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Abstract. A new fractional difference with an exponential kernel function is proposed in this study.
First, a difference operator is defined by the exponential function. From the Cauchy problem of
the nth-order difference equation, new fractional-order sum and differences are presented. The
propositions between each other and numerical schemes are derived. Finally, fractional linear
difference equations are presented, and exact solutions are given by using a new discrete Mittag-
Leffler function.
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1 Introduction

The fractional derivative has extensive applications in various fields [12, 15]. Some new
fractional derivatives were proposed. Particularly, the definitions of exponential type have
been paid much attention. Very recently, a new fractional calculus with exponential mem-
ory was suggested in [10, 11]:

t

1 p—
)/(e)‘t—e’\‘s) r'(s)ds, 0<\ O0<a<l, t<a.

Cha
Dix(t) = ——

a

The physical meaning was provided by the CTRW theory [9], and the kernel function
played an important role in the waiting time probability density. The fractional calculus
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Discrete fractional calculus with exponential memory 33

was also successfully used in fractional modeling of Dodson diffusion [11]. The function
space [7] was analyzed in which the boundedness theorem can hold. The numerical
method is investigated [16].

It is popular to study the discrete-time version from the time-scale theory [6]. In
fact, some applications and theories were considered in the power-law definition [1,2,4],
discrete-time fractional variational problems [5, 8], fractional chaotic maps [17,21, 24],
fractional recurrent neural network [14], Hadamard difference [20, 23] and finite-time
stability [18,22]. In view of these results, the new features and main reasons why we
investigate discrete fractional calculus are the following:

o It exhibits a discrete memory effect, which is particularly suitable for data process-
ing or discrete-time systems with memory.

e The propositions, for example, semigroup proposition, Leibniz integral law and
composition law et al. hold, and they are convenient for qualitative analysis.

e The time scale unifies continuous and discrete-time systems.

Due to these new features, it is meaningful to find an exact discretization of the exponen-
tial fractional calculus, which is the purpose of this paper.

2 Preliminaries

Let us set the time scale

T/{ T \ (p(Sup T)vsup’]r), SupT < oo,
- T, sup T = oco.

Definition 1. (See [6].) Fort € T*, p : T — R is a regressive function if it satisfies

L+ p(t)p(t) # 0.

Definition 2. (See [6].) The transformation §,,(;y : C,,(7y — Z,,(+) is defined by
2 log(L + u(r)p(7)), () >0,
5/1.(7') (p(T)) =
p(7), pu(r) =0,

where

1
(Ch::{ze(C:z;é—h} and Zh::{ze(C: —Z<Im(z)<2}

for h > 0. Let Cy := C and Zg := C for h = 0.

Definition 3 [Exponential function]. (See [6].) Suppose R = R(T,R) is the set of
regressive and rd-continuous functions f : T — R. If p € R, t and a € T, the exponential
function is given as

ep(t,a) := exp(/ﬁu(ﬂ (p(T)) AT).
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Example 1. Suppose T® = (hNp), and p(t) = \.

(ta)_exp</gh AT)-eXp(Zlogl—l—h/\) H1+h>\

TEa,t)

= (14 h)t—a)/h
holds, and its inverse function reads

Int
—1 _
ey (t,a)=a+ EEDY] +h)\)h'

Remark 1. The nonequidistant partition was proposed in general fractional differential
equations [16], the step size is h = (ex (b, a) —ex(a,a))/N, and ey (a,a) = 1. We define

ti=ey' (1+jh,a), j=0,1,...,N,

In(1 + h) In(1 + Nh)
t SRR e RO,y
JG{“ Tty T Ty :

and ey (t;,a) = 1 + jh. Therefore, the following time scale is used in this paper:

In(1 4 ~ANp)

In(1+ hA) -

TN0:a+

Ifex(tj,a) =1+ (j+a)h, j=0,1,..., then

e for e, B, L,
and we call ; € T, 4aq-
In addition, we denote
gs(t) :=a+ ln(agi)h—t\)ﬁh) h, BeR. (2)
Then we have
gpla) = a+

Theorem 1. The following semigroup property holds:

gy 095(t) = gy15(t), B,7€R, t € Tr,.

