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Abstract. This paper introduces new generalizations of the C-condition for (1), y)-mappings in
modular metric spaces. We extend the fixed point results for such mappings yielding the generalized
C-condition in metric spaces to modular ones. We proved the existence and uniqueness of solutions
in modular metric spaces for these kinds of mappings. We give an example to emphasize that our
results work in the difference between modular metric spaces and usual ones. Moreover, we consider
some initial and boundary value problems to support the results obtained here. We examine the
existence and uniqueness of the solutions for the problems in modular metric spaces.
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1 Introduction

The fixed point theory has maintained as an attractive topic since Banach introduced and
proved the well-known Banach fixed point theorem in 1922. In addition, to providing
the existence and uniqueness of solutions for distinct types of problems, the result and its
applications have been taken place in a lot of branches of applied science such as physics,
chemistry, engineering, image processing, economics, etc. Many different versions of this
principle have been extended in distinct spaces.

On the other hand, extending metric spaces to modular spaces (MS) has become
a significant issue since Nakano [22], Musielak, and Orlicz [20] introduced the concept
of MS and worked on some theories about them. For other results on MS, see [17, 18].

The idea of modular metric spaces (MMS) has been worked on by Chistyakov [8,9].
He introduced basic definitions and properties of modular metric (MM). In [10], he
presented significant fixed point results for the contractions in MMS. After Chistyakov’s
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works, many authors have studied fixed point theory in MMS. Mongkolkeha and Kumam
[19] presented significant fixed point results for the contractive mappings. Aksoy et al. [5]
stated and proved fixed point theorems for Meir—Keeler-type contractions. Ege and Alaca
[12] obtained some fixed point results and gave an application to homotopy. Alaca et
al. [6] introduced fixed point theorems in modular ultrametric spaces. Abdou [3] attained
fixed points of Kannan mappings. Recently, Karapinar et al. [16] considered interpolative
Meir—Keeler maps and proved fixed point theorem for them. The papers mentioned above
demonstrate the significance and use of MMS in the literature. For some other related
papers in MMS, see [1,2,21,26].

Now some information on C-condition are given. For the first time, Suzuki defined
the C'-condition as follows.

Definition 1. (See [24].) Consider a self-map F on a given metric space ({2, d). F yields
the C-condition if

1
§d(T1,FT1) <d(mn,m) = d(Fn,Fn)<d(n,n) Vr,m €.

Then he proved the following theorem for mappings satisfying the C'-condition in
a compact metric space.

Theorem 1. (See [25].) Suppose that F' is a self-mapping on a compact metric space
(2.d). If

1
§d(Tl,FTl)<d(Tl,Tg) — d(FTl,FTQ)gd(Tl,Tg) VTl,TQEQ

holds, then F is of a fixed point.
After, Popescu extended Suzuki’s theorem and gave the below result in his work.

Theorem 2. (See [23].) Assume that F' : {2 — (2 is a self-mapping where (§2,d) is
complete. Let

%d(Tl,FTl) < d(m1,72)
implies
d(Fr,Fry) < Ad(71,72) + B [d(Tl, Fry) + d(72, FTQ)]
+ Cld(ry, Fr2) + d(72, F11)],
where A+ 2B +2C =1, A> 0, and B,C > 0. Then F is of exactly one fixed point.

Definition 2. (See [13].) Let ¢ be defined and continuous on [0, 00), and let ¢ yields the
followings:

(x1) 1) is nondecreasing,
@W2) ¥(t)=0 & t=0.

Then it is named an altering distance function. The set of such functions is denoted by ¥.
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Lemma 1. (See [27].) Let ¢ be in W, and a continuous function +y be defined on [0, c0).
Then ~(0) = 0 whenever (&) > (&) for all § > 0.

Recently, Gupta et al. [14] have defined the C-condition for (¢, y)-mappings denoted
by C}f -condition and obtained fixed point results for those maps.

Definition 3. (See [14].) Consider a metric space ({2, d) and take a self-map F on (2. If
1
§d(ﬁ,F7’1) <d(r, 1) = w(d(Fﬁ,FTg)) < ’y(d(Tl,Tg)) V11,79 € {2,
where v is defined and continuous on [0,00) and ¢ € ¥, then I is said to satisfy the

C’}f’ -condition.

In addition to this, Gupta et al. [15] introduced a generalized C-condition for the
mappings ¢ and . They also obtained some fixed point results of a map yielding this
condition.

Definition 4. (See [15].) Take the map F : {2 — (2 on a metric space (2, d). If

1
id(Tl,FTl) < d(Tl,TQ)

implies

(d(Tl,FTl) =+ d(TQ,FTQ)),

N | =

$(d(Fri, Fry)) < 7<max{d(7'1,7'2),

1
i(d(Tl,FTQ) + d(TQ,FTl))}) V1, T € £2,

then F is said to yield the generalized C'-condition. Here 1) is in ¥, and ~y is defined and
continuous on [0, 00).

