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Abstract. In this paper, we study a class of degenerate unperturbed problems. We first investigate
some properties of eigenvalues and eigenfunctions for the strongly degenerate elliptic operator and
then obtain two existence theorems of nontrivial solutions when the nonlinearity is a function with
an asymptotically condition.
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1 Introduction

Our aim in this paper is to study the following nonlinear elliptic equation:

—Aqu— = f(z,u), x€i,

1
u=0, x€df, M

where 2 is a smooth bounded domain of RY (N > 2), A is a parameter, and A, is
a strongly degenerate elliptic operator of the form

N
A, = Za’”i (a?@mi), a=(ag,...,an): RN — RV,
i=1
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The strong degenerate elliptic operator A, was first introduced in [4], and the authors
[5] remarked that A ,-Laplacian belong to the more general class of X -elliptic operators.

The A, operator contains many degenerate elliptic operators such as the Grushin-
type operator G, = A, + [2]?*A,, a > 0, where (z,y) denotes the point of RV x RMz,
N; + Ny = N, and the operator of the form P, . = A, + |2]??A, + |z|?*|y|*A.,
(z,y,2) € RN x RN2 x RNs, N} + Ny + N3 = N, where a, b and c are real positive
constants. We refer readers to [1] for some important properties of this operator.

Many authors considered (1) with A = 0, i.e.,

—Aqu = f(z,u), =z€, 5
u=0, x€af. @
In [1] the authors used the mountain pass theorem and the fountain theorem to study
the existence and multiplicity of solutions for (2), where f satisfies a superlinear growth
condition, and in [17] the authors examined the case where (2) has a nontrivial solution
using sub-super solutions and variational methods. In [6] the authors adopted the three
critical point theorem to consider the case where (2) has at least two solutions, and in
[3,15] the authors investigated the existence of infinitely many solutions when f satisfies
a general superlinear growth condition. For more research to this kinds of equations, we
also refer the readers to [7-14, 16, 19, 20] and the references therein.
Following [4], we denote by W12(£2) the closure of C3(§2) with respect to the
norm [l 12 = (fq [Vaul®da)/2, which is a Hilbert space with the inner product

(u,v) = fQ Vot Vovdz. Here V, = (0104, . .., an0y, u). For convenience, we

abbreviate the norm ||-||y;1.2. oy as |||, and let |-|, be the usual norm in the Lebesgue
Wi?(0) q

space L1({2).

In order to study the asymptotically linear problem, we first present eigenvalues prop-
erties for A,. We note that the author in [6] presented some properties for this operator,
but the author did not provide proofs. For completeness, we first study the eigenvalue
problem associated with (1),

—Aqu=Au, x€ 2,

3
u=0, x€df, )

where \ € R is the eigenvalue of the problem if there exists u € W22\ {0} such that (3)
holds. Denote by o(—A,) and 0 < A\; < -+ < A < --- the spectrum and the distinct
eigenvalues of —A,, in W12(£2), respectively.

We note that problem (3) is equivalent to

/Vau -Vavdr = )\/uv de, wu,ve W;’Q. 4@
Q 0

Theorem 1. Let 2 be an open bounded set of RYN. Then the eigenvalues and eigenfunc-
tions of Ay, have the following properties:
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®

(ii)

(iii)

@iv)

v)

Problem (4) has a positive eigenvalue A1, and its characteristic is

A\ = laaigl /|Vau\2dx 5)
uu’:'I/QV;’2 2
or, equivalently,
A = min 7”[9 |Vau|2dx

wewd? [ ul?dx

There exists a positive function e; € W22, which is an eigenfunction corre-
sponding to \1, attaining the minimum in (4), i.e., |e1]2 = 1 and

A1 :/|Vael|2dx. (6)
2

The first eigenvalue X\, is simple, i.e., if u € W12 is a solution of the following
equation
/Vau -Vavdr =\ /uvdx Yo € VVO{Q7
2 2
then u = ey with £ € R.
The set of eigenvalues of (4) consists of a sequence { i} ken with

0<)\1</\2<~--</\k</\k+1<... (7

and
A — oo ask — 4o0. (8)

Moreover, for any k € N, the eigenvalues can be characterized as follows:

Akr1 = min /|Vau|2dx 9)

\u|2=1ueIPk+1

or, equivalently,
Voul? dz
Aog1 = min ff?‘a7|

, 10
u€Pr+1\{0} f_() \u|2 dz (10)

where
Py = {u eWr?st (ue))=0Vj=1,.. .,k;}.

