

Utilizing the Leibniz—Newton formula, it follows that
t
ea(t) — / €a(s)ds
t—7(t)
0 —7(t)
=eo(t)— E / ga(t+s)ds—F / e(t+s)ds

—7(t) —27(t)

eo(t —7(1))

0
- / O(t + s)ds.

—7(t)

Nonlinear Anal. Model. Control, 28(3):412-430, 2023
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Therefore, equation (16) can be rewritten as
0
€3(t) = Oea(t) — FE / eo(t + 5)ds
—7(t)
—7(t) 0

— F? / ea(t+s)ds — F / O(t + s)ds + O(t),
—27(t) —7(t)

where O = E + F.
Furthermore, one has

0
26T (£) Drés(t) = 25T (1) D1 Oca(t) — 26X (1) Dy FE / e(t + 5)ds
7(t)

—7(%)
— 2e3 (t)D, F? / eo(t + 5)ds + 2e5 (t) D, 0(t)

—27(t)
0

%y (1) Dy F / Ot + 5) ds. (17)
—7(t)
Combined with (16) and (17), equation (15) is written as
0
V(e(t)) = 2e3 () D1 Oey(t) — 26X (t) D1 FE / eo(t + s)ds
—7(t)

—7(t) 0
— 2e3 (t)D, F? / eo(t + 5)ds — 2e9(t) D1 F / O(t+ s)ds
—27(t) —7(t)

+ 2e5 () D10(t) + doel (t)é1(t)
+ az¥(t) ((Inn @ U) + (Inn @ UT))A(1).

By Lemma 3 one can obtain
0
—2¢, (t)D1EF / ea(t + s)ds
—7(t) 0
< Fey ()DIEFDTH(DyEF) ey (t) + / g3 (t+8)Dyea(t +s)ds.  (18)
(t)

https://www.journals.vu.lt/nonlinear-analysis
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Similarly, we have
—7(t)
—QEQT(t)D1F2 / eo(t+ s)ds

—27(t)
—7(t)

< 7ea ()DL F2DTH (D1 F) Teq(t) + / g3 (t+ s)Dyea(t + s)ds

27 ()
and
0
_2eT (1) Dy F / Ot + 5) ds
—r(t) .
< TeX (t)DIFDTH (D F) Y en(t) + / OT(t+s)D1O(t +s)ds.  (19)
—r(t)
Since
ot = (@ @ B0 - @ @ Ty,
then
[o® = ll-a(@ © L)) - (@ @ L) r@)|”
<20%(Q5 @ L)h(z®) " +2(Q5 & 1) T )
<2(a? P+a?+ a3)|e(t) 2,
where [ = max{ly,ls, ...,y }. From the transformation e(t) = (QT ® I,,)Z(t) it follows
that
: 1y
doel (t)ér (t) = —doel (t [ ( > z(t)) + (\/]]\L\f ® In> F(t)}

— —40aiT (Dh(E(t)) + doac] (£)(Q2 © L)h(F (1))
—40z(t)TI(t) + 4oy (1)(Q2 ® 1) ['(1).
Therefore, according to Assumption 1, one has
2e5 () D1O(t) + doe (t)éq (t)
= —4a&y (1)(Q2 ® I,)h(Z(t)) — doaz™ (t)h(Z(t)) — 4oz () (1)
—4& (1)(Q2 @ L,)I'(1)
<&@ + 4022 lz(r)]
+ oz’ + adollzt)|* + [e(0)|” + 8at|7(0)|* + 8a3|l2(0) |

B[ + adol|5(1)|”
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< 255 (t)za(t) + (803 + afo) [5(1)]°
— (doarm — ajo — 4021% — 40 — 8a3) Ha’c(t)”{

where m = min{ml,mg, AN ,mN}.
Based on Lemma 2, take II(t) = pt for some constant p > 1. In case if

V(et+0)) <pV(e®), 6e[-270],
then
g5 (t+8)Diea(t +5) < et (t 4 8)De(t + s) < pe’ (t)De(t). (20)
Next, considering the integral term in (19), we can obtain
0
/ OT(t + s)D1O(t + s) ds
—7(t) 0
< 2 max(D1) (212 + a2 + a2) / eT(t + s)e(t + s)ds
—7(t)

< 26(a?P + a3 + ad)p7(20€] (t)er (t) + e5 () Diea(t) + az¥T (t) (Inn @ U)F(1))
< 406(a2f2 +ai +a3)pre’ (t)e(t) + 25(a2f2 +ai + a3)pre, (t)Diea(t)
+ 20a3(a®? + a2 + a2)p7y" (1) Inn @ U)A(1),

where 6 = Apax(D1)/Amin (D).
In addition, we substitute (20) into the integral term (18), and it can be obtained that

0
/ T(t+ 5)Diea(t + 5) ds
=
< 20p7e" (t)e(t) + prey (1) Diea(t) + aspmy " (1) (Inn @ U)A(2).