In the light of the above, any fixed point results about generalized C'-condition in
MMS have not been obtained. We, therefore, focus on (1), ~)-mappings yielding the
generalized C-condition in MMS. This paper aims to introduce some fixed point theorems
and results on the given MMS for (¢, 7v)-mappings. Moreover, we prove the existence and
uniqueness of solutions for these mappings. An example is considered in the difference
of MMS from metric ones. This example illustrates the importance of this paper. For
applications, some Cauchy problems with initial and boundary conditions of 1st-order
differential equations are examined. Fixed point results for these problems are given in the
considered MMS. As a result, the existence and uniqueness of solutions for the considered
problem are attained.

2 Fundamentals of modular metric spaces

This part gives some definitions and features of MMS.

For n > 0 and {2 # , define a function m as m : (0,00) x £2 x £2 — [0, c0]. We can
write the function m as m(n, 71, 7) = my(71,72) for all n > 0 and 71,72 € {2 so that
my : 2 x £2 — [0, co]. For more detail, see [11].

Nonlinear Anal. Model. Control, 28(5):949-970, 2023
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Definition 5. (See [8,9].) Suppose that m,, : {2 x £2 — [0, co] yields the followings:
(ml) 7o =71 & my(r0,71) =0,
(m2) my,(10,71) = my (71, 70),
(m3) my (70, 71) < my(70, 72) + mp(72,71)
for all 79, 71,72 € f2and 7, ;1 > 0. Then m,, is called a metric modular (MM) on {2.
A MM is called pseudomodular if m satisfies m,,(7,7) = 0 for all > 0 instead of
(ml).
Let instead of (m3), m yields the following:

m'r]-l—;L(TO;Tl) g n_i_Lumn(TOvTQ) + mu(TQaTl) vna w> 0.

K
n+p
Then it is named convex. Furthermore, any convex MM yields
I
mn(7-077-1) < ;mu(TOaTl) < mM(TOaTl) Vna/i>07

for all 79, € 2 and 0 < p < 7 [8]. In general, a MM yields

My, (70, 71) < My, (T0,71), 0 <1 < 12,
for all 7, 71 € 2.

Definition 6. (See [8,9].) m is said to be a strict on {2, provided that for 71, 79 € {2 with
T1 # T, My (71, 72) > 0 for all n > 0, or equivalently, if m,, (71, 72) = 0 for some 1 > 0,
then 7 = 7.

Definition 7. (See [8].) Consider a MM m on 2 and 7y € 2. The followings are MMS
around 7p:

Q= 2 (70) = {T € £2: my(1,70) = 0 asn — oo}7
Q= 27, (r0) = {7 € 2: I =n(r) > 0 st.my(r,70) < o0} @

Definition 8. (See [8, 10].) Consider the MMS (2, and (2*

> above. The following
statements hold for both spaces:

e The sequence {h,,} in £2,,, is m-convergent to a point & € (2, named as the modular
limit of {h,, }, if and only if m,,(h,, h) — 0 as n — oo for some > 0.

e {h,}in £2,, is m-Cauchy if my,(hy, hm) — 0 as n,m — oo for some 1 > 0.

e Consider S to be a nonempty subset of (2,,,. Provided that every m-Cauchy se-
quence in S is m-convergent in S, then S is m-complete.

e SC (2,andf: S — RT isafunction on S. 0 is called lower semicontinuous on
S if

T my (o h) =0 = 0(h) < liminf (6(h,)).

Lemma 2. (See [10].) For any pseudomodular m on {2, the MMS given in (1) are closed
w.r.t. m-convergent. Moreover, the limit of any strict modular is unique.

Note that if lim,, o M, (hp, h) = 0 for some n > 0, then lim,,_, o My (hy, h) = 0
forallv < n.

https://www.journals.vu.lt/nonlinear-analysis
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3 Main results

In this part, we define two new generalized C-conditions for (1, v)-mappings in MMS.
Then some theorems about the fixed points for the given mappings are proved in the
considered MMS.

Definition 9. Any self-mapping F' on {2}, is named as a generalized C'-condition for

(v, )-mappings, provided that F' holds the following:

1
imn(Tg,FTo) gmn(To,Tl) — w(mn<FT07F7'1)) g"}/(M(To,Tl)) )

for all 79, 71 € £2%,. Here 7 is defined and continuous on [0, o), and v is in &.

We construct two fixed point theorems of new generalized C'-conditions for different
M (79, 71) given below:
my (70, F70)(1 4 my (11, F'71))
1+ my (70, 71)

my (11, Fro)(1 + mn(Tl,FTo))}
1 + mn(T(),Tl)

3

M (79, 71) = max{mn(m,ﬁ),

3)

and
mn(To,FTo)(l + mn(Tl,FTl))
1+ my (70, 71)

My(19,11) = max{mn(m, T1),

)

mn(Tl,FTl)mn(T(),FT(])
1 —|—m,7(F7'0,F7'1)
mn(Tl,FTl)mn(Tl,FTo) }

1+ my (11, F1o) + my (10, F11) |

)

Now we shall give our main theorems for mappings satisfying condition (2) for
M (79, 71) = Mi(79,71) and M (70, 71) = Ma(7o, T1).

