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Abstract. A new fractional difference with an exponential kernel function is proposed in this study.
First, a difference operator is defined by the exponential function. From the Cauchy problem of
the nth-order difference equation, new fractional-order sum and differences are presented. The
propositions between each other and numerical schemes are derived. Finally, fractional linear
difference equations are presented, and exact solutions are given by using a new discrete Mittag-
Leffler function.
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1 Introduction

The fractional derivative has extensive applications in various fields [12, 15]. Some new
fractional derivatives were proposed. Particularly, the definitions of exponential type have
been paid much attention. Very recently, a new fractional calculus with exponential mem-
ory was suggested in [10, 11]:

CDα
ax(t) :=

1

Γ(1− α)

t∫
a

(
eλt − eλs

)−α
x′(s) ds, 0 < λ, 0 < α 6 1, t 6 a.

The physical meaning was provided by the CTRW theory [9], and the kernel function
played an important role in the waiting time probability density. The fractional calculus
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Discrete fractional calculus with exponential memory 33

was also successfully used in fractional modeling of Dodson diffusion [11]. The function
space [7] was analyzed in which the boundedness theorem can hold. The numerical
method is investigated [16].

It is popular to study the discrete-time version from the time-scale theory [6]. In
fact, some applications and theories were considered in the power-law definition [1, 2, 4],
discrete-time fractional variational problems [5, 8], fractional chaotic maps [17, 21, 24],
fractional recurrent neural network [14], Hadamard difference [20, 23] and finite-time
stability [18, 22]. In view of these results, the new features and main reasons why we
investigate discrete fractional calculus are the following:

• It exhibits a discrete memory effect, which is particularly suitable for data process-
ing or discrete-time systems with memory.

• The propositions, for example, semigroup proposition, Leibniz integral law and
composition law et al. hold, and they are convenient for qualitative analysis.

• The time scale unifies continuous and discrete-time systems.

Due to these new features, it is meaningful to find an exact discretization of the exponen-
tial fractional calculus, which is the purpose of this paper.

2 Preliminaries

Let us set the time scale

Tκ =

{
T \ (ρ(supT), supT), supT <∞,
T, supT =∞.

Definition 1. (See [6].) For t ∈ Tκ, p : T→ R is a regressive function if it satisfies

1 + µ(t)p(t) 6= 0.

Definition 2. (See [6].) The transformation ξµ(τ) : Cµ(τ) → Zµ(τ) is defined by

ξµ(τ)(p(τ)) =

{
1

µ(τ) log(1 + µ(τ)p(τ)), µ(τ) > 0,

p(τ), µ(τ) = 0,

where

Ch :=

{
z ∈ C: z 6= − 1

h

}
and Zh :=

{
z ∈ C: − π

h
< Im(z) 6

π

h

}
for h > 0. Let C0 := C and Z0 := C for h = 0.

Definition 3 [Exponential function]. (See [6].) Suppose R = R(T,R) is the set of
regressive and rd-continuous functions f : T→ R. If p ∈ R, t and a ∈ T, the exponential
function is given as

ep(t, a) := exp

( t∫
a

ξµ(τ)

(
p(τ)

)
∆τ

)
.
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Example 1. Suppose T0 = (hN0)a and p(t) = λ.

eλ(t, a) = exp

( t∫
a

ξh(λ) ∆τ

)
= exp

( ∑
τ∈[a,t)

log(1 + hλ)

)
=

∏
τ∈[a,t)

(1 + hλ)

= (1 + hλ)(t−a)/h

holds, and its inverse function reads

e−1
λ (t, a) = a+

ln t

ln(1 + hλ)
h.

Remark 1. The nonequidistant partition was proposed in general fractional differential
equations [16], the step size is h = (eλ(b, a)− eλ(a, a))/N , and eλ(a, a) = 1. We define

tj = e−1
λ (1 + jh, a), j = 0, 1, . . . , N,

tj ∈
{
a, a+

ln(1 + h)

ln(1 + hλ)
h, . . . , a+

ln(1 +Nh)

ln(1 + hλ)
h = b

}
,

and eλ(tj , a) = 1 + jh. Therefore, the following time scale is used in this paper:

TN0 = a+
ln(1 + hN0)

ln(1 + hλ)
h.

If eλ(tj , a) = 1 + (j + α)h, j = 0, 1, . . . , then

tj ∈
{
a+

ln(1 + αh)

ln(1 + hλ)
h, . . . , a+

ln(1 + (k + α)h)

ln(1 + hλ)
h, . . .

}
, (1)

and we call tj ∈ TN0+α.
In addition, we denote

gβ(t) := a+
ln(eλ(t, a) + βh)

ln(1 + hλ)
h, β ∈ R. (2)

Then we have

gβ(a) = a+
ln(1 + βh)

ln(1 + hλ)
h.

Theorem 1. The following semigroup property holds:

gγ ◦ gβ(t) = gγ+β(t), β, γ ∈ R, t ∈ TN0
.