For any k € N, there exists a function ey € Pry1, which is an eigenfunction
corresponding 1o Ay 1, attaining the minimum in (9), i.e., |ex+1]o = 1 and

Aet1 :/|Vau\2dx. (11)
2
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(vi) The sequence {ey}i of eigenfunctions corresponding to Ay is an orthonormal
basis of L*(£2) and orthogonal basis of W12
(vii) Each eigenvalue )y, has finite multiplicity. More precisely, if Ay satisfies

A1 < A = = Apgn < Mpghyt (12)

for some h € Ny, then the set of all the eigenfunctions corresponding to Ay agree
with span{eg, - - - €x4n}

Now, on the basis of the above theorem, we study the existence and multiplicity of
solutions for (1). For the nonlinear term f and A\, we consider the following assumptions:

(f1) f isa Carathéodory function, and supy, <, [ f(-,?)| € L>(§2) forall 7 > 0.
(f2) limp 4o f(x,t)/t = 0 uniformly with respect to a.e. € 2.

(f3) limyo f(x,t)/t = Ao € R uniformly with respect to a.e. z € {2.

) A ¢ o(—A).

(A2) (Ag) There exist b, k € N with k > h such that \g + A < A\p, < A\ < A

We use the saddle point theorem and the pseudoindex theory introduced in [2] to
discuss the existence and multiplicity of solutions for (1). Next, we state the main results:

Theorem 2. Assume that the nonlinearity f(x,w) satisfies (f1), (f2) and X satisfies (Ay).
Then equation (1) has at least a nontrivial weak solution.

Theorem 3. Assume that the nonlinearity f(x,u) satisfies (f1), (f2) and (f3) and X
satisfies (A1), (A2). Then equation (1) has at least k — h + 1 distinct pairs of nontrivial
weak solutions.

Remark 1. Note that we were motivated partly by Theorem 3.1 in [2]. Here the non-
linearity is no longer superlinear, and we use the saddle point theorem to establish the
existence of a solution. Also, we present eigenvalue properties of the operator A,,.

2 Preliminaries

We recall the functional setting in [3,4]. Consider the operator of the form A, :=
SN 8, (a28,,), where 8,, = 8/dx;,i = 1,..., N. Here the function a; : RN — R
is continuous, strictly positive and of C'' outside the coordinate hyperplane, i.e., a; > 0,
i=1...N,inRN\ IT, where IT = {(z1,...,2x) € RV: IIN 2; = 0}. Asin [4], we
assume that «ay; satisfy the following properties:

O a1(z) =1, ai(x) = (1, .. xi-1),6=1,...,N.
(ii) Forevery x € RV, a;(z) = a;(z*),i = 1,..., N, where 2* = (|z1],..., |zN]|)
ifex=(x1,...,2N).
(iii) There exists a constant p > 0 such that 0 < z,0,, i(z) < pa;(x) for all
ke{l,....i—1},i=2,...,N, and forevery x € RY := {(z1,...,2n) €
RV: 2, >0Vi=1,...,N}.

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Nontrivial solutions for an asymptotically linear A, -Laplace equation 845

(iv) There exists a group of dilations {d;}¢~0, 6; : RN — RN, §;(z) = 6;(x, ..

)

zn) = (t%x1,...,tNay), where 1 < €1 < €2 < --+ < ey such that o is
§¢-homogeneous of degree ¢; — 1, i.e., ;(0;(x)) = t“la(z) for all z € RY,
t>0,7=1,...,N. This implies that the operation A, is §;-homogeneous of

degree two, i.e., Ay (u(d:(7))) = t2(Aqu)(d¢(x)) for all u € C(RY).

We denote by () the homogeneous dimension of RY with respect to the group of
dilations {d; }+>0, i.e., Q := €1 +- - - + en. The homogeneous @ plays a crucial role, both
in the geometry and in the functional associated with the operator A, .

Proposition. (See [4].) Let 2 be a bounded domain in R (N > 2). Then the embedding
WL2(02) < LP(R2) is compact for every p € [1,27), where 2%, = 2Q/(Q — 2).