Theorem 3. Assume that my, is strict and convex MM on §2 and (2, is m-complete. Let
F: Q2 — Q% be satisfying condition (2) for M (1, 71) = My (10, 71) with (1) > ()
forall T > 0, where ¢ € ¥, and 7y : [0,00) — [0, 00) is continuous. Suppose that for all
n > 0, my,(h, Fh) < oo holds for a given h € (2},. Then F' has at least one fixed point.
In addition, if my(h,g) < oo foralln > 0and h,g € 2}, then F is of a unique fixed
point, which belongs to (2},.

Proof. Take hg € (2}, satisfying m,(ho, F'hg) < co. Then consider a sequence {h,} €
(2%, as hy, = F"hy foralln € N.
Assume that h,, = h,,1 holds for any n € N. In this case, h,, is the fixed point.
Hence, assume that h,, # h,1 holds for all n € N.
Putting 79 = h,, and 7y = h,,41 in (2) yields
1

1
imn(hnthn) = §mn(hnyhn+1) g mn(hn; hn+1)~

Nonlinear Anal. Model. Control, 28(5):949-970, 2023
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This implies
1/)(m,,(Fhm thH))

= w(mn(hmrl, hn+2))
My (hn, Fhin) (1 + my(hns1, Fhy,
R
n mnsy ttn

mn(hn+la th)(l + mn(thrla th+1)) })
1 + mn(hn, hn+1)

)

m (hn;hn 1)(1+m (hn 1ahn 2))
<7(max{mn(hn,hn+1), i lj—mn(hn 2n+1+) as

mn(thrl’ Ppy1)(1+ mn(thrl» hpy2)) })
1+ mn(hn, hn+1) '

b

“4)
Then we have
w (mn (hn+17 hn+2))

<7 (max{mn(hru thrl)?

mn(hn,thrl)(l +m77(hn+17hn+2)) }) (5)
L+ my(hn, hnyr) .

Now we assume that m,, (hp41, hpt2) > my(hp, hpt1) > 0. One can see that

1+ mn(h7L+17 h7L+2) mn(h7z+1a h7z+2)
1 +m,7(hn,hn+1) mn(hn,hn+1) '

Putting (6) into (4) gives
¢ (mn (thrl ) hn+2))

< *y(max{mn(hn,hnﬂ),

(6)

mn(hm hn+1)(mn(hn+la hn+2)) })
mn(hru thrl) ’

< 7<maX{mn(hm Bnt1)s (Mg (Bn1s o)) })

Since my (Ant1, Ant2) > My (hy, nyr), we have

"/}(mn (hn+1a hn+2)) < 'Y(mn(thrh hn+2))a

which is a contradiction. Thus, my, (hyp41, hnt2) < My (e, Angr).
Since the sequence mn(hn, hn+1) = 0is nonincreasing, it has a limit

nh_)rréo My Ay Ang1) =12 0.
Taking the limit of both sides in (5) yields
l
o) < (max{1, a0 }) =0

which gives a contradiction. Hence, | = 0, that is, lim,, oo mx(hy, hny1) = 0.

https://www.journals.vu.lt/nonlinear-analysis
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Here we shall prove that {h,} is m-Cauchy. Suppose, on the contrary, {h,,} is not
m-Cauchy. This means that for e > 0, we can find two subsequences {h,,, } and {h,,, }
of {h,} satisfying ny > my > k such that ny, is the smallest index for which

mn(hmwhnk) 2 €, mn(hmmhm«—l) <e€
for all > 0. Thereby,

€ 4n (hmk ) hnk )

<m
< m27l (hmk’ hmk+1) + m77<hmk+1 ’ hnk+1) + mn(hnk+1 ’ h’nk) (7)

Taking the limit of both sides in (7) gives limy o0 7y (Mg s Py, ) = € We can
write
mn(h‘mk’ h’ﬂk) < wn/Q(hmkﬂ hnk—l) + wn/Q(hnk—l ’ hnk)

Then we obtain limy_,oc My (R, , A, ) < €. Similarly,
m"?(hwlk ) hﬂk+1) < Wy /2 (hmk ’ h‘"k—l) + wn/4(hnk71 ) h’nk) + wﬁ/4(h”k ) hnk+1 )

As k — oo, we get limy ;o0 My (i, By, ) < €
If we put 1 = hy,, and 29 = h,y,, in (2), then

1 1
imn(hnkahnk) - imn(h"k’ h"k+1) < mn(hnk’h"’nk)

is satisfied. This implies that

1/f(mn (thk ) Fhmg))

= w(mn(hnk+1thmk+1))7
My (hpy, Fhp, ) (1 + myp (B, s Fho,
S’Y(max{mn(hnmhmk)7 77( b 1+k7)n( (h ;L( )k k))
n Mgy '"Mp

mn(hmkthnk)(l + mn(hmthnk)) })
1 + mn(hnk’hmk) .

)

As k — oo, we obtain

€

00O € i (ot i) < (moxd e 1+ 9 ) <00,

+ €
a contradiction. {h,,} is, therefore, a m-Cauchy sequence on a m-complete {2 . Then the
sequence {hy, } is m-convergent to some h € (27, that is, limy,_, o My (hp, k) = 0. This
limit is unique since m is a strict MM.

