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Abstract. In this paper, we focus on the uniqueness and iterative properties of solutions for
a singular k-Hessian system involving coupled nonlinear terms with different properties. Unlike the
existing work, instead of directly dealing with the system, we use a coupled technique to transfer the
Hessian system to an integral equation, and then by introducing an iterative technique, the iterative
properties of solution are derived including the uniqueness of solution, iterative sequence, the error
estimation and the convergence rate as well as entire asymptotic behaviour.
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1 Introduction

In this paper, we shall establish some new results on the uniqueness and iterative proper-
ties of radial solutions for the following singular coupled k-Hessian system:

(=1)*S* (u(D?u)) = fi(lz],v) in Q2 C RN (k<N < 2k),
(=1)*S* (u(D*0)) = fo(jz],u) in 2 C RN (k< N < 2k), ey
u=v=0 ondf2,

where (2 is a unit ball, and the nonlinear terms in the system have the opposite monotonic-
ity, that is, f1 € C((0,1) x [0, +00), [0, +00)) is increasing in the second variable, and
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f2 € C((0,1) x (0, +00), [0, +00)) is decreasing in the second variable, so fi, fo may
be singular at |z| = 0, || = 1, and f, may have singularity at space variable v = 0.

In system (1), the operator Sy (u(D?u)) is called Hessian operator, which is defined
by the sum of the kth principal minors of the Hessian matrix D?u, i.e.,

Sk(:u(D2u)): Z Moy Pig = -7 iy k:1a27"'7N'
1< <ie< - <ip <N
In particular,
N N
Sh (,u(D2u)) = Zui = Au, SN (M(DQu)) = Hui = det (DQu)
i=1 i=1

are the Laplace operator [23,25,32,55] and the Monge—Ampére operator [9,10,16,19,22,
26,28,29], respectively. However, for 1 < k < N, Si(u(D?u)) is a second-order fully
nonlinear differential operator. It is well known that the Hessian operator can describe the
local curvature of a function of multiple variables, so has been usually applied to study
some geometry problems such as the Weingarten curvature and reflector shape design [40]
and Riemannian geometry [31,41] as well as quasilinear parabolic problems [8].

It is necessary to review some existing work related to system (1) for the convenience
of readers. In the case k = 1, Lair [24] considered the existence of entire large solutions
for the following system of semilinear equations:

Au=p(|lz[)v*, =z € RN,

Av = q(|z[)u®, z€R", )
lim wu(z) = lim v(z) = oo,

where p, ¢ are nonnegative continuous functions, 0 < o < 1 and 0 < S < 1. This
implies that the nonlinear terms of system (2) possess the same monotonicity, and exhibit
only a sublinear characteristic. By using an iterative technique and combining with
some estimations, Lair proved a sufficient and necessary condition for system (2) to have
a nonnegative entire large radial solution (u, v), namely, the functions p and ¢ satisfy the
following slow decay conditions:

0/ tp(t) (t / $73Q(s) ds> dt = oo,
7tq(t) <t2_" / s"3P(s) ds)ﬁdt = 00,
0 0

where P(r) = [/ 7p(r)dr and Q(r) = [, 7q(7) d7. In our recent work [58], we gen-
eralized the work in [24] to the following more general modified quasilinear Schrédinger
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elliptic system with a nonconvex diffusion term:

Au+ A([uf*?) [u 2w = p(|al) F (v)x4 (w),
Av + A([o]?) [0 = q(|a]) G(u)xs(v),

lim u(z) = lim v(z) =00 (.e., u,v are large),

where € RY (N > 3), 7,6 > 1/2, xi(s) = /1 + 2i[s[2@~1D, i > 1/2, and
the nonnegative functions p and ¢ are continuous on RY. F, G are also required to
be increasing. When k£ = N, Loewner and Nirenberg [27] considered the existence of
solutions for the Monge—Ampere equation

det (Dzu) =u"* ing, u=0 ondf2.

