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Abstract. In this paper, based on the properties of Green function and the eigenvalue of
a corresponding linear operator, the existence of positive solutions is investigated by spectral
analysis for a infinite-points singular p-Laplacian Hadamard fractional differential equation
boundary value problem, and an example is given to demonstrate the validity of our main results.
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1 Introduction

We consider the following singular Hadamard fractional differential equation:
"D (0p ("D ) (1) + At u(®), "D u(t) =0, 1<t<e, (D)

with infinite-point boundary condition

Wt (1) =0, j=0,1,2,...,n—2 D™ u(e Zn 2ulg), )
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HD1+U(1) =0 Pp ( 1+U ZCJ@;D 1+u 53)) 3)

where o, vy, p € RT = [0,400), 1 <a<2,n<vy< n+1( >3), 11,72 € [2,n— 2],
o < 11, p-Laplacian operator ¢, is defined as ¢, (s) = [s[P~2s,p,q¢ > 1,1/p+1/qg =1,
O<p<n—2and0<n, <l 1<§E<e@=1,2,...,00),heC((1,e) x Ry x
R.))(Ry = [0,+0cc) and may be singular at t = 1,e, and HDe u, DT u, ' DY
HDIiru (¢ = 1, 2) are the standard Hadamard fractional derivatives.

Compared with classical integer-order differential equations, fractional-order differ-
ential model has the advantages of simple modeling, accurate description, and clear phys-
ical meaning of parameters for complex problems, and it is one of the important tools
for mathematical modeling of complex system such as physics [21], chemistry [23],
astronomy [22], artificial intelligence [20], population dynamics [4], and financial mod-
eling [25]. It has been noticed that most of the work on the topic is based on Riemann—
Liouville and Caputo derivatives; for more details, readers can refer to [3,6,9,11-16, 19,
27,31-33] and the references therein. There is another kind of fractional derivatives in
the literature due to Hadamard [18], which is named as Hadamard derivative and differs
from the preceding ones in the sense that its definition involves logarithmic function
of arbitrary exponent. Although many researchers are paying more and more attention
to Hadamard fractional differential equation, but the solutions of Hadamard fractional
differential equations are still very few, the study of the topic is still in its primary stage.
About the details and recent developments on Hadamard fractional differential equations,
we refer the reader to [1,2,5,26,28]. In [29], Zhang et al. considered the following
Hadamard fractional integral boundary value problem:

—HIDYu(t) = fi(tult),v(t)), 1<t<e,
_HD?-%—’U(t) = f2 (t,u(t),@(t)), 1 QAN ¢,

with boundary conditions
W) =i (1) =0,  ule) = / M) o) = / h(tyo() L,
1

where o € (n — 1, n] is a real number withn > 3, 7 = 0,1,2,...,n — 2, and HDf‘+
denotes Hadamard fractional derivative of order «. The nonlinearities f; € C([1,e] x
RT x RT,R*),R* = [0,400), and [} h(t)(logt)*~*dt/t € [0,1). In [24], Zhang and
Wang considered the following Hadamard fractional differential equation:

"D, 6y ("Dfu() = f(tult), tE (Le),
with boundary conditions

u(l) =4/(1) =u/(e) =0, HDe u(1) =0,

ep(FD%u(e)) = / oo (D u(t)) S

t b

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Existence of positive solutions for singular p-Laplacian Hadamard FDEs 493

where #D" .+ and 7T 7, denote Hadamard fractional derivative of order a € (2,3), 8 €
(1,2], and p € [0, B), ¢p(s) is a p-Laplacian operator, i.e., ¢,(s) = |s|P~2s forp > 1,
(¢p) "1 (s) = ¢q(s), where 1/p +1/q = 1. In [28], Yukunthorn and Ahmad considered

the following fractional differential equation:
—HDT, ¢y (=D u(t)) = [ (8 ult), u(6(t)),
subject to integral boundary condition
"D u(1) = "Dfiue) =0, w(l)=0, "Dy tu(l) = n"Dy ule),

where 1 < a,f < 2,neR,J=[le],0 e C[JJ),teJ fe CRY,R) DY, and
Hr f + denote Hadamard fractional derivative of order o and Hadamard fractional integral
of order §, and f, g : [1,e] x R x R — R are continuous functions. In [30], the author
considered the following fractional differential equation:

D§ u(t) +g(t) f(tu(t) =0, 0<t<1,

with boundary conditions
u(0) =/ (0) = =u"2(0) =0, uD(1)= aju(g),
j=1

where « € R, n < a < n+1,n > 3,4 € [1,n— 2] is a fixed integer, a; > 0,
0<& << <1< <---<1(=1,2,...), fis allowed to have singular-
ities with respect to both time and space variables. Various theorems were established for
the existence and multiplicity of positive solutions. The existence of positive solutions are
established under some sufficient conditions by ug-positive linear operator and the fixed
point theorem.

Motivated by the excellent results above, in this paper, we investigate the existence
of positive solutions by spectral analysis for singular Hadamard fractional differential
equation with infinite-point boundary value conditions (1)—(3). Compared with [24,30],
the fractional derivative is involved in the nonlinear term in this paper, and the method
used in this paper is spectral analysis. Compared with [30], the derivatives used in this
paper are Hadamard fractional derivatives.