Now it will be proved that h yields F'/h = h. Indeed, putting 7o = h, and 71 = h
in (2) gives

1 1
§mn(hthn) = §mn(hn,hn+1) < My (hp,, R).

Nonlinear Anal. Model. Control, 28(5):949-970, 2023
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This implies that

'l/)(mn(Fhth)) = w(mn(hnHth))a
My (hy, Fhy, ) (14+my (b, Fh))
< 'y(max{m,,(hn,h), Ty (s ) ;
My (h, Fhy,)(14+m,(h, Fhy,))
1+my(hy, h) })’

My (B Bnsn ) (L+mp (b, Fh
< 7<max{mn(hm h), n( 1-:;3(@ hn)( )
n s

mn(h, hn+1)(1+mn(h, hn+1)) })
1+my(hn, h) '

)

As n — oo, we get
¥ (my(h, Fh)) < 7(0) < 4(0).
Consequently, we obtain m,,(h, F'h) = 0. Since m is a strict MM, we have F'h = h.
Now we will demonstrate that F' is of exactly one fixed point. To prove this, take two
fixed points of F" as h,g € {2}, such that h # g. For h,g € (2%, Fh = hand Fg = g

hold.
Putting 79 = h and 7, = g in (2) yields

1 1
0= §mn(h,Fh) = §mn(hvh) < my(h, g9).

It implies that

¥(my(Fh, Fg)) = ¢(my(h,g)),
my(h, Fh)(1 +my(g, Fg))
< y(rnam{m,,(h,g)7 T % my (h, g) )
my(g, Fh)(1 + my(g, F'h)) })
1+ my(h,g) ’
my,(h, h)(1 +my(g,9))
< ’y(lnax{mﬂ(hvg)v 1 + mn(h,g) )

i)

=y (my(h, g)).

Since, for all 7 > 0, (1) > ~(7), then my,(h, g) = 0. Hence, we have h = g because m
is a strict MM. This completes the proof. O

If we take M (11, 72) = Ma(71,72) in (2), the following theorem can be proved in

a similar way with Theorem 3.

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Fixed point theorems of new generalized C-conditions 957

Theorem 4. Suppose that the modular m,, is strict and convex MM on (2 and {2}, is
m-complete. Assume that F : 2} — (2% is holding condition (2) for M(79,71) =
Ms (70, m1) with (1) > ~(7) for all T > 0, where ¢ € ¥, and 7 : [0,00) — [0,00) is
continuous. If my(h, F'h) < oo yields for h € (2, and all ) > 0, then F is of a fixed
point, which belongs to §2,. Moreover, providing that my,(h, g) < oo forall h,g € 2,
and n > 0, then F is of exactly one fixed point.

Now we give an example in MMS, which is not a metric space. The purpose here is
to illustrate that our results work in the difference of MMS from metric spaces.

Example 1. Letus take {2 = [—1, 1] and the mapping F'r = —7. We consider the modular
metric space (2}, = {7 € 2: In =n(r) > 0 s.t. my,(7,79) < oo}. In £2,, we take the

m m>

strict and convex modular metric m,, (7, 71) = e~ "|79 —T1|+|7o|+|71| that is not metric.
Notice that F' maps {2, into itself, i.e., F' : 2, — (2% .

First of all, we show that F' satisfies condition (2), where M (19, 71) = Mi(70,71)
with ¢(7) > ~(7) for all 7 > 0:

1 1 1, _
5 M (70, F'1o) = 5 my(0, —70) = 5(6 "o + 70| + |70| + | = 70l),

=e 1ol + 70| < e 1o — 71 + 71| + |70],

< e Mo — 1| + |7o| + 71| = My (10, T1).

Now we compute m,,(F'1o, F'r1) and M (19, 71) separately. For m,,(F'm, F'r1), we can
write

my,(E'10, Fr1) = my(—70, —71)
=e " — 7ol +| =70l + [ — 7]
= 67”\70 —Tl‘ + |7'0| + |’7'1‘.

Since e~ < 1, we can write

mn(FT(),FTl) < ‘To —7'1| + ‘T()| + |7’1‘
< rol + 7] + |70l + |71
< 4.

Since 79,71 € [—1,1], we get my,(Fry, F'r1) < 4. For M, (19, 71) given in (3), we can
write

Mi(ro,m) — max{e% — il ol + Il

(e™"7o + 7ol + 70| + [10])(L + e "1 + 7| + [71| + [T1])
1 +6777‘7'0 77’1‘ + |7'0| —+ |’7'1‘

(™" + 7ol + |71| + |70 ) (L + e "|71 + 70| + |71] + |70])
1+e 1 — 11|+ 10| + |71] ’

)

Nonlinear Anal. Model. Control, 28(5):949-970, 2023
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Sincee ™ < land 1 + e 7|19 — 71| + |70| + |71| > 1, we have
My (1o, 71) < max{2(|7o| + |71]), 40| (1 + 4|71 ]),
2(|7ol + 1)) (1 +2(I70| + [7])) }-

Since 79, 71 € [—1, 1], we obtain M (1o, 1) < 20.

