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Abstract. In this paper, a novel fractional-order 2I2SR rumor spreading model is investigated.
Firstly, the boundedness and uniqueness of solutions are proved. Then the next-generation matrix
method is used to calculate the threshold. Furthermore, the stability of rumor-free/spreading
equilibrium is discussed based on fractional-order Routh—Hurwitz stability criterion, Lyapunov
function method, and invariance principle. Next, the necessary conditions for fractional optimal
control are obtained. Finally, some numerical simulations are given to verify the results.
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1 Introduction

Rumor refers to the remarks that have no corresponding factual basis but are fabricated
and promoted to spread by certain ways. With the development of science and technology,
the rapid spread of rumors causes huge economic losses, disturb the normal order, and
undermine social stability [6, 8]. Therefore, it is of great practical significance to study
the dynamics of rumor propagation in social networks.

The mechanism of rumor transmission is similar to the process of epidemic trans-
mission. In the 1960s, the classic DK model was proposed by Daley and Kendall, which
divided the total population into three categories: ignorant, spreader, and removed, then
numerical method is used to study the spread process of rumors, which is similar to
those in infectious diseases [2, 3]. Based on the above research, the DK model was im-
proved, and then MK model was obtained in 1973 [14]. With the efforts of many scholars,
more and more modified rumor propagation models have been put forward in recent
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years [13,22,28,31]. In 2019, Wang et al. considered the cross-propagation mechanism
and established SIR rumor propagation model in a multilanguage environment. Then its
stability also was deeply investigated [22]. In 2020, considering the network topology,
Li et al. analyzed the dynamic behaviors of rumor propagation model with educational
mechanism and carried out optimal control in the multilanguage environment [13]. In
2020, a time-delay SIR rumor propagation model considering the network topology and
forcing silence function was proposed and the stability of the rumor propagation model
was analyzed in [31]. Yu et al. established 2S2IR model based on multilanguage envi-
ronment and studied Hopf bifurcation with time delay and the important parameter of the
model, respectively [28].

Fractional calculus, called generalized calculus or arbitrary calculus, is a general-
ization of integral calculus and has short-term memory effect and genetic effect. With
the continuous development and improvement of the fractional calculus theory, the frac-
tional differential equation has been widely used in many fields [25, 29, 30]. Huang et
al. considered fractional neural networks with double delays. Furthermore, the stability
and bifurcation of the system were studied [9]. The dynamics of fractional SIR epidemic
model with time delay and saturation function were studied by Wang et al. [23]. In 2019,
Wang et al. proposed a fractional ecoepidemiological model with time delay. Then the
Hopf bifurcation of the system was studied, and the control strategies were given [24].
In recent years, the problem of fractional optimal control has been studied extensively,
and the conditions of fractional optimal control have been obtained [11, 15,21]. Memory
effect on information transmission process is studied in [17, 20, 26], which shows that
multiple redundant contacts of the same rumor will change people’s initial thoughts of it,
and the cumulative feature will affect the behavior of individuals in social networks. Due
to the memory effect of fractional calculus, rumor propagation process can be analyzed
accurately by studying the rumor propagation process with fractional calculus. In 2019,
Singh considered a SIR rumor propagation model with Atangana—Baleanu derivative, and
the effect of fractional order on the population of each warehouse was studied [18]. A
fractional-order SIR model, which is similar to the epidemic model, was established
to examine the adoption and abandonment of online social networks by social network
users. Then the properties of the solutions of the system were studied in [7]. Ren et al.
established a fractional stochastic rumor propagation model in mobile social networks,
and the stability conditions of the system were obtained [16]. Inspired by [7, 28], we
consider a fractional-order 2I12SR rumor spreading model and study the properties of
the solutions. The optimal control conditions of the system are given at last. The main
contributions of this study are as follows:

e Compared with [28], a fractional 2I2SR rumor propagation model is generalized,
which considers the unit dimension of the equation and memory effect in rumor
propagation process.

e The properties and dynamics of the solutions to the given rumor propagation model
are studied by means of fractional differential equation theory.

o The optimal control of the given fractional rumor propagation model is obtained by
using the fractional optimal control theory.
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The rest of this article is arranged as follows. In Section 2, some preparations re-
lated to fractional equations are introduced. In Section 3, a fraction-order 2S2IR rumor
spreading model is proposed. In Section 4, the properties of the solutions are disscussed.
Furthermore, the fractional-order optimal control strategies are presented. In Section 5,
some numerical simulations are illustrated to verify the theoretical results. In Section 6,
we have a brief summary for the whole paper.

2 Preliminaries

In this section, some preparations related to fractional differential equations are given,
which will be used in the following discussion.

Definition 1. (See [5].) Let f be a function defined on [a, b], and let & > 0. The Riemann—
Liouville fractional integral of order « for the function f is defined by

t
1
aDt_ m/ K 1f ) te [avb]’

where T'(+) is the gamma function.

Definition 2. (See [5].) The Caputo fractional derivative of order  of a function f(t) is
defined as

¢
1 F(r)
Cnk
Dff(t) = d
to "t f( ) F(n _ I{) / (t _ T)n+17n T,
to

where n is the positive integer, and n — 1 < k < n. I'(+) is the gamma function, I'(s) =
fooo t5=le=tdt. When 0 < k < 1, one has

coppn_ L[S0
tthf“)_ru_ﬁ)/(t—T)md'

Definition 3. (See [15].) Let f € Cla, b], where C|[a, b] represents the space of absolutely
continuous functions on [a, b], the left and right Caputo fractional derivatives (CFDs) are
as follows:

(i) left CFD

P S L1 N
thf(t)* F(Tl—/i)/(t—T)’H'l_” dTa

(ii) right CFD

B A T
(o = o [
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Lemma 1. (See [7].) If f is continuous and k > 0, then
SDfaDy " f(t) = [f(t).

