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Abstract. This study examines the existence and uniqueness of the solution to the coupled system
of the t-Hilfer nonlinear implicit fractional multipoint boundary value problem. The uniqueness
is shown by the Banach contraction principle, and the existence is shown by Krasnosel’skii’s
fixed point theorem in a special working space. An example is presented to verify our results. The
existence and uniqueness of the solution are analysed graphically.
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1 Introduction

Fractional differential equations (FDEs) are used extensively in the technical and scientific
fields of chemistry, physics, control theory, aerodynamics, economics, polymer rheology,
signal and image processing, finance, blood flow phenomena, etc. to mathematically
describe systems and processes [4, 17, 18]. Also, FDEs are considered more efficient
compared to integer-order differential equations for describing the hereditary attributes of
many materials and processes. Coupled systems of FDEs have proven to be of huge sig-
nificance and interest and are employed in the areas of bioengineering, ecology, financial
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Multipoint boundary value problem for a coupled system 1139

economics, chaotic and fractional dynamics, and many more [6, 14]. Coupled systems of
FDEs are nonlocal in nature and occurs in systems including distributed-order dynamical
systems [15], the Duffing system [5], quantum evolution of complex systems [20], the
Lorenz system [11], the Chua circuit [13], anomalous diffusion [22], synchronisation
of coupled fractional-order chaotic systems [8,29], systems of nonlocal thermoelasticity
[7], secure communication and control processing [21], etc. Several theoretical studies
and research findings on coupled systems of FDEs are presented in [2, 3]. The research
of FDEs with ¢-Hilfer fractional derivative has notable development. The advantage of
1-Hilfer fractional derivative is the freedom of choice of the classical differential operator
[27]. The qualitative analysis of solutions to the initial and boundary value problems is
a prominent area of research [12,16,26,28,30]. In [1], Abdo investigated a coupled system
of fractional terminal value problem involving generalized Hilfer fractional derivative of
the type

DZi"“wy(t) = fi(t,z(t)), a<t<T, a>0,
DY (t) = fo(ty(t)), a<t<T, a>0,
y(T) =w; € R, JJ(T) =wy € R,
where 0 < 0, < 1,0 < n; < 1, Dii’m”p (i = 1,2) is the Hilfer fractional derivative of
order 6; and type n; with respect to 1, and f : (a,T] x R — R is a continuous function.
Sitho et al. in [24] proved the existence and uniqueness of solutions for the follow-

ing class of boundary value problems of -Hilfer-type fractional differential equations
supplemented with nonlocal integro-multipoint boundary conditions of the form

(D + KD T Y u(z) = f(z,u(2)), K ER, z € [ed),
we) =0, uld) =3 / ¥ (s)u(s)ds + 3 aju(e;),
=1 j=1

where HD:i’ﬁ 1% s the v-Hilfer fractional derivative of order oy, 1 <oy <2, 0< 31 < 1,
c20,u, A €R, & € (e,d), f:[c,d] x R — Ris acontinuous function.

Recently, in [23], the boundary value problem was extended to the coupled system
of y-Hilfer-type fractional differential equations with integro-multipoint boundary condi-
tions of the form

(HDji’B“w + kHDZ’i_l’ﬁ“w)u(z) = f(z,u(2),v(2)), z¢€[cd],
(HDE‘}’&”/J + kHDji_l’ﬁ“w)v(z) = g(z,u(z),v(z)), z € [e,d],

w@ =0, u(d) =Y s [ (s ds+ Y aseley)

b G

v(c) =0, v(d) = Z Vr/z//(s)u(s) ds + ZTSU(O'S),

r=1 a
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where HDO‘1 P HDO“1 P1Y are the 1p-Hilfer fractional derivatives of order o, and aq,
1< 041,041 < 2, 0 < ,81 <L,c>0, u, N, v, 7s € RY, 185,005 € (e,d), frg
[¢,d] x R x R — R are continuous functions. The authors employed fixed point technique
to establish the existence and uniqueness of solution. The results were presented using the
Banach and Krasnosel’skii’s fixed point theorems and the Leray—Schauder alternative.
Motivated by the above results, our objective is to investigate the coupled system of
1-Hilfer nonlinear implicit fractional multipoint boundary value problem of the form

ADP¥u(t) = f(t,y(t), 'DY"Vy(t)), t€T=la,b],
Hpo2 By @) = g(t,2(t), "D (1)), tel=la,b],

2(a) =0,  x(b)=>_ @Dl yn) + ) ojylw;), (1)
- =

p q
y(a) =0,  y0) = > ATDIPVa(G) +) pa (S,
=1 s=1

where ,and HDZQ’B ¥ are the 1-Hilfer fractional
derivatives of order o, as, u, d;, and 6,., respectively, with 1 < §;, 0, < u < a1, as < 2
and type 0 < B, v < 1, 0,05, A\, frs, € RT, 1w, G, & €0, f,9 : T X R xR — Rare
continuous functions.

