Nonlinear Analysis: Modelling and Control, Vol. 28, No. 3, 468-490 vo%“mv%%

-1579+

https://doi.org/10.15388/namc.2023.28.31721 § % | Vilnius
z o University
Z ‘55 Press
%‘WTAS w

Optimal control results for impulsive fractional delay
integrodifferential equations of order 1 < r < 2
via sectorial operator

Murugesan Johnson®®, Marimuthu Mohan Raja®®,
Velusamy Vijayakumar®'®, Anurag Shukla®®,
Kottakkaran Sooppy Nisar®®, Hadi Jahanshahi

#Department of Mathematics, School of Advanced Sciences,
Vellore Institute of Technology,

Vellore - 632 014, Tamil Nadu, India

johnsonsivanatham @gmail.com;

raja.marimuthul605 @ gmail.com; vijaysarovel @ gmail.com
PDepartment of Applied Science,

Rajkiya Engineering College Kannauj,

Kannauj - 209732, India

anuragshukla259 @ gmail.com

“Department of Mathematics, College of Arts and Sciences,
Prince Sattam bin Abdulaziz University,

Wadi Aldawaser 11991, Saudi Arabia

n.sooppy @psau.edu.sa

dDepartment of Mechanical Engineering,
University of Manitoba,

Winnipeg R3T 5V6, Canada
jahanshahi.hadi90 @ gmail.com

Received: September 5, 2022 / Revised: February 16, 2023 / Published online: March 9, 2023

Abstract. This research investigates the existence of nonlocal impulsive fractional integrodifferen-
tial equations of order 1 < r < 2 with infinite delay. To begin with, we discuss the existence
of a mild solution for the fractional derivatives by using the sectorial operators, the nonlinear
alternative of the Leray—Schauder fixed point theorem, mixed Volterra—Fredholm integrodifferential
types, and impulsive systems. Furthermore, we develop the optimal control results for the given
system. The application of our findings is demonstrated with the help of an example.

Keywords: fractional derivative, infinite delay, impulsive systems, integrodifferential systems,
sectorial operators, nonlocal conditions.

ICorresponding author.

© 2023 The Author(s). Published by Vilnius University Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source
are credited.


https://orcid.org/0000-0002-0967-5464
https://orcid.org/0000-0002-6716-5390
https://orcid.org/0000-0001-5976-5794
https://orcid.org/0000-0001-5892-0342
https://orcid.org/0000-0001-5769-4320
https://orcid.org/0000-0001-7810-6479
mailto:johnsonsivanatham@gmail.com
mailto:raja.marimuthu1605@gmail.com
mailto:vijaysarovel@gmail.com
mailto:anuragshukla259@gmail.com
mailto:n.sooppy@psau.edu.sa
mailto:jahanshahi.hadi90@gmail.com
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/

Optimal control for impulsive fractional delay integrodifferential equations 469

1 Introduction

Fractional-order calculus has been a 300-year-old mathematical notion as a generaliza-
tion of integer-order differentiation and integration to arbitrary noninteger order. In the
past decades, it found that there existed fractional-order calculus in both theoretical and
applied aspects of numerous branches of science and engineering such as viscoelastic
systems, dielectric polarization, electromagnetic waves, colored noise, heat conduction,
robotics, biological systems, finance, and so on. Fractional differential equations have
recently emerged as a very significant area of research due to their steadily increasing
number of applications in several branches of applied science and engineering. For more
information, see the books [9, 17,26,27]. In comparison to differential equations repre-
sented by standard integer-order derivatives, fractional-order differential equations yield
a better and more realistic scenario for explaining a wide range of physical processes.
There are several methods for interpolating integer-order definitions into noninteger order.
Riemann-Liouville and Caputo derivatives are two of the most known. As a consequence,
a large number of scholars have lately played an important role in [7, 18, 20, 29]. The
authors recently developed the well-posedness of semilinear Rayleigh—Stokes problem
with fractional derivative on RY in [8, 28, 30]. Additionally, the authors discussed the
Hilfer fractional derivatives on infinite interval. In [1,24], the researchers investigated the
optimal control results for fuzzy fractional differential systems by using stability analysis,
impulsive systems, nonlocal conditions, and state variables.

In engineering and many other scientific disciplines, particularly for fractional dif-
ferential evolution systems, fractional calculus has transformed the optimal control issue
into a fractional-order problem. The authors of [10, 11] investigated the general formu-
lation and solution scheme for fractional optimal control problems and optimal con-
trol of systems governed by partial differential equations. Moreover, the authors of [2]
have described a formulation for fractional optimal control problems defined in multiple
dimensions. In [5, 6], the researchers discussed the fractional derivatives with optimal
control problems by referring to the impulsive systems, integrodifferential equations,
stochastic systems, Clarke subdifferential-type, and Hilfer derivative. Currently, the re-
searchers in [14] have established the optimal control for fractional derivatives of order
(1,2) by applying the cosine families, sectorial operators, continuous dependence, fixed
point theorems, and integrodifferential systems.