Proof. Let t = a+ ln(1 + kh)/ ln(1 + hλ)h, k ∈ N0. Then we have

eλ
(
gβ(t), a

)
= 1 + (k + β)h.
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According to the definition of gν(t), we give

gγ ◦ gβ(t) = a+
ln(eλ(gβ(t), a) + γh)

ln(1 + hλ)
h = a+

ln(1 + (k + β)h+ γh)

ln(1 + hλ)
h

= a+
ln(eλ(t, a) + (β + γ)h)

ln(1 + hλ)
h = gγ+β(t). �

By Theorem 1, the propositions

g−β ◦ gβ(t) = t, t ∈ TN0 , β ∈ R and g−β ◦ gβ(a) = a

hold, respectively. They are useful in the sequel of the study.

Theorem 2. (See [6].) ep(·, t0) is a solution of

y∆ = p(t)y, t ∈ T, y(t0) = 1. (3)

Remark 2. Let t ∈ TN0 , p(t) = λ and t0 = a. The solution ep(t, t0) is reduced to
eλ(t, a). It also holds that

e∆
λ (t, a) =

{
λ(1 + hλ)(t−a)/h, h 6= 0,

λeλ(t−a), h = 0.

3 Exponential fractional sum

Consider the initial value problem of the dynamic equation

T∆n,eλx(t) = f(t), t ∈ Ta,

T∆i,eλx(a) = 0, i = 0, 1, . . . , n− 1,
(4)

where

T∆eλx(t) := T∆1,eλx(t) =
1

e∆
λ (t, a)

x∆(t)

and

T∆n,eλx(t) := T∆eλ · · · T∆eλ︸ ︷︷ ︸
n

x(t).

On the time scale TN0 , the unique solution of (4) is

x(t) =

t∫
a

∆t1

t1∫
a

∆t2 · · ·
tn−2∫
a

∆tn−1

· · ·
tn−1∫
a

e∆
λ (t1, a)e∆

λ (t2, a)e∆
λ (tn−1, a)e∆

λ (s, a)f(s) ∆s

=
1

(n− 1)!

ρn−1(t)∫
a

(
eλ(t, a)− eλ(σ(s), a)

)n−1

h
e∆
λ (s, a)f(s) ∆s,
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where the kernel function reads(
eλ(t, a)− eλ(σ(s), a)

)n−1

h
=

n−2∏
i=0

(
eλ(t, a)− eλ(σ(s), a)− ih

)
.

Definition 4 [h-factorial function]. For t and α ∈ R, the factorial function is given by

t
α
h := hα

Γ( th + 1)

Γ( th + 1− α)
, t ∈

{
αh, (1 + α)h, . . .

}
. (5)

Here Γ is Euler gamma function.

Definition 5. Let f : TN0
→ R and 0 < α. The exponential fractional sum is given by

T∆−α,eλa f(t)

:=
1

Γ(α)

ρα−1(t)∫
a

(
eλ(t, a)− eλ

(
σ(s), a

))α−1

h
e∆
λ (s, a)f(s) ∆s, t ∈ TN0+α. (6)

Remark 3.
(i) By (5), the exponential fractional discrete kernel function can be rewritten as

(
eλ(t, a)− eλ

(
σ(s), a

))α−1

h
= hα−1 Γ( eλ(t,a)−eλ(σ(s),a)

h + 1)

Γ( eλ(t,a)−eλ(σ(s),a)
h + 2− α)

.

(ii) For p(t) = λ > 0 in Eq. (3), e∆
λ (t, a) > 0, that is, eλ(t, a) is a strictly mono-

tonically increasing function such that (6) is well defined.
(iii) By use of the function gν in (2), the integer-order sum is rewritten as

T∆−n,eλa f(t) =
h

Γ(n)

g−n(t)∑
s=a

(
eλ(t, a)− eλ

(
σ(s), a

))n−1

h
f(s), t ∈ TN0+n.

Generally, the exponential fractional-order sum reads

T∆−α,eλa f(t) =
h

Γ(α)

g−α(t)∑
s=a

(
eλ(t, a)− eλ

(
σ(s), a

))α−1

h
f(s), t ∈ TN0+α.

4 Exponential fractional differences

Next, the exponential fractional difference is defined in terms of exponential fractional-
order sum.

Definition 6. Let f : TN0
→ R, 0 < α, M = dαe, and let d·e is the ceiling function. The

fractional difference of the exponential type is defined by

T∆α,eλ
a f(t) := T∆M,eλT∆−(M−α),eλ

a f(t), t ∈ TN0+M−α. (7)
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Remark 4. For arbitrary M ∈ N1, the integer-order difference’s domain is

D
{
T∆M,eλf

}
= D{f},

whereas the fractional-order difference is

D
{
T∆α,eλ

a f
}

= TN0+M−α.

Theorem 3. Suppose f : TN0
→ R, 0 < α and M = dαe. The fractional-order differ-

ence (7) equals to

T∆α,eλ
a f(t) =

1

Γ(−α)

ρ−α−1(t)∫
a

(
eλ(t, a)− eλ

(
σ(s), a

))−α−1

h
e∆
λ (s, a)f(s) ∆s,

and T∆α,eλ
a f(t) = T∆M,eλf(t) if α = M , where t ∈ TN0+M−α.