Lemma 2. (See [27].) Let 0 < o < 1 andt > 0O, then function Eo(ju(t — to)®) is
nonnegative. Furthermore, 0 < Eq(u(t — t9)®) < 1 fort > to when u < 0.

Lemma 3. (See [12].) Assume that w(t) is continuous on [ty, +00) and satisfies
thfw(t) < _/\w(t) i, w(to) = W,

where 0 < k < 1, (\, 1) € R?, and \ # 0. Then

’LU(t) < ’LUtU — B EH [—)\(t — t())mjl + H
A A
Lemma 4. (See [12].) Consider the system
SDFx(t) = f(t,@), > to, (1)

with initial condition xs,, where 0 < k < 1, f : [tg,00) x 2 — R™, 2 € R". Then
there exists a unique solution of system (1) on [ty,00) x 2 if f(t,x) satisfies the locally
Lipschitz condition with respect to .

Lemma 5. (See [4].) Considering the following n-dimensional linear fractional differen-
tial system with multiple time delays:

nglﬂh(t) =bnx1(t —111) + braxo(t — T12) + -+ + binTn(t — T1n),

D> xo(t) = boray (t — To1) + baowa(t — Tag) + - + bap@n (t — Ton), 2)

(?Df”zn(t) = bnlxl(t - Tnl) + bn2$2(t - 7’n2) + -+ bnnxn(t - TT”L)v

where 0 < k; <1, and k; is real. The initial values x; = ¢;(t) are given for — max; ;j Tj; =
—Tmax <t < 0andi=1,2,...,n. Inthis system, state variables z;(t), z;(t —7;;) € R,
time-delay matrix T = (Tij)nxn € (R")pxn, coefficient matrix B = (b;j)nxn, and
initial values ¢;(t) € C°[—Tmax, 0]. Then the characteristic matrix of system (2) can be
labeled as

gt blle—s‘rn _b12€—87’12 . _blne_STln
_b21e—87'21 sh2 — b226—57'22 A _b2ne—87’2n
Afs) =
_bnle—STnl _bn2e—3"'n2 snn — bnne_STn"

Lemma 6. (See [4].) If all the roots of det A(s) = 0 satisfy |arg s| > /2, then the zero
solution of system (2) is Lyapunov globally asymptotically stable.
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Remark 1. Assume that Ky = k2 = -+ = Kk, = K € (0,1), and det A(X) = 0 is the
characteristic equation of the following equation:
da(t)
= f(t,x).
de ft)

Then we have the equivalent conditions:

T KT
largs| > = <= |argA| > —.
2 2
Lemma 7. (See [10].) Assume that u(t) € RT is continuous and derivable. Then for any
time instant t > to and for all x € (0, 1),

EDf |u(t) —u* —u*ln o } < (1— u(t))tht u(t), u*eRT.

Lemma 8. (See [10].) Consider the following autonomous system:

D y(t) = g(y). 3)

Suppose B is a bounded closed set, every solution of system (3) starts from a point in B
and remains in B for all time. There exists V (y) : B — R with continuous first partial
derivatives satisfying the following condition:

D"V < 0.

Let F = {y|D"V|3) = 0}, and let M be the largest invariant set of F. Then every
solution y(t) originating in B tends to M as t — +oo. Particularly, if M = 0, then
y—0,t— 4o0.

3 Model formulation

Many rumor models have been improved to better understand the rumor spreading pro-
cess. A 2I2SR rumor propagation model in multilingual environment is introduced in [5].
The information may be in Chinese, English, or even other languages since these users
come from different countries or regions. Assume that one of them is the official language
of this social network, and others are unofficial languages, and all users understand official
language. In this model, we consider five types of users: Ignorants-1 (I; (¢)), Ignorants-2
(I2(t)), Spreaders-1 (S (t)), Spreaders-2 (S2(t)) and Removers (R(t)). I1(t) represents
users who can speak both official and other languages, but they prefer to publish infor-
mation in unofficial languages, and they do not know the rumor information. I5(¢) stands
for users who only can use official language to exchange information, and they also do
not know the rumor information. S (¢) refers to individuals who have received the rumor
and can speak official language and other languages, but they prefer to spread rumor
in unofficial languages. S2(t) describes the ones who know the rumor and propagate it in

Nonlinear Anal. Model. Control, 28(5):859-882, 2023
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Table 1. Descriptions of parameters for the model (4).

Symbols  Description Units
II; The immigration rates of I;(t),7 = 1,2 [Number] x [Unit of time] "
The probability of turning I;(t) into S;(t) [Number] x Unit of time] !
Bi The probability of turning S; (t) into R(t)  [Unit of time] !
The probability of turning I7 (t) into S2(t)  [Number] x Unit of time] ~*
d The removal rate for each compartment [Unit of time] !

official language. R(t) represents the rumor recovery individuals who know the rumor and
no longer spread it. The population movement between the five warehouses is modeled
as follows:

dIdlit) =111 — ay Iy (£)S1(t) — uly (£)Sa(t) — dI1 (1),

0 11, — s ()52(0) — da(0),

%t(t) = ayI1(t)S1(t) + ul1(t)S2(t) — dSi(t) — B1S1(¢), (4)
) — 1 (052(0) - dSa(t) — aSa(1).