Physical issues gave rise to the concept of nonlocal conditions. Nonlocal functional
differential systems were introduced by Byszewski in [4]. Subsequently, utilizing non-
dense domains, semigroups, cosine functions, multivalued maps, and noncompactness
measures, the authors tested fractional differential systems with nonlocal conditions. See
the articles [7,13,23] for more information. The topic of impulsive functional differential
systems has recently provided a natural structure for mathematical modeling of several
real-world situations, particularly, in the control, biology, and medicinal areas. The expla-
nation for this applicability is that impulsive differential issues are a suitable model for
explaining changes that occur in their state rapidly at some points and cannot be repre-
sented using traditional differential equations. For additional information on this theory
and its applications, we suggest the papers and books [3,5,6,25]. By using the upper and
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lower solution approaches, sectorial operators, and nonlocal conditions the investigators
of [20,21] constructed the existence and uniqueness outcomes for fractional differential
systems of 1 < o < 2. The authors [7,29] established fractional differential systems of
order (1,2) with control problems utilizing nonlocal conditions, mild solutions, cosine
families, the measure of noncompactness, the Laplace transform as well as other fixed
point theorems.

In [20], the authors looked into the existence and uniqueness of fractional differential
equations of order (1, 2). The authors of [21] utilized the upper and lower solution method
to investigate the existence of the extremal solutions for a class of fractional partial
differential equations of order (1, 2). The existence of mild solutions for Caputo fractional
derivatives of (1,2) was also addressed by the authors in [19]. In [5], researchers used
stochastic systems, MNC, control problems, the fixed point theorem of Monch, nonlocal
circumstances, and sectorial operators to derive Riemann—Liouville fractional derivatives
of order 1 < g < 2. Furthermore, in [13-15], the researchers developed the existence,
optimal controls, and approximate controllability results for fractional derivatives of order
(1,2) by utilizing the sectorial operators, integrodifferential systems, multivalued func-
tions, and various fixed point techniques.

Inspired by the above work, in this paper, we deduce the existence of mild solution
for fractional mixed Volterra—Fredholm integrodifferential equations with infinite delay
of order r € (1,2) via the sectorial operator of type (P, k,r,~). Furthermore, we dis-
cuss the optimal control results for the given nonlocal fractional delay integrodifferential
systems of order r € (1,2). The main contribution of this paper: A new set of sufficient
conditions are formulated and used to prove the existence and optimal controls for the
Caputo fractional derivative of order € (1,2) with infinite delay by using impulsive
systems, mixed Volterra—Fredholm integrodifferential systems, the nonlinear alternative
of the Leray—Schauder fixed point theorem, and sectorial operator of type (P, k, 7, 7).
Finally, the application of our findings is demonstrated with the help of an example.

The following form, which is inspired by the aforementioned facts, is appropriate for
impulsive nonlocal fractional delay mixed Volterra—Fredholm integrodifferential systems
of order r € (1, 2) with control problems

t
CDra(t) +/h (t,s,2s)
0

Az(t)) =my, A (t;))=m;, j=1,2,...,n,
2(0) = ¢(0) + E(24y, 2ty 2ty - - -5 2t;) € Qg T € (—00,0], 2'(0) = 2.

In the above,

(K2)(t) = /k(t,s,zs)ds, (W2z)(t) = /w(t, s, zs) ds,
0 0
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where “DY is the Caputo fractional derivative of order r € (1,2); A: D(A) C Y — Y
is sectorial operator of type (P, k,r,~) on the Banach space Y; the continuous function
F:00,] x Qg xY xY — Y, and k,w : S x Q4 — Y are appropriate functions, and
h:S8xQy— Y, where S = {(t,5): 0 < s <t < y}. The functions mj,m; : Y =Y,
and 0 = tg < 1 <ty < - < lp < toy1 = 55 Az2(t;) = 2(t]) — 2(t; ), where
z(tj) = lim+ 0 2(t; + €) and 2(t;) = lim.- o 2(f; + €) represent the right and left
limits of z(t) at t = t;, respectively. Az'(t;) has also a same explanation. Consider the
expression z;(0) = z(t + 0), 6 < 0, and associate it to the abstract phase space Q. In
the above system, 0 < t; < to <3 < --- <1; < 34 € N, and the appropriate function
E: Qé — Q.

The following sections represent the remaining portions of this article: Section 2 starts
with a description of some basic concepts and the results of the preparation. In Section 3,
we use the fixed point theorem to look at the existence results for the Caputo fractional
delay of Volterra—Fredholm type with impulses (1). Moreover, we investigate the optimal
control results for equations (1). Finally, an application for establishing the theory of the
main results is shown.

2 Preliminaries

We will provide some definitions, lemmas, fractional derivatives and integrals definitions,
sectorial operator assumptions, and preliminaries in this section, which will be used
throughout the article.

Let C(V,Y) : V. — Y be the space of all continuous functions with the norm || z||¢ =
sup,ey ||2(t)|], and let L(Y) be the Banach space of every linear and bounded operators
onY.

Suppose that g : (—o0, 0] — (0, 400) is continuous function with [ = ffoo g(t)dt <
+o00. For any b > 0, we introduce

Q= {J:[-b,0] - Y | 3(t) is bounded and measurable }
and equip the space Q with the norm
13]l[=b,0p = sup |TJ(s)| vVJe Q.

—0x8x

Let us define
0
Qy = {3: (—00,0] =Y ‘ Vd >0, J|j_a0 € Q, / 9(5)1 35,01 ds < —i—oo}.