Remark 2. For all s € [1,2%), there exists a positive constant C such that
uls < C[ul- (13)

Theorem 4. (See [18].) Let E =V @& X, where E is a real Banach space, and V # {0}
is finite dimensional. Suppose that I € C'(E,R) satisfies the (PS)-condition, and let

(i) there is a constant « and a bounded neighborhood D of 0 in V' such that
Ilop < o
(ii) there is a constant 3 > « such that I|x > S.

Then I possess a critical value ¢ > . Mgeover, ¢ can be characterized as ¢ =
infper max, .5 I(h(u)), where I' = {h € C(D, E): h =id on 0D}.
Let X be a Banach space,

Y =X(X)={AC X: Aclosed and symmetric w.r.t. the origin,
ie, —uec Aifue A}

and H = {h € C(X,X): h odd}. Taking A € X, A # (), the genus of A is v(4) =
inf{k € N*: J(—u) = —¢p(u) Yu € A} if such an infimum exists, otherwise, y(4) =
+00. Assume that v(()) = 0.

Theorem 5. (See [2].) Let H be a real Hilbert space, J € C*(H,R) an even functional,
(X, H,~) an index theory on H. Let S € X and consider the pseudoindex theory
(S, H*,v*), where H* = {h € H: h bounded homeomorphism s.t. h(u) = u if u ¢

J71(0, +00])}, and v* = minpey+ Y(R(A)NS) forall A € X.. Taking a,b, ¢, coo € R,
—o0 < a< < ey <b< 400, we assume that:

(i) the functional J satisfies (PS) — condition in (a,b);

(i) S C J~H([eo, +00]);

(iii) there exist an integer k > 1 and A € X such that A C J°~ and v*(A) > k.
Then the numbers c; =inf ac s, sup, e 4J (u), i € {1,...,k}, with X;={A€ X: v* > i}
are critical values for J and co < ¢1 < -+ < ¢ < Coo. Furthermore, ifc =c; = -+ =
Civr withi > 1andi+r < k, then y(K.) > r + 1.

Nonlinear Anal. Model. Control, 28(5):841-858, 2023
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3 Proof of the theorems

Before proving Theorem 1, we define the functional I : W22 — R as follows:
1 2
5 / |Voul* dz
2

= /Vau'vavd:c = (u,v).
Q

and

In order to obtain Theorem 1, we prove the following lemmas.

Lemma 1. If A # 0 is a weakly closed subspace of W2 and M := {u € A: |uly = 1},
then there exists ug € M such that

;Ien/\I}l I(u) = I(up) (14)
and
{(ug,v) = /Vauo -Vavdx = )\o/uov dr Vv e A, (15)
Q 9]

where Ao := 21 (ug) > 0.

Proof. Let {u;} be the minimization sequence of I on M, i.e., a sequence u; € M is
such that

I(u )—>u16n/1;I() 0> —o0 (16)

as j — 4o0. Then I(u;) is bounded in R. From the definition of I we have that |ju;|| is
bounded.

Note that W !-2 is a reflexive Banach space, and we have a subsequence still denoted
as u; and uj — ug in W22 for some ug € A. Thus,

/Vauj~Vavdx—>/Vauo~Vavdx VUEWéQ, 7 — 4o0.

From ||u; || bounded and the embedding theorem we have u; — ug in L?(2) as j — oc.
Then |ug|2 = 1, ug € M. By the weak lower semicontinuity we have

lim I(uj) == hm /|Vau]| dz > /|Vau0|2d:17
j—+oo
Q
= I(up) > inf I(u).

ueM

Therefore, from (16) I(ug) = inf,caq I(u). Hence, (14) is established.

https://www.journals.vu.lt/nonlinear-analysis
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Next, welete € (—1,1),v € M, ¢, := |ug + ev|2 and u, := (ug + €v)/c.. We have
that u. € M, and according to |ug|a = 1, we get

2J(us):/|vau6|2d$:/’vauoz—gv
(] (7] c

_ (uo+ev, up +ev) l|luo||* + 2&(ug, v) + o(e)
(o luo +ev[2dx)?  |ugl3 + 2¢ [, uo(z)v(x) dx + o(e)