%ﬁt) = B151(t) + B2Sa(t) — dR(t)

with the initial conditions

People’s acceptance of information and whether they choose to spread information
are affected by individual’s subjective will. For model (4), it was established with integer-
order differential equations. A detailed description of the parameters can be seen in Ta-
ble 1. However, the state of each moment does not depend on the historical status of the
system. The memory effect of rumor transmission was not considered. It can be seen
from [7,9, 11, 15, 16, 18, 23, 24] that fractional calculus can better describe the dynamic
processes with memory effect than integer calculus.

Fractional calculus is introduced to describe the memory effect. Through the appli-
cation of fractional differential equations in dynamical systems in recent years [9, 11,
15,23,24], we can generalize system (4) into the following form in the sense of Caputo
derivative:

GDF I (t) = Iy — o Iy () S () — wly () Sa(t) — dIy (2),

§DFIy(t) = Iy — sz (1) Sa(t) — dIa(t),

GDrS1(t) = ar 1 (1)S1(t) + uly (t)Sa(t) — dSy(t) — B1S1(t), (5)
6 DF Sa(t) = aly(t)Sa(t) — dSa(t) — B29(t),

6Dy R(t) = 5 1(1) + B255(t) — dR(t).

https://www.journals.vu.lt/nonlinear-analysis
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It is reasonable to generalize system (4) to system (5) because the memory effect of
rumor propagation is considered. However, this approach does not take the time dimen-
sion into better account. The units on the left-hand side of system (5) are [Number] x
[Unit of time] ™", while the units on the right-hand side of system (5) are [Number] x
[Unit of time]_l. In recent years, some scholars have considered the unity of fractional
differential equations, which can be observed in [1,7].

Inspired by the unit problem of considering parameters in [7], we generalized the
212SR rumor propagation model, which was studied in [29], into fractional (0 < x < 1)
differential equations. Firstly, system (4) is equivalent to the following integral equations:

t

Il(t) = .[1(0) +/ [Hl - alfl(s)Sl(s) - ’LLIl(S)SQ(S) - dIl(S)] dS,
0

Ig(t) = IQ(O) +/ [HQ - CVQIQ(S)SQ(S) - dIQ(S)] dS,
0

S1(t) = 51(0) —|—/ [ 11 ()51 (s) + uly(s)S2(s) — dSi(s) — B1.S1(s)] ds,  (6)

S + a2[2 dSQ( ) /3232(8)} ds

)+ [ [B1S1(s) + B2S2(s) — dR(s)] ds

o]
Z

with the initial conditions
I,(0) >0,  I»(0) >0, 51(0) > 0, S2(0) > 0, R(0) > 0.

In order to consider the effect of memory effect on rumor spreading process, we
rewrite system (6) into the following form with memory effect:

k(t,s)[1Iy — a111(s)S1(s) — uli(s)Sa2(s) — dI1(s)] ds,

k(t,s)[1Iy — aals(s)S2(s) — dIa(s)] ds,

oS O Y—

Si( )+ / k(t, 5) [0 1 (5)S1(5) + uls (s)Sa(s) — dSi(s) — 151 (s)] ds,
0

Nonlinear Anal. Model. Control, 28(5):859-882, 2023
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S + / ]{) 01212 )52(8) — dSQ(S) — 5252(8)] ds

.
+/k: (t,5)[B151(s) + B2Sa(s) — dR(s)] ds
0

where k(t, s) is the kernel function, and it has the following form:

k(t,s) = (t—s)""t ke(0,1).

1
I'(x)
Remark 2. Compared with integer calculus, the memory of fractional calculus is mainly

reflected in the power law property of kernel function.

Considering the unity of the units on both sides of this equations and applying Defi-
nition 1, we obtain

I(t) — (0) = oDy " [ITF — o T (t Si(t) — w1 () (t) — d Iy (1)],

[T}
Ix(t) — Ix( ) oDy " [Ty *042 52( ) — d*I5(1)],
S1(t) — S1(0) = oDy " [a’fh(t )+ u I () Sa(t) — d¥S1(t) — 8BTS, (t)], 7
Sa(t) — 52 (0) = oD; " [ab Io(t)Sa(t) — d™Sa(t) — B5 Sa ()],
R(t) — R(0) = oD; " [ByS1(t) + /32 Sa(t) — d"R(t)].

Applying Lemma 1 and the Caputo derivative of order « to both sides of Eq. (7), the
following fractional-order 2S2IR rumor propagation model can be obtained:

SDEI(t) = IT — o I (£)S1(t) — wI1(t)Sa(t) — d"I1(t),

§DrIy(t) = I()Sa(t) — d"Ix(t),

§D; Sy (t) = af I (t)S (t) + u L (1)Sa(t) — d*Sy (t) — By S (L), ®)
6D Sa(t) = a5 Io(1)Sa(t) — d*Sa(t) — B5 Sa(t),

SDER(t) = BySy (1) + By Sa(t) — d*R(t)
with the initial conditions
1,(0) > 0, I,(0) > 0, S1(0) =0, S5(0) >0, R(0) > 0.

After a simple analysis of model (8), we can easily find that both sides of the equations
have the same units. The specific parameters of this model are shown in Table 2. The
following discussion and analysis are based on model (8).

Remark 3. When x — 17, system (8) is transformed into system (4) without memory
effect. Furthermore, system (4) can be viewed as a special case of system (8), and it can be
seen that the order & is an intuitive embodiment of the memory effect of fractional-order
system (8).

https://www.journals.vu.lt/nonlinear-analysis
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Table 2. Descriptions of parameters for the model (8).