This paper has the following structure. Fundamental concepts and theorems essential
for the investigation are given in Section 2. In Section 3, we develop a lemma that is
significant for determining the main results. In Section 4, the existence and uniqueness of
the solution to (1) are established, and an example is provided to validate our results.

HDgi’ﬁ:w» HDZViw@iw’ HDZ;:/W’ HDSZ;,BZIZJ

2 Preliminaries

Let us denote C([a, b], R) to be the space of all continuous functions from [a, b] to R and
AC([a, b],R) to be the space of all absolutely continuous functions from [a, b] to R.

Definition 1. (See [17].) Let (a,b) (—oo < a < b < 00) be a finite or infinite interval of
the real line R and v > 0. Let 1(¢) be an increasing and positive monotone function on
(a, b] having a continuous derivative ¢’ (t) on (a, b). The 1)-Riemann-Liouville fractional
integral [ ;’f’() of a function h € AC"([a, b], R) with respect to another function ) on
[a, b] is defined by

1YY h(t)

— ()"

h(s)ds, t>a>0,

where I'(-) represents the gamma function.

Definition 2. (See [17].) Let ¢'(t) # 0 and v > 0, n € N. The Riemann-Liouville
fractional derivative of order v of a function h € AC™([a, b], R) with respect to another

https://www.journals.vu.lt/nonlinear-analysis
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function v is defined by

1 d
/(1) dt

DY h(t) = ( ) I h(t)

1 1 d

- M_)(Mdt) / () (1) — ()" h(s) ds,

where n = [v] + 1, [v] represents the integer part of the real number v.

Definition 3. (See [27].) Letn — 1 < v < n with n € N, [a, b] is the interval such
that —oo < a < b < oo, and h,9 € C"([a,b],R) are two functions such that @ZJ(tZ is
increasing and ¢/ (t) # 0 for all t € [a, b]. The 1-Hilfer fractional derivative D""/** (.)
of a function h of order v and type 0 < p < 1 is defined by

Hvosoy oy oy (1 A\ a-pm-)
U A e B ]

where n = [v] + 1, [v] represents the integer part of the real number v with v = v +

p(n—v).

Lemma 1. (See [17].) Let v, s > 0. Then we have the following semigroup property:
[PV ISRt = IVT59h(), ¢ > a

Lemma 2. (See [27].) Ifh € C"([a,b],R), n—1 < v <n 0< p< 1 andy =
v+ p(n —v), then

(Y(t) — (a)* hﬁl’klléi’p)("’”)‘wh(a)

NE

LD h(t) = h(t) —

= T(y—k+1)
forallt € J, where
W) = (— 4 nh(t).
¥ Y/ (t) dt

Proposition 1. (See [17,27].) Letv > 0,1 > 0, and t > a. Then the V-fractional integral
and derivative of a power function are given by

I (006 = 0(@) 10 = s (600 (@)
DL (9(s) = (@) ™ (0) = s (600~ wla) ™
MDY ((s) = (@) ) = iy (00 — (@)

I>y=v+pn-—v).
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Lemma 3. (See [26].) Letn—1<v<nm—-1<u<m<nmneN0O0<v<],
andv Zz u+v(m —u). If h € C™(J,R), then

HDW VP h(t) = IV h(t).

Lemma 4 [Banach contraction principle]. (See [9].) Let A be the closed nonempty
subset of a Banach space B. Then any contraction mapping T : A — A has a unique

fixed point.

Theorem 1 [Krasnosel’skii’s fixed point theorem]. (See [19].) Let D be a closed,
bounded, convex, and nonempty subset of a Banach space (B, ||-||). Suppose that P and
Q are operators from D to D such that

(1) Pr+ Qy € D forall x,y € D,
(ii) P is continuous and compact,
(iii) Q is a contraction mapping.

Then there exist a z € D such that z = Pz + Qz.

3 An auxiliary result

Let us define a special working space,
B={z|x(t) € C([a,b],R), "D x(t) € C([a,b],R) }

with the associated norm
|lz||s = max{ig) Hx(t)H’ Stg) HHDZf;wz(t)H}'

It is clear from [25] that B is a Banach space, and consequently, the product space B x B
is a Banach space with the norm

[, 9)lg = llellz + llylle-
For the existence and uniqueness results, it is necessary to develop the following lemma.