= (2I(uo) + 2¢(ug, €) + o(¢)) (1 - 2/u0(x)v(x) dz + 0(5))
2

2

1y o+ =0l

2
Ce

= 2I(up) + 2€<<u0,v> - ZI(uo)/uo(x)v(x) dx) + o(e).
2

Note the minimum value of ug, and we have (15). The proof is complete. O

Lemma 2. Let A # ) be different eigenvalues of problem (4) with eigenfunctions e and
e € WL2 Then

(e,€) =0= /e(x)é(x) dz.
2

Proof. If e = 0 or € = 0, then the proof is complete. Now we consider the case when
e # 0 and € # 0. First, consider the characteristic function f := e/|e|z and f := &/|e]s.
Substitute f, f into (4), and we have

A / f(@)f(z)de = / Vol [Vafldz = 3 / f(@)f(x) da, (17
2 2 2

and then
(=) [ f@)fw)ds =0,
Q
Note that A # \, we obtain
JECHOLE (18)
o

Combine (17) and (18), and we get

(E) - <f,f>=!|vaf|-|vafdx=0-

[4)]

lef2” €]z

Thus, (e, €) = 0 is established. The proof is complete. O

Lemma 3. If e is an eigenfunction of (4), the corresponding eigenvalue is )\, then

/ |Vael>de = Ae|3.
2
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Proof. In (4), replacing v by e, we obtain

/|Vo¢e|2 dz = )\/eQdac.
Q 7]

The proof is complete. O

Proof of Theorem 1. (i) According to Lemma 1 (choosing A := W12), we obtain that
there is a \q, i.e.,
A1 = min /|Vau|2 dz.
[ul2=1
uEW;‘2 2

Moreover, it is an eigenvalue.

(i1) For this, we get that e; is an eigenfunction corresponding to A1 by (15). Hence
(with A := W22 in Lemma 1), (6) is established. It can be seen from (14) that the
minimum \; is attained at some e; € WQLQ, where |e1]2 = 1. To complete the proof
of (ii), we first show that if e is an eigenfunction corresponding to A1, with |e|s = 1, then
both e and |e| attain the minimum in (5), also, either e > 0 or e < 0 a.e. in {2. From
Lemma 3 and (6) we obtain

2U(e) = / Vael2dz = Ay = 2(e1).
(%}

Also, we get I(le]) = I(e) = I(e1), where le] € W12 and |le]|> = A1, and either
{e > 0} or {e < 0} has zero measure. Hence, by replacing e with e;, we obtain that
e1 > 0. Thus, there exists a function e; € W12 with e; > 0 and is an eigenfunction
relative to A1, attaining the minimum in (4).

(iii) Assume that \; also corresponds to another eigenfunction u in W22 with 0 # u
and u # e;. It follows from the proof of (ii) that « > 0 or u < 0 a.e. in {2. First, consider
the case u > 0 a.e. in £2. We set

u
9=, g1 =€ —4g.
|ul2
Next, we prove that
g1(x) =0 ae.x € . (19)

Suppose that g1 () # 0 a.e. z € {2, and we can conclude that g; is an eigenfunction
corresponding to A;. Using the proof of (ii) again, we get that g; > O or g; < O a.e. in f2.
Thus, either e; > g or e; < g. From e; > 0 we have one of the following:

ef>g* or e <g® ae. inf
Also,

/ (3(2) - *(2)) dz = [ex]3 — [g]2 = 0.
0

https://www.journals.vu.lt/nonlinear-analysis
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According to the above, we get €2 — g> = 0, so e; = g. Hence, g; = 0 a.e. in £2. That
is a contradiction, so (19) is established. Therefore, f; is proportional to eq, i.e. u = ey,
¢ € R. The situation when u < 0 a.e. in {2 is similar.

(iv) By Lemma 1 (choosing A := Py 1) we see that there exists A\;41 such that (9)
holds, and it is attained at some ey 1 € Py 1. Also, from P yq C P, € W12 we have

0< A <Ao< <A, < A

First, we prove (7). In fact, we show A\; # Ao. Indeed, if Ay = Ay and e; € P also is
an eigenfunction relative to A1, from (iii) we get that e; = e with € € Rand £ # 0 so
eo # 0. From ey € Py we have

0= (e1,e2) = (e1,&er) = E[len .