If Q is supplied with the norm

0
Blle, = [ g6 allads ¥IeQy

— 00

then (Qy, ||| ¢,) is a Banach space.
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Now, we consider the space
Q) ={z:(—00,5] > Y| z; € C(V},Y), and there existz(tj),z(t»_): z(t7) = 2(t)),
ZO_5(Zt1azt2’zt37"'azti) =9¢¢€ an J :07---an}7

where z; is the restriction of 2 to V; = (;,¢;11]. Let ||-||, be a seminorm in Q; defined
by

1211, = lIolle, + sup |z |2(s)], z€ Q.

<s<y

Lemma 1. (See [25].) Assume that z € Qf, then fort € V, z; € Q4. Moreover,

()] < llzelle, <llglle, +1 sup |2(s)],

st

where | = ffoo g(t)dt < +o0.

Definition 1. (See [17].) The Riemann-Liouville fractional integral of order r € RT
with the lower limit zero for f : [0,00) — R™ is defined by

I"f(t) = 1T /(t 1) 45 s,
0

if the right side is point-wise defined on [0, 00).

Definition 2. (See [17].) The Riemann—Liouville fractional derivative of order » € RT
with the lower limit zero for f is given by

Iprft) = ﬁ%/f(s)(t —s)" T lds, t>0,n—1<7r<n.

Definition 3. (See [17].) The Caputo fractional derivative of order » € R with the lower
limit zero for f is defined by

CDrf(t) _ ( Z f(m tm>’ t>0,n—1<pB<n.

Definition 4. (See [20].) Let A: D C Y — Y be a closed and linear operator. A is said
to be sectorial operator of type (P, 7, r,~) if there exist y € R,0 < n < 7/2,and P > 0
such that the r-resolvent of A exists outside the sector,

Y+ Sy ={v+u" weC, [Arg(—u")] <},
and

. - P .
=) < i W gy

pr =

https://www.journals.vu.lt/nonlinear-analysis
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Further, if A is a sectorial operator of type (P, 7, r,~), then it is not difficult to see
that A is the infinitesimal generator of a r-resolvent family { K- (¢) }+>0 in a Banach space,
where .

K. (t)=-— [ e""R(p", A) dp.
(0) =5 [ RO A) d
Definition 5. (See [20].) A continuous function z : (—oo,j] — Y is said to be a mild
solution of system (1) if zg = (¢(0) + E(2¢,, 2ty 225, - - - 2t,)(0)) € Qg on (—00, 0],
z'(0) = z; such that

2(t) = S,-(¢) ((;5(0) + E(2ty ) 2tys Pty v - s ztl)(O)) +Qr(t)21
—i—/KT(t—s)/h(s, v,z,)dvds

0 0
t

+ | Ko (t—s)f(s, 2, (Kzs), (Wz,)) ds

s O — T —

+ [ K. (t—s)B(s)u(s)ds + Z Sp(t —t;)m;
j=1
+ ) Qr(t—tj)m;, tev, (2)
j=1
where
1 1
_ pt r—1 T - ut  r—2 T
5.0 = 5 [ R A) di Qule) = o [ RO A) di

K. (t) —/e“tR(,ur,A) dp

2mi
C

with ¢ being a sufficient path such that u” ¢ v + S,, for p1in c.

Theorem 1. (See [20,21].) Let A be a sectorial operator of type (P,n,r,~). Then the
following estimates on ||\Sy(t)|| hold:

(i) Lety > 0. For ) € (0,7), we get

My (n, ) P exp{[My (1, ) (1 + 4"V [(1+ 525V — 1]}
1+1/7‘7]

HST(t)H S T sin
L(r)P

7(1 4+ 47| cos Z=4|" sin 7 sin v

r

X (14+4t") +

fort > 0, where M;(n, ) = max{1, sinn/sin(¢) —n)}.
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(i) Lety < 0. For 0 < < m, we get

eP[(1 + sint)t/"— 1] I'(r)P ) 1

S| < , t>0.
H ( )H ( 7r|cosw|1+1/T W|COS$‘|COS%‘T 1+ ‘,-Y|tr

Theorem 2. (See [20,21].) Let A be a sectorial operator of type (P,n,r,~y). Then the
following estimates on || K,.(t)||, ||Q~(t)|| hold:

(i) Lety > 0. For i € (0,7), we get

P[(1+ _sing YW —1]
in(y—
|5 0)] < .
msiny
N Ptr71
7r(1+*ytr)|cos”%w|’”sinnsin1/1’
Pl(1+ g™ = UMy (n,9)

(-
HQT(t)H < WSiZIT](T+2)/T

(1 4 At )Y/ rgr—LelMr(ma) (14yt)) "

(1 -‘r’}/tr)(r_l)/rtr_l

% elM1 () 14yt
PrI(r)
7(1 4+ ~t7)| cos T=2|" sin 7 sin ¢

r

fort >0, where M;(n,¢) = max{1, sinn/sin(¢p — n)}.
(ii) Lety < 0. Forv € (0,7), we get

eP[(1 4 sine)'/" — 1] P =1
15 (®)]] < b )T e
7| cos 1| | cos || cos T2 [ ) 1+ el
eP[(1 + sine)Y/™ — 1]t rI'(r)P 1
HQr(t)H < b 1+2/T N | tr
7| cos 1| 7| cos || cos ==L ) 1+ |7
fort > 0.