Proof. Lett=a+In(l+ kh)/In(1 + hA)h, k € Ny. Then we have

ex(9s(t),a) =14 (k+ B)h.

https://www.journals.vu.lt/nonlinear-analysis
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According to the definition of g, (¢), we give

In(ex(gs(t),a) +~vh) In(1+ (k + B)h + ~vh)

grogl)=at == Ny T T ity
In(ex(t, h
—adt H(e)\(ln?i i ;lﬁ)\;— ’Y) )h _ 9~,+ﬁ(t)-

By Theorem 1, the propositions
g-pogp(t)y=t, te€Ty, B€R and g_goggla)=a
hold, respectively. They are useful in the sequel of the study.
Theorem 2. (See [6].) e, (-, o) is a solution of

y® =p(t)y, teT, ylt)) =1

35

3)

Remark 2. Lett € Ty,, p(t) = A and ¢, = a. The solution e, (¢, o) is reduced to

ex(t,a). It also holds that

et,a) = § LFPNTIE RO,
A AeA(t—a) h=0.

3 Exponential fractional sum

Consider the initial value problem of the dynamic equation
TA™x(t) = f(t), te€T,,
TAY x(a) =0, i=0,1,...,n—1,

where

1A 2(t) := p AL (L) =

and
'H‘An’exx(t) = ']I‘AeA e ,EAD\ a:(t)
| S —

On the time scale Ty, , the unique solution of (4) is

t t1 tn_2
:L‘(t) = /Afl /Atz s / Atn,1
a tnila a

ex (t1,a)ex (ta, a)eR (tn—1, a)ex (s, ) f(s) As

)
- o1 / (ex(t,a) = ex(0(s), @) 3= eR (s, @) f(s) As,

Nonlinear Anal. Model. Control, 29(1):32-52, 2024
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where the kernel function reads

n—2

(ex(t,a) —ex(o(s), a))z;l = H (ex(t,a) —ex(o(s), a) — ih).

i=0
Definition 4 [h-factorial function]. For ¢ and o € R, the factorial function is given by
I'(z+1)

tri=hr——h
h FLt+1-a)

te{ah, 1+a)h, ...} &)

Here I is Euler gamma function.

Definition 5. Let f : Ty, — R and 0 < a. The exponential fractional sum is given by

TA;(’!’e)\f(t)
) P ()
_ Ta) (ex(t,a) —ex(o(s), a))z;lef(s, a)f(s)As, t€Tynyra- (6)
Remark 3.

(1) By (5), the exponential fractional discrete kernel function can be rewritten as

r(ata-aesa | 1)

a—1

(EA(t, ll) — €e) (0(5)7a))r — ha71

F(M}WJFQ_Q)'

(ii) For p(t) = A > 0in Eq. (3), e (t,a) > 0, that is, ey (¢, a) is a strictly mono-
tonically increasing function such that (6) is well defined.
(iii)) By use of the function g, in (2), the integer-order sum is rewritten as

n(t)
TA, ™ f (1) FL Z ex(t,a) — ex(0(s),a)) = f(s), t € Trgsn-

Generally, the exponential fractional-order sum reads
h g—a(t) 1
A1) = 5y 2o (et a) —ex(0(9),0) ;TS (s), ¢ € oo

sS=a

4 Exponential fractional differences

Next, the exponential fractional difference is defined in terms of exponential fractional-
order sum.