Now we take the functions ¢(7) = 7 and () = 7/2 such that (1) > ~(7) for
all 7 > 0. Itis clear that ¢ € ¥ and y : [0,00) — [0, 00) is continuous. Therefore, we
obtain ¢(4) = 4 < v(20) = 10. This means that m,, (7o, F'r9)/2 < my, (79, 71) implies
that o (m, (F'ro, F'11)) < v(Mi(10,71)). F hence satisfies condition (2).

If there exists an element hg € (2}, satisfying m,,(ho, F'hg) < oo, then F has et least
one fixed point. Indeed,

my(ho, Fho) = my(ho, —ho) = 2(e™"|ho| + |hol) < 4|ho| <4 < o0

is satisfied. So F' has a fixed point.
For the uniqueness of the fixed point, we show that for all h, g € (2
holds. Indeed,

*
m?

my(h, g) < 00

my(h, ) = e "|h — g + |k +]g] < 2(|h] +1g]) <4< o0

holds. Consequently, all hypothesis of Theorem 3 are yielded. Hence, I is of exactly one
fixed point, which is 0, i.e., F'0 = 0.

4 Applications

This part covers some problems for 1st-order differential equations with initial and bound-
ary conditions. The existence and uniqueness of solutions for these equations are investi-
gated. For this aim, we apply the results on fixed points given in Theorems 3 and 4.
(i) Consider the problem below:
Z(t)=((t,2(t), telo,T], ®
2(0) = —2(T),

where ¢ : [0,7] x R — R is a kind of Carathéodory function.
We assume that the following hypotheses yield for both problems:

(H1) For all z € R, the function ¢ (¢, z(t)) is Lebesgue-measurable on [0, T, and for
any point zx € R, fOT ©(|¢(s, 2%)|/n) ds < oo holds.

(H2) There exists L > 0 such that |((t, 21) — ((t, 22)| < L|z1 — 22| forall 21, z2 € R
and t € [0, 7).

Problem (8) is equivalent to

T
z(t) = /G(t,s) [C(s,z(s)) + z(s)} dt,
0

https://www.journals.vu.lt/nonlinear-analysis
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where the Green function, G(t, s), is defined by

L+4+s—t
C 0L s<tT
T 9 ~X ~X )
Glt,s) = { e ©)
T 0 < t<s < T.

Now consider continuous, convex, nondecreasing, and unbounded function defined
by ¢ : RT — R with p(xz) =0 < x = 0. Let us denote a set of real-valued functions
defined on [0, 7] by £/ := {z | z : [0,L] — R}. Forall 21,29 € £’ and n > 0, we
consider the following MM m : (0, 00) X 2 x £/ — [0, c0]:

=su i)tz = [ze) + 21D\,
pz < U(tj - tj—l) >(tJ t]—l)a (10)

where m = {t;}_ are partitions of [0, T'|. Note that m,, (21, z2) is a pseudomodular and,
moreover, convex on {2’ [8,10].
We take 2/ as the space of bounded generalized o-variations mappings given by

Q2 =02(20) ={z€2: Ip=n(z) >0 s.t. my(z,2) < oo},
which is a convex pseudomodular metric space, and denoted by GV,,([0, L]) [7]. Here
: t;) — 2(t;—
ZEQ:W = mn(Z>ZO):SupZ§D(|Z(J)Z(j1)>(t]‘—tj1) < 00
et n(t; —tj-1)

forn =n(z) > 0.
Define a set for real valued functions with anti-periodic condition on [0, T as

0 :={z2]2:00,T] - R, 2(0) = —2(T)} C .

Note that the MM m,, in (10) is strict and convex on {2;.
For problem (8), we take the following MMS:

Q=2 N0 ={z€2,: 2(0)=—z(L)}. (11)

Now we give some lemmas to be utilized in proving the existence and uniqueness of the
solution for problem (8).

Lemma 3. (See [10,11].) §2;, given in (11) is m-complete.

Lemma 4. (See [4].) If  yields ©(£)/€ — oo as & — oo, then mq(z,0) is named as the
p-variation of z. If, in addition, m1(z,0) < oo, then z has a bounded @-variation on the
interval [0, L|. Here we may write my(z1, z2) as

21 — 22

mn(21,22)mn(212270)m1( 70>v n > 0.
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For the function w on {2}, we have the following:

wey, — mn(w,o)_m1<°;,0)<oo, n>0

— wecAC0,T], W' €L'0,T]
1 /
and my,(w,0) = /go(wéﬂ) dt < oo,
0

where AC(I) and L*(I) denote the spaces of absolutely continuous and Lebesgue-integrable
functions on I, respectively.
Define the function

T
Fz(t) = /G(t, s)[¢(s, 2) + 2] ds,
0
where t € I = [0,T], z € §2},, and G(¢, s) is given in (9). Let z yield Fz = z. Then

z € GV, (I) is a solution of problem (8). Our aim is to get all hypotheses in Theorem 3
satisfied, which gives that (8) is of a unique solution on {27.

Lemma 5. (See [4].) If the function ((t,z(t)) yields conditions (H1) and (H2), then F
maps (2%, into itself, i.e., F : £2%, — (2% . Moreover, F satisfies (Fz) = ((t,z)+z—Fz.