We conclude that e; = 0, which is a contradiction.
Now apply (15) with A = Py, and we have

/Vaekﬂ -Vovdar = Ay /ek+1(x)v(x) dx Yv € Ppyq. (20)
19 o)

In order to show that A\, is an eigenvalue with eigenfunction ey 1, we need to show
that the above formula holds for any v € W12 not only in Py, ;. We define

X1 = span{el, .. .,ek}, X2 = XlJ‘ = Pk+17 VVOI(’2 = X1 @Xg.

k
Hence, for any v € Wé*Q, v 1= v1 + v, Where vy € Py, and v; = Zj:1 cje; for some

c1,...,cr € R, Putvg = v — vy into (20), and with the definition of v; we deduce

/VaekH -Vaovdr — Mgt /ekH(x)v(:c) dz
o) o)

= /VaekH Vv de — Agyq / er+1(z)v1(x) da
19, Q

= ch {/Vaekﬂ - Vae; do — Ay /ek+1(x)ej(x) dm] : 21
=1 tg Q

Test the eigenvalue equation (4) for e; against ej41 for j = 1,..., k, furthermore, e; 4 €
Pk41, and we have

0= /Vaek_H -Vaejde = A /ek+1(x)ej(a:) dz,
2

2
SO

0= /va6k+1 . Vaej dzr = /6k+1(l’)6j(17) dzx VJ = 17 ey k.
2 2

Nonlinear Anal. Model. Control, 28(5):841-858, 2023
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Putting the above formula into (21), we deduce that (20) is established for any v € W(}(’Q.
Hence Ay, 1 is an eigenvalue with eigenfunction e 1.

Next, in order to obtain (8), we prove that if k,h € N, k # h, then (ex,e,) = 0 =
Jo ex(x)en(x) de. In fact, let k > h, then k — 1 > h, and

e € P = (span{el, el e;.c_l})l C (span{eh})L.

Then (e (z), en(x)) = 0. However, ey, is an eigenfunction. We substitute ey, into (4) and
replace v with ej, and we have

/Vaek -Veaepdr = /\k/ekeh dz,
Q o)
so {eg,ep) =0 = fQ ex(z)en(x) dz. To prove A\, — 400, we assume A\, — ¢, k —

+00 for some ¢ € R, so A is bounded in R. By Lemma 3 we get ||ex||> = Ak, and there
exists a subsequence {e, } and some e, € L?(§2) with

er, = e in L*(2) as k; — oo.

According to the previous analysis, we see that e, and e, are orthogonal in L?(£2), and
we get
=2

2= |€kj |2 + |€k1‘,

|6k_7‘ — €k,

We have a contradiction since eg, is a Cauchy sequence in LQ(.Q). Thus, (8) is estab-
lished.

Finally, we show (9). Suppose that there exists an eigenvalue A ¢ {\;}ren, andlete €
W12 be an eigenfunction corresponding to A, so |e|a = 1 is obtained by normalization.
According to Lemma 3, we get

21(e) = / |Vael?dz = A (22)
2

Also, by (5) and (6) we have
A=2I(e) = 2I(e1) = Aq.
From A ¢ {\;}ren and (8) we see that there exists k € N such that
Ae <A < Aot

Assume that e € Py and (22) and (9) imply that A = 2I(e) > Agy1, which is
a contradiction. Thus, we have e ¢ Py, and there exists j € {1,...,k} such that
(e, e;j) # 0, so this contradicts Lemma 2. This completes the proof of (iv).

(v) Apply Lemma 1, let A be replaced by Py, 1, and the minimum defining Ay
is attained for some e; 1 € Pry;. By Lemma 1 we have (11). According to the proof
of (iv), we see that (21) holds for any v € W12, so we can conclude that ejy; is an

eigenfunction relative to A\;1. This completes the proof of (v).

https://www.journals.vu.lt/nonlinear-analysis
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(vi) From the proof of (iv) we see that the sequence {ej}ren of eigenfunctions
corresponding to )y is an orthonormal basis. Next, to complete the proof of (vi), we
claim that the {ey, }xen is a basis for both W12 and L?(£2).

