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Abstract. The Turing patterns of reaction-diffusion equations defined over a square region are more
complex because of the D4-symmetry of the spatial region. This leads to the occurrence of multiple
equivariant Turing bifurcations. In this paper, taking the FHN model as an example, we give
a explicit calculation formula of normal form for the simple and double Turing bifurcation of the
reaction-diffusion equation with Dirichlet boundary conditions and defined on a square space, and
we also obtain a method for the calculation of the existence of spatially inhomogeneous steady-state
solutions. This paper provides a theoretical basis for exploring and predicting the pattern formation
of spatial multimode interaction.

Keywords: FitzHugh-Nagumo (FHN) system, reaction-diffusion, steady-state bifurcations, Dy-
symmetry, reduced equations.

1 Introduction

The well-known FitzHugh—-Nagumo (FHN) system with cubic nonlinearity was derived
as a simplified model of the famous Hodgkin—Huxley (HH) model [8] by FitzHugh [5]
and Nagumo et al. [14]. We consider the FHN model, which can capture most of the
characteristic properties of neuron cells dynamics. The model consists of two equations
describing fast and slow dynamics of the system, and it is given as follows:

et =af(u) —v, 0 =u— v,

ICorresponding author.

© 2023 The Author(s). Published by Vilnius University Press

This is an Open Access article distributed under the terms of the Creative Commons Attribution Licence, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original author and source
are credited.


https://orcid.org/0000-0002-9356-5064
mailto:math@nefu.edu.cn
mailto:728629126@qq.com
mailto:zbd@hit.edu.cn
https://www.vu.lt/leidyba/en/
https://creativecommons.org/licenses/by/4.0/

698 C. Zhang et al.

where € > 0, § > 0 are small parameters; u represents the membrane potential, v repre-
sents the recovery variable, namely, u, v represent the neural neurons, and f € C' 4 with
f(0) =0, f'(0) =

Mathematical models with diffusion have received increasing attention in the pattern
formation community. Since Turing [22] famously statement that instability is caused
by diffusion, a large number of reaction-diffusion systems have been used to simulate
the instability in the formation of biological models known as Turing instability. So far,
diffusion-driven instability mechanisms have been widely used in the study of various
specific problems in many fields due to the formation of models [1, 16, 18,20,23,25,26].
It is worth mention that in [23], Wei and his coworkers discussed steady-state bifurcations
for a glycolysis model in biochemical reaction based on bifurcation theory, Lyapunov—
Schmidt method, and singularity theory. The importance of diffusion versus patterns has
also been widely discussed in [3, 6,9, 15, 17, 19, 27] through theoretical analysis and
numerical experiments. In these papers the formations of spatial and temporal patterns
are studied under the premise of sufficient nonlinearity of dynamics.

In biological neural network system, due to the inhomogeneity of cell concentra-
tion, diffusion exists widely. Therefore, it is necessary to study the diffusion kinetics of
FitzHugh—-Nagumo model and the resulting Turing instability. In this paper, we consider
the effect of diffusion on the FitzHugh—Nagumo model as follows:

ou - (0%u 0% - ~
Eat = (81:2 oYy 2>+a’f( ) (.Q?,y)EQ, 0
o 0?0 0% . N s -

Boundary conditions have sophisticated influence on spatial structure of solutions of reac-
tion diffusion equations. In this paper, we consider a square domain {2 with homogeneous
Dirichilet boundary condition

w(Z,,t) =0, (& §,t)=0, (&7) € df. (2)
Writting a = a/e, b= 1/e, dy = dy /€, then system (1) can be rewritten as

ou 0’u  0*a - o
G = (5 + 5 ) Haf@ -0, @ e

ov 9?v 9% ~
=dy =+ == u— 00, (Z,9)€ 12
at 2(8532 * ag2> T (37)
Here 2 = [0,1] x [0,1].

To simplify the discussions, we incorporate explicitly the length [ into the unit square
2 =10,1] x [0, 1] by the transformation Z = lz, § = ly, and (3) and (2) into

2 2
= (Gt 5 ) Haf -, @pee

3)

ot 0z Oy?
v dy (0?0 D% @
N @+87y2 +u—dv, (z,y) €,
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with
u(z,y,t) =0, wv(z,yt)=0, (z,y)e€dfN. 5)

The symmetric properties of {2 have to be considered when bifurcations of a reaction-
diffusion on the two-dimensional space square region; see [12]. The studies of symmetry
in influence of boundary conditions upon the solution structure of partial differential
equation have been done by many scientists. Z. Mei and his collaborators have done
a lot of research in this field. For example, in [11] the authors studied the bifurcations
of a semilinear elliptic problem on the unit square with the Dirichlet boundary conditions
at corank-2 bifurcation points. They show the existence of bifurcating solution branches
and their parameterizations via a nonsingular enlarged problem. We would also like to
mention that many kinds of bifurcations of reaction diffusion equation have been investi-
gated in detail by Mei; see [2,4, 13].