Theorem 5. Suppose that zy,z1 € GV,([0,T]) are two functions with zy < z, and
C(t,z0(t)) < 24(t) forallt € I =1[0,T). If (¢, z0) yields conditions (H1) and (H2), then
problem (8) has a unique solution, zy € GV, (I).

Proof. Let zp(t) < 2z1(t) and (¢, 20(t)) < 2| (¢). Then we can write 2o(¢)+¢ (¢, z0(t)) <
z1(t) + 2z} (t). Moreover, we have

T
Fzo(t) = /G(t,s) [f(s,20(s)) + 20(s)] dz < 21 (¢).
0

First of all, we will show m, (29, F'z9)/2 < my (20, 21).

T
(20, Fz0) = my(z0 — Fzg, 0) = /@(Wo(ﬂ — Fz(t) |> w
0

Ui

Since (F20)'(t) = ((t,20) + 20 — Fzo and 25 = ((t, 20), [(20(t) — F20(t))| =
2(t) — (Fz0)' ()] = |20(t) — F20(t)|, we have

my (20, Fz0) = /Tcp<|zo(t)_FZO(t)> dt.
0

n

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Fixed point theorems of new generalized C-conditions 961

By F2p(t) < 21(t) we find |20(t) — Fzo(t)| < |20(t) — 21(¢)|. For |zo(t) — 21(¢)],
we can write

|20(t) — z1(t)| =

/G(t, s)([{(s, zo(s)) + z0(s) — C(s, 21(5)) - zl(s)]) ds
0

< |([¢(5520(5)) + 20(s) = C(s,21(5)) = 21(5)])| / |G(t, 5)| ds,

0

where foT |G(t,s)]ds = (e —1/(eT +1) < 1.
Thereby, we can write

120 — 21| < [([¢(s20(5)) 4+ 20(s) — ¢ (s,21(5)) — 21(9)])],
< |C(S7ZO(8)) - C(Sazl(s))| + ’ZO(‘S) - 21(8)|,
< L|Zo — Zl| + |Zo — 21| = (L—|— 1)|Zo — Z1|.

Furthermore, using |zp — 21| < fOT [(z0(s) — z1(s))’| ds gives

T
120 — 21| < (L4 1)|z0 — 21| < (L + 1)/\(20(8) —21(s)) | ds.
0

Since |z0(t) — Fzo(t)| < |20(t) — 21(t)], using monotonicity of ¢ provides us with

T
|(20(t) — Fzo(t))'| [(20(s) — 21(s))’| s
so( )S@((L—H)O/)d.

n Ui

Let T(L + 1) = a/2 < 1/2. By Jensen’s inequality we acquire

¢<<L+1>/|<zo<s>—nzl<s>>'l> o< r(r ) [ o CaLZ ANy
0 0

and, therefore,
my (20, Fzo) < T(L + 1)my(20 — 21, 0) = T(L + 1)my (20, 21)-
Then the following holds:

1
§mn(zo,on) < my (20, Fzo) < my(20, 21). (12)
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Now we will show that (12) implies m,, (F'zo, Fz1) < v(Mi (20, 21)).

my(Fzo, Fz1)

T
Fzy— Fz)
=my,(Fzp — Fz1,0) = /@(M)nzlﬂ) dt,
0

iw(uaa%a»+zaw—F%@»—

Cln(0) 450~ Pl
- |

o

< |¢(5,20(s)) = ¢(s,21(9)) | + |20(s) — 21(s)],
< Llzo — z1] + [20 — 21| = (L + 1)[20 — 21],
then we can write

|(¢ )+ 20(t) — Fzo(t))) — (C(t, 21 (t) + 21(t) — Fz1(1)))],

(t =
< |C(t 20(t)) — ¢(t, 21 () | + |20(t) — 21.(8)| + | Fzo(t) — Fz1(t)],
< Llzg — 21\ +20 — 21|+ (L+ 1)]z0 — 21| = 2(L + 1)|20 — 21,

2(L+1 / } z0(s) — z1(s | ds.
Using monotonicity, the convexity of ¢ and Jensen’s inequality give

T
IC(t, z0(t) + 20(t) — F20(t)) —
[ n

/so( L+1O/T| )dsdu

https://www.journals.vu.lt/nonlinear-analysis
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T T

oL +1 //(p (20(t (t))l)dsdt

0
2(L + )Tmn(zo — 21, 0) = 2T(L + 1)my(20, 21).

Hence, we get
(FZ(),FZl) amn(zo,zl)

where 2T(L + 1) = a < 1.
Let (&) = € and v(§) = a&. Then 1) is in ¥, and ~ is continuous on [0, c0), yielding
P(&) > (&) for all £ > 0. Hence, F yields condition (2) for M (21, z0) = M1(21, 22).
Now we want to prove that the problem has a unique solution. Since m,,(zo, F'zp) <

My, (20, 21) from (12), it is adequate to demonstrate that 1, (2o, 21) < oo for all zg, 21 €
0

my (20, 21) = my(20 — 21, 0) = /Tsﬁ<w> dt,
0

_ O/T¢<|<<t,z()<t>> @) 4

For a point by € R,

|§(t,z0(t))f (t z1(t )|

C(t,20(t)) — C(t, ho) — C(t, z1(t)) + C(t, ho)|,
¢(t, Zot) C(t, ho)| + | (t, z1(t)) — C(t, ho)|,
L|z0(t) = ho| + L|21(t) — ho,

L|zo( |+L\z1 t)| + 2L|ho|.