Symbols  Description Units

II; The immigration rate of I;(t),i = 1,2 [Number]!/# x [Unit of time] ™!
a; The probability of turning I;(t) into S;(t) [Number]~1/# x [Unit of time]~*
Bi The probability of turning .S; (t) into R(t) [Unit of time] !

u The probability of turning I3 (t) into S2(¢)  [Number] ~*/* x [Unit of time] !
d The removal rate for each compartment [Unit of time] !

4 Main results

In this section, we mainly prove the boundedness and uniqueness of the solutions of
system (8). Next, the sufficient conditions for the stability of equilibriums are obtained.
Furthermore, the necessary conditions for fractional optimal control are obtained.

4.1 Properties of the solutions
For convenience, let DT = {(I(¢), I2(t), S1(¢t), Sa(t), R(t)): I1(t) € RT, I1(t) € RT,
Si(t) € RT, Sy(t) e RT, R(t) e RY}.
Theorem 1. All the solutions of system (8), which start in DT, are bounded.
Proof. Define the function W (t) = I;(t) + Iz(t) + S1(t) + S2(t) + R(t). Then we can
obtain
SDEW (t) 4+ d"W (t)
=117 — a7 Li(1)S1(t) — u"11(t)S2(t) — d" 11 (2)
+ 115 — a5 I5(t)S2(t) — d™Ix(t) + af I1 (t) S1(t)
+ w1 () S2(t) — d®S1(t) — BYS1(E) + ab Io(t) S (1)
—d"S3(t) — B35 Sa(t) + By S1(t) + B35 S2(t) — d"R(¢)
+ d" (I (t) + Lx(t) + S1(t) + Sa2(t) + R(t))
= II7 + II5.
By Lemmas 2, 3 we can get

W < (Wi - T ) B (e - )

oy + 15 Iy + 10§
+ d/@ - d/@

as t — +oo. Therefore, all the solutions of system (8), which start in D™, are confined to
the region

6= {(Il(t)JQ(t), S1(t), Sa(t), R(t)) € Dy

2 2
1y + 115
Lt)+ ) Si(t)+R(t) < ——27.
; (t) ; (t) + R(t) " }
This completes the proof of theorem. O

Nonlinear Anal. Model. Control, 28(5):859-882, 2023
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Theorem 2. System (8) has a unique solution Y = (I1(t), I2(t), S1(t), S2(t), R(t)) €
Jorevery (1o, I20, S10, S20, Ro) € Z, where Z={(I(t), (1), S1(t), S2(t), R(t)) GRS
max{| [ (t)|, [L2(t)], [S1 ()], [S2(2)], [R()[} < M.

Proof. Consider a mapping H(Y) = (H,(Y), Hy(Y), H3(Y), Hy(Y), H5(Y)), where

H(Y)= Hl — a1 (t)S1(t) — w11 (¢)Sa(t) — d™I1 (),
Hy(Y) = — a5 Ir(t)Se(t) — d¥Ix(t),

H3(Y) = of Il(t)Sl( ) +u I () Sa(t) — d™Si(t) — BT Si(E),
Hy(Y) = a515(t)S2(t) — d™Sa(t) — B3 S2(t),

H5(Y) = By S1(t) + B85 S2(t) — d"R(2).

For any Y,? € Z,
|EY) - HY)|
= |Hi(Y) = Hy\(Y)|| + || Ho(Y) = Ha(Y)|| + || Ha(Y) — Hs(Y)
+ || Ha(Y) — Ha(Y)|| + ||H5(Y) — H5(Y)]|
= |} — of [ (1) S1(t) — uIy(t)Sa(t) — d*I1(t)
— (I — 5T ()81 (t) — u Ty (1) Sa(t) — dT, (¢ )|
+ [II5 = a5 () S (t) — d™Io(t) — (115 — a5 15(£) Sa(t) — d"Ta (1))
- !a’fh(t 1(t) + w3 (1) Sa(t) — d™Sy(t) — By Sa(t)
L(H)S1(t) + u Ty () Sa(t) — d*Si (1) — BrSL (1))
+ |ab Io(t) S2(t) — d*Sa(t) — BESa2(t)

— (a5 T2(t)Sa(t) — dSa(t) — B Sa(t))]

+ [BFS1(t) + BESa(t) — dR(t) — (B S1(t) + B Sa(t) — d*R(1))]
< 2|af L (1) S1(t) — o5 1 (1)S ( )+ af 1 (D)8 (t) — o T (1) 51 (8))|

+ 2[R I (1) So () — w1 () Sa(t) + ut T ()Sa(t) — ut T (1)Sa ()|
+2|al I (t)So () — azlz(t)gz( t) + a Iy(t)Sa(t) — a212( )Sa(t)]
+(d"+2/ff)|51 S1(t)] + (@ + 285)[S2(t) — Sa(1)]
+d*|L(t) — |+d”|R(t) R(t)|

< (2af | (t)| + 287 + d¥)[Si(t) — §1(t)|
+ (205]S1(8)] + 2u®[Sa(t)| + d®) |11 (t) — T (t))|
+ (2u™| L (1)) + 205 | Ia(8)| + 285 + d7)[Sa(t) — Sa(t)|
+ (205[82(8)] + B5 + d%)|Ia(t) — Ta(t)] + d*| R(t) — R(t)].

https://www.journals.vu.lt/nonlinear-analysis
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Let My = max{|I, ()], | I ()], |S1(£)], |S2(£)|}. then we have
|H(Y) — HY)|| = (205 M + 287 + d*)|S1(t) — Si (1))

+ (20" M + 205 M + 285 + d)|Sa(t) — Sa(t)|
+ (205 M + 20" M + d*)| I (t) — 11 (t)
+ (205 M + d%) | Io(t) — To(t)| + d|R(t) — R(1)).