Recently, by using the regularity theory and sub-supersolution method, Lazer and McKenna
[26] established a uniqueness result for the following Monge—Ampere equation:

det(D*u) = b(z)u™ in {2, u=0 ondf, (3)
where v > 1 and b € C>°(2) is positive. It was proven that there exist positive constants
c1, ¢z such that the unique solution u € C?(£2) NC(£2) satisfies the following asymptotic
property:

crdNHD/(N+7) (z) < u(zx) < codNHD/(N+7) (z) in £,

where d(x) = dist(z, 9¢2). In [30], Mohammed focused on the existence and the global
estimates of solutions for the following Monge—Ampere equation:

det(D?u) = b(z)f(—u) in £, u=0 onds,

where f € C°°((0,00),(0,00)) is decreasing, and b € C°°({2) is positive. In our
recent work [61], by adopting the sub-supersolution method, we established an eigenvalue
interval for the existence of radial solutions for the following singular augmented Hessian
equation:

S/ (u(D*u) + o(@)1) = —f(|2|,u) in By CRY (k < N < 2k),
u=0 ondB,

where By is a unit ball, f : [0, 1] x (0, +00) — (0, +00) is continuous and nonincreasing
in u > 0. For some other related work, we refer the reader to the references [1,2, 15,18,
21,33,43,44,54,57,60, 62].

However, most of the works in the literature require that the nonlinear terms of the
system possess the same character such as [24, 58]. We also notice that f(u) = u® in (2)
and f(u) = uw~" in (3) belong to different type of problems. The former is increasing
and nonsingular, however, the latter is decreasing and can be singular at v = 0. Thus if
the nonlinear terms of the system possess the above different properties, that is, in the
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coupling case of equations (2) and (3), a question arises, namely, does the solution of the
system exist? If so, is the solution unique? To answer this question, in this paper, we will
develop a double iterative technique to construct a new iterative process for deriving the
uniqueness of solutions, an iterative sequence of solution, error estimation, convergence
rate and entire asymptotic properties.

The rest of this paper is organized as follows. Some preliminaries and lemmas are
given in Section 2. The main results are stated in Section 3. An example is given to
illustrate our main results in Section 4.

2 Preliminary results on radial solutions

It is well known that for fully nonlinear differential equations, the best strategy to deal
with them is using the theory and method of nonlinear analysis such as operator theories
[7,13,14,17,39], spaces theories [3-5,11,34,35,46,48,49], smoothness theories [6,12,36—
38,42,47], variational theory [45,50-52,59], fixed point theorem [20,53,63,64], sub-super
solution method [61,62], semigroup approach [50], monotone iterative technique [56] etc.
Thus according to this strategy, in this paper, we shall firstly employ operator theories
and spaces theories to transform the k-Hessian system (1) to a convenient form and then
construct a double iterative process to establish our main results.

Denote the unit open ball 2 := {x € RY: |z| < R}, letr = /22 + 23 + - + 2%,
we need the following lemmas.

Lemma 1. (See [21].) Suppose that ¢(r) € C?(0, R) is radially symmetric and ¢'(0)=0.
Then u(|z|) = ¢(r) € C*(2) satisfies

Mm@—{@%“dw~wﬁﬁm re(0.R),
(6"(0),6"(0),....¢"(0)), r=0,

-

and

O () (S + Ch_ (5 r e (O,R),

T

S““aﬂ@):{cﬁw%mV7 r=0

where r = |z| < R.

Make a radial symmetry transformation (¢(r), ¥ (r)) = (u(|z|), v(|z|) for system (1),
then the following lemma is a direct corollary of Lemma 1.

Lemma 2. The k-Hessian system of equations (1) is equivalent to the following system
of second-order ordinary differential equations:

ot -o'm) (-22) o

e o) (-22) ek (-
¢'(0) = ¢'(0) = 0, o(1) =y(1) =0,

k—1

k
):ﬁmwm,remm
()

+C%_, (—

k-1

“)

k
) :ka(Tad)(r))v T€(071)>
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that is, (¢(r),¥(r)) is a solution of (4) if and only if (u(|z|), v(|z|) is a classical solution
of the k-Hessian system of equations (1).