The theory of Lyapunov—Schmidt reduction is an important tool to study nonlinear
problems [10,21,24,28]. For example, in [10], Guo and his coworkers obtained the exis-
tence of spatially nonhomogeneous steady-state solution by applying Lyapunov—Schmidt
reduction method. Moreover, they also considered the stability and nonexistence of Hopf
bifurcation at the spatially nonhomogeneous steady-state solution with the changes of
a specific parameter. In [28], steady-state bifurcations arising from the reaction-diffusion
equations are investigated. Using the Lyapunov—Schmidt reduction on a square domain,
a simple and a double steady-state bifurcation caused by the symmetry of spatial region
is obtained.

The focus of this work is to describe the dynamic properties for system (4) with
homogeneous Dirichilet boundary conditions on a square domain. Using the symmetric
theory of bifurcation and the Lyapunov—Schmidt method, we study in this paper how
the symmetric properties of domain (2 with homogeneous Dirichilet boundary condition
change the nontrivial solution of reaction-diffusion equations. An outline of this paper
is as follows. In Section 2, we describes the stability of the constant steady-state solution
(0,0) and the symmetry of (4) and (5). In Section 3 the existence of nontrivial solutions is
reduced to algebraic equations via the well-known Lyapunov—Schmidt method. We derive
the bifurcation scenario at simple and double-bifurcation point. For steady/steady-state
mode interactions caused by b(\;) = b(\) for some j # s, three types steady/steady-
state mode interactions are considered, which also caused by the symmetry of {2 in
Section 4. We illustrate simple and double bifurcation by some numerical simulation in
Section 5. When the homogeneous steady state bifurcates to spatial patterns at a sim-
ple eigenvalue, the system supports a pattern such as square. On the other hand, when
the bifurcation occurs via a double eigenvalue, more complex patterns arise due to the
interaction of different modes (for this reason, they are called mixed mode patterns).

2 Stability of the constant steady-state solution (0, 0)
Let £2 be spatial region, and let C?+*(§2) be the space of 2-times differentiable functions u

on the closure of {2 such that w and its derivatives are Holder continuous with the exponent
s € (0,1). We define X = {u € C?(2); ulpp = 0} and Y = C%*(£2) endowed with

Nonlinear Anal. Model. Control, 28(4):697-719, 2023
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the Holder norms ||-||2,s and ||-||o,s, respectively. We rewrite (4) as an operator equation

oU
 —aU,b),
T (U,b)
where U = (u, v), and the mapping @ : X x R — Y is defined by
dy (9%u 8%u
4Ly 4 gu _
aw) = (Bl T o8 <“f ()~ b“) . ©)
7 (52 + 552) u—ov

It is clear that $(0) = 0. Differentiating ¢ with respect to U at Uy = (0, 0), we obtain
the linearization £ of @,

oo [P+ ) 0 L (af'(0) b
0 d2(02v a%) 1 5/

12

To examine the spectrum of £, we observe the direct sum

= C1) . .
X = Xm ny Xm n — ; ’ ER )
E i i { (62> sin(mmz) sin(nmy); c1,ca }

m,n=1

and the £ maps X, ,, into itself. Further more, the restriction of £ in the subspace X,
is a2 X 2 matrix

(2 o 2)2 / _
My = Llx :< b (m? 4+ n?)7% + af'(0) b 5)’ o

1 —‘l’l—;f‘(m2 +n?)7r? —

where m,n=1,2,....
The eigenvalues of £ consist of those of M,, , € R**%, m,n = 1,2,.... Then the
characteristic equations of £ are the following sequence of quadratic equations:

I‘(m27n2) :1/2+T(m27n2)u+D(m2,n2) =0 ®)
with )
T(mQ,nQ) =—a+4d+ M(Trﬂ + n2) )
and
4 _ 2
D(mz,nQ) _T ;iidQ (m2+n2)2+M(m2+n2) +b—ad. (10)

Lemma 1. Assume that a > 0, 6 > 0, and b > 0. Then for system (4) without diffusion
(dy = da = 0), the equilibrium Uy = (0,0) is asymptotically stable for {b | a < §, b >
ad} and unstable for {b | b — ad < 0} or {(a,0) | a > d}.

Proof. For (4),if d; = dy = 0, then we have £ = (“f/l(o) :g). It is clear that Uy = (0,0)
is asymptotically stable for {b | a < §, b > ad} and unstable for {b | b — ad < 0} or
{(a,9) | a > 6}. O

https://www.journals.vu.lt/nonlinear-analysis
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Figure 1. Bifurcation curve of steady-state solution.

Through this paper, we always assume that

HD) be{b|b>ada<da>08§> 0}, which implies that system (4) is
diffusion-free stable.