Lemmas. Leta >0,1<6;,0, <u<aj,ae<20< B, o<, mn=a1+802—-a1),
Yo = as + B(2 — agz), and A # 0. Then for f,g : J x B x B — B, the solution of the
coupled system
HD2 P a(t) = f(t (1), DL (1), teT=la,b],
g

HDe2P %y (t) = g(t, (1), "Dy a(t)), t €= [a,b],

2(a)=0,  x(b)=> @DV ym) + > ojyw;), 2)
=1

j=1

p q
y(a) =0,  yb) =Y NIDIFVa() +> per(€)
r=1 s=1

https://www.journals.vu.lt/nonlinear-analysis
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is given by
w(t) = ITEY £ (6, y(0), DLy (1))
_ 711 i
0 71@(733 (zwz 5% g ), DL )
=1

+Zoﬂa+ 9(wj, >,HD::;““%<wj))Iji“"f(@y(b),HDg;”*wy<b))>

+D ( D AT F (G y(Gr), Dy ()

r=1

+Zus IEEVF (& y(Es), Dy (60) =102 g (b, x<b>,HD:f?%<b>))17<3>

+C<ZA 10 1 (G u(G), DR ()

+Zus IEEVF (€ y(€s), DUy (84)) — 102 (0, x(b),HD;‘f?%(w))], )

where
(b)) = Y(a))m
“- T(n) !
N, W) — (@) — ()"
D= ;‘Pi (72 — 0:) Z:: ) ,
o @G) = @) R () = dla)
“- ;)\T Ly —6) + ;’us T'(11) )
i e
and
A =CP— DR.

Nonlinear Anal. Model. Control, 28(6):1138-1160, 2023
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041 P IOQJZJ

Proof. Taking operator [ on both sides of (2) and using Lemma 2, we have

() — (@)™, (@)~ v(a)
T(71) NG
+ICE F(ty(t), TDM Py (1)),

EONCIOR)
MO =BG

F I gt x(t), DYV (t)).

z(t) =

When z(a) = 0, y(a) = 0, we get ¢ = 0, d2 = 0. Then the above equations become

o(t) = =S IEE F(t (), Dy (1), (©)
1) =y L0 _rgig))%_l I, D). )

Applying the boundary condition at the point b, we have

_ a))n—1 ) .
w®) F(ﬁi))) + 125V (b, y(0), DLy (b))

Y2—0;—1 )
_dlz% 7295)_) +Z T30 g 2 (n), D Y )

C1

) — v2—1
+d120j W F(;/}g()a)) +ZUgIaf’ g(wj, z( j),HDZf”"x(wj))
—

and

OO osivg (4, 00), D2 a(w)

L(y2)
(a))"/lfﬂ,.—l p -0, JRS—
_cle ) DI 3)
_ Y1—1
Feryop UG ) +Zusl°“‘”f (0 (6. "Dy €2)).
s=1

The above equations can be written in the form

OCl—Ddl =M

)
—QCl —|— ¢dl = N

https://www.journals.vu.lt/nonlinear-analysis
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where C, D, {2, and @ are given in (5), and
M= Z @il 22 7% g (ni, x(m), D (i)
T Z 01125 g g, (), PDYV a(wy)) — T 1 (b.y(8), "Dy (b)),
N = Z AT F(Gry(G), DA y(G)

+ Zusfa“"f €5 y(&5), DMy (&) — I97Y g (b, 2 (b), D" x(b)).

From equations (8) we get

O®M + DN N+ QM
c] = %, dy = C%, where A = C® — D{2.

Now substituting the values of ¢; and d; in (6) and (7), we obtain solutions (3) and (4).
Conversely, by direct computation we obtain that (3) and (4) satisfy (2). O

4 Existence and uniqueness results

To establish the existence and uniqueness results, we present our coupled system (2) as
a fixed point problem.
First, we define the operator 7 : B x B — B x B by

T(myy)(t) = (ﬂ(x,y)(t),%(x,y)(t)), )

where

Ti(z, y)(t)
= IV f(ty(), HDZ;";wy(t))
)

<Z@zla2 5“1& 77“ z(n )HDuvw (771))

+ Y oI g(wy, w(w;), DL w(wy)) — I8 £ (b, y(b), HDQLf%(b)))
p

+D<ZA 1070 £ (G y(G), DMy (¢))
r=1

+Zus I (L, y (&), DUy (84)) — 122 (b, x(b>,Hsz;%<b))>] (10)

Nonlinear Anal. Model. Control, 28(6):1138-1160, 2023
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and
Ta(2,y)(t)
= I°%Yg(t,x(t), D" (1))