Now rewrite (4) by the following equivalent form:

rN—k , el pN-1
[ g (—¢>(r>)} e i (nen), re),

TN_k ! N 1
S (V0| = G o), reo, ©

¢'(0) = 4'(0) =0, ¢>(1) =y(1) =0.
By integrating (5), one gets

/1<tN k/tck 1 f1 (5 (s )) )det, r e [0,1],

; k p 1/k
/(tN R ék - 13 (5,6(5)) d ) dt, rel0,1].
0

(6)

Let
1

i 3 N1 1/k
(So)(s) =9(s) = / <€N_k / Cki_lff (1, 0(7)) d7> ¢, sel0,1, (D
0 UN-a

S

then system (6) can be converted into the following coupled nonlinear integral equation:

1/k
o(r) = /(tm/c,“fl (56)(s)) & ) at ey ®

which implies that if ¢(r) is a solution of the integral equation (8), then (¢ (), (S¢)(r)) is
a radial classical solution of equation (4). Consequently, u(|z|), v(|z|) = (¢(r), ¥(r)) =
(¢(r), (S¢)(r)) is a radial classical solution of equation (1). So, in the following, we
shall mainly focus on the integral equation (8).

Let E = C0,1]. It is a Banach space with the norm ||¢|| = max,.c[o 1) |¢(r)|. Define
acone of £

P={¢eC0,1]: ¢(r) >0, r € [0,1]}.

Obviously, it is a normal cone of F with normality constant 1. Now define a nonlinear
operator T: E — E by

1/k
(T0)(0) /(w k/ck ST I (. (50)(9) d ) at, refo.1],

where (S¢)(s) is defined by (7). Thus a fixed point ¢(r) of the operator 7 is a solution
of the integral equation (8).
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3 Main results

In order to proceed the iterative process, the following growth conditions on f; and f;
will be adopted:

F f1:(0,1) x [0,400) — [0,400) is continuous and increasing in the second
variable v, fa : (0,1) x (0,+00) — [0, +00) is continuous and decreasing in the
second variable v and satisfies

= inf fi(r,1—=r*N*®) >0, i=1,2. 9
Xfi re%ﬁl)f(r r ) i ©)

(G) Forany o € (0,1), there exist two constants « and 3 > 0 with 0 < a8 < 1 such
that, for any (¢,u) € (0,1) x (0,+o00) and for any (¢,v) € (0,1) x [0, +00),

filt,o0) = 0P filt,0),  folt,ou) <o falt u). (10)
Remark 1. ¢ > 1, (F) and (G) hold, and by simple computation, one has

fi(t,ov) < Jﬂfl(t7’()), (t,v) € (0,1) x [0, +00),

fa(t,ou) = o= fa(t,u), (t,u) € (0,1) x (0,400). (b

Remark 2. From condition (F) it is not difficult to see that f; and fo may be singular at
t =0andt =1, fo can be singular at u = 0. Let N/k = 3/2, a typical example is

At = (1+ 822 (14 012),
Folt,u) = 713 (1 — £1/2)%/2 =372,

In fact, take « = 1/3, 8 = 2, x5, = Xy, = 1, then f; and f; satisfy assumptions (F)
and (G).

Remark 3. We also give an example to illustrate the full singularity of f; and fo.
Let N/k = 3/2 and

ot v) = V2 (1 — 1/2) T AU
faltsu) = (1= 0222 4 1 ) 2

Thus f7 has singularity at both t = 0 and ¢t = 1, f5 has singularity at botht = 0,¢t = 1
and v = 0. By simple calculation, we have

xpn =1, Xf2 = 2\/5'

Thus (F) holds.
Take o« = 1/3, 8 =2, then 0 < a8 < 1. For any ¢ € (0, 1), we have

fi(t,ov) = t—1/2(1 _ t1/2)—1/40_1/4vl/4

> t=1/2 (1 _ t1/2)_1/402v1/4 _ aﬁfl(t,v)

Nonlinear Anal. Model. Control, 24(1):146-165, 2024
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and
5(t, o) ( t1/2)3/2 [t—1/2 . t>—1/2]0—3/2u—3/2

( t1/2)3/2 [t_1/2 +(1- t)_1/2]o_1/3u_3/2
=0 " fa(t, u).
So f1 and f5 satisfy assumption (G).