//\ //\ N

Since 20,21 € (27, there exist 73 > 0 and 72 > 0 such that fOT o(|z6)]/m) dt < oo
and fo (|21(t)]/m2) dt < oo. Taking 9 = LT + LTns + 1 such that LTn; /no +
LTny/no + 1/no = 1 and using the convexity of ¢ give

T
_ |C(t, z0(t)) = ¢(t; 21 (1))
my (20, 21) = 0/4,0( m )dt,

T T
LT LT 1(t T
) o 2 "o

0

< 00.

All hypotheses of Theorem 3 are satisfied, and hence, the solution of (8) is unique. [
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(ii) Consider the following problem:

2 (t) = (¢, 2(t), telo,1],

13
2(0) =0, (13)
where ¢ : [0, 1] x R — R is satisfying (H1) and (H2).
We can write the integral equation for the problem given in (13) as
1
z(t) = /R(t,s)((s,z(s)) dt,
0
where R(t, s) is given as
I, 0ss<t<l,
Rit,s) =4 " =" (14)
0, 0<t<s<l.

For problem (13), consider the following set:
Q2 :={z|2z:[0,L] > R, 2(0) =0} C .
Lemma 6. m,, in (10) is strict and convex on (2.

Proof. If my(20,21) = 0 = 2o(t*) = 21 (t*) holds for all zp, z; € 25 and tx € [0,1],
then the proof is done.
From (10) we can write for any ¢, 1 € [0, 7],

o (Lnto) (0] rft) + atol ) <

n(to —t1)

my, (20, 21)-

Then we gain

|[Zo(t0) -+ Zl(tl)] - [Zo (tl + Zl(to))” § 9071 <W>n(to — tl).

Since p~1(0) = 0, letting m,; (20, 21) = 0 gives
| [z0(t0) + 21(t1)] = [20(t1) + 21(t0)] | < @™ (0)n(to — 1) =0,

which implies
[20(t0) + 21(t1)] = [20(t2 + 21 (t0))] = 0.

From here we acquire for any to,¢; € [0, 1],
zo(to) — z1(to) = 2zo(t1) — 2z1(t1).
Letting t; = 0 and z0(0) = 21(0) = 0 provides us with
20(to) — z1(to) = 20(0) — 21(0) = 0.
Then we earn zq(t*) = 2 (¢x) for all tx € [0, 1]. O
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Here we consider the following MMS (2", where problem (13) will be studied:
Qp =0, N2 ={z€2,|20)=0}. 15)
Lemma 7. (2* given in (15) is m-complete.

Proof. Take any m-Cauchy sequence {h,,} C 2}* Then m,(hy,,h,) — 0 whenever
n,m — oo for some 1 = n(h,) > 0.
We shall show that {h,, } is m-convergent in £25* For ¢t € (0,1) and m,n €N, one has

B () = han(8)| = | () = B (0) — P (£) + han (0)],
= |hn(t) + hin(0) = (A (t) + hn(0))],

<o (g e~ "

Taking limit in (16) as m,n — oo provides

lim  |hy(t) — hin(t)] =0,

m,n— 00

and, consequently, {h,} is Cauchy in R. Since R is complete, h,, — h € (25, where
h:]0,1] — R and h(0) = 0. In other words, for all ¢ € [0, 1],

lim |h,(t) — h(t)| = 0.

n— oo

Now we want to prove that lim,, o my, (ks (t), h(t)) = 0. Since m,, is semicontinuous,
My (hn, ) < liminf,, o my, (hy, hy,) for all n € N. Since h,, is m-Cauchy, for every
e > 0, there exists ng € N such that my,(hy, h,) < € for all n,m > ng. Hence,
lim sup,,, o0 M By hin) < SUDPy, 510 My (s hi) < € for all n > ng. Then we earn

My (b, h) < liminf my, (hy, hy,) < lmsup my, (hy, hy) < €.
m—00 m—o00
Since §2)%* is closed w.r.t. modular convergence, h,, is m-convergent to h € 25*. As
aresult, £2* is m-complete. ]

Now consider the following function:

He(t) = /R(t,s)((s,z(s)) ds, tel0,1], (17)
0

where z € (2%, and R(¢,s) is given in (14). If we show that Hz = z, then z is

a solution of (13). Our goal is to get all hypotheses in Theorem 4 satisfied, which gives
the uniqueness of solution to (13) in {2}

Lemma 8. [f the function {(7, z(7)) yields conditions (H1) and (H2), then H maps (2'*
into itself, i.e., H : (277 — (277,
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Proof. We first take any z € (2 and z(0) = 0. If we prove that Hz € 25, then
H o 27F — 20 First of all, since z(0) = 0, then Hz(0) = 0, and so, Hz € (2.
For the function (7, z(7)), we can write the following:

¢(r,2(7))| = ¢ (7, 2(7)) = £C(7, 2) + (7, 24)
<[ 2(m) = ¢ z)| + [¢(r, 2]
<L|Z(T —z*|+‘C T, Z4 |\L|z ’+L|z*|—|— ’C(T,Z*)‘.