2 Preliminaries and lemmas

For the convenience of the reader, we first present some basic definitions and lemmas,
which are useful for the following research and which can be found in the recent literature
such as [18].

Definition 1. (See [18].) The Hadamard fractional integral of order o > 0 of a function
y: (0,00) — Ry is given by

t

Hroy(t) = F(la)/<1nz>alyf) ds.

1
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Definition 2. (See [18].) The Hadamard fractional derivative of order o > 0 of a contin-
uous function y : (0, 00) — R, is given by

1D, y(t) = ﬁ <t§t> / (my§>+ ds,

where n = [a] + 1, [a] denotes the integer part of the number «, provided that the right-
hand side is pointwise defined on (0, 00).

Lemma 1. (See [18]). If o, B > 0, then
" ¢ B—1 B+a—1
() )o=r m o)
£\’ 1
wr(m(z) )= 52 (o >
a a

Lemma 2. (See [18]). Suppose that o« > 0 and u € C[1, [1 00), then the solution
of Hadamard fractional differential equation HDHu( )=

@%3

&

u(t) = c;(Int)* ' +eo(Int)* 2 - 4 ¢, (Int)*™™
¢ €R@E=0,1,...,n),n=[a]+ 1

Lemma 3. (See [18]). Suppose that « > 0, « is not natural number. If u € C[1,00) N
L[1,0), then

u(t) = 18, 1D u(t +ch (Int)*

fort € (1,¢], where ¢, ER(k‘:l,Q,...,n)andn: [a] + 1.

Let u(t) =" I'" v(t), v(t) € C[1, €], then the BVP (1)~(3) reduced to the following
modified boundary value problem:

D¢ (op (TDITH0)) (8) + A(t, T v(t),0(t) =0, 1<t<e, @)
with nonlocal boundary conditions
v(1)=0, j=0,1,2,...,n—2; HpTiry(e) = Y 0D o)),

=t (5)
HD;Y:MU(U = 0; @p(HD’ly:M ZCJ‘PP 1+ U(ﬁ]))

Lemma 4. (See [10].) Let g € L(1,e) N C(1, e), then the equation of the BVPs
—HDYTHu(t) = g(t), 1<t<e,

(1) =0, j=0,1,2,....n—2; D "p(e ZnHDrz o
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has integral representation

v(t) = /j(t,s)—g(s) ds, (6)
5
1
where
I(y — p)(Int)7=#71Q(s)(In §)1= 71—+
3t s) 1 —A(n i)yl 1<s<t<e
75 = A/ N -
AT(y =) | T(y — p)(Int)""#~1Q(s)(In %)7_”_1,
1<t<s<e,
in which
1 1 In &\ v—r2—1 e\
— _ . s In =
A= = T 2 (&) (3
s<Ej
P(y—p) Th—p) ]
A= In&™"70 £ 0.
M) Tl W87
Proof. The method used in this paper is similar with [10], we omit it here. O

Lemma 5. The functions J(t, s) given by (6) has the following properties:

(i) J:[1,e] x [1,e] = Ry is continuous, and I(t, s) > 0 forall t,s € (1,e):
(i) (Int)7=#=13(e,s) < TI(t,s) < TI(e,s).

Proof. By direct calculation we get Q'(s) > 0, s € [1, €], and so Q(s) is nondecreasing
with respect to s. For 7o < 71, s € [1, €], we get

Ly — p)Q(s) = 11:(7—10 CT(v—w Zﬁj(ln >vr21(ln2>nm

(v=r) TLly—r) 2 "\Ing
Lly—p) Tl —p) 1

> - &)t = A,
Ply—=m) Tly—r) ;n 4

hence, for 1 < s <t < e, we have

W9 = A5 =0 {F(v W)t EIQ(s) <ln 2)7_”_1_ A (m z)'y—“_l}
> m IntY—#1 {F(W - wQ(s) (ln j)v_n_l_ A(l—1In S)v—u—ﬂ
> It # 1 (e, s). -
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For1l <t < s < e, wehave

y—r1—1

1
J(t,s) = Z(lnt)”‘“_lQ(s) <1n z> > (Int)""#13(e, s). (8)
By calculation we have

In 7T (y = p)Q(s)(1 = s)7 77t
1 —A(nt)r=r=l=r 1< s <t <e,
AD(y —p— k) | (Int)y =4 1- “F(v—u)Q(S)(lnf)”*”“H
1<t<s<e.