Let

L = max{2af M, + 287 + d*, 2u”M; + 205 M, + 285 + d”,
207 My + 2u” M,y + d”}.

Furthermore, we can obtain ||[H(Y) — H(Y)|| < L|Y — Y||. This completes the proof
by applying Lemma 4. O

4.2 Stability analysis

In this section, we will give the threshold R and discuss the stability of the equilibrium
of system (8). The main results and proofs are as follows.

Firstly, the threshold of system (8) is calculated by using the next-generation matrix
method. Now, we only need to investigate the following subsystem:

§DFI () = L(1) Sy (t) — u™ I (£)Sa(t) — d 11 (t),

§DFI(t) = IT5 — a5 Tp(t)Sa(t) — dIa(t), o)
SDfSﬂt)zal L(£)S1 () + u I (£)Sa(t) — d* Sy (t) — Br Sy (1),

6DF S(t) = a5 Io(1)Sa(t) — d*Sa(t) — B5 Sa(t).

By calculation it is clear that the rumor-free equilibrium Ey = (II{/d", I15/d",0,0).
Let x(t) = (I1(t), Is(t), S1(t), S2(t))T, then system (9) can be rewritten as
D5 x(1) = F(x) = V().

where OF I ()81 (t) + ur Ty (1) Sa(1)
Fx) = QSIQ(B)SN) ’
0
(d: + Bg)sﬁ (t)
V(x) = o T4 ()54 () +(Z“I—i1_(f)25)’i2g ) +d Iy (t) — I}
I(t)Sa(t) + d*Io(t) — I

We can obtain the Jacobian matrices DF () and DV(x) at Ey as follows:
F 0 vV 0
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where
QI R &5 + 3 0
_ ar % 1
ne(F ) w1 )
of Iy w17 d= 0
_ dr &3
A1< 0 afﬂ;)’ A2(o d”)
dK,
Thus,

The threshold of system (8) is given by

Z dm dﬁ + ﬁﬁ ZRO7

Remark 4. Rj is a threshold quantity. When x = 1, Rj is the basic reproduction number
of model (8). It refers to the number of people that a ignorant can turn into a spreader
during the average period of transmission when everyone is ignorant at the initial stage of
rumor transmission.

Remark 5. In a multilingual environment, the system threshold Rf is equal to the sum
of the thresholds Rf; of each group :. In this paper, Rj; and R, are thresholds in two
language environments, respectively. A detailed description can be found in [19].

_ Let[1(t) = I (t) — It, Ix(t) = Lx(t) — I3, Si(t) = S1(t) — St. Sa(t) = Sa(t) — S5,
R(t) = R(t) — R.. The linear system of system (8) is

ODFL(t) = (—af St —utSy — d*) [ (t) — af I} Sy (t) — u* I} Sa(t),

6D (1) = (—ab S5 — d*)Ix(t) — a5 13 S5(t),

§DFSi(t) = ( 51 +utS3) (1) + (@f I} — By — d)Si(t) + w11 Sa(t),
6 D; (1) = a5 S5 I () + (a5 13 — B — d™)Sa(t),

GDFR(t) = BYSy (1) + B5 Sa(t) — dR(t).

Obviously, (t) is independent of the first four equations, so we can just consider the first
four equations in the following study.

Theorem 3. The rumor-free equilibrium Ey of system (8) is locally asymptotically stable
when Rf; < 1and Ry < 1.

Proof. The characteristic matrix of system (8) at Ey = (II{*/d"*, II§/d",0,0) is

$ 4+ dF 0 a'def u" II7
0 st 4de 0 oz [l
A(s) = K alﬂl ” *gnl
0 0 s — + Bl +d ,51”
0 0 0 st — 2 "‘ + B85+ d”
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Hence, the characteristic equation that corresponds to system (8) is

K K K K
af Il a3

(s" +d")(s" +d~) (s“ -5t B+ d“) (s“ - By + d“) =0. (10)

Let A = s”, the roots of Eq. 10 are given by
A= Ag = —d", A3 = (Bf +d%)(Rj — 1), Ay = (85 +d*)(Rf, — 1).

Obviously, Ay < 0, A2 < 0, A3 < 0 and Ay < 0 when R§; < 1 and R, < 1.
Furthermore, arg(\;) > 7/2 > xkm/2, which means arg(s;) > 7/2, 4 = 1,2,3,4. By
applying Lemma 6 Ej is locally asymptotically stable when R§; < 1and Rj, < 1. [

Next, we discuss the stability of rumor-spreading equilibrium, system (8) satisfies the
following equations at E* = (I7, I3, ST, 55, R*):
oy — of IT ST — w17 S5 — d¥If =0,
11§ — a51555 —d*I5 =0,
afIT ST + w17 S5 — d¥Sy — B1ST =0,
a5I385 —d=S; — p5yS; = 0.

Y

When o I — d"(d" + Bf) > 0, we can get Ef = (I}, I, 55,55, R*), where

dK/ K
I = 7;:/3 L5
1

115 d*(R§;—1
R LR R )
dr of
When o5 115§ — d"(d" + B%) > 0, we can obtain that £ = (I5, I3, ST, S5, R*), where
. a5 1Ty . dHps «_ d"(RG—1)
Iy = . . =2 g =fer)
afab ST + afdr + uidr (R, —1) af ol

Combining the expressions of I}, S5 and the third equation of system (11), it can be seen
that

ao(Sf)Q—l—bo(Sf)—l—Co =0, (12)
where

ag = —Oé’fOt; (d}’€ + Bf),
ag I3 — d~(d” + By)
dr + By ’

bo = af (@I — d*(d" + B)) — (4 + )

af IT5 — dﬁ(d/‘i + BH)
= J[IFu® 2452 2 )
o= dr + By

The following results can be proved by simple calculation:

>0 <+ oI5 —d*(d"+85)>0, c=0
=  ofIl§ —d"(d" + B5) =0.
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So we discuss the roots of Eq. (12) in two different cases in the following study.