We now turn to the stability of steady state (0, 0) of system (4) with diffusion. For the
sake of a further discussion, we need to give some notations, which will be used later. Let

No=mi(mi+nd), i=12...,

be the eigenvalues for the Laplacian operator —A = —92/9x? — 9% /0y? in 2 with the
homogeneous Dirichlet boundary condition (5). Denote

didy
— l4

CLdQ — 5d1
12

bi = h(\;) = A4 i + ad.
Theorem 1. Assume that (H1) holds for system (4). Choosing b as the bifurcating pa-
rameter, we have that the equilibrium Uy = (0,0) is unstable if the following equation

holds:
4d1 dg + (ad2 7(5d1)2

QO by) € {(Ai,bi)

biih(Al), 5a<bi< s §d1<ad2}. (11D

4d1d2
Proof. If (H1) holds, then (9) becomes
di +d
T(\) = —a+6+ = iz 2\ > 0.
Consider (10), we have
did —ady + dd
D) = = X+ ———— A +b—ad =0.

Suppose (11) holds, then we find that at least one root of Eq. (8) has the positive real part.
Combining with the conclusion of Lemma 1, we get that the solution (0,0) is Turing
unstable. Hence, (11) is the region of Turing unstability, and b; = h()\;) is Turing
bifurcation curve; see Fig. 1. O

Nonlinear Anal. Model. Control, 28(4):697-719, 2023
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3 Steady-state bifurcation caused by b; = h(X\;) for \; < Ay~

In this section a weakly nonlinear analysis is carried out to obtain the reduced equations
describing the dynamics near the critical bifurcation values. Lyapunov—Schmidt method
is employed to determine the near-critical bifurcation structure of the patterns.

Let Ay« = [(ada — 0d1)/(2d1ds)]. From Fig. 1 we note that if \; < A, , then b;
is in one-to-one correspondence with \;. In this case, zero will be a simple or double
eigenvalue of £. We will elaborate on why.

Let 4 = b — b;. From (6) and (7) we know that

12)

B(U) = LU+ F(U), F(U)= (u2/2 +u®/6+ 0|u3||> '

0

Therefore, the steady states of (4) are corresponding to the solution of the elliptic prob-
lem (12) with the boundary condition U = 0.
For discussing the reduced equation, we give the decompositions of space

Y:Ranﬁ@Yl, X:Kefﬁ@Xl.

Since £ : X — Y is Fredom with index zero, then £|x, — Ran L is invertible and has
bounded inverse. In the following, we will use Lyapunov—Schmidt method to obtain the
reduced equation and spatially nonhomogeneous solution of (12).

{2 has obviously the Ds-symmetry of the unit square, i.e., it is D4-equivariant. The
classical theory of elliptic partial differential equations shows that

,C:DU@()ZX}—)Y.

In Dy-invariant domain {2, under the homogeneous Dirichet boundary conditions, the
eigenpairs of the Laplacian —A are of the form

Ai = (mf + nf)wz, wi(z,y) = 2sin(m;mzx) sin(n;wy). (13)

These mean that \; is an eigenvalue of Laplacian —A, while the corresponding eigen-
functions ¢; = 2sin(m;mx) sin(n;wy) are called modes, and m; and n; are called wave
numbers.

Remark. One, two, or more pairs (m;,n;) may exist such that Eq. (13) is satisfied, and
in this case the eigenvalue will have single, double, or higher multiplicity, respectively. In
this paper, we shall restrict our analysis to cases where the multiplicity is 1 or 2.

Consider the action of D, on the square {2, and let

S’(x,y):(l—x, y)? R(l‘,y):(l—y, 33)

be the generators of D4. The function spaces X, Y are obviously Dy-invariant. In the
following, we will consider two cases:

https://www.journals.vu.lt/nonlinear-analysis
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(G) If m; = n;, then \; = (m? + n?)7w? is a simple eigenvalue of Laplacian —A.
From Eq. (10) we have

D) = D(mf, mf)

7T4d1d2 2 o 2 (—ad2 + (5d1)7T‘
= g (mi i)+ (m}

> +m7) +b—ad =0.

Hence, zero is a simple eigenvalue of £. The associated Ker £ = F; = Span{p; } with
p1 =2 [Zdzﬂ T;L * 52] sin(m;ma) sin(m;wy),

and Ef = Span{p7} with

1
%01 =2 |:2d1

atm?m? + af' (0 )} sin(m;mz) sin(mimy).

In this case the induced action of D, in Ej is

(i) If m; # n;, then \; = (m? + n?)7? is double eigenvalue of Laplacian —A:
D(X\;) = D(m?,n)
o d1d27r4( 2 2)2 + (7ad2 +5d1)’/T2( 2

:D(nf,m?)
_ 2
:dlclliﬂ (n? m?)2+M( +m?2)4+b—ad = 0.

Hence, zero is double eigenvalue of £, and the eigenspace is two-dimensional, then
Ker £ = E5 = Span{ya, p3} with

dom?
0y =2 [ 7 (m? 1+n D+ 6} sin(m;mx) sin(n;my),

dom? 62
803:2{ 12 (m7 "fn)"*‘

} sin(n;ma) sin(m;my),

and E = Span{ps, ¢} with

1
=2 sin(m;mz) sin(n;y),
P e
1
0y =2 {dﬁ ] sin(n;mx) sin(m;7y).