W, s) = ©))

By simple computation we get 7D*, J(¢, s) > 0, then we have 93(t, s)/dt > 0, hence,
J(t, s) is increasing with respect to ¢, thus, we have

max J(t,s) = J(e, s).

te(l,e]

By (7) and (8) we have that (i) holds. By (9) we get (ii) holds. O
Lemma 6. Let h € C((1,e) x (0,400)2,[0,+00)), then the BVP (4), (5) has a unique
solution

e e d d

o) = [ 5<t,s>¢q< [ #smn Hffw(T),v(r))T)j,
T
1 1
where
R(t,s) =Ri(t, s) + Ralt, s), (10)

in which

1 Int)* " HIn&)* ! —(Ini)*-l 1<s<t<e,

I B (LD e TR A
[(a) | (Int)*t(In¢)e~!, 1<t <s<e,

Ralt, ) = lnt [2:45[“1<m> _1'0“%>Q_T

£i>s
e a—1
+ ngg;*(m) ] t,s€l,el. (11)
s2&; y
Here A=1—3""°, (;In&* . Easily, we have
_1y R In¢*~? 12
== 2 G(Gs) e (12)
i=1
Proof. The proof is similar to the proof of Lemma 2.2 in [17], we omit it here. O

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 7. Let A > 0, then the Green functions R(t, s) defined by (10) satisfies:
(i) R:[1,e] x [1,e] = Ry is continuous, and R(t,s) > 0 forallt,s € (1,e);

(i) )0t < R(es) <V 0T, hselle,(3)
= _ o . X * 1 A S i a—1
=S v = (34 Samer )

Alis defined as in (11).

Proof. Since Ry (t,s) > 0forall (¢,s) € [1,e] x [1,e], we have

R(t,s) = Ra(t,s) = i)

16
222 (Int)* L.
= (int)

On the other hand, we get
1 o0
%(tv 8) = gﬁ{1@7 S) + j chg:{l(gw 8) : (lnt)ail
i=1

1 a—1
< @(hlt) +

1 S a—1 a—1
Al(a) ; G(Ing)*  (Int)

S AI‘l(a) <A+ ;Cz(ln§?1)> ~(Int)*~t = b*(Int)>~ 1L 0

Let E = C[1,¢],
paper,

v|| = maxjgige |U(E)], then (E, ||-||) is a Banach space. In this

P={veE:v(t)=0,te[le},

K={veP:ut)> (Int)Y =+ Y|, t € [1,e]}.
Obviously, K is a subcone of P in Banach space F, and (E, K) is an ordering Banach
space. Let K, = {v € K: ||| < r}, 0K, = {v € K: ||[v]| =r},and K, = {v €

K: ||v]] < r}.
We list the following conditions used in this paper for convenience.

(H1) f € C((1,e) x (0,+00)2, R, ) is continuous, and for any 0 < r < R < +o0,

I:Lrgili}?{ sup / j(eas)ﬁﬁq</h(7—’m(T)’y(T))T>(18:

e(n) 1

xeKR,yeKR\KT}o,

where e(n) = [1, 1+ 1/n]Uje —1/n, e], R= R/T(u + 1);

Nonlinear Anal. Model. Control, 28(3):491-515, 2023
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H2) 0<p<n—2andry,re € [2,n— 2],y <713
(H3) ForO<m;, (; < 1,1 <& <e(@=1,2,...,00), the following formulas hold:

D(y—p) = o1 Py —p) = -1
—_— Ingl ™" < 0, Glng ™ < 1
L(y—12) ;m ! Ly =) z_;

Define two operators A : K \ {0} - Pand T : E — E as follows:

T S
1

(Av)(t) /J(t,s)gaq(/iﬁ(s,ﬂh(ﬂ HIf+v(T),U(T))(iT>(LS, te(le], (14)

(ro)® = [ 3t.5)0(s)S

1

tell,el. (15)

Lemma 8 [Krein—-Rutmann theorem]. (See [8].) Let T : E — E be a continuous
linear operator, P be a total cone, and let T(P) C P. If there exist ) € E \ (—P) and
a positive constant ¢ such that ¢TI () > 1), then the spectral radius v(T) # 0 and has

a positive eigenfunction corresponding to its first eigenvalue \ = r(T) 1.

Lemma 9 [Gelfand’s formula]. (See [8].) For a bounded linear operator T and the
operator norm ||-||, the spectral radius of T satisfies

T nlll/n

r(@) =t [T
Lemma 10. Assume that (H2)-(H3) hold, then T: K — K defined by (15) is a com-
pletely continuous linear operator, and the spectral radius v(T) # 0, moreover, T has

a positive eigenfunction p* corresponding to its first eigenvalue \; = (r(T)) L.

Proof. For any v € K, by Lemma 5 we have

f ds [ d
I = max /Ci(t, s)v(s)f < /j(e, s)v<s)§. (16)
1 1
On the other hand, from Lemma 5 we also have
. f - ds
To(t) > (Int)"™* J(e,8)v(s)—, te][l,e]. (17)
s

1

Then (16) and (17) lead to T : K — K. From the uniform continuity of J(¢, s) on
[1,€] x [1,e] and (H2)—(H3) we have that T : K — K is a completely continuous linear
operator.

In the following, we show that 7" has the first eigenvalue A\; > 0 by using Krein—
Rutmann’s theorem. In fact, by Lemma 5 there is tp € (1,e) such that J(¢o,%9) > 0.

https://www.journals.vu.lt/nonlinear-analysis
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Hence, there exists [a, a] C (1,e) such thattg € (a,a) and I(t,s) > 0 forallt, s € [a, al.
Choose v € K such that v(tg) > 0 and v(t) = 0 for all ¢ ¢ [a, a]. Then for ¢ € [a, a], we

have
e

(Tv)(t) = /J(t,s)v(s)% > /J(t,s)v(s)% > 0.