Theorem 3 [Nonlinear alternative of the Leray—Schauder principle]. (See [16].) Let
D be a convex subset of a normed linear space Y, and assume that0 € @. Let ¥V : ¢ — P
be a completely continuous operator, and let

V(W) = {z € d: z= AWz for some A € (0,1)}.

Then either ¥ has a fixed point or U(¥) is bounded.

3 Main results

In this section, we investigate the existence of mild solutions for impulsive nonlocal
fractional delay mixed Volterra-Fredholm integrodifferential systems of order r € (1, 2).
Based on Section 2, we consider that the operators S, (¢), @, (¢) and K,.(¢) are bounded.

https://www.journals.vu.lt/nonlinear-analysis
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(H1) The linear operator A, which is a sectorial accretive operator of type (P, k, r,7),
generates the compact r-resolvent families S, (t), @, (), and K,.(t) for every
t € V, and there exists P > 0 such that

~ ~

swp |5, 0] <P swp Q0] <P, sup K, (1)) < P
t€[0,7] t€[0,7] t€[0,7]

(H2) (i) There exist positive constants £y and E + such that for every t € V and
21, Y1, U, kz27y2au2 € ng

| £t 21,91, u1) — f(2, Zz,yz,uz)Hgg
< Ef (||

and Ef = SUP¢cy ||f(t7 07 Oa O) H Qg+
(ii) There exist constants 771,72 > 0 such that

o, v —w2llo, +

)

<mllz—vyle,,
Q

¢
/ (t,s,z) — k(t,s,y)] ds
0
7
w(t, s,

z) —w(t,s,y)| ds

<mellz - ylle,
Q

0

N by
forany 71 =sup;cy || [, k(t,5,0) ds|lg,. T2 =sup;cy || fo w(t, s,0)dsl|g,
and z,y € Q.

(H3) (i) For any (t,s) € S, the continuous function h(t, s,-) : Q4 — Y, and for any
z € Qg, the strongly measurable function A(-, -, z) : S — Y such that

t
/ tsz
0

where w : [0,7] — [0,00) is an integrable function, and c is a positive
constant, the continuous and increasing function I7; : [0, 00) — (0, 00).
(ii) For z,y € Qy, there is (;, > 0 such that

cw(t) 1T, (||Z||Qg)’

t

/ [h(t, s,z) — h(t, s,y)] ds

0

< Gullz = yllg,
Qy

-~ t
and ¢, = supiey || f h(t, s,0)dslg, -
(H4) Let X be a separable reflexive Banach space from which the control u take the

values. Operator B € Lo (V, L(X,Y)), || Bl|s denotes the norm of operator B
on the Banach space Lo (V, L(X,Y)).
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(H5) The closed, convex, and bounded valued function \(-) : V' = 2% \ {(}}, which
is graph measurable and A(-) C O, where © is a bounded set of X.
(H6) & : Q; — Qg is continuous function such that

||5(1’1,Z2,Z3,...,$i)*g<’01,’l)2,’l}3,... ZM Mz —vllg,,

where M;(€) > 0 for any x;,v; € Qg4, and assume that

, T; € Qg}

Pe = sup{Hé’(:zcl,:vg,acg7 . ,x2)|
(H7) There exists a constant Z > 0 such that

[1— 1Py + Ef(1+m +m2))]Z -1
LP[Chy + 7E¢ (i + 12) + Efy+ O]

where US](Ch +Ef(1+m+mn2)) <1
Fix the admissible set
Aad = {y(-) | V = X strongly measurable, y(t) € A(t) a.e.t € V}.

Additionally, \aq # 0 from [22], and A\,q C LI(V, X) (1 < g < +00). Bu € L1(V,Y)
for any u € A\.q.

Theorem 4. If hypotheses (H1)—(H7) are satisfied, then system (1) has a mild solution on
[0, 7).

Proof. Let© : Q) — Q; given by

(b(t)+g(2t1aztz7zt37"'azti)(t)a te (-O0,0],

Sr(t)(¢(0) + 5(% ; th »2tg0 -5 2)(0) + Qr(t) 21
Oz(t) = +f(f K,(t fo 8,V,2,) duds
—l—fot K, (t—38)f(s, zs, (Kzs),(Wzs))ds + fot K, (t — s)B(s)u(s)ds
+Z;‘L:1Sr )mJ+Z] 1 Qr(t —tj)my, teV.

For verify that © has a fixed point, we deduce that it should be the solution to system (1).
Since ¢ in Q,4, we define ¢ by

(t) =

()_ ¢(t)+5(Zt1azt27zt3a'~'7Zt1;)(t)7 te(*OO7O],
ST<t)(¢(O) + E(Ztmzthts.a e 72251)(0)) + QT(t)Zlv te ‘/a

then $ in Q;.

https://www.journals.vu.lt/nonlinear-analysis
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o~

Consider z(t) = y(t) + ¢(t), t € (—00,7), we deduce that y fulfills (2) iff y fulfills
Yo = 0 and

ty=[| K.(t—s) [ h(s, v, y, + 9/51,) dvds
[re]
+ /Kr(t — ) (5, ys + G5, (K (s + 05)), (W (ys + b)) ds
0