(i) For ¢p > 0, Eq. (12) has a unique positive root S5 .
(ii) For ¢y = 0, Eq. (12) is equivalent to ag(S7)? + v9S7 = 0 in which vy =
af(af IIf — d=(d" + Br)).

Theorem 4. The following results can be derived:

(1) If Rg; > 1, system (8) has a unique rumor-spreading equilibrium E7.
(ii) If R§y > 1, system (8) has a unique rumor-spreading equilibrium E3.

Theorem S. If Ry, > 1 and R, < 1 are satisfied, the rumor-spreading equilibrium EY
of system (8) is locally asymptotically stable.

Proof. By a simple calculation it can be obtained that the rumor-spreading equilibrium
Ef = ((d* + B7)/af, II§ /d¥, d"(Rf, — 1)/a%, 0). The characteristic matrix of sys-
tem (8) at E7 is

s+ dV+afST 0 o If u Iy

_ 0 s* 4+ d~ 0 a5 13

Als) = —afS; 0 s —afIf + (d* + BY) ut I
0 0 0 s —af513 + (d" + B5)

Hence, the characteristic equation that corresponds to system (8) is
[s% — o815 + (@" + 53)]
X (74 d¥) [$* + (d" + o S7)s" + af [T o Sf] = 0. (13)
Let \ = s*, then substituting Sf, I5 into Eq. (13), we can get
(A= (@ + 85) (Rip = )] (A + %)

HN
x {)\2 + d‘fj1+ éf) + [d*(d* + B7) (R, — 1)]} =0.

Obviously, A\; < 0 (¢ = 1,2,3,4) when Rf, < 1 and Rj; > 1. At the same time,
arg(A;) > m/2 > km/2, which means arg(s;) > 7/2 (i = 1,2,3,4). By applying
Lemma 6 Ej is locally asymptotically stable when R, < 1 and Rf; > 1 are satis-
fied. O

We make the following hypotheses to obtain our result.

H1) of Iy — (d"+ 7)< 0.

(H2) AurIfSF + BahlIiS; — B(d® + B5)S5 <O0.

(H3) w*IfSs — oIy ST — (d" + B5)S; < 0.
Theorem 6. If Ry, > 1 and (H1)—(H3) are satisfied, the rumor-spreading equilibrium
E3 of system (8) is globally asymptotically stable.
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Proof. Lyapunov function is constructed as follows:
Ii(t
vio=alnio75)) w0757 )
1
Si(t) Sa(t
Al ST B
(s 30)) (s 50)).

where A, B are positive constants, and g(y) =y — 1 —Iny > 0 fory > 0. Let

L(t) _ L() _ 510 _ Sa(t)
[f ) 2 Ig ) 1 ST y Y2 S; .

r1 =

Next, differentiating V'(¢) along system (8), one has
1 1
sorvin < a(1- 2 )§peno + B(1- L )oino)
1 Cnk 1 Cnk
+A(1—— )gD;S1(t) + B 1— — |yDfSa2(t).
Y1 Y2

Combining Eq. (8) with Eq. (11), we have

§DFLL(t) = —a1( 1(1)S1(t) — I} ST) — u* (L (1) Sa(t) — I} S5) — d* (L. (t) — I})
1ST(1 —zyyr) + w7 S5 (1 — zyye) — d¥ I (2 — 1),
(

t)Sa(t) — I383) — d™(I2(t) — I3)

6D I (t) = —ab (12
= a5 1555 (1 — xoy2) — d¥I5(xa — 1),
6Dy S1(t) = af (I (8) Sy (t) — 17 ST) + u” (11 (t) S2(t) — 17 S3)
= (@7 + B7) (S1(6) = 57)
=aofI{ST(1 —zyyr) + w17 S5 (1 — 21y2) — d¥ I} (1 — 1),

§DF Sa(t) = of (I(1)S2(t) — I353) — (4" + B5) (S:(t) - 3)
=ofI7ST(1 —zyy1) + w17 S5(1 — 21y2) — d¥I] (z1 — 1).

Furthermore, we can obtain
K K T% * K T% * 1 K T% * K T% *
§DrV(t) < A|:O‘1]1519(y1) 011]1519(561) —aiI{ STg(w1y1) + u 17 S5 9(y2)

K T% Q* 1 K T* Q% K T* K T* 1

—u"I{S59l — ) —u 11529($1Z/2) —d"I{g(x1) —d"I7g| —

T T

* Qrk K T* Q* 1 K T* Q*
+B[a512529(y2) - azlzszg(zz> —a515559(ray2)

K T* K T* 1
—d"I3g(z2) —d"I3g9| —
T2

1
‘A [a'fffsrgm) - amsrg<y1) T af IS g(eyn)
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€T 1
TS g(erys) - uﬁfrs;g( y) ; uWi"%‘g()
'A% Y1
* K K * 1 |
(4 ) Stgln) — (d +ﬂl)slg(yl)

K T% Q% K T% Q% K T% Q% 1
+ Blas15559(x2y2) — a5 15S59(x2) — 04212529<y1>

- (a3 30t0) — (a+ 35) 550 )
= A(—d"I} — o517 S7)g(x1) + B(—d"I; — aéfé"Sé‘)g(:vz)

+ A[a§ I ST — (d + B8Y) St ] g(y1)

+ [Au"I; S + Bas I3 S5 — B(d" + 85)S3]g(y2)

1
+ A(—af Iy ST — d*If — u”Ing)g(x>
1

1
+ A[uFISs — o5 I1ST — (d + B7)S;]g (yl)

1
+ B[_Q;ISS; - (dH + ﬁg)sg]g(w> — AUHI{SSg(x1y2)_

Y1

Choose appropriate A and B to make sure that

a5 T7 — (dF + BY) <0,
AuT; ST + BasI;S; — B(d™ + 85)S3 <0,
uIT Sy — o IT ST — (dF + BY) ST < 0.