So there exists ;1 > 0 such that u(Tv)(t) > v(t) for t € [1,¢]. It follows from Lemma 8
that the spectral radius r(7') # 0, and moreover, A has a positive eigenfunction ¢*
corresponding to its first eigenvalue A; = (r(T"))~! such that

MTp* = ™.
The proof is completed. O
Lemma 11. If (H1)—(H3) holds, then A : K \ K, — K is completely continuous.

Proof. First, we prove A(Kr \ K,.) C K. Infact, foranyv € Kg \ K, t € [1,¢], by
Lemma 5 we have

(Av)(t) = /eff(t,s)soq</em(s,r)h(r, It o(r),v(r)) d:)is
</ (/% Hv()v(ﬂ)‘if)(f,

Jam < / ( s it ) 2 )

On the other hand, by Lemma 5 we also have

t):/ej(ts (/%ST 11t o(r),v ())d:>(is
> (Int)?—H- 1/ (/ER $,7) 1+U( ), U(T))d:>dss

> (Int)"=#= 1||AUH, tel,el.

then

Hence, A(Kr \ K,) C K.
Next, for any » > 0, we show that

sup / (/‘ﬁ $,T) At v(r), v(T))dT>ds < 400, (18)
Ue?R\K'r T §

Nonlinear Anal. Model. Control, 28(3):491-515, 2023


https://doi.org/10.15388/namc.2023.28.31728

500 L. Guo et al.

which implies that A : Kpg \ K, — K is well defined. In fact, it follows from (H1) that
there exists a natural number ng > 1 such that

sup / (/SRST T, Il+v() ())dT>dS<1. (19)
vEK R\ K e(mo T S

Thus, for any v € K g \ K,., we have

(Int)"™# ol <o) < ol <R, telle], (20)
Lf( N T ) el [ )
Hrp - - _\7/ _
Iv(t) = M) 1/<lns> S ds < ) /(lns) d(In s)
t
= _F|(U||) /(1nt—lns)“ Yd(Int —Ins)
s 1
1
< WHUH’ te [LeL (21)
t
1 !
HIlJr’U() w/(lns> @ds
1
t
> lJJgjllLl) /(lnt —Ins)* !(Ins)”#"td(Ins). (22)
1

LetIn s = 71nt, then we have

il (Int —7Int)" H(rint)* * intdr

—

H || pn—1 Tafp,fl 77_;171 T
A5 (in) / (1-7p1d

T T
Lol by B — i, ). (23)
T
Soforany 1+ 1/np <t < e— 1/ng, by (20)—(23) we get
1 a—p—1
r(ln(l+)> <o(t) <R,
No
(24)

https://www.journals.vu.lt/nonlinear-analysis
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From (19) and (24), by Lemma 7, we have

. / (/m s, 7)h(r, "I o(7), v(r))d:> %

gve%fix,. / (/‘ﬁ s, 7)h(7, 1, o(7), 0(7)) d:) %

e(no)
e—1/ng
d d
+ sup / /ERST TIHU()())T—S
vEK g\ K T S
1+1/’I’L0

d
+ (Dl)q—l(b*)q—l /j(e,s) ?S < 400,
where

D, —max{h(t,xl,wg): (t,21,12) € {1+1, e— 1} x |a, R] x {b, r(ﬁrm]}

no no

a=r(n(1+1/n9))" 1 b= (In(1+ 1/ng))* 1(B(a — p, p1)/T(1))r. Hence, (18)
is true, and this implies that A is uniformly bounded on any bounded set.

Next, we prove that A : K \ K, — K is continuous. Let vj,v9 € Kg \ K, and
[lvk = vol|| = 0 (k — o0). For any € > 0, by (H1) there exists a natural number mg > 1
such that

sup / J(e, s) /ER 5,T) A1t (1), v(1)) dr ) ds < (25)
UE?R\KT‘ ( ) T S 4
e(mo

Since f(t, 1, x2) is uniformly continuous on [1+1/ng, e—1/ng|x[a, R]x[b, R/T(u+1)],
SO
dr

T

/9‘{57- I o(7),0(r)) —

is uniformly continuous on [1 4+ 1/ng, e — 1/ngt] x [a, R] x [b, R/T'(x+ 1)]. Hence, we
get that
i Ho dr
©q R(s, 7)h(7, "I vp (1), vi(7)) —
1

— g (/m(s,T)h(r, HI{L+1)0(T),U0(T)) C1_T>| =0

Nonlinear Anal. Model. Control, 28(3):491-515, 2023
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holds uniformly for ¢t € [1 + 1/mg, e — 1/mg]. It follows from the Lebesgue control
convergence theorem and (H1) that

e—1/mgo e
/ s @q</%(s,7) T, ]/+vk( ), Uk(7)> d:)
14+1/mo 1

as k — oo.