Definition 6. Let f : Ty, — R, 0 < a, M = [a], and let [-] is the ceiling function. The
fractional difference of the exponential type is defined by

TALNf(t) = pAMexp AT M=a)ex £y -t e Ty 4 ar—a- (7)

https://www.journals.vu.lt/nonlinear-analysis
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Remark 4. For arbitrary M € Ny, the integer-order difference’s domain is

D{yAMexf} = D{f},

whereas the fractional-order difference is
D{TAZZ»GA f} = TNg—i—M—a-

Theorem 3. Suppose f : Ty, = R, 0 < o and M = [«]. The fractional-order differ-
ence (7) equals to

PN

/ (eA(t, a) — ey (J(s), a));ailef(s, a)f(s) As,

a

TAS’S/\f(t) = F(—a)

and T AL f(t) = pAMeN f(t) if a = M, where t € T4 M —a-
Proof. In the case & = M, according to the definition, it is easy to give
rAY O f(t) = p AT f ().

Inthe case M — 1 < a < M, we rewrite Eq. (7) as

AN (1)

AMoex h s M-a-1
=1 T —a) ; (ex(t,a) —ex(a(s),a)); f(s)
_ M—1,ex l,ex h o M—-—a—1
=TA ATAS m Z (e)\(t,a) —€x (U(S)v a))h f(s)

M—1 [9-M—a-1)(t)

— I‘?Z]%I—a) (e,\ (a(t), a) — ey (o(s),a))z/f_a_lf(s)

9 (M—a)(t) Mo

= Y (ealt.a) —ex (U(S)ﬂ))haf(s)]
AM-1 g—(M—a)(t) ot

= I’?]W—a){ Z f(s)[(ex(a(t),a) —eA(J(s),a))}]y

— (ex(t,a) — ex(0(s),a) )y == + BM=7ID(M — a)f(g_w_a_l)(t))}

M—1 (9--a(®)
- qu]ia){ > f(o)h(eat,a) - e,\(a(s),a))f_ia_g(M —a—1)

Nonlinear Anal. Model. Control, 29(1):32-52, 2024
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+ pM=emip (M — Oé)f(g(Mal)(t))}

g (M—a—1)(t)
:TAM_1< Z Iw_ha_l)f(s)(eA(t,a)—e)\(o(s),a))flw_H>.

sS=a
Repeat M — 1 times to obtain
TAL (1)

I (M—a—2)(t)

= rAM—2en l Z I‘(]\/[haQ)f(S)(e)‘(t’a) —ex(o(s), a))i/[_H]

s [ S et xlot )]

19)

alt
= I'(—a) Z 6?(5,&)]6(5) (BA(t, a) —ex (0’(8), a));a_lu(s)_

S

The proof is completed. O

We now can directly give the Caputo-like difference, which can be considered as
a discrete version of [10, 11].

Definition 7. Let f : Ty, — R, 0 < aand M = [«]. The exponential Caputo difference
of order « is defined by

SAZe f(t) = p A M= AM £(1) € Tyt ar—an

a

Theorem 4. Let f : Ty, = R, 0 < aand M = [a]. Fort = goqn—1(a)and s = gj(a),
the following numerical scheme of the fractional-order sum is obtained:

o N-1 . o

Fort = gmin—1-a(a) and s = g;(a), j =0,1,...,M + N — 1, numerical schemes of
the fractional differences are

—q M+N-1 .
h— I'M+N-j—1-a)
A%ex — E .
and
pM—a M PO L N —j—1—a)

CAa,e,\ t) = AM’S/\ .

T —a f() F(M—a) = F(M+N—]) T f(gj(a))7
respectively.

https://www.journals.vu.lt/nonlinear-analysis
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S Fractional composition rules

Next, consider several compositions of exponential fractional-order sum and difference.

Lemma 1. Let 8 > 0. Then

1A (ex(t,a) — 6,\(%0))% = B(ea(t,a) —ex(a, a))i;l’ t € Tros-

In addition, for o > 0,

—Q,e B
TA%(’Q)* (ex(t,a) — ex(a, a))g

::pé?ﬁ?filw(exﬁaa)—ex@ua»f+“, t € Tog+arts, )
and
A0 (et a) — exla,a)y
:pé;fifilw(exﬁva)—wa(aﬁw)i“, t € Trotpsrr—a-