Proof. In the case α = M , according to the definition, it is easy to give

T∆α,eλ
a f(t) = T∆M,eλf(t).

In the case M − 1 < α < M , we rewrite Eq. (7) as

T∆α,eλ
a f(t)

= T∆M,eλ

[
h

Γ(M − α)

g−(M−α)(t)∑
s=a

(
eλ(t, a)− eλ

(
σ(s), a

))M−α−1

h
f(s)

]

= T∆M−1,eλT∆1,eλ

[
h

Γ(M − α)

g−(M−α)(t)∑
s=a

(
eλ(t, a)− eλ

(
σ(s), a

))M−α−1

h
f(s)

]

=
T∆M−1

Γ(M − α)

[ g−(M−α−1)(t)∑
s=a

(
eλ
(
σ(t), a

)
− eλ

(
σ(s), a

))M−α−1

h
f(s)

−
g−(M−α)(t)∑

s=a

(
eλ(t, a)− eλ

(
σ(s), a

))M−α−1

h
f(s)

]

=
T∆M−1

Γ(M − α)

{g−(M−α)(t)∑
s=a

f(s)
[(
eλ
(
σ(t), a

)
− eλ

(
σ(s), a

))M−α−1

h

−
(
eλ(t, a)− eλ

(
σ(s), a

))M−α−1

h

]
+ hM−α−1Γ(M − α)f

(
g−(M−α−1)(t)

)}

=
T∆M−1

Γ(M − α)

{ g−(M−α)(t)∑
s=a

f(s)h
(
eλ(t, a)− eλ

(
σ(s), a

))M−α−2

h
(M − α− 1)
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+ hM−α−1Γ(M − α)f
(
g−(M−α−1)(t)

)}

= T∆M−1

(g−(M−α−1)(t)∑
s=a

h

Γ(M − α− 1)
f(s)

(
eλ(t, a)− eλ

(
σ(s), a

))M−α−2

h

)
.

Repeat M − 1 times to obtain

T∆α,eλ
a f(t)

= T∆M−2,eλ

[ g−(M−α−2)(t)∑
s=a

h

Γ(M − α− 2)
f(s)

(
eλ(t, a)− eλ

(
σ(s), a)

)M−α−3

h

]

= T∆M−M,eλ

[
gα(t)∑
s=a

h

Γ(−α)
f(s)

(
eλ(t, a)− eλ

(
σ(s), a

))−α−1

h

]

=
1

Γ(−α)

gα(t)∑
s=a

e∆
λ (s, a)f(s)

(
eλ(t, a)− eλ

(
σ(s), a

))−α−1

h
µ(s).

The proof is completed.

We now can directly give the Caputo-like difference, which can be considered as
a discrete version of [10, 11].

Definition 7. Let f : TN0
→ R, 0 < α andM = dαe. The exponential Caputo difference

of order α is defined by

C
T∆α,eλ

a f(t) := T∆−(M−α),eλ
a T∆M,eλf(t), t ∈ TN0+M−α.

Theorem 4. Let f : TN0
→ R, 0 < α andM = dαe. For t = gα+N−1(a) and s = gj(a),

the following numerical scheme of the fractional-order sum is obtained:

T∆−α,eλa f(t) =
hα

Γ(α)

N−1∑
j=0

Γ(N − j + 1 + α)

Γ(N − j)
f
(
gj(a)

)
.

For t = gM+N−1−α(a) and s = gj(a), j = 0, 1, . . . ,M +N − 1, numerical schemes of
the fractional differences are

T∆α,eλ
a f(t) =

h−α

Γ(−α)

M+N−1∑
j=0

Γ(M +N − j − 1− α)

Γ(M +N − j)
f
(
gj(a)

)
and

C
T ∆α,eλ

a f(t) =
hM−α

Γ(M − α)

M+N−1∑
j=0

Γ(M +N − j − 1− α)

Γ(M +N − j) T∆M,eλf
(
gj(a)

)
,

respectively.
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5 Fractional composition rules

Next, consider several compositions of exponential fractional-order sum and difference.

Lemma 1. Let β > 0. Then

T∆1,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

= β
(
eλ(t, a)− eλ(a, a)

)β−1

h
, t ∈ TN0+β .

In addition, for α > 0,

T∆−α,eλgβ(a)

(
eλ(t, a)− eλ(a, a)

)β
h

=
Γ(β + 1)

Γ(β + 1 + α)

(
eλ(t, a)− eλ(a, a)

)β+α

h
, t ∈ TN0+α+β , (8)

and

T∆α,eλ
gβ(a)

(
eλ(t, a)− eλ(a, a)

)β
h

=
Γ(β + 1)

Γ(β + 1− α)

(
eλ(t, a)− eλ(a, a)

)β−α
h

, t ∈ TN0+β+M−α.

Proof. Suppose t = gn+β(a) ∈ TN0+β , n ∈ N0. Then we obtain

T∆1,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

=
1

e∆
λ (t, r)

((
eλ(t, a)− eλ(a, a)

)β
h

)∆
=

(eλ(σ(t), a)− eλ(a, a))
β

h −
(
eλ(t, a)− eλ(a, a)

)β
h

eλ(σ(t), a)− eλ(t, a)

= βhβ−1 Γ(n+ β + 1)

Γ(n+ 2)
and (

eλ(t, a)− eλ(a, a)
)β−1

h
= hβ−1 Γ(β + n+ 1)

Γ(n+ 2)
.