In this paper, we shall carry out our work in the following subsets of P:

K = {¢ € P: there exists a number 0 < /4 < 1 such that
1
ly(1— 7”2_N/k) < o(r) < l—(l - TQ_N/k), r €0, 1]}
¢

Theorem 1. Assume that (F)—(G) hold and f;, i = 1, 2, satisfy the conditions
1
0</sN—1ff(s, 1—s*NF)ds < 400, i=1,2. (12)
0

Then we have the following conclusions:

(1) Uniquness. The singular k-Hessian system (1) has a unique classical solution
(¢, S¢") in K;

(i) [Iterative sequence. For any initial value (/30 € K, construct the iterative se-
quences

1

" 1/k
/(tN k/ck 1f1( (Shrm— 1) (s ))d) dt, re€l0,1],

1 t 1/k
- k N-1 -
(S¢m-1)(r) _T/<tjv_k0/2];if__11f§(57¢ml(5))ds> dt, re[0,1].

Then
lim ¢ (r) = 67 (), lim (S¢m—1)(r) = (S¢")(r)

m——+o00 m——+00

uniformly hold for r € [0, 1];

(iii) Error estimation. For the component ¢* of the solution of the k-Hessian sys-
tem (1), the error estimation between ¢* and the mth iterative value QNSm can be
formulated by

fm — ¢*|| < 2¢712(1 = ¢@P™),

where 0 < ( < 1is a positive constant, and hence, a convergence rate is

¢ — ¢*|| = o1 — @A),

https://www.journals.vu.lt/nonlinear-analysis
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(iv) Entire asymptotic behaviour. The unique classical solution (¢*,S¢*) of the
k-Hessian system (1) has entire asymptotic estimation, i.e., there exist two posi-
tive constants 0 < K1, ke < 1 such that for any r € [0, 1],

Iil(l o T,Q*N/k‘) g ¢*(T) g 1431_1(1 . ,,,,27]\[/]@)7
ko (1— TZ_N/k) < (S¢")(r) < ke H(1— TZ_N/k).

Proof. Firstly, we prove that the operator 7: K — K is a completely continuous operator.
To do this, for any ¢ € K, it follows from the definition of K that there exists a constant
0 < Iy < 1 such that

1
lo(1— 2 N/K) < o(t) < (- 2=NEY Dt e0,1]. (13)
¢
Take

B 1 —1/k
1 92 _ ﬂ Ck 1\1/k
Iy = min{g, ( 21)/(@]—\’(;1) /TNilka(T, 1 —TQ*N/’C) dr ,
¢

0
szlgkl/k }

2(01@:11)1%]\71%

By using (10), (13), (12) and combining with the fact that f(¢, ¢) is decreasing in ¢,
we have

kl/kl—a 1 1/k
¢ (/TN—l 21«(7_7 1 _7_2—N/k) dT) (1 _ 82—N/k)

<
(2= RV

1
< l—*(l —s2NEY s e0,1], (14)
[

and
1 1 N1 1/k
<s¢><s>=/<§f_k G (o) d ) a

1

i E N—1 1/k
>/<€N—k/0k 1f2 (T, l;l(l—T2N/k))dT> d¢

S
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1 i S N—1 1/k
«@ T k
>l¢/<§N_k Ok1f2(71—72 N/)d7> de¢

S

X 1 & € N1 1/k
2xpls [\ ev=r | gierdr] &
§ 0 Cn_4

S

Xf2l$k1/k 2 * 2-N/k
2(C,C_l)l/,ﬁ\ﬂ/k( - 2 l(1—s )>0, scl0,1. (15
N—-1

Now according to the monotonicity of f; and (11), (14), one has

i k ; sV-1 HE
(T¢)(T) :/<tN_k0/C§711flk(S’ (S¢)(S)) dS) dt

r

1

B (I) 7 N-1 ¢k 2-N/k o 2-N/k
<(2fﬂ)(0k_1)1/’€ /T fi(r1—1 )dr (1—r )
TRACHE]

0
< oo0. (16)

Thus the operator 7' is uniformly bounded.
On the other hand, forany 0 < r; < o < 1 and ¢ € K, it follows from (11), (12),

(14) that
[(T¢)(r1) — (Th)(r2))|

7 k b N1 1/k
/(tN—k/Ck =11 (s, (S9)(s)) ds> dt
? 1/k 1 1/k
J(ots) " ([t
0

X

;)"
(C]]i’ill)l/k 1

ks 1 1/k
kY (13) s (/TN—lf{c(S, 1— SZ—N/k) d7'>
0

(2= POy
|T‘2 NIk _ 2 N/k|*>0 |T’177’2|*>0,

which implies that T'(K) is equicontinuous.