- (mf +n7) + af'(0)

Nonlinear Anal. Model. Control, 28(4):697-719, 2023
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In this case the representation of Dy in Es is

(~nmt o 0 (-ym
=1 <—1>m-1}’ R?&—m—l 0

In Sections 3.1 and 3.2, we use the Lyapunov—Schmidt technique to study reduced equa-

tions of system (12).

3.1 Turing instability

Consider the case m; = n;. Let Ker £L = E; = Span{¢1}, and E — E; denote the
projection operators from Y onto Ran £ and Y;. Observe that by assumption above
dimKer £ = 1. The following trivial observation starts the derivation: U = 0 iff
ErU =0and (E — Eq)U = 0. Then use the Lyapunov—Schmidt reduction [7]

U = 2’1@1 + w1,

where z1 = (¢1,U), and w; = U — z1¢;. Thus, system (12) (i.e., (U, u) = 0) may be
expanded to an equivalent pairs of equations

E\®(z101 +wr, p) =0, (14)
(E — E)®(z11 + w1, p) =0, (15)

where z; € R and wy € X3.
Define amap G : (Ker £) x X; x R — Ran £, where

G1 = E1®(z191 + w1, p).
By the chain rule the differential of (14) with respect to the w; variables at the origin is

Furthermore, the linear map £ : X; — Ran L is invertible. Thus, it follows from the
implicit function theorem that (14) is uniquely solvable for w; near the origin. Then there
exist an open neighborhood N; of O in R and a continuously differentiable map w; =
Wl(zl,u) : N1 X X1 — X1 such that

Wl(0,0) =0 and E1Q5(z1<p1 + Wl(zl,,u),u) =0.

Substituting wy = Wi (21, p) into (15), we obtain the reduced mapping B : Ker L xR —
Yll
B(z1,p1) = (E — E1)® (2101 + Wi (21, 1), 1) = 0.

Then the zeros of B(z1, 1) are in one-to-one correspondence with the zeros of (15), the
correspondence being given by

B(z1,1) =0 iff @(z191 + Wi(z1,p), 1) =0.

https://www.journals.vu.lt/nonlinear-analysis
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We define By (z1, u) by

Bi(z1,11) = (¢}, B(z11 + Wi(z1, 1), 1)) = 0. (16)

Since B(z1,p) € Yi, then B(z1,u) = 0 iff By(z1,) = 0. Thus, the zeros of
Bi(#1, 1) = 0 are also in one-to-one correspondence with solutions of &(z1, ) = 0.
It is worth noting that substituting the definition of Bj(z1, u) into (16), the projection
(E — E;) drops out, i.e.,

Bi(z1, 1) = {¢1,P(2101 + Wi(z1, 1), 1)) = 0. (17)
We call (17) the reduced equation. In the following, we consider two cases:
Case I: m; is an odd number.
In this case, we will show that the reduced equation (17) is given in the form

Bi(z1,p) = a1z1p + asz + -+

where - - - stands for at least cubic terms; and

1
a1 = (¢}, Puu(p1, 1)),  az= §<¢T,¢UU(¢1,¢1)>.

If as # 0, by using the implicit function theorem we know that there exist a constant §11
and a continuously differentiable map from (—d11, d11) to R such that B, (7;51) (W), ) =0

for i € (=011, 011). In fact, we have zil)(,u) = —pay/ag + o(|ul).

Theorem 2. Let m; be odd, and let as # 0. Then we have:

(1) The equivalent forms of reduced equations of system (12) up to the second items
with the simple bifurcation is

2
a1zip+ agzy =0,

and the bifurcation are transcritical.

(ii) There exist a constant 611 and a continuously differentiable map 1 — 21 from
(=011, 011) to R such that system (12) has a nonhomogeneous steady-state solu-
tion

Ut = 2 (w)er + W (Y (), ) and  Tim Uf' = Uy,
pn—0

where z%l)(u) = —pay/as + o|pl.

Proof. According to Eq. (13), we know that U = z;¢1 + wy. In the following, we
give some calculation of Lyapunov—Schmidt reduction of B; = 0. By calculating the
derivatives of (17) we can obtain

Biuu(0,0) = (¢}, Puu(er, 1)),

Nonlinear Anal. Model. Control, 28(4):697-719, 2023
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where @y (1, 1) can be calculated by

2

0
D1, (U V) = 91,01, D(t1U + taV, b¥).

By Lyapunov—Schmidt reduction we have

Bi(z1, 1) = z1a1p0 + ang + h.o.t.,

where

1

1
a; = §<S01, QSU;L(SDL%)% ag = §<90T7 ¢UU(¢1’¢1)>'

Hence, the reduced equation of system (12) up to the second items with the simple
bifurcation is
arzip + ang =0.