Thus, we arrive at

T∆1,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

= β(eλ(t, a)− eλ(a, a)
)β−1

h
. (9)

Next, utilize mathematical induction to prove

T∆M,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

=
Γ(β + 1)

Γ(β −M + 1)

(
eλ(t, a)− eλ(a, a)

)β−M
h

. (10)

When M = 1, according to (9), the fractional difference of the power-law function (10)
holds. Suppose that the following holds for M = k:

T∆k,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

=
Γ(β + 1)

Γ(β + 1− k)

(
eλ(t, a)− eλ(a, a)

)β−k
h

.
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Then

T∆k+1,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

=
1

e∆
λ (t, a)

[
T∆k,eλ

(
eλ(t, a)− eλ(a, a)

)β
h

]∆
=

1

e∆
λ (t, a)

[
Γ(β + 1)

Γ(β + 1− k)

(
eλ(t, a)− eλ(a, a)

)β−k
h

]∆

= hβ−(k+1) Γ(β + 1)

Γ(β − k)

Γ(n+ β + 1)

Γ(n+ 2 + k)

and

Γ(β + 1)

Γ(β + 1− (k + 1))

(
eλ(t, a)− eλ(a, a)

)β−(k+1)

h

=
Γ(β + 1)

Γ(β − k)
hβ−(k+1) Γ( eλ(t,a)−eλ(a,a)

h + 1)

Γ( eλ(t,a)−eλ(a,a)
h + 1− (β − (k + 1)))

= hβ−(k+1) Γ(β + 1)

Γ(β − k)

Γ(n+ β + 1)

Γ(n+ k + 2)
.

Therefore,

T∆k+1,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

=
Γ(β + 1)

Γ(β − k)

(
eλ(t, a)− eλ(a, a)

)β−(k+1)

h
.

As a result, for arbitrary M ∈ N1,

T∆M,eλ
(
eλ(t, a)− eλ(a, a)

)β
h

=
Γ(β + 1)

Γ(β + 1−M)

(
eλ(t, a)− eλ(a, a))

β−M
h

holds.
Next, we prove (8) in two cases. For h = 1 and t ∈ a+ln(1+N0+α+β)/ ln(1+λ) =

T∗N0+α+β , we have eλ(t, a) ∈ 1 + α+ β + N0. According to the property [13]

∆−vα+µ(t− a)µ =
Γ(µ+ 1)

Γ(µ+ 1 + v)
(t− a)µ+v,

there is

T∗∆−α,eλg?β(a)

(
eλ(t, a)− eλ(a, a)

)β
=

Γ(β + 1)

Γ(β + 1 + α)

(
eλ(t, a)− eλ(a, a)

)α+β
,

where g?β(a) = a+ ln(1 + β)/ ln(1 + λ).
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When h 6= 1,

T∆−α,eλgβ(a)

(
eλ(t, a)− eλ(a, a)

)β
h

=
h

Γ(α)

g−α(t)∑
s=gβ(a)

(
eλ(t, a)− eλ(σ(s), a)

)α−1

h

(
eλ(t, a)− eλ(a, a)

)β
h

=
hα+β

Γ(α)

gα(t)∑
s=gβ(a)

Γ( eλ(t,a)−eλ(σ(s),a)
h + 1)

Γ( eλ(t,a)−eλ(σ(s),a)
h − α+ 2)

Γ( eλ(t,a)−eλ(a,a)
h + 1)

Γ( eλ(t,a)−eλ(a,a)
h + 1− β)

.

For t = gk+α+β(a), k ∈ N0, and s = gk+β(a), one can obtain

eλ(t, a)− eλ(σ(s), a)

h
=

(1 + hλ)(t−a)/h − (1 + hλ)(σ(s)−a)/h

h
= α+ β + k − (β + k + 1).

On T∗N0+α+β , suppose t∗ = g?k+α+β(a) and s∗ = g?k+β(a) such that

eλ
(
t∗, a)− eλ

(
σ(s∗

)
, a
)

= α+ β + k − (β + k + 1).

Thus,

eλ(t, a)− eλ(σ(s), a)

h
= eλ(t∗, a)− eλ

(
σ(s∗), a

)
and

T∆−α,eλgβ(a)

(
eλ(t, a)− eλ(a, a)

)β
h

=
hα+β

Γ(α)

g?−α(t?)∑
s=g?β(a)

Γ(eλ(t∗, a)−eλ(σ(s∗), a)+1)Γ(eλ(t∗, a)−eλ(a∗, a)+1)

Γ(eλ(t∗, a)−eλ(σ(s∗), a)−α+2)Γ(eλ(t∗, a)−eλ(a∗, a)+1−β)

=
hα+β

Γ(α)

g?−α(t?)∑
s=g?β(a)

(
eλ(t∗, a)− eλ

(
σ(s∗), a

))α−1(
eλ(t∗, a)− eλ(a∗, a)