+ /Kr(t — $)B(s)u(s)ds + z”: Sr(t—t;)m; + z”: Qr(t—t;)m;, teW
0 i=1

j=1
Consider Q] = {y € Q: yo =0 € Q,}. Forevery y € Q,

lyll; = llvolle, +sup{|y(s)|: 0 < s <y} =sup{|y(s)[: 0<s <y}

since (Qy, ||||,) is a Banach space.
Set Z, = {y € Qy: |lyl, < p} for some p > 0, then 2, C Q is uniformly

bounded, and for y € 2,,, by using Lemma 1 one can get
lye + dello, < llvlle, + della,
<Ip+P(|6(0)] +Pe) + Pla]] + [ ¢lle, <" 3)

Define (2 : QF — Qf by

0, te (foo,()],

ft fos s Vyy+$y)dl/d8
“Qy(t) = +fo (5 Ys +¢s,( (ys +¢S))a(W(ys+¢S)))d3
+ fo t — 8)B(s)u(s)ds
+Zj:1 Sp(t —t;)m; +Z?:1 Qr(t —tj)my;, teV.
Moreover, if © has a fixed point, which is equivalent to {2 having a fixed point, then we
can show that {2 is continuous and completely continuous.
Also, {2 mapping from bounded sets into bounded sets in Qy .

In fact, it is sufficient to prove that there exists a positive constant  such that for every
y € 2, one has ||2y|| < x. Consider that y € 2,,. From (3), for every t € V, we get

= /Kr(t - s)/h(s, v, Yy, + c;ASl,)dVds
0 0
+ /Kr(t = 8) (5, Ys + B, (K (ys + ), (W (ys + 6))) ds
0
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+ /Kr(t — $)B(s)u(s)ds

+ 8.t mJ+ZQT —t;)m;, teV.

j=1
From the hypotheses, for every ¢ € V', we obtain

12y @]

¢
/ (t—s) / (s,y,yl,—&—(g,,)duds
0

0

/ (t—9) S ,Ys + $37 (K(le + Qgs))a (W(ys + Q/i;s))) ds
0

to/ »(t — s)B(s)u(s)ds|| +

[Chllys + dslla, + Cn] ds

n

> St —tj)m

j=1

tft mj

=)
o\

4P [ [By (et B, + mllve+ullo, A + et Bullo, + )+ By ds
0

t n n
+ B|IB] / u(s)|| s+ BS [yl + B> g
) j=1 j=1

Py[Cup’ + ] + Pa[Es (0 +mp' + T+ mop’ +72) + Ey]

+ P|Blloos ™ ull paqvey + P Y Imyll + P Y Il = x

j=1 =1

Hence, we get || Q2y(t)|| < x
We check that 2 mapping from bounded sets into equicontinuous sets of 2,,.
Suppose that 0 < ¢; < to < . In addition, 2, is bounded set of Q_’q’ . We get

||9y(t2) — Qy(t1)||

ta s
= /K,,(tg - s)/h(s, v, Yy + &) dv ds
0 0
to
+/Kr(t2 - s)f(s, Ys + (gs, (K(ys + a)\s))v (W(ys + a)\s))) ds
0

https://www.journals.vu.lt/nonlinear-analysis
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to
+/Kr(t2 —s)B(s)u(s)ds+ > Selta—tj)m;+ > Qult2
o 0<t;<ts 0<t;<ts
t1 s
= [ Kt =) [ b+ 6, dvas
0 0
ty
- /KT(tl - S)f(sv Ys + (st (K(ys + ;gs))v (W(ys + é;s))) ds
ot1
- /Kr(tl—s)B(s)u(s) Gs— 3 Sti—tymi— Y Quln
2 0<t; <t 0<t; <ty
to S
g/ Kr(tQ_s)b/h(sv v, yu+¢A5u)d’/Hd5
t1 s
—|—/ [Kr(tg —35)— K. (t1 — s)] O/h(s, v, Y, + :é\l,) dv|| ds
t2
+/ Kotz = 8) (5, Yo + o (K(ys + 64)), (W(ys + 64))) || ds
t1
+/ [Kr(t2_3) - Kr(t1—8)}f(8, ys+$Sa (K(ys+$s))7 (W(ys+$a))) ds
+ [ | K (t2 = s) s)|[ds+ [ ||[Kr(t2 —s) — K, (t1 — s)] B(s)u(s)|| ds
f J
+ D ISkt = ty)my| + Z [[Sr(t2 = t5) = Sp(ts — t;) | my |
t1<t;<ts 0<t; <ty
+ Z HQT‘(tQ_tj)ij + Z H[Qr(tQ _tj) _Qr(tl _tj)}ﬁle
t1<t;<ts 0<t; <ty
to
<P [ [oulye + Bullo, + G ds
t1
ty
+ / HKT(t2 —s) — K.(t1 — S)H [Cths + $3||Qg + Eh] ds
0
to

+ ﬁ/[Ef(HyS'*'(gS”QgJ'_ anys'i‘(gsHQng ';]\1 + 7]2Hys+$sHQg+ ﬁ2) +Ef] ds

t1
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/Wrmfs — Koty — )| [Er(lys + Sello, +mllys + dullo,