[ dr
— g | R(s,7)h(7, 1}, vo(7), v0(T)) )
([ :

Hence, for the above € > 0, there exists a natural number N such that for £ > N, we get
e—1/mgo

/ 3. s) (/m Dh(r, I ok (), 0n(7) d:)

1+1/mo
(/SR $,7) (T —71+’Uo( ), vo(T )) d:)

According to (25) and (26), when k& > N, we have
| Avy — Avo|

< sup / TJ(egs)gpq</i)“‘t(5,7)h(7-7 H[f+vk(7'),vk(7')) d:) %

v €K R\ Ky
e(mo)

+  sup / 3(678)%(/9‘{(3,7)71(7.7 Hlfw()(T),vo(T)) d:) %

vo€EK R\ K,
e(mo)

ds €
— < - 26
S < 2 (26)

e—1/mo e
n / 5 <pq</9%(3,7) (. 1 o (), vk (7)) d:)
1+1/myg 1
; dr \|ds
—@q| [ Rs,nA(T 1Y, vo(7), 00(7)) ) ~

€ €
2 - - =
< ><4—|—2 €

Hence, A: Kg \ K, — K is continuous.
For any bounded set B C K g \ K., we will prove that A(B) is equicontinuous. In
fact, by (H1), for any € > 0, there exists a natural number ky > 1 such that

dr\ d
sup / (/9‘{37 71 (1), (1)) 7->S<2
vER R\ K, (ko T $

https://www.journals.vu.lt/nonlinear-analysis
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Let
1

D2 = maX{h(t,x1,lU2): (t,xl,xQ) € |:]. + k‘io’ e — k:/’[O:| X [Q,R] X |:b, I‘(M-R—Fl)] }

Since G(t, s) is uniformly continuous on [1,e] x [1, €], for the above € > 0, there exists
0 > O such that forall s € [1 4+ 1/ko, e — 1/ko],

e—1/ko -1
d
3(t,5) = 3(t, 8)| < ;<D2 / (e, 5) j)
1+1/ko

for |t — /| < 0,¢,¢ € [1,e]. Hence, for |t — /| < J,¢,t € [1,e] and v € B, we get
HAv(t) —Av(t’)”

<2 sup / 3(6,8)(@(/9{(8,7)71(7-7 A1t o(r),v(r)) dT) ds
1

= T ] s
’UEKR\KTe(kO)
671/160 e d d
+ sup / |3(t, s) fj(t',s)’gaq /9‘{(5,7’)71(7’, HI{C;U(T),U(T)) Bl
’UE?R\KT T S
1+1/ko 1
<2x < + <
Z4 - —¢
4 2 ’
which implies that A(B) is equicontinuous. From the Arzela—Ascoli theorem A : K \
K, — K is completely continuous, then the proof is completed. O

Lemma 12. (See [7,8].) Let K is a cone in Banach space E. Suppose that A : K, — K
is a completely continuous operator. If there exists ug € K\ {0} such that u — Au # pug
foranyu € 0K, and i > 0, then i(A, K., K) = 0.

Lemma 13. (See [7,8].) Let K is a cone in Banach space E. Suppose that A : K, — K

is a completely continuous operator. If Au # uu for any w € 0K, and p > 1, then
(A, K., K)=1

3 Main results

Theorem 1. Suppose conditions (H1)—(H3) are satisfied, and
. f%(ff m(SaT)h(TJJlJJQ)dTT)

lim in > A, 27
mi—>0+ 1 + )
i=1,2
“R(s, 7)A(T, x1, 20) LT
lim sup ey s Dhm 2, 22) ) (28)
z1+T2—+00 T2
T —>+00

uniformly hold for s € [1,¢], z; € [0,400) (i = 1,2), where \1 is the first eigenvalue of
T defined by (15). Then the BVP (1)—(3) has at least one positive solution.
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Proof. 1t follows from (27) that there exists r > 0 such that

</§R s, T)R(T, x1, 22) dr ) > M(z1 + 22),
i (29)

lz1] < lzo| <7, t €l e,

F(u +1)
and thus, for every v € 0K, we have

r

H
PO gy

’v(s)| < (30)

From (29) and (30) we have that

(Av)(t) = /ts (/mm (r, 11" 0(7), ())d:ﬁs

1
e

> [ 39" 0() + o) TaEo®, te e 6D

1

By Lemma 8 7" has a positive eigenfunction ¢* corresponding to A1, thatis, * = A\ Tp*.
In the following, we shall prove that

v—Av # up*, veoK,,, up=0. (32)

If not, then there exist vy € 0K, and po > 0 such that vy — Avy = pop*, and then
to > 0and vg = Avg + po* = pop™. Let @ = sup{u: vg = up*}, then @ > o,
v = p*, AMiTvg 2 M uTe* = np*. Therefore, by (31) we have
vo = Avg + pow” = MTvo + pow™ = ™ + pow™ = (L + wo) ™,
which contradicts the definition of . So (32) holds, and from Lemma 7 it follows that
(A K,,,K)=0.