)β
= hα+β

T∆−α,eλs=g?β(a)

(
eλ(t∗, a)− eλ(a∗, a)

)β
= hα+β

(
eλ(t∗, a)− eλ(a∗, a)

)β+α Γ(β + 1)

Γ(β + α+ 1)

=
Γ(β + 1)

Γ(β + α+ 1)

(
eλ(t, a)− eλ(a, a)

)β+α

h
.
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Finally, we give

T∆α,eλ
gβ(a)

(
eλ(t, a)− eλ(a, a)

)β
h

= T∆M,eλ

[
T∆
−(M−α),eλ
gβ(a)

(
eλ(t, a)− eλ(a, a)

)β
h

]
= T∆M,eλ

[
Γ(β + 1)

Γ(M − α+ β + 1)

(
eλ(t, a)− eλ(a, a)

)M−α+β

h

]
=

Γ(β + 1)

Γ(β − α+ 1)

(
eλ(t, a)− eλ(a, a)

)β−α
h

. �

Theorem 5. Let f : TN0 → R and α, β > 0. The following semigroup property holds:

T∆−α,eλgβ(a) T∆−β,eλa f(t) = T∆−α−β,eλa f(t)

= T∆−β,eλgα(a) T∆−α,eλa f(t), t ∈ TN0+α+β .

Proof. Since f : TN0
→ R, α, β > 0 and t ∈ TN0+α+β , we give

T∆−α,eλgβ(a) T∆−β,eλa f(t) =
1

Γ(α)

g−α(t)∑
s=gβ(a)

(
eλ(t, a)− eλ(σ(s), a)

)α−1

h

× h
g−β(s)∑
τ=a

1

Γ(β)

(
eλ(s, a)− eλ(σ(τ), a)

)β−1

h
hf(τ)

=
1

Γ(β)

g−(α+β)(t)∑
τ=a

hf(τ)T∆−αgβ(a)

(
eλ(t, a)− eλ(σ(τ), a)

)β−1

h

=
1

Γ(α+ β)

g−(α+β)(t)∑
τ=a

[(
eλ(t, a)− eλ

(
σ(τ), a

))α+β−1

h
f(τ)h

]
=

1

Γ(α+ β)
T∆−(α+β)

a f(t).

For arbitrary α and β,

T∆−α,eλgβ(a) T∆−β,eλa f(t) = T∆−α−β,eλa f(t) = T∆−β,eλgα(a) T∆−α,eλa f(t)

holds. So the proof is completed.

Theorem 6. Assume f : TN0 → R, M ∈ N1, M − 1 < α 6 M . When k ∈ N1, the
propositions are as follows:

T∆k,eλT∆−α,eλa f(t) = T∆k−α,eλ
a f(t), t ∈ TN0+α, (11)

T∆k,eλT∆α,eλ
a f(t) = T∆k+α,eλ

a f(t), t ∈ TN0+M−α.
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Proof. For α = M and t ∈ TN0+1, we get

T∆1,eλT∆−1,eλ
a f(t) =

1

e∆
λ (t, a)

[ t∫
a

e∆
λ (s, a)f(s) ∆s

]∆

(t)

=
1

e∆
λ (t, a)

∑ρ(σ(t))
s=t e∆

λ (s, a)f(s)µ(s)

µ(t)

= f(t).

In addition, for t ∈ TN0+k and q ∈ N1, we give

T∆q,eλT∆−q,eλa f(t) = T∆q−1,eλ
[
T∆1,eλT∆−1,eλ

gk−1(a)

(
T∆−(q−1),eλ

a f(t)
)]

= T∆q−1,eλT∆−(q−1),eλ
a f(t) = · · · = f(t).

Thus, for arbitrary t ∈ TN0+M ,

T∆k,eλT∆−M,eλ
a f(t) = T∆k−M,eλ

[
T∆M,eλT∆−M,eλ

a f(t)
]

= T∆k−M,eλf(t)

holds for k >M . When k < M , we obtain

T∆k,eλT∆−M,eλ
a f(t) = T∆k,eλT∆−k,eλgM−k(a)T∆−(M−k),eλ

a f(t) = T∆k−M,eλ
a f(t)

As a result, the proof of proposition (11) is completed.
For M − k < α < M and t ∈ TN0+M−α,

T∆1,eλT∆α,eλ
a f(t) = T∆1,eλ

[
1

Γ(−α)

gα(t)∑
s=a

(
eλ(t, a)− eλ(σ(s), a)

)−α−1

h
f(s)h

]

=
1

Γ(−(1 + α))

gα+1(t)∑
s=a

[
(eλ(t, a)− eλ(σ(s), a)

)−α−2

h
f(s)h

]
= T∆α+1,eλ

a f(t)

holds.
As a result, for arbitrary t ∈ TN0+M−α and q ∈ N1, one can get

T∆q,eλT∆α,eλ
a f(t) = T∆q−1,eλT∆1,eλT∆α,eλ

a f(t) = T∆q−1,eλT∆α+1,eλ
a f(t)

= · · · = T∆q+α,eλ
a f(t). �

From Theorem 6 it is easy to derive the theorems.

