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Abstract. The purpose of this paper is to analyse the local existence and uniqueness of positive
solutions for a Hadamard-type fractional differential equation with nonlocal boundary conditions
on an infinite interval. The technique used to arrive our results depends on two fixed point theorems
of a sum operator in partial ordering Banach spaces. The local existence and uniqueness of positive
solution is given, and we can make iterative sequences to approximate the unique positive solution.
For the illustration of the main results, we list two concrete examples in the last section.
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1 Introduction

In present article, we consider the following form of Hadamard-type fractional boundary
value problem on an infinite interval:

DY x(t) +a(t) f(t, () + b(t)g(t, :U(t)) =0, te(1,+00),

z(1) =2'(1) =0, DT 2 (400) ZaHIHx )+ CZUJ z(&;), M

where D¢ ‘. is the Hadamard-type fractional derivative of order o, 2 < a < 3; Hy {311
is the Hadamard-type fractional integral of order 5; > 0 (i = 1,2,...,m); 1 < n <
§1 <& <o <&y < HFoos 604,05 200 =1,2,...,m,j =1,2,...,n) are given
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constants with
I'(a) — iaiil"(a) (Inp)ethi-1 — czn:oj(lngj)o‘_l =A>0,
—~ T(a+5) ot

a,be C(J,R"), f,g e C(J x RT,RY), J =[1,+00), R* = [0, +00). We will inves-
tigate the local existence and uniqueness of positive solutions for (1) by using different
methods comparing with ones in literature.

Recently, fractional differential equations have aroused an incredible attention among
researchers due to their applications for modeling real world problems in areas of math-
ematical and natural sciences. There has been a rapid growth in the number of fractional
differential equations from both theoretical and applied perspectives; see [3-5,9,13,14,16,
17,19-22] and references therein. Among the class of fractional derivatives, Hadamard-
type fractional derivative is an important concept, which was first introduced in 1892 [11].
The integral’s kernel in its definition contains a logarithmic function of arbitrary exponent.
Hadamard-type fractional differential equations can be used to design and optimized
controls for creating more accurate control models, as well as to describe the nonlinear
behavior of materials, transport characteristics of media, etc. In the process, many math-
ematical models that simplify out of practical problems involve solving them on infinite
intervals. As it is known well, there have been some papers reported on boundary value
problems of Hadamard fractional differential equations; see previous works [1, 6-8, 18,
29]. For example, in [2], by applying fixed point theorems for multivalued mapping, the
authors obtained the sufficient conditions for the existence results to a boundary value
problem of Hadamard fractional differential inclusions

HDx(t) € F(t,z(t)), te(le), ac (1,2,
2(1) =0,  a(e)="I"x(n),

where F' : [1,e] x R — o(R) is a multivalued mapping, o(R) denotes a family of non-
empty subsets of R.

In [15], the authors considered a Hadamard fractional nonlocal boundary value prob-
lem

"pey(r) = g(r,y(r)), 7€[1,T],
y(1)=0, J(0)=0, "DYT)=w"TYlp), 1<e<T,

where 2 < 9 < 3,1 <¢<2,¢g:[1,T] x R — R is a given continuous function, and
w is a positive real constant. They established the existence and the uniqueness results,
and the methods used in their proofs contain the Leray—Schauder nonlinear alternative,
Leray—Schauder degree theorem, Krasnoselskii’s fixed point theorem, Schaefer’s fixed
point theorem, Banach fixed point theorem, and nonlinear contractions.

In [21], the authors investigated the following p-Laplacian Hadamard fractional-order
three-point boundary value problem:

—D*(, (DPy(1))) = f(t.y(t)), te(Le),

2
y(1) = y(e) = y(1) = oy(e) =0, DPy(1) =0,  DPy(e) = bDy(m),
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where a € (1,2], 8 € (3, 4] are real numbers, ¢, is p-Laplacian. The sufficient conditions
for the existence of positive solutions for (2) are based upon the Avery—Henderson fixed
point theorem and the monotone iterative technique.

In arecent paper [28], the authors studied the following fractional differential equation
with nonlocal boundary conditions:

Ape () +a®) f(tz(t)) =0, te (1,+00),

z(1) =2'(1) =0, DY 2 (400) ZaHIHx (n) + bZij(fj), )

where #D¢ ‘. is the Hadamard-type fractional derivative of order a with 2 < a < 3;
Hy 16_1 is the Hadamard-type fractional integral of order 3; > 0 (i = 1,2,...,m); 1 <
N <& <& < <&, < +oo. Some famous methods have been used, which include
Schauder’s fixed point theorem, Banach’s contraction mapping principle, the monotone
iterative method, and the Avery—Peterson fixed point theorem, and they got the existence,
uniqueness, and multiplicity results for positive solutions to (3).

It is worth noticing that there seems to be a scarcity of literature about the investigation
of Hadamard-type fractional differential equation boundary value problems on infinite
intervals, and very few have derived the uniqueness results apart from using Banach’
theorem. That is because the definition and properties of Hadamard fractional derivatives
may be more complicated on infinite intervals. The special case of infinite intervals and
the nonlocal boundary value condition need to be taken into account when using the
related theorem to solve this type of problem. Therefore, we need to choose a suitable
fixed point theorem to solve it.