https://www.journals.vu.lt/nonlinear-analysis
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Next, we show that T'(K) C K. In fact, for any ¢ € K, it follows from (9), (11), (13)

that
1 1/k
/(tN k/ck (5 ><s>)ds> i
/ k sV k 2-N/k v
2/ t]\fi—k/cki—lfl(s’@(lfsi ¥))ds ) e
v 0 N-1
) 1k L ) t 1/k
* N-—1
= (l(b)ﬂXﬁ(O]]i}__ll) /(tN_k /S ds) dt
T 0
1 AN
> 500 (g ) (=)
2 NCNZ,
1 B k Uk( 2 N/Ic)
> —(15)%xy, <_) 1— p2= /Ry, (17)
2 NCKY
Take
1 1/ky —1
- 1 kYR (1) =8
lr, = ming —, — /TNflfk S, 1— s> Nk ar ,
' {3 {<2—§Z><053_11>1/k J i )
1 k 1/k
~(1%)8 . . 18
2(¢) Xfl(NC]]:[_Jl) } (18)

Then it follows from (16) and (17) that
ZT¢ (1 B 7,27N/k) < (T(;S)(’I“) < i;: (1 B 7,27N/k)’

which implies that T'(K) C K. Itis clear that T is a continuous operator, thus T: K — K
is a completely continuous operator.
Secondly, by finding a special initial value, we shall construct an iterative process to
establish the result of the uniqueness of classical solution of the k-Hessian system (1).
Take p(r) = 1 — r2~N/F and 1, = 1/2, then p € K. Since T(K) C K, we have
Tp € K. Thus by (18), we can choose a constant 0 < lTp < 1 such that

lr, p(r) < (Tp)(r) < p(?”)~ (19)

Notice 0 < af < 1, we have lim,_, 4 2-7(1=ab) — (), which implies that there exists
a sufficiently large positive constant g such that

9—v0(1—ap) <lr,. (20)

Nonlinear Anal. Model. Control, 24(1):146-165, 2024
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We fix the initial value ¢g = 2770 p(r) and denote
1 £ 1/k
k N-L L o
(S¢o)(s) = Nk Cki,lfz (r,27%p(r))d7 | d¢, se[0,1]. (2D
] o UN-1
Now let us construct an iterative sequence
1

t 1/k
k sV1
¢1(r) = (T'¢o)(r) = / (Wo/cmff(s,(SqSo)(s)) ds) de,

T
1

i t 1/k
¢2(T) = (TQSI)(T) = / <tN_k Ck 1 fl ( 7(S¢1)(5)) ds) dt? (22)

T

. 1/k
ba(r) = (T 1) (1) /”(tN k]/(ﬁ,lja s¢nll>(>)ds> a.

We assert that the above iterative sequence {¢,, }|55_ satisfies the following inequal-
ities:
o < P2 < < Pam <000 < Pamy1 <00 < @3 < D1 (23)

Now we shall prove the above fact. Firstly, note that the operator 7" is decreasing in ¢,
thus, by using (19)—(22), we have

bo(r) < p(r),
¢1(r) = (T'go)(r) = (Tp)(r) = lz,p(r)
> 27700 p(r) = 298702770 p(r) > o (r)
and then
¢2(r) = (T¢1)(r) < (T'o)(r) = ¢1(r).
Consequently, it follows from (10) and (19)—(20) that
1

! GN-1 1/k
<Mﬂ—mMM—/<J;/Cklﬂxwm@wa at
0

r

1 t 1/k
k sV=1 o
g/ t]\/vi—k'/cvki—lfl (87 2 ’YO(Sp)(S)) ds dt
0 N-1

T
1

¢ 1/k
<2a/3vo/<tNk_k o lfl( (Sp)(s)) ds) dt

r

— 9870 (Tp)(r) < 2aﬂ’Yo ZT:P(T) < 2"/0(1*04/3)2015’Yop(r)
= 27p(r). 24

https://www.journals.vu.lt/nonlinear-analysis
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Now by using the monotonicity of 7" as well as (11), (19) and (24), we have
pa2(r) =T (r) 2 T(2”°p( )

1/k
/(tN k/ck e [ (5. (527p) (s ))ds> dt
1/k

/ (tN / o= 1f1 27°70(Sp)(s)) ds) «

> 27 “‘”“Tp(r) > 2790l p(r) 2 277 p(r) = o,

which implies
b0 < 2 < ¢1.