Now we choose a constant 0 < ¢ < 1 such that
° dr

R(s, T)h(T, 21,7
lim sup max q(fl (s, T)A(T, 21, 22) <F)

25— +o00 5€[1,c] o

<0)\1,

and we define a linear operator Ty = oMTy. Then T : E — E is a bounded linear
operator, and T( ) C K. Moreover, T<p = oM Tp* = op*, and so the spectral radius
of Tis r(T) = o, and T also has the first eigenvalue r—1(T) = o~ > 1. By Gelfand’s
formula we know

o= lim ||T""". (33)

n—-+oo
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Let g = (1 — 0)/2, and by (33) there exists a sufficiently large natural number N
such that n > N implies that ||7"|| < [0 + €g]™. For any v € E, define

N

lofl* =D lo + eV T o

i=1

) (34)

where T0 = I is the identity operator. Clearly, ||-||* is also the norm of E.
On the other hand, it follows from (28) that there exists R > r such that

f d
©q (/%(s,r)h(T,xl,:cg) :) <oMay foraxs 2 Ry, 1 20, t€[l,e]l. (35

Taking
R> maX{Rl, Aote ) C*}, c* =,
€0
and
[ dr\ ds
C= sup I(e, 8)pq | R(s, 7)R(r, I v(1),v()) — | — < 400 (by (18)).
’UG(?KRl 1 T S
Next, we show that
Av # pv, v € OKp, p=>1. (36)

Otherwise, if there exist v; € 0Kpg and p1 > 1 such that Av; = pqvq, let v(t) =
min{vl(t), Rl} and D(Ul) = {t S [176] : Ul(t) > Rl}, and let

£(t) = (lne)7=#%

From v € C([1,¢], [0, +00)) it follows £(t) R < v1(t) < ||v1]| = R, and by Avy = pyvy
we get that v; satisfies boundary conditions, so we have v1(0) = 0. Then there exists
1 < ¢p < e such that v1(¢9) = R. Thus, 9(t) = min{v1(¢t), R1} < min{R,R1} = B;
for t € [1,e], and ¥(tp) = min{v;(t), R1} = min{R, R1} = R;. Then we have
|Io]] = Ry. Since v(t) = min{vi(t), R1} > min{{(t)R,R1} > > Ri&(¢), t € [1,€], so
y € OKg,. From (35) and Lemma 5, for t € D(v1), v1(t) = Ry, 2 1+a:1( ) = 0, we get

(Av1)(?)

f/ (/mST HWﬂwﬂYf>f
< [ . (/mST ngm><>ff>f

D(’Ul

+ [ (/msr Tzﬁm><>ﬁf>i

[1L,eN\D(v1)
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< o—)\l/ej(t,s))vl(s) ds+/e3(e,s)gaq</e§)‘{(s,r)h( A1t 5(r),0(r)) —

< (Tw)(t)+C, te[le.

Noticing that T : K — K is a bounded linear operator, by (37) we have

0 < (T79(Av))(t) < (TV(Tor + O))(t), §=0,1,2,...,N —1,te[l,¢.

Then (38) yields

which leads to

2

[Ava||* = "[o + o] N T T (Awy)|
=1

&

< [0’—|—60 N ZHTZ L Tv1 —|—O H = |TU1 —‘rC”*

<.
—

Since v1 € OKpg and ||v1]| = R, from (34) we get

\ _ _ 2
[o1]|* > [0+ eo]V Hvi]| = [0 + €] VTR > =C,

€0
which implies that
C* < F o
By using (34), (39) and (40) we have
N
prllor]|* = [Av||* < [Tor]|* +C* = o+ o] N7 TH0n || + C*
i=1

N—-1
=l el Ll T+ [P+ 0
1

N—1

<o +e] Y lo+ e T 0| + [0+ eo]Veu || + C*
=1
N . ~ .

= [0’ + 60] Z[O’ + CO]N_ZHTZ_l'UlH + O*

i=1

€
= [o+elllnall" + C" < [o + eo][[oa]” + gollvlll*

= o4 2
= 40’ 4 vl -

(37

(38)

(39)

(40)
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Notice that 19 > 1, we obtain 0/4 4+ 3/4 > 1, and then o > 1, which is a contradiction
with 0 < o < 1. Thus, (36) is indeed true, and by Lemma 13 we get

i(A, Kg,K)=1. 41)
It follows from (36) and (41) that
i(A,KR\FTO,R) =i(A,Kp,K) —i(A, Ky, K) = 1.

Hence, A has at least one fixed point in Kp \ Xm. Consequently, the BVP (4), (5) has at
least one positive solution, which implies that BVP (1)—(3) also has at least one positive
solution. 0

Now we consider another case of problem (1)—(3). For this, we define a linearoperator
T, for any sufficiently small 0 < € < 1 as follows:

(Tew)(t) = / J(t, s)v(s) %, te[l,el].

1+e
From Lemma 5 we know that 7. : K — K is also a completely continuous linear

operator, the spentral radius r(7T.) # 0, and moreover, T, has a positive eigenfunction
. corresponding to its first eigenvalue A\ = (r(T%)) L.