It can be seen that {D£V () < 0, and §DFV (t) = 0 if and only if
(Il(t)v IQ(t)a Sl(t)v SQ(t)) = (IT7 157 Sfa S;)

By Lemma 7 the rumor-spreading equilibrium E3 of system (8) is globally asymptotically
stable when Rf, > 1 is satisfied. O

4.3 Fractional-order optimal control for 2I2SR rumor spreading model

Optimal control theory has a wide range of applications in biological systems, infectious
diseases, and rumor control. Therefore, considering the memory effect of the system, it
is necessary to study the fractional-order optimal control problem [11]. In this part, the
optimal control method can effectively suppress rumors in the expected time period at the
lowest cost. We formulate an optimal problem for model (8) to find a suitable compromise
between minimizing the number of the spreaders and the cost of the control. We introduce
Lebesgue square-integrable control function u;(t) € A, where A = {u,(t) is Lebesgue
measurable on (0,7,,],0 < w;(t) < 1,¢ € (0,7,,],% = 1,2} denotes the set of
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admissible controls, and 7, is the ending time. The improved controlled model is as
follows:

§Dr(t) = ITT — o L ()81 (1) — w11 (1) Sa(t) — ™I (1),

6D Iy(t) = IT5 — a5 Ip(1)Sa(t) — d*Ia(t),

6Dy Si(t) = i T (t)Sl( ) +u" I (t)Sa(t) — d"Si(t) — By S1(t) —ui(t)S1(t), (14)
§DFSa(t) = abIo(t)S2(t) — d™Sa(t) — BESa(t) — ua(t)Sa(t),

6Dy R(t) = BrS1(t) + 5 S2(t) — dR(t) +ua(8)S1(t) + uz(t)S2(1)

with the initial condition
L0)>0, L0)>0, S (0)>0, S(0)>0, R(0)>0.

In order to study the optimal level of the number of spreaders and cost under the control
function u; (t) and uz (), the objective function J(uy (t), ua(t)) is constructed as follows:

J(ur(t),u2(t)) = [ [01S1(t) + ¥2Sa(t) + prui(t) + ous(t)] dt,  (15)

where 1, 12, ¢1, ¢ are positive weights, ¢;uZ(t) (i = 1,2) represents the average cost
of applying control u;(t) (i = 1, 2) to control and educate S;(t) (i = 1, 2).
The Lagrangian function is given by

L(S1(t), Sa(t), ur (t), uz(t)) = 1151(t) + 1285(t) + drui(t) + gaus(t).

To solve the optimal control problem, the Hamiltonian function of Eq. (15) is defined as

H(Il (t)v Si (t)v R(t)a Usg (t)7 )‘j (t))
— L(51(t), Salt), u <t> us(t)

+ )xl(t)[ —af I (t)S1(t) — u™I1(t)Sa(t) — d“[l(t)}

+ X () 115 — a5 1, 52( ) — d"Ix(t)]

+ X3(t) [af 1 () S1(t) + w11 (£)S2(t) — d*Sy(t) — B S1(t) — ur (t)S1(t)]
+ Aa(t) [ ( — d®Sy(t) — 85 Sa(t) — ua(t)Sa(t)]

+ A5 ()[BT S (1) + 52 Sa(t) — d*R(t) + u1(t)S1(t) + ua(t)Sa(t)].

Let (I (t), I5(t), S¥(t), S5(t), R*(t)) be the optimal solution with (uj(t), u3(t)) for
the controlled system (14). From [11] we can get the necessary conditions for optimal
control that \;(¢) (i = 1,...,5) satisfy

DN (T — ) = M (T — t) (—af ST (T — t) — u"S3 (T, — ) — d7)
+ X3(Tn — 1) (f ST (T — t) + 0S5 (Th, — 1)),
DX (T — 1) = Ao(Trn — t) (=05 S5 (T — t) — d%) + Ma(Trn — )5 S5 (T — 1),
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G DA (T — 1) = 1 — M (T — D) I (T, — 1)
+ X3(Tom, — ) (I} (T, — t) — d* = BF — uy (T, — 1))
+ X5 (T — 1) (BY 4+ w1 (T, — 1)),
6 DEA(Tn = 1) = Yo = (T = ) I} (T — t) = Ao (T — D)5 I3 (T — 1)
+ X5 (Tm - t) (ﬁ§u2 (Tm - t))
+ X (T, — 0) (5 15 (Tr, — 1) — d* — B5 — ua (T, — 1))
+ A3(T — YU I Ty — 1),
§DFAs (T — 1) = As (T — t)d"

with the terminal condition

i) = 20005 (1) — NS () + As(DSTH) =0, (16)
6U1(t) ul(t)
ORI | _ 1) = 260u5(0) — M(0S5(0) + A0S0 =0. (A7)
Oua(t) s (®)

Solving Egs. (16), (17), we can obtain

(A3(t) — As(1)) ST (1) o
2¢1 ’ 2

Furthermore, v (¢) and u3(t) can be given as follows:

(As(t) — As(t))ST(t)

2¢1 70}’1}’
(Aa(t) — As(1))S5 (1)

050 ) )

Remark 6. In [13,22,28], rumor propagation models in multilingual environment are
established, and the stability of these systems is studied. Different from their work, a frac-
tional-order 2I2SR rumor model is proposed in multilingual environment in which the
memory effect in rumor propagation is considered by Caputo fractional derivative. More
importantly, the necessary conditions for fractional optimal control of rumor propagation
are obtained.

ui(t) =

wit) = min{max{

wi(t) = min{max{

Remark 7. Compared with [11,15,23,24], not only a fractional 2I2SR rumor propagation
model is established in a multilingual environment and the stability conditions of the
fractional-order system are obtained, but also the unity of units on the left and right sides
of the generalized equation is taken into account, which is worth being considered in
future research.
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S Numerical examples

To solve fractional differential equations, we mainly use predictor-corrector method, which
is described in [15].