By induction, inequality (23) holds.
On the other hand, for any ¢ € (0,1), by (G) and (11), one gets

T(cg) < PTo,  T*(co) > @9 T, (25)

Obviously, the operator T2 is nondecreasing with respect to ¢, thus it follows from (24)
and (25) that

bom = Tpam—1(r) = T "¢y = T?™ (27”/010(,"))
=T (2720270 p(r)) = T (T (27 ¢1(r)))
> T2m—2 ((27270) (a5)2T2¢)1(r)) _ p2m—dq2 ((27270) (aﬁ)2T2¢1(r))
> T2m—4((2—270)(a/3)4T4¢1(T)) > (2—2%)(&5)2""T2m¢1 (r)
= (272y0)(a6)2mT2m+1¢0(r) = 27270(&5)2m¢2m+17

which implies
2m
2720 @)™ gy i1 < bam < ot
Thus, for all m,p € N, one has

< P2(m+p) (1) — P2m (1) < P2my1(1) — Pam (1)

< (1 _ 9=270(aB)*™ )¢2m+1 < (1 _ 2—2"/0(05)2m)¢1
< (12720 Y900 (r) (26)
and
0 < P2m+1(r) — P2(map)+1(1) < P2m41(r) — d2m(r)
< (1= 2720270 (), Q7)

Since P is a normal cone with normality constant 1, in view of (26), (27), we obtain

|6msp — Gmll < (1= 2720200 50, — +oc,
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which implies that {¢,, } is a Cauchy sequence of compact set K. Therefore there exists
some ¢* € K such that {¢,,} — ¢* as m — oo satisfying ¢o,, < ¢* < dapy1. Thus
according to the monotonicity of 7', we have

Goam+t2 = Thomy1 <K TO" < Thop, = dam1- (28)

Taking the limit on both sides of (28), one gets ¢*(r) = To*(r), i.e., ¢* is a solution
of the integral equation (8), and then (¢*, S¢*) is a classical solution of the k-Hessian
system (1).

Next, we show that the solution (¢*, S¢*) of the k-Hessian system (1) is unique in
K. Clearly, we only need to prove that ¢*(r) is unique in K. To do this, suppose that
(d), Sd)) is another solution of the k-Hessian system (1). Let g = sup{o > 0|¢) > 00"},
obviously, 01 € (0,+00). Next, we show g1 > 1. If not, one has 0 < g; < 1, which
leads to ~ ~ ~ ,

b =Th=T2>T01¢") > o 120" = o ¢".

It follows from definition of othat o1 > Q:(L On the other hand, since 0 < a8 < 1 and
0 < 01 < 1, we have g( 2 > o1, that is a contradiction. Therefore p; > 1, which yields
ng > ¢*. Following the same strategy, we also have gzNS < ¢*. Thus (5 = ¢*, ie., @™ (r) is
unique in K. Consequently, the solution (¢*, S¢*) of the k-Hessian system (1) is unique
in K.

Finally, we prove the iterative properties of the unique solution (¢*, S¢*) to the
k-Hessian system (1). We choose an initial value QNSO € K and construct an iterative
sequence

O (r) = (Thm-1)(r)

1

t 1/k
k N-1 ~
-/ (tN [ Gt <s¢m-1><5>>ds) e

T

(Sémfl)(s)

1

. 13 TN,1 i 1/k
:/<§W’“/C’]’i,11f§(T’¢m_l(T)) dT) ¢, s€l0,1],
) -

S

where m = 1,2, 3, ... . It follows from T'(K) C K that ¢, = T'dy € K, which implies
that there exist two constants [; , [; € (0, 1) such that