First, we prove that it is a basis of W22, We prove that if v € W22 is such that for
all k € N, (v,e;) = 0, then v = 0. Assume that v # 0 and there exists a nontrivial
v € W2 such that for all k € N, (v,e;) = 0, and by normalization we assume that
|v|2 = 1. Therefore, from (8) there exists a k& € N such that

2I(v) < Agy1 = HllIl /|V ul? dx.

lul2=1
UEPK 1 2
We see v ¢ Pjiq and there exists j € N such that (v,e;) # 0. This contradicts the
assumption. Now we define E; := ¢;/||e;|, and let g € W22, g; := >1_ (9, E))E;.
Also, g; € span{es,...,e;} forall j € N. Define G; := g—g;, and by the orthogonality
of {ek}keN in Wa1’2

<GP = (G5, G)) = {9 — g5, —95)

J
=gl + llg; I = 2(9, 95) = llgll* + (g5, 9;) — <g, > (9. E >

i=1
J
= gll* =2 (g, E:)*.

i=1

Then 23°7_, (g, Ei)? < ||g||? for all j € N. We deduce that ZZ 1 (g,E»> is a con-
vergent series. Now we assume that w; := 21:1 (9, E; ) and since wj; is a convergent
series, it is a Cauchy sequence in R. Also, from the orthogonality of {e }ren in W22 we
get

2

J
IG; = Gal* = llgs = gII> = || D_ (9. E)E:
i=j+1
J
= Z (g, B)? =wy—w; ifJ >3]
i=j+1

We obtain that G, is a Cauchy sequence in W22, and by the completeness of W2 there
exists a G € W12 such that

Gj—G inWk? j— oo (23)
Moreover,

(Gj, Ex) = (9, Ex) — (95, Ex) = (9, Ex) — (9, Ex) = 0.
From (23), for any k € N, we have (G, E);) = 0, that is, G = 0. Hence,

9; — 9 asj—)ooinWal’Q.

Nonlinear Anal. Model. Control, 28(5):841-858, 2023
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Finally, we prove that {e, } xen is a basis for L?(§2). Letv € L?(£2) andv; € C3(2) such
that |[v; — v]2 < 1/j. From C}(£2) € W22 it follows that v; € W12, Since {ej }ren is
a basis for W2»2, hence there exists k; € N and function s, and ; € span{ey, ..., ek, }
such that ||v; — p;]| < 1/j. Thus,

| Q

lvj — pjle < Cllv; — pyll < 7
and

C+1
|U_Mj|2< |v_’Uj|2+|’Uj_,U/j‘2< 7 .

Therefore, the sequence {ey } rew of eigenfunctions of (4) is a basis in L?(42).
(vii) Consider some h € Ny suchthat A\p—; < Ay = -+ = A\ < Agng1. We let
1
W2 =span{ey,...,exin} ® (span{ek, e €k+h}) ,

and ¢ = ¢1 + ¢z, where ¢y € spanfe, ..., exn}, and o € (spanfey,...,exin})".
We have

(¢1,¢2) = 0. (24)
Since ¢ is an eigenfunction relative to Ay, substituting ¢ into (4), from (24) we have
JoalP + 02l = 1917 = [ Va6l do = [ 6*da, 05)
Q 1o
According to (v), we have that ey, ..., ex4p are eigenfunctions relative to Ay, = - -+ =

Ak+n and ¢ is also an eigenfunction corresponding to A;. Hence, substituting both ¢;
and ¢ into (4), we have

X | dr1¢2da = [ [Vadi|-|Vage|de = (¢1,¢2) =0 = d1padr =0
[ /

and
9115 = |o1 + 213 = |6115 + |23 (26)

Let
k+h

o1 = chej7 cj € R.
i=k

By (v) and the orthogonality in (vi) we have

k+h k+h
2 _ — e Cies) = 2le. |2
o112 = (61, 01) = D _{ciesrcien) = D cSlles
j=k j=k
k+h k+h
=D AN =My G = Mlail. @7)
j=k j=k
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Since ¢ and ¢ are eigenfunctions corresponding to A\, hence we deduce that ¢, is also
an eigenfunction corresponding to \;. From Lemma 2 and (12) we get

(p2,€1) = (P2,€2) =+ = (¢2,€5-1) =0

and
1
@2 € (span{ek, e 7€k+h}) =Priny1-

Now we prove that ¢ = 0 via contradiction. If ¢ # 0, from (10)

2d 2d 2
min fQ |Voﬂé| € < frz |va¢;| £z _ ||¢’2||2 .
wEPK 4 h4+1\{0} f_Q |u| dz fQ |¢2| dz ‘¢2‘2

Also, from (25)—(28) we have
Melol5 = llonl® + [1@2l® > Aelo1l3 + Meldal3 = Aklol3-

This is a contradiction. Therefore, we deduce that ¢ = ¢ € span{eg,...,ex+n}. The
proof is complete.