+m +nzllys +¢>3Hgg +72) +Ef] ds

+P||B||m/||u |ds+||BHOO/HK t— ) — Ko (tr — 9)||||u(s)]| ds

+ 0y ||S —tmg| + Y |[[Selta = t;) = Sty — ;)] my|

t1<t;<t2 0<t;<ty
+ Z ||Qr(t27tj)mj|| + Z H[Qr(tQ - ) Qr( - }mJH
t1<t; <tz 0<t; <ty

ﬁ[Chp' + Eh}(h —t1) + [Cup" + Eh] / HKr(t2 —5) — K, (t; — S)H ds
0
+ P[Ef(p" +mp' + T +nm2p" +02) + Ef] (t2 — 1)
+ [Er (0 +mp' + i +map’ +72) + ] / [ K (t2 — 5) = Ko (ti — s)|| ds
0
+ P||Blloo(t2 = 1)/ pav 2y
+ | Blloo |zl Laqv.x) / | K (ts — s) = K, (t — s)|| ds

+ Y IS —tmyll+ D ([[Se(te = t5) = Se(tr = t5)]my]|

t1<t;j<t2 0<t; <t
+ 3 @ttt + D (@t — 1) — @t — )] .
t1<tj <tz 0<t; <t

By using the continuity of functions ¢ — ||S,(¢)], @), and t — || K-(®)|],
the right-hand side of the above inequalities tends to zero as ty — t;. Therefore, {2y
is equicontinuous. From the Arzela—Ascoli theorem it is obvious that {2 is continuous
and completely continuous. Then we verity that there exists an open set U C 2, with
y # ARy for A € (0,1) and y € OU.

Lety € 2, and y = A2y for some A € (0,1). Forany t € V, we get

t s
:/Km—@/Mamw+&MMs
0 0

+ /Kr(t - S)f(s, Ys + Q/gsa (K(ys + Qgs)), (W(ys + as))) ds
0
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t
—i—/KTt—s ds+ZS (t—t;)
0

+ZQT Dy, teV.

Then we get

|u(t) -/Kr(t—s)/h(s, v, yl,—i—qASl,)dl/ds

0 0

[ Bt =91 (5, B (Kl +50). (7 +6.)) ds
0

¢
/Kr(t—s)B s)u(s)ds
0

[Cnllys + bslla, + Cn] ds
0

_|_

j=1

t

+P / Er(lys + dullo, +mllys + dallo, + 7 + mellys

0
+ cbsllQJ +1772) + E] ds

+P||Buoo/Hu<s>||ds+PZ||ij+PZ||mj||
0 j=1 j=1
< PyiGullye + della, + Piln + Pa[Ef(lye + ¢1llo,
+millye + dell, + 1 + mellye + dello, +2) + E]
P Baos TV gy + S g+ S [l

Jj=1 Jj=1
Now, we obtain

ly: + dillo, <1 sl[lopt] ly(s)| + LP(|6(0)] + Pe) + LP|z1| + |6l 0,-
se|0,

If §(¢) the right-hand side of above inequality, then we get

lye + ¢ello, < 6(2).
Let t* € [0, t] be such that

) =1ly(")|| + 113(]|¢(0)H + Pe) + 1P| 21| + \|$||Qg.

Nonlinear Anal. Model. Control, 28(3):468-490, 2023
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Since from the above inequality, for any ¢t € V,
3(t) = Lo (t) + 1Py
+IPJ[Ep (5(t) + mo(t) + i +120(t) + 72) + By
+ 1P| Blloo) @V Ul pacv,zey + 1P S gl + 1P [l |

j=1 j=1
+1P(|p(0)] + Pe) + 1P21| + 1l a,

then by taking norm we get
lo@] < Psculls )l
+1PsC + 1P [Er (|[5@)[| + m |5 @[] + 7 +m2]|5()|| +72) + Ey]
+ 1P| Blloo) "™/l agv. ) + 1P [l | + 1P Y [l |

Jj=1 j=1
+1P(||6(0)|| + Pe) + IPl|z1]l + ¢l o,

which implies

(1= 1Py(Gn + By (1+m + m)][6(1)]
IP[Chy + gE (M +12) + Epy+ O]

<1 “4)

where
= [ Bllocd ™V Ul paqviey + D llmyll + > [l
j=1 j=1

+[|6(0)]] + Pe + [zl + 1 0ll o,
By (4) and (H7) ||0]| # Z. Let
U={yeQ Iyl <T+1}.

By the choose of U there is no y € 9U such that y = AOy for some A € (0, 1). From the
nonlinear alternative of Leray—Schauder-type theorem we obtain that (2 has a fixed point.
Hence, © has a fixed point, which is a solution to system (1). O

4 Existence of optimal control results

In this case, we consider the Lagrange problem: discuss (2%, u?) € C(V,Y) X Aaq such
that

T (2% u’) < T(2%u) Vu€ g,

where J (2", u) = [] Z(t, 2", u(t))dt, and z* denotes the mild solution of system (1)
correspondlng to the Control U € Aaq. In order to the existence of mild solution for
system (1), we assume that the following hypothesis holds:

https://www.journals.vu.lt/nonlinear-analysis
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(H8) (i) The Borel measurable functional £ : V x Q, x Y x X — RU {oo}.
(ii) The sequentially lower semicontinuous functional .Z(t,-,-) on Q4 x Y x X
forae. t e V.