5.1 Stability of rumor-free equilibrium E

In this part, we select IT; = 30, Il5 = 25, a3 = 0.002, oy = 0.001, v = 0.001, d = 0.12,
B1 = 0.55, B = 0.45, k = 0.96. By calculation it follows that R§; = 0.7408, Rf, =
0.3727, and Ey = (200, 168, 0, 0,0). Based on Theorem 3, Ej is locally asymptotically
stable when Rf; < 1 and Rf, < 1. The results are shown in Fig. 1.

5.2 Stability of rumor equilibrium EJ and E3

In order to discuss the stability of Ej, we select I[I; = 25, II, = 20, a; = 0.003,
as = 0.001, v = 0.001, d = 0.06, 51 = 0.3, B2 = 0.35, k = 0.95. By calculation it
follows that R, = 3.1886, R, = 0.8041, and Ef = (97,249,38,0,174). Based on
Theorem 5, E7 is locally asymptotically stable when Rf; > 1 and Rfj, < 1. The results
are shown in Fig. 2.

Numbers of S1(t) and Sa(t)

(a)

500
5@ —
— —s0 =
Sheo E i
x ~
W0 . 400
~
] =
S S
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o 60 S
é 150
o) 4
< w0k 19}
E £ 10
E g
z > 2 s0
3 o
o 2 40 0 80 10 120 10 160 180 200 o E) 100 150 200 250 a0
(@) (b)

Figure 2. Local asymptotic stability of £, Rf; = 3.1886 > 1, Rf, = 0.8041 < 1.
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Figure 3. Global asymptotic stability of £5, R, = 4.725 > 1, Rfj, = 4.725 > 1.

Numbers of S () and Sa(t)

Numbers of I1(t), I2(t), R(t)

t
(@) ()
Figure 4. Global asymptotic stability of E5, R§; = 0.4644 < 1, Rf, = 1.8421 > 1.

We will discuss the stability of E3 in the following two cases: (i) g, > 1, Rf; > 1;
(1) Rgy > 1, Ry < 1.

For case (i), we choose I1; = 50, Il = 50, vy = 0.001, s = 0.001, u = 0.0005,
d = 0.02, 81 = 0.5, B2 = 0.5, k = 0.99. By calculation it follows that R§; = 4.725,
R§, = 4.725, and E = (334,489, 78,72,3649). Based on Theorem 6, E3 is globally
asymptotically stable when Rf; > 1 and Rfj, > 1. The results are shown in Fig. 3.

For case (ii), we choose II; = 30, Il = 35, a; = 0.002, ay = 0.005, © = 0.001,
d =02, 8 = 045, 8y = 0.25, kK = 0.96. By calculation it follows that Rf;, =
0.4644, Rf, = 1.8421, and E5 = (96,77, 8,29, 54). Based on Theorem 6, E3 is globally
asymptotically stable when R; < 1 and R{, > 1. The results are shown in Fig. 4.

5.3 The effect of control u;(t) (i = 1, 2) on system (8)

To test our theoretical results, we discuss the influence of different orders on system (14),
and the influence of control ;(¢) (¢ = 1, 2) on the controlled system is simulated. Choose
I, = 25, II, = 25, oy = 0.001, gy = 0.001, v = 0.001, d = 0.01, 5, = 0.25,
B2 =0.25,11 = 1.5,199 = 1.5, 1 =4, ¢p2 = 6.

Firstly, each state of uncontrolled (8) and controlled (14) system is compared, respec-
tively. The solutions are plotted in Fig. 5. It is clear that control variables w;(t) (i = 1,2)
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Numbers

100
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20

15
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Figure 6. The trajectories of optimal control u; (¢) (¢ = 1, 2) and consumption J(¢t) with x = 0.96.

have a great influence on rumor spreader S;(t) (i = 1,2), which can effectively control
the rumor propagation. Next, the optimal control curve and the cost of official control
curve are given in Fig. 6.

6 Conclusions

A fractional-order 2I2SR rumor spreading model is investigated in this paper. Firstly, the
boundedness and uniqueness of the solutions of the fractional-order system are proved.
Then the next-generation matrix method is used to calculate the threshold. Based on
generalized fractional-order Routh—-Hurwitz judgment, the local asymptotic stability of
the rumor-free equilibrium Ey and the rumor-spreading equilibrium E7 is studied. The
global asymptotic stability of rumor-spreading equilibrium E3 is discussed by means of
Lyapunov function method and invariance principle. It can be obtained by detailed proof
that if R§; < 1 and R§, < 1, Ey is locally asymptotically stable, if Rf§; > 1 and
R{, < 1 are satisfied, E7 is locally asymptotically stable, and if R, > 1, E3 is globally
asymptotically stable. Finally, the necessary conditions for fractional optimal control of
the rumor spreading model are obtained.
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