() — gy (Zmaz 0 g (s 2n), DL ()

T A

+ ZU;I” Yg(wj, z(w;), 1D a(w;)) — I:rwf(b,yw),HD;‘M@)))
+C<ZA 19705 (G y(G), Dy (G)

+Zusljﬂf(gs,y(mHD;‘;”*wy(gs)) 123%(b, x(b),HDsf;%(b))ﬂ. (1n

s=1

For readability, we use the notations listed below:

ol5) — (0 = V(@)

I'(s+1) ~’
C1 = 6(br) + 9“"’ le)
) ) . ]
x ||9|0(b, k) + |D|<Z O,k — 0 )+ng@(§s,n)> : (12)
L =1 s=1 i
_ 9(b7 Y1— )
N FU
X |¢|<Z¢Ze(nla/€ +ZUJ wJ? ) + ‘D‘@( ) ) (13)
L i=1 i
D1 — @(ba V2 — 1)
| A
p q
IC| (Z MO Gk = 0,) + > 1s0(&s, @) +12lem,)|,  14)
r=1 s=1
D, =6(,5) + 22—l

| A
|C|6 +|“Q|<Z(Pz 7727 )+Zo—j9(wja’_€)>‘|7 (15)
j=1

where Kk = oy or &y — u, K = g Or (vg — U.

https://www.journals.vu.lt/nonlinear-analysis
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4.1 Uniqueness of solution

Theorem 2. Assume that A # 0and f,g :J x B x B — B are two functions satisfying
the condition

(H1) There exists constants Ly, Ly > 0 such that, for all t € J and z;,y; € R,
i =1,2, we have

Ly ([lya(8) = w2 ()| + Jn (1) — (1)),

£t yr,n) — £t vz, 52) ||
< Lallln (0 - 0] + ) - 200

||g (t,x1,241) — g(t, x2, T2 |

NN

Then system (2) has a unique solution on J, provided that
TZLl(Cl +D1)+L2(CQ+D2) < 1, (16)
where C1, Csy, D1, and D4 are given by (12), (13), (14), and (15), respectively.

Proof. Let us consider the operator T (x,y)(t) defined as in (9), where 71 (x, y)(¢) and
T2(z,y)(t) are given by (10) and (11), respectively.
Let sup,c; || f(¢,0,0)|| = My < o0, sup,¢j ||9(t,0,0)| = M2 < oo, and let us set

B, = {(z,y) € B x B: H(:zc,y)H]B <,

where
(C1+ D1)My + (Co + Do) M,
~ 1 [Li(C1 + D1) + Lo(Cs + D))

Clearly, B,. is bounded, closed, and convex subset of B.
Step 1. We prove that 7B, C B,..

For any (z,y) € B,, t € J, using hypothesis (H1), we have
£y D < [[£ty,9) = f2,0,0) + [ £(£,0,0)]
< Li(lly@l + llz@l]) + 2

and
lg(t, 2, z) — g(t,0,0)|| + || g(¢,0,0)]|
Lo (||z(e)|| + ||z(2)||) + M.

lg(t. z,2)]

NN

Then we obtain
[ Ti(z,9)(@®)]]
SIS (8 y(e), DRy )|

m
(|A| lléﬁl(ZIwzllai_‘s“ng(m,x(m),HDZ’f”wx(m))H

+ Z |0 1227 | g (wj (wy), D w(w))) ||+ Tt || £ (0, y(0), D y(b)) ||>
i=1

Nonlinear Anal. Model. Control, 28(6):1138-1160, 2023
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p
+|D|<§jATQﬁ‘“”wf(@wy@»,Hsz”y@;DH

+Zlus [TE | £ (€6 y(&0), Dy ( Es))||+I§i;w|!g(b,x(b),HDij;wz(b))||>]

@wan@mmm+Mﬁ

+ 2o b@(}j% (1 > — 63) (Lallulls + M)

+ Zaj@(wj, as)(Lallulle + Ma) + O(b, an) (L1 [[v]ls + M1)>
j=1

P
+ |D| (Z ArO(Cry ar = 0,) (La|[v]|s + M)

r=1

+ Zus@(ﬁs, 1) (Li||vlls + My) + O(b, ) (Lo||ulls + M2)>]

s=1
@(ba '7171)
[ A

+ |D| (Z AT@(CT" Q] — 97") + Zﬂs@(g&al))] > (Llr + Ml)
e, m-1) |gl5| (Z ©iO(n;, ag — ;) + Zaj@(wj, a2)>

N A |
=+ |D|@(b, 042)‘| (LQT‘ —+ Mg)