Proof. Suppose t = gn+(a) € Tny+5, 1 € No. Then we obtain

1AV (ex(t,a) — ex(a, a))%
- ef(lt,r)((@\(t’a) — e,\(a,a))%)A
_ (ealo(t),a) = ex(a, @) — (ea(t.a) — ex(a, )y
ex(o(t),a) —ex(t, a)
g1 l(n+B+1)

= Bh
p I'(n+2)
and
=1 _ g l(B+n+1)
(ex(t,a) — ex(a,a));—=h Tty
Thus, we arrive at
A1 (ea(t.a) — ex(a,a)); = Blea(t, a) - ex(a,a)) ;= ©
Next, utilize mathematical induction to prove
fe rg+1 -M
1AM (e (¢, a) — eA(a,a))g =T B+1) (ex(t,a) — e)\(a,a))i . 10)

(B—M+1)

When M = 1, according to (9), the fractional difference of the power-law function (10)
holds. Suppose that the following holds for M = k:

rARex (ex(t,a) — ex(a, a))% =T L(5+1)

B—k
(B+1-k) ’

(e,\(t,a) —exl(a, a))h

Nonlinear Anal. Model. Control, 29(1):32-52, 2024
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Then

PAFFL (5 (t,a) — ex(a,a))s

[TAk,e)\ (6A(t, a) — 6)\(&, Cl))g]A

1 T 1 a
SR F(ﬂ(ﬁ—)m (ex(t,0) — ex(a, @)y
sy LB+ T(n+ 5 +1)

LB —k)T(n+2+k)

=h

and

L(B+1)
T(B+1—(k+1))
_ LB+ ) r(eta-ea@e) | )
e r(etazalta 11— (5 - (k+1))

— pB—(k+1) F(B+1)T(n+B+1)
-k T(n+k+2)

(ex(t, a) — ex(a, a))2=E1)

Therefore,

S: L@B+1) (ex(t,a) — ex(a, a))iif(kﬂ).

I'(B—k)

TAME (ex (1 a) — ex(a, a))

As aresult, for arbitrary M € Ny,

TAY (ex(t,a) — ex(a, a))% - F(;(fl—k—l)M)(eA(ta a) —ex(a, a))ii

holds.
Next, we prove (8) in two cases. Forh = 1 and ¢ € a+In(1+No+a+8)/In(14+)\) =
TN, +arp> Wehave ey(t,a) € 1+ a + B+ No. According to the property [13]

L(p+1)

—v _ )t = " T (4 g)BtY
Aa-{-p(t (1) F(/,L + 1 + ’U) (t a) )
there is
—a,e B _ F(ﬁ + 1) a+B8
r A5G (@t —alea)” = Frrar g et o —ale o) =5

where g5(a) = a +In(1+ )/ In(1 + A).

https://www.journals.vu.lt/nonlinear-analysis
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When h # 1,

a,e B
Aqﬁ(a)*( A(t,a) —ex(a, )

a(t)
= h Z ex(t,a) — ex(o(s), ))Z l(eA(t a) —ex(a, a))f

lQ

”\

patB 9a (1) F(ex(tva)—?(g(s)va) +1) F(ex(tva)zex(ava) +1)
F(Oz) F(ex(ta)—?(a(s)ﬂ) —a+ 2) F(ex(tva)zex(ava) 41— 5) ’

s=gp(a)
Fort = gr+a+p(a), k € No, and s = gx+s(a), one can obtain

ex(t,a) —ex(o(s), a)  (1+hA) =D/ — (14 pr)s)=a)/h
h h
a+B+k—(B+k+1).