Lemma 14. Suppose that (H2)—(H3) hold, then there exists an eigenvalue Xl of T such
that
lim )\E = )\1.

e—0t

Proof. Takee; > €2 2 -+ 2 €, = -+ and ¢, — 0 (n — +00). So for any m > n and
p € F, we have

(Te, 0)(t) < (Te,, 0)(t) < (To)(t), te(le,
and

(TF o) (t) < (TF ) (1) < (T*) (), tele], k=23,...,

€m

where TF = T(T*~1) (k = 2,3,...). Consequently, || TF || < [|TF || < |T*|| (k =
1,2,...). From Gelfand’s formula we get A\., > A, > A1, where )\; is the first
eigenvalue of 7. Since {)\, } is monotonous with lower boundedness A1, let

lim A, = ;.
n—-+oo

Now we will show that Xl is an eigenvalue of T'. Suppose ¢, is a positive eigenfunc-
tion of T corresponding to A., with ||¢., || =1(n=1,2,...),1e.,

e—e€n

d
Ge (1) = M. / 3(t, 8) e, (5) ?3 =X T e (t), tellel
1+e€n
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Notice that

e—én e

ds ds
T = — J =1,2,...
Tl = max [ 3(t.5)pe () < [T =12,

1+e€n 1

and thus, {7, ¢e, } C E is uniformly bounded. On the other hand, for any n € N and
t1,t2 € [1,¢], we have

|T., e, (t1) = Te, e, (t2)] / |3(t1, 8) = I(tz, 8)| e, (5)
1+e€p

So as G(t, s) is uniformly continuous on [1,e] x [1,¢], it follows that {T¢, ¢. } C E
is equicontinuous. By the Arzela—Ascoli theorem and lim, 4. A, = A1 we get that
©e,, — @0 as n — 4o00. This leads to ||¢g|| = 1, and then by (41) we have

e

aolt) =2 [ 3(t,9)p0(s) T, e f1el

1
that is, 0o = AT 0o. O
Theorem 2. Suppose (H1)-(H3) hold, and
WQ(flc m(sv T)h(Ta L1, 1‘2) %)

lim sup < A, (42)
11—>0Jr L2
1=1,2
em ) ﬁ 9 9 dr g
fming L2th REDATTL2) F) 5 “3)
z1+z2—+00 1+ X2

uniformly on t € [1,e], where Ay, Xl are the eigenvalues of T, and \y is the first
eigenvalue of T. Then the BVP (4), (5) has at least one positive solution, that is, the
BVP (1)=(3) has at least one positive solution.

Proof. Firstly, by (42), for any s € [1, e], there exists 7 > 0 such that

f d
Pq </9{(S,T)h(7,x1,x2) :) < )\13:27 |:E1| < ﬁ7 |.’I,'2| < T. (44)

Thus, for every v € 0K, by [P1!" v(s)| < 7/T'(p+ 1), Jv(s)| < 7, we have

(Av)(t) = / (/m (. 1 (r), v <>)T>dj

<\ /j(t, s)v(s) % =\ (Tv)(t), te]l,e] (45)

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Existence of positive solutions for singular p-Laplacian Hadamard FDEs 509

In fact, we suppose that A has no fixed point on JK,.. Now we prove that
Av # pv foranyv € 0K, p > 1.

Otherwise, there exist vg € 0K, and po > 1 satisfying Avg = pove. We know pg > 1
and from (45) we have

povo = Avg < A Tvg. (46)

By induction for (46), we get
Hovo < A'T"vy, n=12,...,

which implies that

[[voll Atllooll AT
On the other hand, by the Gelfand formula we have

. Ho 1
r(T) nh_r)r;o T > N > VR

which is a contradiction with r(T') = A["!. So (45) holds. By Lemma 13 we have

i(A K, K) = 1. 47

It follows from (43) and lim,_,g+ A = A1 that there exist a sufficiently small € €
(1, 14+ 1/2) and R > r such that

r d
@q(/m(S,T)h(T7.’E1,ZL‘2) T) 2 )‘ﬁ(xl +l‘2) 2 p6R7 s € [176}7 (48)
T
1

where ). is the first eigenvalue of 7., p. = (In(1+ ¢)*~1/T'(u))o. Let ¢, be the positive
eigenfunction of 7T, corresponding to \., then ¢, = A\ T ..

For any v € 0KR, s € [1 + ¢, e — €], by (12)—(14) we have

I'(u s s
> [l )~ By =, p) + (Int) o]

In(1 + e)r—1
>—— 7 ||lo = pR. (49)
) [vlle=p

HI1 o(s) + v(s) = L) /t (m t>“1”<8) ds + v(s)
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By (48) and (49) we have

(Av)(t) = /ts (/m (r, 18 o ), ())d:>dss
/ J(t, s)e (/69%57 T Il+v() ())d:>is

1+€

)\/ (t,s) (M1t v(s) + /\/ (t,s)v

14+e€ 1+e

= A(Tv)(t), tel(le]
Proceeding as in the proof of Theorem 1, we have
U_AU#MQOG ’UEaKR,M>0,

then by Lemma 7 we get
i(A,Kg,K)=0. (50)