) <P =Too < —p(r), rel0,1]. (29
%o é1

Since limy_, 4 277 = 0, we can take a sufficiently large constant g such that

270 mln{l¢ gl }. (30)
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Thus by (29) and (30), we have

do =27"p(r) < 27*p(r) < Iy p(r) < do,
¢ =2""p(r) <27 p(r) <z p(r) < 1,
which lead to
¢1=T¢o < To = b1, o< 1 < b1, P2 < o< (1)

Thus by continuous iteration for (31), one derives

¢2m(7ﬂ) g é2m+1(r) < ¢2m+1(r)a (32)
<

bam+2(r) < Gami2(r) < Pomp1 (7).
Letting m — oo in (32), we have that ¢,, — ¢* and S¢,, — S¢* uniformly hold for

r € [0, 1].
Moreover, it follows from (26), (27) and (32) that

|S2m+1 — 0" || < || P2ms1 — S2m ()] + || d2m (r) — &7
<[ B2mi1 — dam (r)[| + || d2m (1) — ¢
< 2(1 _ 9=270(a8)* 970
—9¢~1/2 (1- C(ab’)m)
and
|S2m+2 — &°|| < || P2mz — 2mia(r)]| + || G2ms2(r) — &7|
< |[B2mtr = Gamr2(r)|| + || p2maa(r) — ¢
< 2(1 _ 2—270(045)27")270
= 9¢~1/2 (1- C(aﬁ)m)’
which imply that

G — 67| < 2¢7Y2(1 = (@),

where 0 < ¢ = (1/4)7 < 11is a positive constant, which is determined by p and initial
value ¢g. In addition, we also have an exact convergence rate for ¢* that can be formulated

by [lém — 6" = o(1 — (P,
In the end, it follows from ¢* € K and (14)—(17) that there exist two constants
0 < K1, K2 < 1 such that for any r € [0, 1],
K1 (1 _ ,,427N/k) < ¢*(T) < 5171(1 _ T?*N/k)’
Ko (1 — TQ_N/k) < (S¢™)(r) < k2 ' (1 - TZ_N/k).

The proof is completed. O
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4 An example

In this section, we give an example to illustrate our main results.
Example. Let f1(t,v) = (1 +t1/2)2(1 +0'/2), fo(t,u) = t=1/3(1 —t/2)3/24=3/2 and
consider the following singular 3-Hessian system:
(—1)283° (u(D?u)) = (1 +2)* (1 +0"/2) in2 C R%,
(— 1) 1/3( (D)) = t_1/3(1 _ t1/2)3/2u_3/2 in 2 C R, (33)
u=v=0 ondf2,

where (2 is an open unit ball. For the singular 3-Hessian system, the following conclusions
hold:

(1) Uniqueness. The 3-Hessian system (33) has a unique classical radial solution
(¢7,5¢") in K;
(ii) Iterative schemes. For any initial value q~50 € K, construct the iterative sequences

uniformly hold for r € [0, 1];

(iii) Error estimation. For the component ¢* of the solution (¢*,S¢*) of the k-
Hessian system (1), the error estimation between ¢* and the mth iterative value ¢,, can
be formulated by

|G — ¢*|| < 2¢712(1 — ¢/,

where 0 < ¢ < 1 1is a positive constant. Moreover, there is a convergence rate
~ 4/9)m
16m — ¢*[l = o(1 = ¢4/

(iv) Entire asymptotic behaviour. The unique classical solution (¢*,S¢*) of the
k-Hessian system (33) has entire asymptotic estimation, i.e., there exist two positive
constants 0 < k1, k2 < 1 such that for any r € [0, 1],

k(1 — 7’1/3) <o*(r) <wmiH(1- r1/3),
ra(1=r1%) < (S67)(r) < et (1= r1V%),
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Proof. It follows from Remark 2 that f; and f satisfy conditions (F) and (G). So we only
need to check condition (12). In fact, since k = 3, N = 5, we have

1
0< /54]"13(57 1- 51/3) ds= [ s*(1+ 51/2)6(1 +(1- 51/3)1/2)3d5

o _

0

=4.1647 < +o0
and

1 1
0< /54f23(s, 1—s'%)ds = /83(1 — 31/2)9/2(1 — 81/3)79/2(218
0 0

=0.0072 < +o00,
which imply that (12) holds. Thus it follows from Theorem 1 that the above conclusions
hold. O
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