< (8(1), ) + |2|6(b, 1)

and
|7 D% T (2, y) ()|

Q(ba 71_1)
| A

+ |D| (ZAT@(C’IW a; —u—0.)+ Zﬂse(fm ap — U))} > (Lyr + My)

r=1
|2 <Z ©iO (i, a2 —u—6;) + ZU]‘Q(WJ‘7 Qg — u))
i=1 j=1

< (@(b, oy —u) + |2|©(b, a1 — u)

O(b, y1—1
+ (771 )
| A

+ ‘D‘@(b, Qo — u) (LQ’I" + MQ)

https://www.journals.vu.lt/nonlinear-analysis
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Hence

HTl(x,y)HIB < C1(Lyr + My) + Co(Lar + Mo).
Similarly,

| T2(z,y) || < D1(Lar + My) + Da(Lar + My).
Consequently,

HTLC Yy HIB [Ll CI+D1)+L2(CQ+D2)}
+ (C1 + D1)My + (C3 + D) M,
<r
implies 7B, C B,..

Step 2. We prove that T is a contraction.
For any (x1,y1), (z2,y2) € B x B and for each ¢ € J, using (H1), we have

H7'1($1,y1)( ) — Ti(z2,y2)( H
SISEYN| £ (6 un (1), TDEE g (1) — £ (b (1), DL P ya (1)) |
(lkl |4’|<ZI% 19279 | g (ni, 1 (), ED" 1 (y)

(Th,@(m) HD™ 2 (mh) |

+Z|UJ|IQ27¢Y||9 wjaml(wj) Du—%—vwxl(wj))_g(wj7xQ(wj)aHDsf;wmQ(wj))H

+ T2 £ (0,91 (8), DLy (0) = £ (b ya(b), "D (1)) ||>

p
+|D| (Z M ZEE 0N £ (G (G, DM 1 (G)
r=1

— (G 92(G), "D s (G0) |
q
+ Z |I’LS|I§‘i1';wa(£S7 y1(§s)s HDZ;U;wyl (fs)) - f(gén Y2(&s), HDwaZﬁ(gs» H
s=1

+ I;f;w ||g(b, z1(b), HDZLU;wh(b)) - g(b, z2(b), HDwa@(b)) H)

O, 1—1)

<O, 1)Ly — y2ll + —/— |

! ja (Z% (i, a2 — 8;) La|lzy — 223

+) " 0;0(wj, a) La||z1 — x2|l8 + O(b, 1) La[lyn — yzlm)

j=1

Nonlinear Anal. Model. Control, 28(6):1138-1160, 2023
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p
+ |D| (Z /\T'@(gra a1 — 97)L1||Z/1 - y2H]B

r=1
q
+ ) 1:O(&s, 1) L lyr — v2lls + O (b, a2) Lol|2y — $2||B>]
s=1

and

1D T, y2) (1) = D Ta (2, ) (0

<O, a1 —uw)L1llyr — y2l»

b,
e m-1) |@|<Z% (i, a2 —u —8;) Lallzy — 2B

| A

+ Y 0i0(wj, az —u)La|ler — z2]ls + Ob, a1 — u)Lify — yzllma)

p
+|D| <Z MO(Gry a1 —u—0p)Lalyr — yolln

. =1
+ 2”59@5’ a1 —u)Lalyr — yellB + O(b, a2 — u) Loz — 132||1B>] :
s=1
Hence
(|71 (2, y) — Ti(z,9)||g < C1Lallyr — y2lls + CaLa|lz1 — 2|8
< (C1Ly + CoLo)([lz1 — @2lls + [lyr — v2lls)-
Similarly,
| T2(z, y) — Ta(z,y)||g < (D1L1 4+ DaLs)(llz1 — z2lls + llyr — v2ll8).
Consequently,
| T (z,y) = T(z,y)||z < [(C1+ D1)Ly 4 (Cz 4 D3) Lo
x (lle1 = 2lle + [lyr — y2lls)-

Since (C1 + D1)L1 + (Cy + D2) Ly < 1 by (16), the operator T is a contraction.
Therefore, by Lemma 4 we observe that 7 has a unique fixed point. Thus, system (2)
has a unique solution on J. [

4.2 Existence of solution

Theorem 3. Let A # 0and f,g : J X B x B be continuous functions satisfying condition
(H1) of Theorem 2. Moreover, assume that

A=1L1(C1 4+ Dy — O(b,v)) + Ly (Ca + Dy — O(b, 7)) < 1 (17)

forv =aq or ay —u, v = ag or ag — u. Then system (2) has at least one solution on J.
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Proof. We decompose the operator 7 into four operators:
Pla,y)(t) = I £ (1, y(0), "D y(1)),
Q(,y)(t)
@(b, 71 —1
A