Theorem 7. Let f : TN0 → R, β > 0 and M − 1 < α 6M . Then

T∆α,eλ
gβ(a)T∆−β,eλa f(t) = T∆α−β,eλ

a f(t), t ∈ TN0+β+M−α.
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Theorem 8. Let f : TN0
→ R, α > 0, k ∈ N1 and t ∈ TN0+α. Then

T∆−α,eλa T∆k,eλf(t) = T∆k−α,eλ
a f(t)−

k−1∑
j=0

(eλ(t, a)− 1)
α−k+j

h

T (α+ j − k + 1)
T∆j,eλf(a). (12)

When 0 < β,M = dβe and t ∈ TN0+M−β+α, the following composition law holds:

T∆−α,eλgM−β(a)T∆β,eλ
a f(t)

= T∆β−α,eλ
a f(t)

−
M−1∑
j=0

(eλ(t, a)− eλ(gM−β(a)))
α−M+j

h

Γ(α+ j −M + 1)
T∆j−M+β,eλ

a f
(
gM−β(a)

)
.

Proof. For k = 1, we obtain

T∆−α,eλa T∆1,eλf(t)

=
1

Γ(α)

t∫
a

(
eλ(t, a)− eλ

(
σ(s), a)

)α−1

h
e∆
λ (s, a)

(
T∆1,eλf(s)

)
∆s

=
1

Γ(α)

t∫
a

(
eλ(t, a)− eλ(σ(s), a)

)α−1

h
f∆(s)∆s

=
1

Γ(α− 1)

t∫
a

(
eλ(t, a)− eλ(σ(s), a)

)α−2

h
e∆
λ (s, a)f(s) ∆s

−
(eλ(t, a)− eλ(a, a))

α−1

h

Γ(α)
f(a)

= T∆1−α,eλ
a f(t)−

(eλ(t, a)− eλ(a, a))
α−1

h

Γ(α)
f(a).

Let (12) holds for the case k = n− 1. Then it follows that

T∆−α,eλa T∆n,eλf(t)

= T∆−α,eλa T∆1,eλT∆n−1,eλf(t)

= T∆1−α,eλ
a T∆n−1,eλf(t)− 1

Γ(α)

(
eλ(t, a)− eλ(a, a)

)α−1

h T∆n−1,eλf(a)

= T∆1,eλT∆n−1,eλT∆−α,eλa f(t)

−
n−2∑
j=0

(eλ(t, a)− eλ(a, a))
α−n+j+1

h

Γ(α+ j − n+ 2)
T∆j,eλf(a)

− 1

Γ(α)

(
eλ(t, a)− eλ(a, a)

)α−1

h T∆n−1,eλf(a)
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= T∆n,eλT∆−α,eλa f(t)−
n−1∑
j=0

(eλ(t, a)− eλ(a, a))
α−n+j

h

Γ(α+ j − n+ 1)
T∆j,eλf(a)

= T∆n−α,eλ
a f(t)−

n−1∑
j=0

(eλ(t, a)− eλ(a, a))
α−n+j

h

Γ(α+ j − n+ 1)
T∆j,eλf(a).

For arbitrary k ∈ N1, equality (12) holds.
For α and M − 1 < β 6M , we give

T∆−α,eλgM−β(a)T∆β,eλ
a f(t)

= T∆M−α,eλ
gM−β(a)T∆−(M−β),eλ

a f(t)

−
M−1∑
j=0

(eλ(t, a)− eλ(gM−β(a)))
α−M+j

h

Γ(α+ j −M + 1)
T∆j,eλT∆−(M−β),eλ

a f
(
gM−β(a)

)
= T∆β−α,eλ

a f(t)

−
M−1∑
j=0

(eλ(t, a)− eλ(gM−β(a)))
α−M+j

h

Γ(α+ j −M + 1)
T∆j−M+β,eλ

a f
(
gM−β(a)

)
. �

Theorem 9. Suppose f : TN0 → R , 0 < α, β, L = dαe and M = dβe. The fractional
difference

T∆α,eλ
gM−β(a)T∆β,eλ

a f(t)

= T∆α+β,eλ
a f(t)

−
M−1∑
j=0

[
(eλ(t, a)− eλ(gM−β(a)))

−α−M+j

h

Γ(−α+ j −M + 1)
T∆j−M+β,eλf

(
gM−β(a)

)]

holds for t ∈ TN0+L−α+M−β .