Further more, if as # 0, then from By (21, ) = 0 we can obtain
1 pHay
A7 (1) = =52 + ol
as
for € (=911, d11). So the system has a nonhomogeneous steady-state solution

Uy = Z§1)(M)901 + W (29)(#)7 ). 0

Case II: m; is an even number, or F(U) is odd function of U.
In this case the reduced equation B(z1, 1) = 0 has the following equivalent form:

Bl (Zla ,u‘) = @121 + a32% + h'0~t~7
where
a; = <¢T5¢UM(§015301)>5
L,
a3z = 6<§017 @UUU(QOM P1, 301) + 3@UU(§01a W120)>7
and

W30 = £ YE - E1)duu(e1, 1)

For aijas > 0 (respectively, ajas < 0), there exist a constant §12 > 0 and two
continuously differentiable mappings pu € (—d12,0) (respectively, p € (0,d12)) to R
such that By (24, ) = 0 for u € (—d12,0) or p € (0,812)).

Theorem 3. Let m; be even. Then we have:

(1) The equivalent forms of reduced equations of system (12) up to the third items
with the simple bifurcation is

3
a1zip+aszy =0,

and the bifurcation is pitchfork.

https://www.journals.vu.lt/nonlinear-analysis
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(ii) For ajaz > 0 (respectively, ajaz < 0), there exist a constant 612 > 0 and contin-
uously differentiable mapping 1 — z1 from (—d12,0) (respectively, (0,12)) to R
such that system (12) has nonhomogeneous solution

Ut =22 (o + Wi (22 (), ),  and Lim, Uy = Up.

Here 252)(/1) = \/—pai/as.

Proof. This proof is similar to that of Theorem 2, we will omit it. O

3.2 Double bifurcation

In the following, we consider the double-bifurcation case. From Section 2 we know that

if m; # n;, then F5 = Span{¢s, p3}, where E> and E — F5 denote the projection

operators from Y onto Ran £ and Y;. Observe that by assumption above dim Ker £ = 2.
Then using the Lyapunov—Schmidt reduction, we have

U = 202 + 23003 + wo,

where zo = (p2,U), 23 = (¢3,U), and we = U — 22009 — z3¢3. Thus, system (12) may
be expanded to an equivalent pair of equations

Ey®(z2p2 + 2303 + wa, ) =0, (18)
(E — E3)®(z2p2 + 2303 + w2, pt) = 0, (19)

where 25, z3 € R, and wy € X;.
Define a map G : (Ker £) x X; x R — Ran £, where

Ga = Ex®(2002 + 2303 + wa, p).
By the chain rule the differential of (18) with respect to the ws variable at the origin is

Furthermore, the linear map £ : X; — Ran L is invertible. Thus, it follows from the
implicit function theorem that (18) is uniquely solvable for ws near the origin. Then there
exist an open neighborhood N> of O in R and a continuously differentiable map

Wai (22, 23, 1)

tNo x X1 — X
Waa(22, 23, H)} ? ! !

Wo = WQ(’ZQ)Z?HM) = |:
such that
W5(0,0,0) =0 and Ex®(z202 + 2393 + Walze, 23, 1), p) = 0.

Substituting Wo = Wa(29, 23, pt) into (19), we obtain the reduced mapping C' : Ker £ x
R — Yli

Cl(z2, 23, ) = (E — E2)D(2202 + 2393 + Walz2, 23, 1), p) = 0.

Nonlinear Anal. Model. Control, 28(4):697-719, 2023


https://doi.org/10.15388/namc.2023.28.32192

708 C. Zhang et al.

Then the zeros of C'(z2, 29, it) are in one-to-one correspondence with the zeros of (19),
the correspondence being given by

Clz2,23,p) =0 iff D222 + 2303 + Wa(22, 23, 1)) = 0.

We define C' (22, 23, i1) by

e =[50 = [

,C(z2p2 + 23003 + Wa(22, 23, 1), 11)

. (20
70(22802+Z3<P3+W2(Z27237N)7/~L)] (0)

2
3
Since C(z2, 23, 1) € Y7, then C(z2, 23, 1) = 0 iff Cy (22, 23, ) = 0. Thus, the zeros of
C' (22, z3, 1) =0 are also in one-to-one correspondence with solutions of ¢(z2, 23, 1) =0.
It is worth noting that substituting the definition of C;(z3, z3, 1) in (20) into (19), the
projection 2 — Es drops out, i.e.,

Ch (29, 2, 1) = {011(22»23#)] _ {(s@ s P(22002 + 23003 + Wa(22, 23, 1), 1)

2 . (21
Ca1 (22, 23, 11) (0%, P(2202 + 23003 + Wal(22, 23, 1t), N)} @D

Like in Section 3.1, we should consider the property of m;, n; that is caused by the D-
symmetry of {2. We also call Eq. (21) the reduced equations.