(Z T g (i w(mi), "D (i)
+Zaﬂ““"g wj, 2(wy), "Dy w(wy)) —Ifi*“’f(b,y<b)7HDZf;%<b>)>
+D<ZA I £ (G y(G), "Dy ()
+Zu51““"f £, y(&), DL y(£,)) —ij%(bw(b),HDZf”"xw)))],

Rz, y)(t) = 1537 g(t, 2(t), "Dy (1)),

Sz, y)(t)
_ 9(6

(Z‘M"‘Z Y g (mi, (i), "D (i)

+ZUJ 193 g (wj, 2 (w;), "D 2 (w;)) —I;wa(b,y(bLHDZ’J”%@)))
P » .

+C<ZM“ (G y(Gr), DAy ()

+Zuq L2 (€, y(€0), DLV y(€)) — 1227 g (b, x(b),HDZf;%(b))ﬂ'

This shows that 77 (z, y)(t) = P(z,y)(t) + Oz, y)(t) and Ta(z,y)(t) = R(z,y)(t) +

S(z, y)(t).
Consider the closed ball B,. defined in Theorem 2.

Step 1. We prove that 71 (z,y) + T2(u,v) € B, for all (z,y), (u,v) € B,.
Considering the proof of Theorem 2, we observe that

1P (.

|R(z,y) + S

C1(Lyr + My) + Co(Lor + My),
Dy (Lyr + M) + Do(Lor + My).

)| <
<

)l

This implies 71 (z,y) + T2(u,v) € B,.
Step 2. We prove that (P, R) is continuous and compact on B,
Let y,, be a sequence such that y,, — y as n — oo.
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For any (z,,, yn), (, y) € B, and t € J, we have

||7)(xn;yn)( - )(t)H
< “”"Hf(t yn(t )HDW () = (L y(t), DIy ()|
< O(b,an) L (|lya(t) — y@)[| + "D ya () = "Dy (1))
< O(b, 1)L llyn — Z/||1B — 0 asn— oo,

||HDuUwP(xn7yn)( ) HDZ+U ¢’P x y H
S| f (8 ya(0), Dy (8)) — £ (89 (0), "Dy (1) |

< O(b, ar —u) Ly (|Jyn(t) — y(®)|| + || "D yn (t) — "Dy (1)]))
<O, a1 —u)L1llyn —yllp > 0 asn — oo.
Hence
Hp(xnuyn) —P(%y)HB — 0 asn — oo.
Similarly,

R (@, yn) — 72(:E,y)H]B —0 asn — oo.

Consequently, (P, R) is continuous.
Next, we have

[P, ) )| < O, a1)(Lir + M),
HR(%y)(t)H < O(b, a2)(Lar + Ms),
7D P(x, y)(t)]| < Ob, a1 — u)(Lyr + My),
7D Rz, y) ()| < O(b, @z — u)(Lor + Mo).
Hence
||73(x,y)||B < max{@(b,oq),@(b, oy — u)}(Llr + M) = G*,
H’R(amy)H]B < max{O(b, as),0(b, ap — u) } (Lor + Ma) = H*.

Therefore, ||(P, R)(
This shows that (
Now consider

1P, ) (t2) = Pl (t)]|
= ||e d’f(t y(ta), DLy (ts)) — IO f(t,y(t), "Dy (1)) |

B G +H"
)B, is uniformly bounded.

‘@5
A=

; /5 _ s ap—1 s H yu,vith . .
N / V() (6(t2) —6(s)™ £t y(s), FDUVy(s)) d

1
NG

- / () (1) — () (8 y(s), FD™ Py (s)) ds
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< F gy R(0lt) ()™ + () = (@) = 0lt1) ~ v()"]
x |1£(ty(s), "Dy (s)) |-

We know that f(t,y(s),HDZf;wy(s)) is bounded on J, and hence the rh.s. — 0 as

to — 1.
Also,
|“D2 P (2, ) (b2) = "Dy P, y) ()|
1 ] —u
< mp(ﬂ’(b)*lﬂh))
+ ($(t2) — (@)™ = () —(a)) ]
x || f(t,y(s), HDZ;”;wy(s)) | =0 asty—t.
Hence
|P(2,y)(t2) = Pz, y)(t1)||; > 0 asty —t1.
Similarly,
||R($, y)(tg) — R(m, y)(tl)HB — 0 as to — 1.
Consequently,

H(P,R)(l’,y)(tg) — (P, R)(Q?,y)(h)HB — 0 asty —tq,

i.e., (P, R)B, is equicontinuous. By Arzela—Ascoli theorem [10] the operator (P, R) will
be compact on B,..