A < )\k+h+1 = (28)

Now we define the following energy functional:

:%/|Vau|2dx—g/qux—/F(x,u)dx
Q 2 Q

where F'(x,u) fo (z,t)dt. From the hypotheses on f we observe that Jy is well
defined on VV1 2(Q) and J, € C*(W22(02),R) with

(Jy(u),v) = /V(,uvavdxf)\/uvd:c—/f(x,u)vd:z: Yo e W2 (29
02

2 2

To establish Theorems 2 and 3, we first provide the following lemmas, which shows
that the (PS)-condition is satisfied.

Lemma 4. Let (f1), (f2) be satisfied. Then any (PS)-sequence {u;} of Jy is bounded in
Wiz,

Proof. Let {u;} C W22 be a (PS)-sequence such that
D) <o, Ji(ug) =0, (30)

and then we have
(uj, ¢ /\/ujgodx—/f z,u;)pdr =o(l) Ve e Wi 31

From (f) and (f>), for all £ > 0, there exists C. > 0 such that

|f(z,t)] <elt|+C. ae xR VteR. (32)
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Assume that ||u;|| — oo as j — oo. Set v; := u;/||u;||, and then ||v;||=1. Thus, we have
v; = vin W22 v; — vin LP for 1 < p < 2%. In (31), ¢ is replaced by v; — v, and
dividing by ||u;||, one has

(vj, v; — >—)\/ dx+/f Uj—v)d:c—i-o(l).

HUJH
o

From v; — vin LP for 1 < p < 27, and Holder’s inequality we have

‘/Uj(vj—v)dx
22

Moreover, from (32) we have that

< |Uj|2‘1}j — 1}|2 = 0(1) (33)

s <] [ (s 1)
v)dx €V; (v; —v)de
‘ H%H Y T T
lvj — vl
< elvjla|v; —v|2 + CEW
J
= o(1). (34)

Hence, from (33), (34), we get (vj, v; — v) = o(1). Thus, v; — v strongly in W22, If
v = 0, we obtain ||v;|| — 0, a contradiction. Hence, v # 0. Now, dividing (31) by ||u; |,

we obtain
(vj, /\/ngpdx /f z,u;) AL 2 S P o(1). (35)

s

From (f,) we have

lim /f ’ Jgodx— lim /Mngadxzo.
Uj

joteo ) g 55

Passing to the limit in (35), from v; — v strongly in W12 we have that (v, ) =
A [, veda forall ¢ € W2 This implies that A € o(—A,), which contradicts ().
Therefore, {u;} is a bounded sequence. O

Lemma 5. Let (f1), (f2) be satisfied. Then any (PS)-sequence {u;} has a convergent
subsequence.

Proof. We see that {u;} is bounded in W12, and therefore, we can assume that there is
a subsequence, still denoted by {u;} and there exists u; € W_2*? such that u; — u; in
W22 and u; — uq in LP for all p € [1,2}). From (29) and (30) we get

(JA(uj), uj —u1) =0, j — foo0. (36)
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Moreover, from (32) and the Holder inequality we have

/|f(a:,uj)‘|uj7u1|dx</(e\uj|+05)|uj7u1|dz
7 2
< elujlaluj —wl2 + Celu; —urhh — 0, j — o0,

Therefore, from (29) and (36) it follows that

(J\(uj —u1), uj —uq) /’V ul)’2dx—/\/|uj—u1|2dm
7
/fx uj — uq)|u; —uq|dz — 0.
Thus, ||u; — u1]|?* — 0. Hence uj; — uq in W22, The proof is complete. O

Proof of Theorem 2. Let {ey }, the eigenfunctions corresponding to Ay be the orthonor-
mal basis of W22, According to the proof of Theorem 1, we have