Since z(0) = 0, z(7) can be written as z(7) = [ 2’(s)ds for 7 € [0, 1]. Then we may
write

¢(7,2(7))] < L/ |2/ (s)| ds, +[¢ (7, 2:) | + L] 2]
0

Since z € (2}, fOT o(|2'(t)|/n3) dt < oo for a given 15 > 0. Moreover, (H1) states that

fo (I¢(7, 2%)| /ng) dt < oo for g > 0.
Now we take 15 = Lns + n4 + 1 so that Lns/ns + na/ns + 1/n5 = 1. Since @(+) is
convex and nondecreasing, then we have

<p(|<<77;5(7))|) <(p(Lfo 2" (s |d8+n|5<(T Z*)|+L|z*|>’
_ (InslZ(s)] | mald(rz)l | L
90( + )

+ — 2]
N5 13 N5 M 5
Z'(s)|ds T, 2 1
. (fo |#'(s)] ) +774@(|<()> + L o(L)a). (18)
775 3 U N4 5

Integrating (18) from O to 1 gives

1 1 1
IE <<s 2 )ds<L%/gp(lﬂsﬂ)dﬁM/@(lds’w)ds
; N5 J n3 7750 N4
1

T+ = o(Llz)).
775@( |2.])

J (S gy g < @

0

Hence, we get

By using Jensen’s inequality we can write

¢<77150/1|<<s7z<s>>|ds) < jw(W) ds. (20)
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Combining (19) and (20) gives

. 1
¢<%O/|C(s,z(s))|ds> < A. 21

|C(s,z(s))|ds < s 1 (A) < oo,

From (21) we attain

—

—~ O

which provides us with ((7, 2(7)) € L[0,1]. Since (Hz)'(7) = {(7,2()), we obtain

(Hz)'(1) € L'[0,1].
Now it is enough to demonstrate that Hz € AC[0, 1]. Indeed, we have

e (Hos0) 0/1¢<<Hzg’<s>|>ds: 0/190(|<<8’;<3>>|)d5<oo,

which yields Hz € AC[0,1]. By Lemma 4 H € (2}*. Therefore, H : 2}F — 2%, O

Theorem 6. Consider the map H : §27F — (27 given by (17). Suppose that the function
C(t, z(t)) yields (H1) and (H2). Then problem (13) is of a unique solution.

Proof. First of all, we want to show that  satisfies (2) with M (21, z2) = Ma(z1, 22).
For all z1, 2o € 27, we have

my (21, Hz1) = my(21 — Hz1, 0)

_ /1@(|<z1<t> HAON) 0/1¢<|za<t> S

0

_ j@ (CEIRIET P o)
0

Then we gain
1
0= §mn(21,7{z1)
which implies that ) (m,, (Hz1, Hz2))
Indeed,

my (Hz1, Hze)

:/1%"<|(H21() nHuz /> 0/1@<|C e ng(t’@(t)”)dt’
/ (Lm ) = 2(0)] ¢<L/1 ) = 2l ))|ds>d (23)
0

0

$k
my(z1,22) V21,20 € )7,

Y (Mz(21, 22)).

NN
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Since ¢(+) is convex with ¢(0) < 0, for @ < 1, it is known that ¢(ax) < ap(x). Letting
L < 1in (23) and by Jensen’s inequality, we acquire

my(Hz1, Hzg) < L/1¢<W) ds < Limy (21, 22).
0

Take ¢ (7) = 7, where ¢ € ¥, and y(7) = L7 with L < 1 so that -y is continuous
on [0,00). Then ¥ (t) > ~(t) holds for all ¢ > 0. Hence, for M (z1,z2) = Ma(z1, 22),
condition (2) holds.

From (22) we have that 0 = my(21,Hz1) < oo holds for n > 0. This gives the
existence of a solution for (13).

If for all 21, 2o € (2%, we have m, (21, z2) < oo accomplished, then the solution is
unique.

For this purpose, let us take z1, 2o € §2;5F with 2z1(0) = 22(0) = 0. Then 21 — 23 €
2% as (z1 — 22)(0) = 21(0) — 22(0) = 0. Furthermore, since z; — zo € 2 for any

n > 0, we have
1
my (21 — 22,0 /<p< 21~ %) (t)|)dt<oo.
0
Hence, we get

My (21, 22) = My (21 — 22, 0 /150( ZQ(S))/>dt<oo.
0

Consequently, we conclude the proof. [

5 Conclusion

We define two generalized C-conditions for (¢, v)-mappings in MMS. For these condi-
tions, we state the fixed point theorems and give their proofs. We also showed that the map
given in Example 1 has a unique solution in the difference between MMS and metric ones.
Furthermore, we consider two Cauchy problems on the MMS (11) and (15), respectively.
By using the results obtained in Theorems 3 and 4, we provide the existence and also the
uniqueness of the solutions for the considered problems. With these outcomes, we extend
the results for the C-condition in metric spaces to MMS. Since the results found herein
have not been investigated, these findings are new in the literature.
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