Step 3. We prove that (Q, S) is a contraction mapping.
For any (z1,41), (z2,y2) € B x B and for each ¢ € J, using (H1), we have

1Q(1,31)(t) — Q(x2,42)(1)||

O(b, y1—1 i
< (;ﬁ) l|45| (Z ©iO (i, a2 — 6;) Lo||x1 — 22||m
=1

+ ) 0;0(ws, a) La||z1 — xa||p + O(b, 1) La|lyr — y2||ma>

Jj=1
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p
+ |D| (Z ArO(Gry 1 — 97’)L1Hyl —y2llB

r=1
q
+ ) 1sO(&s, 1) L flyr — v2lls + O (b, a2) Lao||lz1 — 172||B>]
s=1
and

I"D3 " Qarr, ya) (1) = D™ Qlaz, o) 1)

gQ(b,’y 1)
| A

|| (Z% (i, a2 — w —0;) Laf|z1 — 22|l

i=1

n
+Y " 0;0(w;, g — u)La|lar — w2]lp + O(b, o1 — u)Ly|lyr — 2/2||B>

P
+|D| (Z ArO(Cry a1 —u—0:)Lallyr — yalls
r=1
q

+ > 1s0(Esy a1 —u)Li|yr — yolls + O(b, @z — u)Lofjzr — 1‘2||B>] :

Hence, forl = o7 or a; — w,

H%,y) Qz,y)||g
< [Cr = O, )] Lillyr — y2ll + CoLa|lz1 — 22||8
< [(C1 = O(b, 1)) Ly + CaLs] (|lx1 — w2lls + ly1 — v2lls)-

Similarly,
< [DiLy + (Dy — O(b,1)) La| ([l1 — wals + 1 — v2ls)

for | = oy or a; — u. Consequently,

1(2.8)(@,y) — (2.8)(x.v)||,
< [(C1 + Dy — O(b,1)) Ly + (Co + Dy — O(b,1)) L]
X ([ley — z2lls + Iy — v2llz)

for | = aq or acy — u. Since Ll(C’l + Dy — @(b,l)) + LQ(CQ + Dy — @(b, l_)) <1
by (17) the operator (Q, S) is a contraction. Therefore, by Theorem 1 we observe that
problem (2) has at least one solution on J. O]
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Example 1. Consider the coupled system of 1-Hilfer nonlinear implicit fractional multi-
point boundary value problem

ot ot 1 16
HDW/TIS () = £ (¢ y(0), "Dy ), ted = {15 15]

ot ot 1 16
MDAy ) = g ,2(0), D ), v | g
1 1
f”(w) -0 y(w) -0
. . 3 . .
16 2% — 1\ 4112 s [ j j
-v at— - D(2Z+9)/10’ 1/4;e o J
x(15> (2z—|—1> u(z)+ 2 2+1)%\4)

2
16 2r o3 [T s s
e Hpy(r+7)/7,1/4;e _ 2.
y<15> < (r+ 1)2 \3) 2 (573) «(5

Here ay = 13/7, ap = 12/7, 8 = 1/4, w = 16/11, v = 1/6, a = 1/15, b = 16/15,
m=2n=3p=3,qg=4 ¢ = (2 —1)/2i +1),m = i/3,6; = (20 +9)/10, 0, =
3/ + 1) wi=G/4 A =2r/(r + 1)%, G =1/3,0, = (r+7)/7, ps = [s/(s + 3)]%,
€ = 5/5,9(t) = /%, U/(t) = e'/?/3.

From the data we compute that v; = 53/28, 75 = 29/16, C' ~ 0.4645842367,
D = 1.5117061858, ¢ ~ 0.5293694247, 2 ~ 1.8103669378, and A = CP — D2 =
—2.4908062083.

Consider the functions

M= 1M

T

t/3
f(t y HD16/11,1/6;et/3y) _ 0 3yl ot+1 9tCOS|HD16/H’1/6’e Y|
T 48430t 1+|y| 38 32¢(15t-1) ’
» 3 9 Hp16/11,1/6:"/® 1
g(t,x, H[y16/11,1/6¢ /Bm) _ —1| |+ — | | T 5

121 log 15¢ ' 15t |HD16/11,1/6:¢%/% 31| 4 8
Uniqueness. For x1,Z1,y1,91, T2, T2, Y2, Y2 € Band t € [1/15,16/15], we have

£y, 0n) = F(ty22)|| < [Ilyl =yl + [lv1 — w2l],

%M—‘H‘
— O

gt @1, 1) — g(t, 22, 72)|| < < [l1 — @2 + |71 — 22]].
From (H1) we have L; = 3/10, Ly = 1/4. Hence
L1(Cy + D1) + Ly(Cy + Dy) ~ 09270164955 < 1.