By (47) and (50) we have
i(A,Kr\ K,,K)=1i(A,Kg,K)—i(A K, K) =—1.
Hence, A has at least one fixed point in K \ K, which is the positive solution of the

BVP (4), (5). Certainly, it is also the positive solution of the BVP (1)—(3). The proof is
completed. O

4 An example
Consider the following infinite-point p-Laplacian fractional differential equations:
3/2 11/2 1/2
DY (05 (D1} %)) () + f(tu(t), Dy Pu(t) =0, 1<t<e,

W= =0 D = 3 D) s

TP Pu)y =0, ¢, (D1 u(e)) = Zci¢p<HDii/ u(ny)),

where v = 11/2, a = 3/2, p = 1/2, 11 = 7/2, 79 =5/2,p = 3, q = 3/2, n; = j*/2,

& = 7' ¢ = 1)), f(ta,y) = (x+ )2 + |In(lny)|. f may be singular at

t=eandz =y = 0. u(t) = 111421)( t), v(t) € C[1,¢], then the BVP (51) reduced to
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the following modified boundary value problem:
D2 (@3 (DY 0)) () + £ (8, "L (1), 0() =0, 1<t<e,

o) =/ (1)=0,  "Diu(e) = infD%w(ej),
j=1

HDi’+u(1) =0, (HDi)Jr'U ZQSOP 1+U 771))

(52)

By simple calculation we have

F _ oo
A— ('Y :u) 77] lngﬁ/ ro—1
F(’y—rl) v —13) =
r'(5) rG) & j4(1)2
= - _ L (=) ~1751,
-7 r(l—;—a;z 7
A=1-) (gt = Zg Ing)/?=1- Zl
: j
i=1 1:1

~1—0.5411 = 0.4589,

. 1 = a-1 1 I 1
T B )

~ 3.1242.

Clearly, we have

3t s) = 1 L(B)Int)*P(s)(In¢) — A(ln L)*, 1<s<t<e,
e 5) |T(5)(Int)*P(s)(In 2), 1<t<s<e,
%, (1) 1 [(mt)Y2P(s)(In¢)Y/2 — (InL)/2) 1<s<t<e,
PUTTTE) | (nt)/2P(s)(In €)12, 1<t<s<e,
1 1/2 1/2 N\ 1/2
Ro(t,s) = ntg {Zgj[a 1<1n ) _<1nfﬂ) }
§ §i>s 5
" o 1/2
+ Z G Ing; (lns> ], t,s €[l,e].
2§
Forany 0 <7 < R < +ocandv € K \ K,, we have
(Int)*r <w(t) <R,
B(5, 1) _ 2R
\/; r(Int) 2 < u(t) =" 11P0(t) < 7 te [1,e].
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Since | In(Ilny)| is decreasing on (1, e) and increasing on (e, +00), we get

|In(Iny(t))] < 2|In(InR)|+ |(nt)!|, te[l,e],

[#(t) + y(t)Tl/P’ S {(lnt)er + B, 3)

) ~1/3
~1/2
) r(Int) } , te[l,el

The absolute continuity of the integral yields that

m— o0
e(m)

1 ~1/3
lim J(e, s) ((1n t)4r + [(m t)Yr + B (5, Q)T(lnt)_l/z] ) ds = 0.
Hence,

limsup sup / J(e,s)f(s,z(s),y(s)) ds

m—+00 TEK7, .
yeFR\Kﬁ(m)

1 y—r1—1
<limsup sup — / P(s) <1n e) [(z+ y) 13 4 |Iny|] ds

m—+00 z€K g S
yEK R\ K, e(m)

1 e\ !
< limsup — / s)( In—
m—>+oIo) A Q )( s)
e(m) X s
X ((ln t)tr + {(ln t)4r + B(5, 2>r(lnt)1/2} > ds =
where A = R/T'(3/2), so (H1) holds. On the other hand, it is obvious that

liminf inf @Q(flem(s,T)f(TamlaxQ) %)

21 —0% t€[le] 1+ T2
IQ*}O‘F

= liminf inf ((fle R(s, 7) (1 + xz)—1/3 + |ln$2|)d77)2

10T t€[le] T1 + 22
I2—>O+

= +OO7

‘R ag) 4T
hmsup sup S0‘1(.f1 (S7T)f(7—7x1 1‘2) = )

T1+T2—+00 tE[l,e] T2
To—>+00

((JS R(s,7) (@1 + 22) "3 4 [Inzy)47)2

= limsup sup =0,
z1+z2—+00 te(l,e] T2
To—+00
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which imply that

© dr
liminf inf @q(fl m(S’T)f(Taxhx?) T )

2107 t€[Le] T1+ 22
$2—>0+

>\

eg{ ? ’ ’ dr
> limsup sup 0q( [ R(s,7) f(7,21,22) T).

z1+z2—+00 te(l,e] L2
xro——+00

Therefore, all assumptions of Theorem 1 are satisfied. Thus, Theorem 1 ensures that
problem (52) has at least one positive solution, that is to say, (51) has at least one positive
solution.

Acknowledgment. The authors would like to thank the referee for his/her valuable
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