Case I: m; and n; are even numbers, and f is odd with U.
Since the double bifurcation is induced by the D,-symmetry, m; and n; are even
numbers, then the generators satisfy

-1 0 0 -1
S2:|:0 _1}7 R2:|:_1 O:|7

Cri(—22, =23, 1) = —Cr1(22, 23, 1),
Ca1(22, 23, 1) = Cr1(23, 22, jt).

then we have

Hence, by some calculations we obtain the reduced equation

Ci1 = c1pizo + 0223 + 03222§ + 0(||z||3),

(22)
Co1 = c1pz3 + c32523 + ca2s + 0(||z||3),
where

<§02a¢UlL P2 > (23)

1
c2 = 6<<P2,Q5UUU(<P27<P2,902)> (24)

1
cs = 5 (¢35, Puvu (P2, ¢3,3))- (25)

Using the discusses above, we have the following theorem.

https://www.journals.vu.lt/nonlinear-analysis
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Theorem 4. Let m;, n; be even, and let function f is odd in U. Then there exist the
following results:

(1) The equivalent forms of reduced equations of system (12) up to the third items
with the double bifurcation is

3 2
c1pza + cazy + c3za23 = 0,

2 3
Cc1pz3 + c3z523 + caz3 = 0,

and the bifurcation is pitchfork.

(1) If c1ca < O (respectively, cico > 0), there exist four continuously differentiable
mappings 1 — (22,23), p € (—da1,0) (respectively, i € (0,821)) to R? such
that system (12) has four nonhomogeneous solutions:

+ +
uh® = 20 () pr + Wa (575 (), 5525 (), ),
+ + *
u® = 205 () s + Wa (575 (), 5525 (), ),
where
C1

1/2
zé”mzé”*m)i(u%) L (<621,0) or r € (0,52).

(iii) Ifc1/(ca+c3) < 0 (respectively, c1/(c2 + c3) > 0), there exist four continuously
differentiable mappings p — (z2,23), p € (—d22,0) (respectively, u € (0, 22))
to R? such that system (12) has four nonhomogeneous solutions:

+
b = 1) + 25T (w)ps + Wa (2875 (), 2527 (1), 1),

+ — + —
ub® = 2% ()2 + 257 (W) + Wa (2527% (1), 2877 (), 1),

U 2):|:(

(
22
where

1/2
C
A (1) = 2 () = i<62“+103) ;1€ (=022,0) 0r p € (=022,0).

Proof. According to Egs. (22)—(25), the bifurcations of system (12) is pitchfork, and con-
clusion (i) is obtained immediately. Moreover, we have four nontrivial isolated solutions

() o) =((5)")

depending on the signs of 1 and ¢; /c3, and conclusion (ii) is true. Similarly, according to
the signs of p and ¢y /(ca + c3), there also exist four nontrivial isolated solutions

. 1/2 . 1/2
((55) ) =(E) )
co + c3 Cco +C3

Hence, conclusion (iii) was obtained immediately. O
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Case II: Both m; and n; are odd numbers.
In this case the generators satisfy

10 0 1
52{0 1}’ RQL 0]'

Co1(22, 23, 1) = Ch1(23, 22, ).

Then we have

Hence, by some calculations we obtain the reduced equation

C11 = klﬂ,ZQ + kQ[LZg + kgzg + k42’22’3 + k52’§,

C. Zhang et al.

2 2 (26)
Ca1 = kopzs + kipzo + ksz3 + kyzgzo + k323,
where
* * 1
kl — k2 - <S033 QSU;L(LP33§03)>7 k3 = <5037 2¢UU(@23@2)>7 (27)
* * 1
ks = (@5, uv (2, ¢3)), ks = <803, 2@UU(<P3,903)>- (28)

Using the discusses above, we have

Theorem 5. Let m; and n; be odd. Then there exist the following results:

(1) The equivalent forms of reduced equations of system (12) up to the second items

with the double bifurcation is

kipizo + kapzs + ks2s + kazozs + ksz3 = 0,
kipzs + kopzo + k‘3Z§ + kyzoz3 + kszg =0,

and the bifurcations are transcritical.

Gi) If \/ (ks — bks)/(ks — ks) > 0, there exist three continuously differentiable map-
pings p — (22,23) (1 € (=022, 022)) to R? such that Eq. (12) has three nonho-

mogeneous solutions:
ulf = 25 (W)s + 257 (1) s + Wa (25
b = 289 (W)pa + 25V (1) o3 + Wa (252 (1), 2
uy = Z:(s4) ()2 + Zé ()3 + W (z é

where

(3)( )= k1p

=" —099, 0
s + 3ks’ w € (=022, 022),

k ks — 5k
9 (1) = 2(]43%—”]%) (—1 - \/ﬁ) p € (=022, 022),

kl,u < k3 - 5]{75
- 1 + = <
n= 2(k3 — ks) k3 — ks

>, € (=022, 022).

https://www.journals.vu.lt/nonlinear-analysis
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Proof. According to Eq. (26)—(28), we have three nontrivial isolated solutions:
( Eip kip )
ks + 3ks ks + 3ks )’
e = =)
2(ks — ks) ks — ks )7 2(ks — ks) ks — ks ’
(e (‘”\/m) b (_1_\/m>>
2(k3 — ks) ks —ks )’ 2(k3 — ks) ks — ks

depending on the signs of \/ (ks — bks)/(ks — ks) > 0. Hence, the bifurcations of Eq. (4)
are transcritical, and the conclusion is obtained immediately. O

Case III: m; is an even number, n; an odd number, or n; is an even number, m; an
odd number.
In this case the generators satisfy

-1 0 0 -1
sefi g w7}

Ca1(22, 23, 1) = Ch1(23, 22, 1),
Cr1(—22, 23, 1) = —Chr1(22, 23, 1),
Cr1(—23, 22, ) = —Ca1(22, 23, ).