Wi’Q = X1 D Xg.
Consider A > Ay, and A\ ¢ o(A,,). By the definition of the eigenvalues, we get
lull* < Apluls Vue X; and lul® = Xesa|ulz Ve € Xo. 37

According to (32), we have |F(z,t)] < C1(1 + t?) for ae. z € (2, for all t € R. For
every u € X, we have

1
u):§/|Vau|2d1:—%/Ude—/F(m,u)dx
7}

9]

)\
k| |2 — |u|§+§/u2dx—|—C€/udx
I7;

(%}
1
< 5()\1@ —/\+€)|u|§+02|U\2. (38)

Let A\ < A be such that A\ + € < A. Then, since X; is a finite dimensional subspace
and Jy, — —oo as |ju|| diverges in X, there exists a positive constant C3 such that
Jx(u) < —Cjs for all u € X;. On the other hand, from (37), for every u € Xo, we have

1
Ja(u) = 5/|Vau|2dgc—%/uzda:—/F(ac,u)dac
7 7}

2

A 2 / 2
ul*— [ C1(1+u”) dx
ol = [ e+ )
2
1 A+ C
3 (1 52 e -
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We obtain that Jy(u) > Cg for all u € X,. Therefore, let E = W12,V = X; and
X = Xs, and it follows from Lemmas 4 and 5 that all the conditions of Theorem 4 are
satisfied.

If A < A1, the functional Jy is coercive and can be shown to a global minimum using
the method of the Weierstrass Theorem. The proof is complete. O

Lemma 6. Let (f1)—(f3), (A1), (\2) be satisfied. Then there exist p > 0 and ¢y > 0 such
that Jy(u) = co forallu € S, N X, S, :={u € Wh2 ||lu|| = p}.

Proof. According to (As), we have that \y < 0. Therefore, it follows from (f5) that for
every € > 0, there exist 07 > 1 and 5 > 0 such that

|F(z,t)| < %tQ if |t| > 0y fora.e. x € £2, (39)
and

A
‘F(a:,t) 20152

%ﬁ if [t| < 6, for ae. z € £ (40)

From (f1), choosing any constant p € [0,4Q/(Q — 2)), there exists € > 0 such that
|F(x,t)| < elt|P™ if 6y < [t] < 61 forae. x € 2. (41)

Hence, it follows from (39)—(41) that there exists €; such that |F(z,t)| < (Ao +&)t?/2+
€1 |t\p+2, t € R, for a.e. x € (2. Integrate both sides of the above formula, and we have
that

A
/|F(x,u)| dr < 0;€|u|§ +elulll Yue Wit 42)

Then from (13), (37) and (42) we have

J,\(u):%/|Vau|2dx—%/qux—/F(x,u)dx
o

(7 2

1 )\ )\0 + e 42

> *HUHQ - *|U|§ - =5 lulz —erlulpis
)\0 +e

2 *H I - H I - || 1> = exfjufP*?

1 )\+)\ +6
> (1= ) - €1||U||p+2-

2 An

Based on (), note that € can be small enough, there exists a constant «v such that Jy (u) >
al|ul|? — € |lul|PT2. If p is small enough, there exist co > 0 such that Jy(u) > co. O

Lemma 7. Let (f), (f3) and (\y) be satisfied. Then there exist co, > ¢ such that
Ixn(u) € e forallu € X;.
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Proof. From (38), for every u € X1, we have that Jy (u) < (1/2)(1— (A +C2)/A\g)||ul?
as X is a finite dimensional subspace, and J, — —o0 as ||u| diverges in X;. We see that
there exists Coo = Coo(€)(Coo > ¢o) such that Jy(u) < Coo. O

Proof of Theorem 3. From Lemmas 4 and 5 we see that J) satisfies the (PS)-condition.
Also, by Lemmas 6 and 7 we consider the pseudoindex theory (S, N Xa, H*,v*) related
to the genus, S, N X, and Jy. By Theorem A.2 in [18], with V' = Xy, 0B = S, and
W = X, we get (X1 NA(S, N X3)) > dim X; — codim X, for all h € X;, which
implies that v*(X;) > k — h — 1. Hence, with A = X;, S = S, N Xy, all the conditions
of Theorem 5 are satisfied. Thus, J has at least kK — h — 1 distinct pairs of critical points
corresponding to at most kK — h — 1 distinct critical values c;. The proof is complete. [
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