On Tf, 4, SUppose t* = gy ., 5(a) and s* = g, 5(a) such that

ex(t*,a) —ex(o(s*),a) =a+B+k— (B+k+1).
Thus,

ex(t, a) *;/\(0(5)’ 9 _ ex(t*,a) —ex(o(s*),a)

and
TA” O‘e*(e (t,a) —ex(a a))é
(a) AL, A, h

pots I7g i [C(ex(t*,a)—ex(o(s*),a)+1)T(er(t*,a)—ex(a*,a)+1)

= I'(a) S:gé(a)f‘(e)\(t*’ a)—ex(o(s*),a)—a+2)T(ex(t*,a)—ex(a*,a)+1-7)

i Talt)
- }IL‘(Q) Z (ex(t™,a) —ex (0(3*)»a))L_1(e)\(t*,a) — eA(a*,OL))é

s=g%(a)

= WA S (et 0) = ex(a”,a))

ey o gyEre_ LB+
=h +B(€)\(t ,a) _6)\(0* 70’)) m
_ ey
- P(B+a+l)

+a

(e,\(t,a) —ex(a, a))f

Nonlinear Anal. Model. Control, 29(1):32-52, 2024
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Finally, we give
) B
TAS‘;@) (ex(t,a) — e,\(a,a))z

_ TAM,EA |:TA—(M—a),ex (e)\(t, a) — eA(a, a)>£:|

g5(a)

= pAMe {F(MF—(BaJ—ri—lﬁ) 1) (ex(t,a) — ex(a, a))hMaw]

I+ 1)
S T(B—a+1)

Theorem 5. Let f : Ty, = R and «, 8 > 0. The following semigroup property holds:

(ex(t,a) — ex(a, a))i_ia. O

2D, AT (1) = 1A f(1)

gs(a)
= TA‘q_aﬁ(f))\’H‘A;Ot’eAf(t)’ t E TNo-‘rOé-‘rB'

Proof. Since f: Ty, = R, o, 8 > 0and t € Ty,y4a+s, We give

9—a(t)

PAL AT = £y X (eaha) —ealole) )=
s=gs(a)

g-p(s)

x h Z (ex(s,a) — 3A(U(T)va))i7

(1)

g- (a+5)( )

% Z hf(r g(a)(ex(t,a)—e,\(a(r),a))if

g—(a+;e)(t)

3" [(ealt,a) — ex(o(r),a)) =2 f(7)n]

T=a

AL T f(t).

_ 1
- T(a+p)
- 1
-~ T(a+p)

For arbitrary « and f3,

A, CATAT PO f () = ATV f(t) = 0 A, T TAT S f (1)

holds. So the proof is completed. O

Theorem 6. Assume f : Ty, - R, M € N, M —1 < a < M. When k € Ny, the
propositions are as follows:

PABO L AT F(8) = TAEOO F(1), t € Ty pas (1D
PAPATALN F(t) = pARFONF (1), t € Tyt ar—a

https://www.journals.vu.lt/nonlinear-analysis
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Proof. Fora = M andt € Ty,+1, we get

AL AL () = — l/ ex (s 0)f(s) As

]

S(ta) p(t)
= f(®).

In addition, for ¢t € Tn,+« and ¢ € Ny, we give

TATEAZATTON F(F) = pAILex [TALQ)\TA—L@)\ (TA;(q—l),e,\ f(t))}

gr—1(a)

= pAT AT f (1) = - = f(1).

Thus, for arbitrary ¢ € Ty, s,
TAk’e*TA;M’“ f(t) _ TAk_M’e* [TAM,eATA;M,eAfQ)] _ TAk_N[’e*f(t)
holds for k > M. When k < M, we obtain

TAk,e,\TAC;M,e)\f(t) _ TAk,e)\TA—k,eA

gm—k(a)

rA; ML (1) = 2 ATV f (1)

As a result, the proof of proposition (11) is completed.
ForM —k <a< Mandt € Tyy+Mm—a>

TAVO AR f(t) = pAl F(ia) g:z_(é) (ex(t,a) —ex(o(s), a));aflf(s)h
1 go+1(?) o
= FCra) X (@60 el o) = f6H]
= 1AL ()

holds.
As aresult, for arbitrary ¢ € Ty, ar—o and g € Ny, one can get

TA‘J’“TAg’eAf(t) — TAq—l,exTALexTAg,exﬂt) — TAq_l’e*TAg'H’e*f(t)
=... :TAngaﬁeAf(t). O

From Theorem 6 it is easy to derive the theorems.