Similarly,
—7(t)
ex (t + 8)Diea(t + s)
—27(t)
< op7et (t)e(t) + prey (t)Diea(t) + aspmyT () (Inn @ U)A(t).
Note that H is Hurwitz stable, and then there is
V(e(t)) < —e3 ()(A — 2Ian—2)ea(t)
+7e5 (t)[D1EFDT (D1 EF)" + Dy F?Dy (D F?)T
+ D1 FDY (D F)T + 2(p+ Spal? + dpa? + 5pa§)D1]52(t)
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+ pT[(30 + 2a3\) + (406 + 26az\) (a2f2 +ai+a3)] eT(t)e(t)

— N+ 0)F(@1) - (400[77'1—0150—4042f2 — 40 —8a3—azaq) || Z(t)] ?

)

where a4 = (8 + 0)a? + )\ + 1 and

DEFD{Y(D,EF)T + D\ F?Dy (D1F2) + D FDTH(DF)T
_ (20(6 —k)(B+k)JIT + g3T2(J%)T] 0) o1
- 0 0

If 3 satisfies condition (12), A — 21555 is positive definite, one has

E;F(t)(/l — QIQN_Q)EQ(t)
NeT(te(t) - N [[#(0)|]” = X3 ()7 (2),
and then

V(e®) < =NeT(t)e(t) + 73 (t){20(8 — k) [(B + k)X + B3N]
+2(p+ Spal? + pa? + Spa3)ptea(t)
+ pT[(30 + ag\) + (408 + 20az\) (@21 + a? + a3)] T (t)e(t)
- Hi/(t)H2 - (400477'1 — a0 — 40%? — 40 — 8a2 — azay — ) Hai‘(t)H2
< NeP(t)e(t) + 7T {20 B—k) [(ﬂ+ k)ijﬂS/_\’]
+p[(80 + az)\) + (406 + 20a3)) (12 + af + a3)] (u + 1) }eT (1)

Since 7 satisfies condition (13), then V'(¢(t)) < 0. By the Lyapunov—Razumikhin
theory we have lim;_, ., £(t) = 0, i.e.,

tlggoiv(t) - tlggow( )= t11>1£1<>7( )=0.

Hence
. . . o
tlggox(t) =z, t%w(t) =w",

which means that the optimization problem (5) can be solved by system (3) under the
distributed optional algorithm (7). O

3.2 Optimization protocol with sampled-data communication

In this section, we consider the distributed optimization problem of aperiodic sampling
control systems with external disturbances, and a sampled-data communication scheme is
formulated.

Given a strictly increasing time sequence {tx}, k € N, such that limy_, o, tx = oo.
The state x; () of system (2) is assumed to be sampled at time instants ¢, and available at
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Figure 1. The graphic of 7(t¢) and corresponding graphic of ¢ — 7(¢).
tr + 7(t) and 7(¢) > 0, that is, the sampled-data x;(ty) is available with a time-varying
delay 7(t). The sampling interval [¢y, t;41) satisfies
0 <Tmin < thr1 —tp = Tk+1 < Tmax VE € N;

where T}, is the length of the kth sampling interval, Ti,in = min{7} and Thax =
max{T} }. We use the following sampled-data-based communication scheme to solve the
optimization problem (5):

wi(t) =k Z aij (wi(te) — z;(t)),

JEN;
0i(t) = (In ® H)ni(t) + (In ® P)us(2), 21)
ui(t) = —aVfi(zi(t)) — wi(t) — (Lo @W)i(t) = B Y (wite) — 2;(t)).

JEN;

Suppose that 7 is the upper bound of 7(t), that is, 7(¢f) < 7 and 7 < Tnin. When
sampled at time instants ¢, be set as

ty=t—7(t) Vte [tr,tps1), (22)

it is obvious from Fig. 1 that the 7(¢) and ¢t — 7(t) are piecewise and discontinuous.
In addition, the sampled-data-based communication algorithms (21) can be transformed
into communication protocol (7) with time delay input by utilizing (22). Therefore, the
theoretical analysis of distributed optimization problems for aperiodic sampling control
systems with external disturbances can be obtained as follows by Theorem 2.