Proof. Since t ∈ TN0+L−α+M−β , we get

T∆α,eλ
gM−β(a)T∆β,eλ

a f(t)

= T∆L,eλT∆
−(L−α),eλ
gM−β(a) T∆β,eλ

a f(t)

= T∆α+β,eλ
a f(t)

−
M−1∑
j=0

[
T∆L,eλ(eλ(t, a)−eλ(gM−β(a), a))

L−M+j−α
h

Γ(L+ j −M + 1− α)
T∆j−(M−β),eλ

a f
(
gM−β(a)

)]
= T∆α+β,eλ

a f(t)

−
M−1∑
j=0

(eλ(t, a)−eλ(gM−β(a)))
−α−M+j

h

Γ(−α−M + j + 1)
∆j−M+β,eλ
a f

(
gM−β(a)

)
. �
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Theorem 10. Suppose F (x(·), ·) : TN0
→ R and 0 < α 6 1. The Cauchy problem

T∆α,eλ
a x(t) = F

(
x
(
gα−1(t)

)
, gα−1(t)

)
, t ∈ TN0+1−α,

T∆α−1,eλ
a x

(
g1−α(a)

)
= C,

(13)

is equivalent to the fractional sum equation

x(t) =
(eλ(t, a)− eλ(g1−α(a), a))

α−1

h

Γ(α)
C

+ T∆−α,eλg1−α(a)F
(
x
(
gα−1(t)

)
, gα−1(t)

)
, t ∈ TN1 . (14)

Proof. Since φ(t) is the solution of (13), then we give

T∆α,eλ
a φ(t) = F

(
φ(gα−1(t)), gα−1(t)

)
, t ∈ TN0+1−α,

T∆α−1,eλ
a φ

(
g1−α(a)

)
= C.

According to Theorem 8, we obtain

φ(t) =
(eλ(t, a)− eλ(g1−α(a), a))

α−1

h

Γ(α)
T∆α−1,eλ

a φ
(
g1−α(a)

)
+ T∆−α,eλg1−α(a)F

(
φ(gα−1(t)

)
, gα−1(t)

)
.

From the initial value condition we get

φ(t) =
(eλ(t, a)− eλ(g1−α(a)))

α−1

h

Γ(α)
C

+ T∆−α,eλg1−α(a)F
(
φ
(
gα−1(t)

)
, gα−1(t)

)
, t ∈ TN1

.

Thus, φ(t) is a solution of (14).
If φ(t) is a solution of (14), we give

T∆α,eλ
a φ(t) =

T∆α,eλ
a (eλ(t, a)− eλ(g1−α(a), a))

α−1

h

Γ(α)
C

+ T∆α,eλ
a T∆−α,eλg1−α(a)F

(
φ
(
gα−1(t)

)
, gα−1(t)

)
.

Due to
T∆α,eλ

a

(
eλ(t, a)− eλ

(
g1−α(a), a

))α−1

h
= 0,

we get

T∆α,eλ
a T∆−α,eλg1−α(a)F

(
φ
(
gα−1(t)

)
, gα−1(t)

)
= T∆α,eλ

g1(a)T∆−α,eλg1−α(a)F
(
φ
(
gα−1(t)

)
, gα−1(t)

)
= F

(
φ
(
gα−1(t)

)
, gα−1(t)

)
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and
T∆α,eλ

a φ(t) = F
(
φ
(
gα−1(t)

)
, gα−1(t)

)
.

In addition, we also can take the fractional sum of order 1 − α to check the initial
condition

T∆α−1,eλ
a φ(t) =

T∆α−1,eλ
a

(
eλ(t, a)− eλ

(
g1−α(a), a

))α−1

h

Γ(α)
C

+ T∆α−1,eλ
a T∆−α,eλg1−α(a)F

(
φ
(
gα−1(t)

)
, gα−1(t)

)
and

1

Γ(α)
T∆α−1,eλ

a

(
eλ(t, a)− eλ

(
g1−α(a), a

))α−1

h
= 1.

Thus,

T∆α−1,eλ
a φ(t) = C + T∆α−1,eλ

g1(a) T∆−α,eλg1−α(a)F
(
φ
(
gα−1(t)

)
, gα−1(t)

)
= C + T∆−1,eλ

g1−α(a)F
(
φ
(
gα−1(t)

)
, gα−1(t)

)
.

Due to

T∆−1,eλ
g1−α(a)F

(
φ
(
gα−1(a)

)
, gα−1(a)

)
= 0,

we get

T∆α−1,eλ
a φ

(
gα−1(a)

)
= C.

Thereby, φ(t) is the solution of (13) from which the proof is completed.

We define a Mittag-Leffler function as

εα,α
(
η, (t− σ(a)

)α
)

:=

∞∑
k=0

ηk
(eλ(t, a)− eλ(g(k+1)(1−α)(a), a))

(k+1)α−1

h

Γ(kα+ α)
, t ∈ TN1

.

The uniform convergence can be proved by d’Alembert’s criterion.

Example 2. Consider an exponential fractional discrete-time equation

T∆α,eλ
a x(t) = ηx

(
gα−1(t)

)
, t ∈ TN0+1−α, 0 < α 6 1,

T∆α−1,eλ
a x

(
g1−α(a)

)
= C.

(15)

According to Theorem 10, we derive

x(t) =
(eλ(t, a)− eλ(g1−α(a), a)

α−1

h

Γ(α)
C

+ ηT∆−α,eλg1−α(a)x
(
gα−1(t)

)
, t ∈ TN1 . (16)
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We obtain that

xk+1(t) = x0(t) + η T∆−α,eλg1−α(a)xk
(
gα−1(t)

)
, t ∈ TN1

,

where k ∈ N0, and the initial iteration x0(t) reads

x0(t) =
(eλ(t, a)− eλ(g1−α(a), a))

α−1

h

Γ(α)
C, t ∈ TN1 .