Theorem 7. Let f : Ty, = R, 8>0and M —1 < o < M. Then

PATC AP () = T AT (), € Tagysim—a-

Nonlinear Anal. Model. Control, 29(1):32-52, 2024
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Theorem 8. Let f : Ty, = R, o > 0, k € Ny andt € Tny4qo- Then

g 1)m

(t,
PALTOTARF(D) = AT () 3 ealt,)

Tlatj— ke = @ (02

k\

When 0 < B,M =[] and t € Tny+nr—p+a- the following composition law holds:
AT A )

grm—p(a)T
= TA’B_a’e*f( t)
a—M+j
- (ex(t,a —6A(9M 5(a)))s J—M+B,ex
Z atj_M+1) 8a Hon-3(@).

Proof. For k = 1, we obtain

TAZOApAL f(1)

/ exlt,0) = ex(0(5), )71 (5,0) (:A1 £ (5)) As

“\

= (1a)/(eA(t,a)—eA(a(s),a))Z;lfA(s)As

a

L a—2
= m / (6)\(75,&) — e)\(U(S),a))hief(S’a)f(S) As

—

t

(ex(t, a) — ex(a, a))r= .
Ta) f(a).

Let (12) holds for the case kK = n — 1. Then it follows that

TA;a,e)\TAmE)\ f(t)
— TA;a,e/\TAl,eATAnfl,eAf(t)

RALf ()

—a,e n—1,e 1 n—1l.e
= gAY ATTLO f(t) — m(@(t,@ — ex(a,a)) AL ()
_ TA176/\TAn71’e/\TA;a7e/\f(t)
n—2 a—n+j+1
_ (6,\(t, a) — e (a7 a’))h ’ Ad-ex
> T ‘ T f(a)
= (a+j—n+2)
1

_ o) (6)\(157(1) —ex(a, a)):;lTAn_l’eAf(a)

https://www.journals.vu.lt/nonlinear-analysis
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45
(ex(t,a) — ex(a,a))r aondg
AN A a,ex >\ — & h AJ-ex
1®) Z Tla+j—n+1) fa)
An a, e;f nil B 6)\(Cl a))z_n+j AJ’e*f(a)
For arbitrary k € Ny, equality (12) holds.
Foraoand M — 1 < 8 < M, we give
TA;S’CI;(Q TADf(t)
M—a,e (M—B),e
AQM 13(‘1)\ A Af(t)
M-—1 a—M+j
(ex(t,a) — ex(gnm—5(a)))y ; (M-
_ Adrex A~ (M—B).ex _
j;] T(a+j—M+1) TET T Forr—s(a))
= TAﬁ’“’e*f( t)
a—M+j
(ex(t,a *GA(QM s(a))); M
. AJ +8,ex B . 0
Z +]*M+1) T=a f(gM ﬁ(a))
Theorem 9. Suppose f : Ty, = R, 0 < «, 3, L = [a] and M = [B]. The fractional
difference
A @A ©)
Aa+5,€/\f( )
—a—M+j
(ex(t.a) —ex(gm—p(@)—— \j-m+
_ AJ Brex _
Z (Cat+j—M+1) T I (grr-p())
holds for t € Tny+L—a+M—g-
Proof.  Since t € Tny+1,—a+M—g, We get
ST AL
L, (L—a),e B,
=r1A e*TAgM S TATNS(E)
= pASTEex f(¢)
L-M+j—«
1AL (ex(t, a)—ea(gm—p(a),a)); (M-
— AI—(M=p),ex _
Z[ (L+]—M+1—a) T=a (gm—p(a))
= pASTENf (1)
M-1 —a—M+j
(ex(t,a)—ex(gn—p(a))); M
. AJ +B,ex B . 0O
j;) T(—a—M+j+1) @ f(gr—s(a)