Consequently, the hypothesis of Theorem 2 is satisfied, and system (2) has a unique
solution on J. Moreover, Table 1 presents the numerical results of 1" for a variety of ¢ €

[1/15,16/15] and different values of ; and ap. The results are represented graphically
in Fig. 1.
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Table 1. Numerical results of 7" for different values of o1 and aa.

t r
a1 =13/7 ay = 16/9 a1 =19/11
oy =12/7 as =15/9 ag =17/11
0.0667 0 0 0
0.1367 0.2256 0.2765 0.3716
0.2067 0.3074 0.3606 0.4512
0.2767 0.3738 0.4272 0.5130
0.3467 0.4329 0.4854 0.5665
0.4167 0.4877 0.5388 0.6149
0.4867 0.5396 0.5888 0.6601
0.5567 0.5894 0.6365 0.7028
0.6267 0.6379 0.6825 0.7438
0.6967 0.6852 0.7272 0.7834
0.7667 0.7318 0.7710 0.8220
0.8367 0.7779 0.8140 0.8597
0.9067 0.8235 0.8564 0.8968
0.9767 0.8689 0.8984 0.9334
1.0467 0.9141 0.9401 0.9695
1 T T T T T
4
09r *::::/ 1
08t X:‘;:* 1
vl
0.7 r /*//*/ 1
e
0.6 /x’/)( q
/* /*
=051 2. 3
xe//sk’ |
04+ x’/)'(
03f ¥ .
¥,7
02Ff I;* — ¥ -0, =13/7 a,=12/7
I 1 2
01k // — = a,=16/9 a,=15/9 ]
k a,=19/11 a,=17/11
0 L L L L L L
0 0.2 0.4 0.6 0.8 1 1.2

t e [1/15 16/15]

Figure 1. Graphical representation of 1" for different values of a1 and ca.

Existence. For x,Z,y,§ € Band ¢ € [1/15,16/15], we have

— 23 _ T 3 B ﬂ_+6
||f(t,y,y)||<%, ||g(t,x,;z:)||g§+1_ —
From (H1) we have L; = 1/15 and Ly = 1/4.

Now,

Li(Cy 4+ Dy — O(b,1)) + Lo (C2 + Dy — O(b, az))
~ 0.4736128552 < 1.
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Table 2. Numerical results of A for different values of a1 and ava.

t A
a1 = 13/7 ay = 16/9 a1 =19/11
oy =12/7 as =15/9 ag =17/11
0.0667 0 0 0
0.1367 0.0450 0.0519 0.0646
0.2067 0.0809 0.0902 0.1063
0.2767 0.1146 0.1252 0.1428
0.3467 0.1471 0.1584 0.1766
0.4167 0.1790 0.1906 0.2088
0.4867 0.2105 0.2220 0.2397
0.5567 0.2419 0.2531 0.2699
0.6267 0.2732 0.2838 0.2994
0.6967 0.3046 0.3144 0.3285
0.7667 0.3361 0.3449 0.3573
0.8367 0.3678 0.3753 0.3858
0.9067 0.3997 0.4059 0.4142
0.9767 0.4318 0.4365 0.4425
1.0467 0.4643 0.4673 0.4708
1
09 r b
0.8 [ 4
0.7 r b
0.6 4
<105 b
4””’“
04r =¥ T
e
03 - i
*“4
02r *> — =, =13/7 a,=1217
041k /4’//}9 — k= a,=16/9 a,=15/9
: = * =191 a,=171
ol— . . . ;
0 0.2 0.4 0.6 0.8 1 1.2
t € [1/15 16/15]

Figure 2. Graphical representation of A for different values of a1 and .

1157

Consequently, the hypothesis of Theorem 3 is satisfied, and system (2) has at least one
solution on J. Moreover, Table 2 presents the numerical results of A for a variety of ¢ €
[1/15,16/15] and different values of «; and ap. The results are represented graphically

in Fig. 2.

5 Conclusion

In this study, the existence and uniqueness of the solution to the coupled system of
1-Hilfer nonlinear implicit fractional multipoint boundary value problem were taken into
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consideration. In a special working space, the existence and uniqueness of solution to the
boundary value problem is investigated. The uniqueness result is investigated using the
Banach contraction principle, and the existence result is examined using Krasnosel’skii’s
fixed point theorem. An example has been developed to demonstrate our results. Fur-
thermore, the uniqueness and existence of the solution for the considered example are
analysed graphically.
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