Hence, by some calculations, we find that the reduce equation is same as Case 1. There-
fore, the conclusion of this part is the same as that of the Case I, so it will not be repeated.

then we have

4 Steady/steady-state mode interactions caused by b(\;) = h(\;) =
b(As) = h(X;) for some j # s

In this section, we remove the restriction An+ = [(adz — dd1)/(2d1d2)]. That means that
the multiple bifurcations occur when b; = h(\;) = by = h(\;) for some

Aj = (m? —&—n?)ﬁQ, Ag = (mi —i—ni)ﬁQ, j # s.
Using Eq. (10), we have
D();j) = D(m?,n3)

4 _ 2
= T 2 gy COREOT a2y 1 as =0

_ 2
= Tz (2 g2y COREOT 22y ai =0,

for some j # s.

Nonlinear Anal. Model. Control, 28(4):697-719, 2023
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In the following, we will consider three cases. Due to the complexity of calculation,
we will not calculate the specific forms of Lyapunov reduction in this section. We only
give the basic preparations for calculation.

Case I: Steady/steady-state mode interactions of two simple bifurcations.
If there exist m; = n; and m, = n, such that
2 2
D(X;) = D(m7,m3)

7T4d1d2

—ady + 6dy )2
SEAL (m? +m2)? 1 (Z0d2 + dd)m

l2

(m?—l—m?)—i—b—aézo

D(X,) = D(m?,m?)
4 _ 2
_ Y ;iidz (mi +m§)2 + M(mg-km?) +b—a5 = 0,

then, both \; and A, are simple eigenvalue of Laplacian —A. In this case, we obtain
a double-bifurcation point b(\;) = b(As) for some j # s. Hence, zero is a double
eigenvalue of L. The associated eigenspace is F3 = Span{y;, ¢} with

2
2d1227r m% +5
1

} sin(m;mz) sin(mgy)

%‘2{

fori = j, s and E5 = Span{yp}, 3} with
r=2 1 (i) sin(rmiy)
oF = Zd;fQ m? + af'(0) sin(m;mx) sin(m;my

for ¢ = 7, s. In this case the induced action of Dy in Fs is

for © = j, s. Hence, by using the Lyapunov—Schmidt reduction we have
U = 2405 + 2505 + w4,

where z4 = (p;,U), 25 = (s, U) and wg = U — z490; — 250s.

Case I1: Steady/steady-state mode interactions of one simple and one double bifurca-
tion.
If there exist m; = n; and m, # n, such that
D();j) = D(m?,m3)
7T4d1 d2 71'2

2

(m?+m?)+bfa5:0

https://www.journals.vu.lt/nonlinear-analysis
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and
D(X\s) = D(m2,n2)

7T4d d 2 7T2
— 141 2(m§—|—n§) -|-(—ad2—|-5d1)72(mf—!—ni)+b—a§:07

then, ); is a simple eigenvalue and ), a double ones of Laplacian —A. Hence, zero is a
triple eigenvalue of L.

In this case the associated eigenspace is E5 = Span{y;, ¢s, , @s, } With

_2(1271‘2 2
;=2 v TJ + é] sin(m ) sin(m;my),
[dam?® (2 2
ps, =2 | (ms ;_ s) + (1 sin(mgma) sin(nsmy),

and

sin(nsmz) sin(msmy).

[dym? m2 + n2) + §2
Psy = 2 12(81 s) ]

Further more, E} = Span{y}, ¢} ,¢s, } with

1
=2 sin(m;mz) sin(m;wy),
503 [le12ﬂ2 sz =+ af’(())} ( J ) ( 7 y)

and

1
2 =2 S s s s .
e [W(mz +n2) + af/<o>} sin(nsmz) sin(msmy)

The induced action of D, in E, is

(~1)mi=t 0 0 0 0 (-1)m!
Sy = 0 (=m0 . Ry= 0 (-1)m1 0
0 0 (=t (=™t 0 0

Hence, by using the Lyapunov—Schmidt reduction, we have
U = z6p; + 21051 + 28052 + W4,

where zg = (@;,U), 27 = (ps1,U), 28 = (ps2, U) and way = U — 260, — 27051 — 28Ps2.