Nonlinear Anal. Model. Control, 29(1):32-52, 2024


https://doi.org/10.15388/namc.2024.29.33550

46 G. Yang et al.

Theorem 10. Suppose F(x(-),-) : Ty, — R and 0 < a < 1. The Cauchy problem

TAF2(t) = F(2(ga1(1)): ga-1(t)), t € Tngti-as

(13)
TAS (g1 (a)) = C,
is equivalent to the fractional sum equation
a—1
l'(t) — (ek(t7a) B e)\(gl—a(a)) a))hic
INGY)
A aeza)F( (gafl(t))7ga71<t))a te TN1' (14)

Proof. Since ¢(t) is the solution of (13), then we give

TAg’exqs(t) = F(d)(g(x—l(t))aga—l(t)% te TNU"Fl—a?
1AL $(g1_n(a)) = C.
According to Theorem 8, we obtain

+ ’H'A_a e?a)F(¢(ga—1(t))7ga—l(t))~
From the initial value condition we get
a—1
(ex(t,a) — ex(g1-a(a))) —
I(c)
+ TA Ll )F(¢(ga—1(t))aga—l(t))a te TN1'

Thus, ¢(¢) is a solution of (14).
If ¢(t) is a solution of (14), we give

o(t) =

o(t) = ¢

a—1

TAg,w\ (6/\(t7 a) — 6)\(91704(@)7 a))h
I'(a)

+ TAGN A ae(a)F(qb(gafl(t))796‘*1(75))'

C

TAG () =

Due to
TAL (eA(t, a) — ey (gl_a(a), a))z;1 =0,
we get
PAS A F(6(ga- 1(t)) Ja-1(1))
= ’H‘Agl(a)TA_ae F(¢(ga-1(t)), ga—1(t))
= F(¢(9a71( )) Ja— 1( ))
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and
'H‘Ag}exqs(t) = F(d)(goz—l(t))vga—l(t))'

In addition, we also can take the fractional sum of order 1 — « to check the initial
condition

Ad7bex (ex(t,a) —ex(g ()(1))0‘7_1
a—1, e T A A -« h
TA A¢( ) F(a) C
PALTIOGA D F(¢(ga1 (1)), ga1 (1))
and 1
a—1
I‘(a)T ¢ (e,\(t,a)—eA(gl_a(a),a))r:1.
Thus,
TAgil’e'\éb(t) =C+ TAQ (i)eATAg_la :/\a)F(‘b(ga—l(t))a ga—l(t))
=C+ TAgll Z?a) (¢(9a—1(t))79a—1(t))'
Due to
’H‘Agll Z?Q)F(Qb(ga—l(a))vga—l(a)) =0,
we get
1AL G(ga—1(a)) = C.
Thereby, ¢(t) is the solution of (13) from which the proof is completed. O

We define a Mittag-Leffler function as

€(x,a (777 (t - U( )) )
(k+1)a—1

i wext,a) —ex(grna-a)(a),a))y,
K I'(ka + «) ’

te TNl.
k=0

The uniform convergence can be proved by d’ Alembert’s criterion.

Example 2. Consider an exponential fractional discrete-time equation

TAY 2 (t) = nz(ga_l(t)), t € Tng+i-a, 0<a <1,

(15)
TAg_l’e*x(gl,a(a)) =C.
According to Theorem 10, we derive
a—1
(ex(t,a) —ex(g1-ala),a),—
x(t) = T'(a) h__¢
+ UTA (a) (ga—l(t))a t € Ty,. (16)

Nonlinear Anal. Model. Control, 29(1):32-52, 2024


https://doi.org/10.15388/namc.2024.29.33550

48 G. Yang et al.

We obtain that

Tpy1(t) = zo(t) + nTAg_ﬁ’:?a)«Tk (ga—1(t)), te€ Ty,

where k € Ny, and the initial iteration x¢(¢) reads

a—1
xo(t) = (eat,a) = e)i‘((goll)a(a)’a))h@ teTy,.

Then we give the iteration scheme as

n+1 (k+1)a—1

e,\ t a —6,\(9(1@+1)(1 a)( ) ))h
. , teTy.
Tnpa(t) = C Z N I'(ka+ «) €

Finally, we present the solution of (15) as

z(t) = Cea,a(n, (t — U(a))g), t € Ty,.