(iii) The convex Z(t,z,-) on X for any z € Q, and forevery t € V.
(iv) There exist 7 > 0, d > 0, a nonnegative o, « € L*(V, R), such that

L(t,z,u) = a(t) + 7|zl o, + dl|ul|%.

Lemma 2. (See [12].) Consider that A is sectorial operator of type (P, k,r,7) on Y. In
addition, the X : LY(V, X) — C(V, X)) with q > 1, presented by

(RF)() = / K, (- — )f(s) ds,

is strongly continuous.
Next, we present the results regarding the existence of the optimal controls for (1).

Theorem 5. Suppose A is sectorial operator of type (P, k,r,~) in Y. If all the assump-
tions of Theorem 4 and (H8) hold, then the Lagrange problem has at least one optimal
pair.

Proof. If inf{J (2%, u), u € Aaa} = 400, there will be nothing to verify. Without loss
of generality, one can assume that inf{ 7 (2", u): u € Aaa} = ¢ < +00. By (H8) we get
¢ > —oo. From the definition of inf there exists a minimizing sequence feasible pair

{(zg, ue)} C Aaq = {(2,u): zis a mild solution of system (1),
obviously it depends onu inA,q },

J (2%, ut) — ¢ as £ — +oo. Since {u’} C Aag, {u'} is a bounded subset of L7(V, X),
there exists a subsequence, relabeled as {u‘}, and u° in L?(V, X) such that u* =% «° in
LYV, X). Since A,q is closed and convex by reason of Marzur lemma, u® € \aq.

Let 2 be the mild solution of system (1) according to u’, £ = 0,1, ..., z* satisfies the
following integral equation:

(1) = Sp(t)(0(0) + & (24, 215 215+ 21,) (0)) + Qr(t) 21
K. (t— s)/h(s7 v,z5) dvds
0

+

+ [ K.(t—s)f(s, 2, (Kzf), (sz)) ds + /K,»(t — 5)B(s)u’(s) ds
0

s O — s T —

+ Y Skt —t)m+ > Qu(t—t)my, teV.
j=1

=1
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Assume that f¢ = f(s, 2%, (Kz%),(Wz%)). From (H2) we have that f¢ is a bounded
continuous operator from V into Y since f in L(V,Y). Moreover, {f{} C Y, {f¢} is

bounded in L?(V,Y), there exists a subsequence, relabeled as { f’}, and f, in L4(V,Y)
such that

L fy i LYV, Y).
From Lemma 2 we get
NfE—S5 Nf, in C(V,Y).

Consider the following system:

Drz(t) = Az(t) + /h(t, s,25)ds+ fy + B(t)u(t), teV, t# ty,

5)
Az(tj)) =mj, AZ(t;))=m;, j=12,...

7n7
Z(O) = ¢(0) + 5(Zt1,2’t2,2t3, ey Zti) S Qg, te (*OO, O], Z/(O) = Z1.
We know that (5) has a mild solution

2(t) = Sr(t)(¢(0) + E(Zry, 2ty 2o - - 21,)(0)) + Q)21

t

+/Kr(t—s)/h(s, v,z,)dvds
0

+/Kr(t—s)fsds+/Kr(t—s)B(s)uO(s) ds

0

[}

3

+ Sr(t—t; mJ—l—ZQT —tj)m;, teV.
j=1 j=1

<|ISe @) [E( 2L, 2 2E)(0) = €GBy B B - -2 21) (0)] ]

S S

K,(t—s)(/h(s v,z )du—/h(s,u,zy)dy>

0 0

ds

—S Z—A» S AT—S SUZS— SUOS S
+/||K7.<t aalE +O/||K7<t )(B(s)u'(s)—B(s)u(s)) | d

k
ZMl |z —zHgg
=1

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Optimal control for impulsive fractional delay integrodifferential equations 485

t
0
t

S

/ (5,1 25) — h(s,1,3,)] dv

“U>

ds (denoted by G)

— B(s)u’(s)||ds (denoted by Gy),

o\

which implies

|2 <« — AT,

1=371 My(€)
Applying Lemma 2 next, we obtain
¢ —0eC(V,R) asl— oo.

Moreover, we get
25 Z2eC(V)Y) asf — oo.

Moreover, applying hypotheses (H2) and (H3), we have
ff — f(s,’z\s, (Kzy), (W?s)) inC(V,Y) as £ — cc.
Applying the uniqueness of limit, we obtain
J?t = f(t,?t, (KZ), (Wgt))
Thus, z can be presented as

2(t) = Sr(t)(d(0) + E(Zty Zta» gy - -+ 21)(0)) + Qr(t) 21

t s
+/K (t—s) /h(sw,?,,)duds
0

0

t t
—i—/K, (t—8)f (s, 25, (KZ), (WZ) ds—f—/K, (t — 8)B(s)u’(s) ds
0 0

+ZS(t7t mJ+ZQT —tj)m,, teV.

is only a mild solution of equations (5) that corresponds to u°. Since C'(V,Y) — L(V,Y),
using (H8) and Balder’s theorem, we obtain

J J
¢ = elim Z(t, zf,uz(t)) dt > /E(t,/z\t, uo(t)) dt = 7(Z,u°) > .
— 00
0

This shows that 7 fulfills its minimum at (Z,u") € C(V,Y) X Aaa. The proof is
finished. O
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S Application