Case III: Steady/steady-state mode interactions of two double bifurcations.
If there exist m; # n; and m, # n, such that
D(};) = D(m7,n3)
7T4d1d2 2 2 (—ad2 +5d1)7’(2

= (mj+”j)2+l—2(m?+”§)+b*a5:0

Nonlinear Anal. Model. Control, 28(4):697-719, 2023
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and
D();) = D(m3,n3)

7T4d1d2 (7ad2 + 5d1)71'2
=7 (m2 +n2)* + Z—Q(m§+nf) +b—ad=0,

then, both A; and A, are double eigenvalues of Laplacian —A. Hence, zero is a 4-fold
eigenvalue of L.
The associated eigenspace is E5 = Span{y;1, ¢j2, s, , ¥s, } With

-d27l'2 2 2

pj, =2 & (mj 1+ nj) + 5} sin(m;ma) sin(n;my),
[dom? (2 2 2

0, =2 (mj +nj) +96 ] sin(n;mx) sin(m;my),
-d27r2 2 2

s, =2| (m; i" ns) + 5} sin(mgsma) sin(nsmy),

and

[dom? /2 2 2

Doy =2 7= (my 1‘”5) +9 ] sin(ngmz) sin(mgsmy).

Further more, £} = Span{gp}‘l, ©i2s Py @, } with

cp;fl =2 _dll;rz (m? n 7113) +af'(0)] sin(m;mr) sin(n;my),
ap;‘-Q =2 _dllng (m? . :L?) +af'(0)] sin(n;mz) sin(m;my),
“ [ 1 1. .
Ps1 = -dll;TZ (m2 +n2) + af'(0)] sin(msmx) sin(nsmy),
and
Voo =2 | 412 ! sin(ngmx) sin(msmy).
° LB (m2 4+ n2) +af’(0)) *

In this case the induced action of D4 in Ex is

(—=1)ms—1 0 0 0
6 = 0 (1)t 0 0
5 0 0 (—1ma—t 0 ’
0 0 0 (—1)me1]
[0 0 0 (=1)ms=1]
0 0 (—1)mi—t 0
Rs = 0 (—1)ms—1 0 0
(—1)met 0 0 0 |
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Using the Lyapunov—Schmidt reduction, we have
U = 29051 + 210052 + 211901 + 212052 + w5,

where z9 = <<Pj17U>, Z10 = <90j2,U>9 z211 = <9051,U>, 212 = <8052,U>, and ws =
U — 2991 — 210052 — 211Ps1 — Z12¥s2-

5 Numerical simulations

The goal of this section is to present the results of numerical simulations, which comple-
ment the analytic results in the previous Section 3. Choose for f = u — u3/3! and fixed
values a, § in all simulations, namely, a = 3, § = 5. We take [ = 1.0 and d; = 0.001,
dy = 0.01 satisfying (H1). According to Theorem 1, Ay~ = 1375. Hence, we know
that the constant steady state (0,0) is Turing unstable, and the simple and double Turing
bifurcation occurs when b = b;. From Section 3 a spatially inhomogeneous steady-state
structure is characterized by @1 or ¢, @3 is generated for b > ad and A\ < Ay=.

Choose A\; = 315.8273, then the bifurcation parameter by = 30.3756. In this case
a simple bifurcation occurs for m; = 4, n; = 4; see Fig. 2. In this case the system
supports square patterns.

Choose A2 = 986.9604, then the Bifurcation parameter by = 49.8010. In this case
a double bifurcation occurs for ms = 11, ng = 13 or m3 = 13, ng = 11; see Fig. 3.

Choose fixed values a = 18, 6 = 20 and take [ = 1.0 and d; = 0.001, d» = 0.01
satisfying (H1). According to Theorem 1, A+ = 8500. Hence, we know that the constant
steady state (0, 0) is Turing unstable, and the simple and double Turing bifurcation occurs
when b = b;.

Choose A3 = 3480.1, then the bifurcation parameter b = 795.7. In this case a double
bifurcation occurs for my = 8, no = 17 or me = 17, no = 8; see Fig. 4.

u(a,y) u(e,y)

o 0.1 02 03 04 05 06 07 08 09 1
xX

Figure 2. Turing pattern of « when m = 4, n = 4, t = 10000.
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Figure 5. Turing pattern of w when m = 16, n = 24, t = 10000.

Choose Ay = 8211.5, then the bifurcation parameter by = 1803.3. In this case
a double bifurcation occurs for my = 16, ny = 24 or my = 24, ny = 16; see Fig. 5.

https://www.journals.vu.lt/nonlinear-analysis
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6 Conclusions

Problem (4) has obviously the D,-symmetry of the unit square, i.e., it is D4-equivariant.
We are interested in the bifurcation structure of solution branches of (4)—(5) of simple
and double bifurcation on the trivial solution curve. Using Lyapunov—Schmidt method, we
show the existence of nonhomogeneous solutions. After calculating the reduced equations
of Eq. (12), we investigate the necessary structure of steady-state bifurcating solutions.
Numerical simulations show that the structure of pattern is determined by wave numbers.
Through the analysis of the steady/steady-state mode interactions, we found that the
model can have highly degenerate branches, which is caused by the symmetry of the
spatial region.

Acknowledgment. The authors wish to express their gratitude to the editors and the
reviewers for the helpful comments.
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