We can give exact values of the solution or the discrete Mittag-Leffler function. Set
ty =a+In(l+kh)/In(1+hX\hand s =a+ (In(1+ (j +1 — a)h)/In(1l + hA))h,
then ey (tg,a) = 1+ khand ex(s,a) = 14 (j + 1 — a)h such that the numerical scheme
of (16) reads

k—1

_ ra—1 F(k’+0¢) «@ F(kflf.]‘i»a) .
o(te) = h o)k T ]Z::O T()T(k — ) z(t;).

We need the following theorem to discuss the asymptotic stability.

Theorem 11. (See [3].) If the isolated zeros, off the nonnegative real axis, of

Q) = 1_77,:1(/1)@

strictly inside the unit circle, then

%A;“’e*x(t) = nx(ga_l(t)), t € Tyyt1-a; 0 << 1,
z(a) = C.

is asymptotically stable.

Example 3. Consider the following fractional discrete relaxation equation:

/6 ; tETNo-i-l—ou 0<C¥<1,

FALP () = —2(90-1(0) + Ty (17

z(a) =C.
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We get Eq. (17)’s equilibrium points 27 = (=1 + /1 +48)/2 and 25 = (-1 —
V1 +45)/2, and its linearization equations read

Caaes _ ABy1 448
P = Ty
 2(JTFAB+1+48)

(1+V1+4p)?

x(ga—l(t))a te TN0+1—Q7 (18)
and
Caaes —48v/1+ 40
TATN(t) = =7
(1—-1+4p)2
2V1+48+1+4
— ( b B)x(ga_l(t)), te TNO_H_Q.
(1—-V1+4p)2
We only take Eq. (18) as an example. The other one is similar to analyze. Using the
transform y(t) = z(t) — x7(t), the fractional difference equation (18) can be rewritten as

SALy(t) = ny(ga-1(t)), t € Tyg4i—a, 0 < a < 1,

where n = —2(v/T+ 48+ 1 +48)/(1 + V1 +4B)2.

According to Theorem 11, the coefficient 8 should satisfy

2(v1+48+1+4 1 a
( b 2’8) = —|2["*(]z| + 1), 0<|z| <1
(1++/1+4p) he
As aresult, 5 can be determined as
1 1 1
— < — — = ifh>21_1/"‘,
157 G e

or
1
B>—; if h < 2171/,

Equation (17) is local asymptotically stable.

Let « = 0.5 and o = 0.6, respectively. Set A = 1, h = 0.1, 8 = 1.5 and z(a) =
0.6, 0.9 near 7 = 0.823. These parameters satisfy the asymptotic stability conditions.
The numerical illustrations support the theoretical results in Fig. 1.

We reconsider the standard h-fractional difference equation with power-law memory
effects

B
1+a(t+ah—h)’
le (hN)a+(1—a)}za 0<a<l,
z(a) = C.
where g “x(t) is the Caputo h-difference [5, 19]. Within the same parameters, we can

observe that the exponential fractional difference equation (17) exhibits a shorter tail in
Fig. 2.

CAY(t) = —x(t+ah —h) +
(19)
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Figure 1. Numerical solutions of Example 3.
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(a)a=0.5 (b) a=0.6

Figure 2. Exponential fractional difference versus the Caputo h-difference [19]: the black point — Eq. (17); the
red circle — Eq. (19).

6 Conclusions

Since the time-scale theory provides an exact discretization method for the continuous
fractional calculus, we turn to the classical way on the set (1), and we define a discrete
exponential fractional calculus. We report some often-used propositions and theorems,
which are useful for qualitative analysis of fractional difference equations. Compared
with the classical discrete fractional calculus, our definitions show different memory
effects, which provide an alternative tool in discrete modeling such as image processing,
population dynamics et al. In addition, there are more problems needed to be addressed,
for example, numerical analysis, stability theory and what is the relationship between the
discrete and continuous-time systems. We also need a comparative study of the different
fractional differences or equations to determine which fractional difference is the most
efficient.
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