Corollary 1. Suppose that Assumptions 1-3 hold, then all states of agents in a multi-
agent system (3) can reach consensus and converge to the optimal solution of the opti-
mization problem (5) under protocol (21) for any initial values x(0), w(0), v(0) satisfying
(1y ® I,)Yw(0) = 0 and 7(t) € [0,7) if the conditions of Theorem 2 hold.

Remark 5. The distributed optimization protocol with time-delay input proposed in
this paper can be used in both time-delay and aperiodic sampling control systems, giv-
ing it a broad application background. Furthermore, the sampled-data communication
technique requires all agents to communicate only during sampling instants, which can
significantly reduce the amount of communication data.
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4 Numerical example

Considers a multi-agent system consisting of five agents in which directed topology with
all weights being 0—1 is shown in Fig. 2.
The optimization problem is given by

minimize F(z(t)) = Zf’ (zi(t)), xi(t) €R,

where the local cost function is designed as follows:

file) = 5@ =17 410, fol@)= (e -2 +11, folr) = 52 8z,
fa(z) = 2% — Tx + 17, fs(z) = 0602 =242 +9,  fe(z) = ;(x — 1) 41,
fr(z) = (z —2)2, fs(x) = 1302 + 3z, fo(z) = 2% — Tz 49,

2
fio(z) = 0.62% — 82 + 12.

Obviously, the local cost function f;(x) (i = 1,2,3,4,5,6,7,8,9, 10) satisfies Assump-
tions 2 and 3 in which [ = 2 and 72 = 1. The diagrams of local objective functions and
global objective functions are shown in Figs. 3—4, respectively.

The disturbances are expressed by d; (t) = A; cos(w;t + z;) in agent dynamics, which
can be generated by system (4) with

B:(_Og 6) C=(1,0), wi(O):<AiC°SZi).

A, sin z;

Supposing that ¢ = 1, (Al,Ag,Ag,A4,A5,A6,A7,A8,A9,A10) = (\/5/2,\/5,2\/5,
2v/2,3v3,v2/2,1/2,2v/2,2v/2,3V/3) and z;=7/4 (i=1,2,3,4,5,6,7,8,9, 10), then

@:(_01 é) v = (1,0).

Furthermore, we select P = (—1/8, —1/16) such that the matrix H = &+ PV is Hurwitz
stable.

Figure 2. The directed topology.
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Figure 4. The diagrams of global function F'(z).

Figure 5. State trajectories of z;(t). Figure 6. State trajectories of w; (t).
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Figure 7. The diagrams optimization function.

In the proposed protocol (7), we choose k = 2, a = 18, # = 2.5. In addition, p = 2
and o = 10 that satisfy the hypothesis are selected. By calculating one can be obtained

that
o —1/8 1 (332 -1
= (—17/16 0) ’ U= ( -1 266/17) ’

a; =1,as =1, a3 = 5.377, ay = 19. Obviously, all conditions of Theorem 2 are satis-
fied. Let the initial values #(0) = [1.3, 2.4, 7.1, 3.5, 5.6, 1.2, 2.4, 7, 3.2, 5.4]T, w(0) =
[0,0,0,0,0,0,0,0, 0, 0]T, under algorithm (7), the simulation results are shown in
Figs. 5-7. It is easy to observe that all agents’ states gradually reach consensus and
converge to optimization state * = 3.52 in Fig. 5. In addition, the evolution processes
of the global optimization function and local objective functions are shown in Fig. 7, the
value of global optimization function F'(x(¢)) is 15.25.

In control protocol (7), if we conduct data simulation on the result without considering
the internal model term, it can be found that the states of all agents cannot converge to the
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same state in Fig. 6, thus the optimization problem (5) cannot be solved. This also fully
shows that the internal mode principle can effectively offset the external interference of
the system and can make the states of the system achieve the same.

5 Conclusion

In this paper, the distributed optimization problem is solved for multi-agent systems
with communication delays and external disturbances in a directed network. Firstly, a
continuous distributed optimization algorithm is proposed based on the internal model
principle. To ensure the states of all agents converge to the optimal value of systems, some
sufficient conditions are derived based on Lyapunov—Razumikhin theory and graph theory
in which the upper bound of communication delays 7(¢) can be effectively estimated.
Finally, the effectiveness of the optimization algorithm can be illustrated by an example.
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