Then we give the iteration scheme as

xn+1(t) = C

n+1∑
k=0

ηk
(eλ(t, a)− eλ(g(k+1)(1−α)(a), a))

(k+1)α−1

h

Γ(kα+ α)
, t ∈ TN1 .

Finally, we present the solution of (15) as

x(t) = Cεα,α
(
η,
(
t− σ(a)

)α)
, t ∈ TN1 .

We can give exact values of the solution or the discrete Mittag-Leffler function. Set
tk = a + ln(1 + kh)/ ln(1 + hλ)h and s = a + (ln(1 + (j + 1 − α)h)/ ln(1 + hλ))h,
then eλ(tk, a) = 1 + kh and eλ(s, a) = 1 + (j+ 1−α)h such that the numerical scheme
of (16) reads

x(tk) = hα−1 Γ(k + α)

Γ(α)Γ(k + 1)
C + ηhα

k−1∑
j=0

Γ(k − 1− j + α)

Γ(α)Γ(k − j)
x(tj).

We need the following theorem to discuss the asymptotic stability.

Theorem 11. (See [3].) If the isolated zeros, off the nonnegative real axis, of

Q(z) = 1− ηhα

z

(
z

z − 1

)α
strictly inside the unit circle, then

C
T∆α,eλ

a x(t) = ηx
(
gα−1(t)

)
, t ∈ TN0+1−α, 0 < α 6 1,

x(a) = C.

is asymptotically stable.

Example 3. Consider the following fractional discrete relaxation equation:

C
T∆α,eλ

a x(t) = −x
(
gα−1(t)

)
+

β

1 + x(gα−1(t))
, t ∈ TN0+1−α, 0 < α 6 1,

x(a) = C.

(17)
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We get Eq. (17)’s equilibrium points x∗1 = (−1 +
√

1 + 4β)/2 and x∗2 = (−1 −√
1 + 4β)/2, and its linearization equations read

C
T∆α,eλ

a x(t) =
4β
√

1 + 4β

(1 +
√

1 + 4β)2

− 2(
√

1 + 4β + 1 + 4β)

(1 +
√

1 + 4β)2
x
(
gα−1(t)

)
, t ∈ TN0+1−α, (18)

and

C
T∆α,eλ

a x(t) =
−4β
√

1 + 4β

(1−
√

1 + 4β)2

− 2(
√

1 + 4β + 1 + 4β)

(1−
√

1 + 4β)2
x
(
gα−1(t)

)
, t ∈ TN0+1−α.

We only take Eq. (18) as an example. The other one is similar to analyze. Using the
transform y(t) = x(t)− x∗1(t), the fractional difference equation (18) can be rewritten as

C
T∆α,eλ

a y(t) = ηy
(
gα−1(t)

)
, t ∈ TN0+1−α, 0 < α 6 1,

where η = −2(
√

1 + 4β + 1 + 4β)/(1 +
√

1 + 4β)2.
According to Theorem 11, the coefficient β should satisfy

2(
√

1 + 4β + 1 + 4β)

(1 +
√

1 + 4β)2
=

1

hα
|z|1−α

(
|z|+ 1

)α
, 0 < |z| < 1.

As a result, β can be determined as

−1

4
< β <

1

(4(h2 )α − 2)2
− 1

4
if h > 21−1/α,

or

β > −1

4
if h 6 21−1/α.

Equation (17) is local asymptotically stable.
Let α = 0.5 and α = 0.6, respectively. Set λ = 1, h = 0.1, β = 1.5 and x(a) =

0.6, 0.9 near x∗1 = 0.823. These parameters satisfy the asymptotic stability conditions.
The numerical illustrations support the theoretical results in Fig. 1.

We reconsider the standard h-fractional difference equation with power-law memory
effects

C
h∆α

ax(t) = −x(t+ αh− h) +
β

1 + x(t+ αh− h)
,

t ∈ (hN)a+(1−α)h, 0 < α 6 1,

x(a) = C.

(19)

where C
h∆α

ax(t) is the Caputo h-difference [5, 19]. Within the same parameters, we can
observe that the exponential fractional difference equation (17) exhibits a shorter tail in
Fig. 2.
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(a) α = 0.5 (b) α = 0.6

Figure 1. Numerical solutions of Example 3.

(a) α = 0.5 (b) α = 0.6

Figure 2. Exponential fractional difference versus the Caputo h-difference [19]: the black point – Eq. (17); the
red circle – Eq. (19).

6 Conclusions

Since the time-scale theory provides an exact discretization method for the continuous
fractional calculus, we turn to the classical way on the set (1), and we define a discrete
exponential fractional calculus. We report some often-used propositions and theorems,
which are useful for qualitative analysis of fractional difference equations. Compared
with the classical discrete fractional calculus, our definitions show different memory
effects, which provide an alternative tool in discrete modeling such as image processing,
population dynamics et al. In addition, there are more problems needed to be addressed,
for example, numerical analysis, stability theory and what is the relationship between the
discrete and continuous-time systems. We also need a comparative study of the different
fractional differences or equations to determine which fractional difference is the most
efficient.
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