Derive the fractional delay integrodifferential equations with impulses of the form

gtrrz(t,p) = 6ap22(t’p) +/ / B(s —v)M (z(v, p)) dvds + /Q(p, s)u(s,t)ds
0 —oo 0

t s

+f<t, [ a-0:mds, [ [ el pom sz dids,

0 —oo

t s
0/_/ &(s, p, L — 9)z(¢, p) des>7 ©

o0
teV=101], pel0,n], t#¢;, j=1,2,...,n,
z(t,0) = z(t,m) =0, teV,
z(t;',p)fz(tj_,p):mj, z/(tj',p)fz/(tj_,p):ﬁlj, i=1,2,...,n,

Z(t,p) :¢(t,p)+ZM32(t3 +p)? te (700,0],
3=0

Z/(Oa p) = Zl(p)v pe [077T]7

where 9/2/0t3/2 represents the fractional partial derivative of order » = 3/2. Consider
O0<ti <t <<ty <pneEN0=1 <t <ty <---<t; <tj41 = )are pre-
fixed points; z(tj) =lme+ pyy0+,p) 2(t5Fe p) and 2(t) = lime- )y y0-p) 2(Ei1€ p)s
q: [0,7] x [0,1] — R is continuous, u € L?(V x [0, 7]).

Let Y = X = L?([0,7]), and consider A : D(A) C Y — Y given by Az = 2" with
domain D(A), which is

D(A) = {z € Y: z,2 are absolutely continuous, z" € Y, 2(0) = z(r) = 0}.

It is well known that A denotes infinitesimal generator of an analytic semigroup
{K(t),t > 0} on Y. In addition, A has discrete spectrum with eigenvalues —h?, h
in N and corresponding normalized eigenfunctions given by yp(z) = /2/7sin(firz).
Then yy, is an orthonormal basic of Y (for more details, we refer to [20]),

2
eih t<27yh>yh7 z € Ya

NE

K(t) =

>
Il
—

K(t) is compact for all ¢ > 0, and K(t) < e~* for every ¢ > 0 [23] based on this
representation.

A = 0?/0p? represents sectorial operator of type (P, k, 7, ) and produces compact
r-resolvent operators S, (t), Q,(t), and K,.(t) for t > 0. Since A = 9%/9p? is an m-
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accretive operator on Y with (H1) satisfied,

Az = Z B2z, yn)yn, 2 € D(A).
h=1

The controls are functions u : Kz([0,7]) — R such that u € L?(Kz([0,7])). This
claim is that ¢ — wu(-,t) going from V into X is measurable. Set A(t) = {u € X
|lul|x < 9}, where 9 € L?(V,R*). We restrict the admissible controls \.q to be all
u € L*(Kz([0,])) such that [|u(-,t)|| L2 (jo,x]) < ¥ a.e.

For phase space, we take g = 2%, s < 0, in addition | = f_ooo g(s)ds =1/2 < o0,
for every ¢t € (—o0, 0],

0
I6lo, = [ ats) sup [[6(6)] . ds
Define -
z2(t)(p) = =(t, p),
0
(Hs)(p) = /h(t w,s)(p)dw = / /ﬂ (w — h)M (¢(2)(w)) dedem,
0 —oco

t t

k(t,0)(p) = /fz(t,p,S)ﬁ(S)(p)d& w(t, 0)(p) = /53(t,p,8)9(8)(0)d8,

S(thzthts?"'7Zti)(p) = Maz(ta +p)7 B(t)u(t)p /g(p7 ) (S’t) ds.
3=0 0

Then system (1) can be abstracted as problem (6).

Suppose
e = l/(//ﬁ”_b )(p))des>2dpr/2
U </ / e </ 25||¢<s><->|lmds) dey)Zpr/z
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_ l / ( / 4 B(V—L)dbds>2dp] " tiolo,)

0 0
T 1/2

= [/(U*(?f))2 dp] o(llglle,) = vra®e(llglle,)-
0

Hence, p : [0,4+00) — (0,400) is continuous increasing function, and we can take
w(t) = w(t) with ¢ = /7 and IT; (p) = p(p) in (H3).
Now, consider the following cost function:

J(u) = /f(t, z, u(t)) dt,
0

where
s

0 1
.Z(t,z,}‘,u(t))(p):/ / |2 (t + s, p)|2dsdp+//|z(t,p)|2dpdt
0 —oo 00

T

+O/0/|u(t,p)| dpdt.

It is easy to see that all the assumptions in Theorem 5 are satisfied: therefore, problem (6)
has at least one optimal pair.

6 Conclusion

In this paper, we have investigated the existence results for impulsive fractional delay
integrodifferential systems of mixed type of order r € (1,2) with nonlocal conditions by
using the fractional calculations, sectorial operators, fixed point approach, and appropriate
analysis. Furthermore, we developed the optimal control results for the given systems.
Then an example of the theory explaining the significant findings is developed. In the
future, we will discuss the null controllability results for fractional stochastic differential
systems of order r € (1, 2) with delay. Then we will extend to the relative controllability
results for the Hilfer fractional differential systems with impulses by using semigroup
theory, measure of noncompactness, multivalued map, and mild solutions.
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