Different from the above works, we will consider the local unique of positive solutions
for (1) by the more recent methods. Motivated by the papers [23,26,27], based upon two
fixed point theorems of a sum operator, we aim to obtain the sufficient conditions ensuring
the local existence and uniqueness of positive solutions for (1). We prepare the following
sections of this paper. Section 2 includes some preliminaries, which play a significant
role in the study of the given problem. We also summarize some properties of the corre-
sponding Green’s function. The main theorems are indicated and proved in Section 3, and
we construct two iterative sequences that converge to the local unique positive solutions
for (1). In Section 4, two concrete examples are given as applications of our main results.

2 Preliminaries and previous results

For the convenience, we recall some definitions, lemmas, and fixed point theorems that
will be used in our discussions.

Definition 1. (See [12].) For a function f : [1,4+00) — R, the Hadamard-type fractional
derivative of order « is

1 d n t t n—a—1 d
HD?J’f(t)_F(n—a)<tdt> /(10g8> f(s)?s, n—1<a<n,
1
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where n = [a] 4+ 1, [a] denotes the integer part of the real number «, and log(-) =
loge(')'

Definition 2. (See [12].) For a function f : [1,+00) — R, the Hadamard-type fractional
integral of order « is

t

o 1 AN ds
IS0 = [ () S0 a0
1

S

provided the integral exists.

Lemma 1. (See [28].) Let y(t) : J — RT with f s)ds/s < +oo, then the fol-
lowing Hadamard-type fractional differential equation

AD¢ a(t) +y(t) =0, 2<a<3,te(1,+00),

(1) =2'(1)=0, "D a(+oo) ZaHﬂfz n+ed o)

has a solution

+oo
o) = [ Glesws) St
s
1
where
G(t,s) = G1(t,s) + Ga(t, s), 4
1 Int)*! —(Ini)e"1, 1<s<t < 4oo,
Gi(t,s) = go(t,s,a) = —— (Int) . () 5)
') (Int)® 1<t <s < +oo,
) 1 &= lnt -
Golts) = " S g, 5, ot i) + cojgo(éj s.0).  (6)
i=1 j=1

Lemma 2. (See [28].) The Green’s functions G(t,s), G1(t,s) defined by (4) and (5)
satisfy the following conditions:

() G(t,s), G1(t, s) are nonnegative and continuous for (t,s) € J x J;
(ii) G1(t, s) is increasing with respect to t;
(iil) forall (t,s) € J x J,

G(t,s) < 1 G1(t,s) < 1

1+ (Int)e—t = A7 1+ (Int)e=1 = T'(a)

In the following, we will specifically give two fixed point theorems for a sum operator
and some details, which are necessary for our study.

Nonlinear Anal. Model. Control, 29(2):224-243, 2024
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Let (E, ||-||) be a real Banach space, and let 6 be the zero element of E. F is partially
ordered by acone P C E,ie., x < yifand only if y —x € P. A cone P is called
normal if there exists a constant N > 0 such that, for all z,y € F, § < x < y implies
lz]] < N||yl|. In this case, N is called the normality constant of P.

For z,y € FE, the notation x ~ y denotes that there exist A > 0 and p > 0 such that
Ax < y < pa. Further, ~ is an equivalence relation. For h > 0 (i.e., h > 6 and h # 0),
define P, = {z € E: x ~ h}. Clearly, P, C P.

Definition 3. (See [10].) An operator A : £ — FE is increasing (decreasing) if x < y
implies Az < Ay(Axz > Ay).

Definition 4. (See [10].) Let 0 < v < 1. An operator A : P — P is said to be -
concave if A(tz) > tYAx fort € (0,1), z € P. An operator A : P — P is called to be
subhomogeneous if A(tx) > tAz fort > 0,z € P.

In [24,25], the authors investigated a sum operator equation
Ar + Br =z, 7

where A and B are monotone operators. They gave the existence and uniqueness of
positive solutions for (7) and obtained some useful theorems.

Lemma 3. (See [25].) Let E be a real Banach space. P is a normal cone in E, A, B :
P — P are increasing operators, A is vy-concave, and B is subhomogeneous. Suppose
that

(1) there is h > 0 such that Ah € Py, and Bh € Py;
(ii) there exists a constant 6o > 0 such that Ax > 6Bz for all x € P.

Then the operator equation (7) has a unique solution x* € Py. Further, making the
sequence
Ty, =Ax,_ 1+ Bx,_1, n=12...,

for any initial value xo € Py, one has x,, — x* asn — oo.

Lemma 4. (See [24].) Let E be a real Banach space. P is a normal cone in E, A :
P — P is an increasing operator, and B : P — P is a decreasing operator. In addition,

(i) forxz € Pandt € (0,1), there exist p;(t) € (t,1), i = 1,2, such that

A(tz) > ¢1(t) Az, B(tz) <

Bz, 8
O ®)

(ii) there is hg € Py, such that Ahg + Bhgy € Py,

Then the operator equation (7) has a unique solution x* € Py. Further, for any initial
values xq, yo € Pp, making the sequences

Tn =A$n—1+Byn—1, Yn :Ayn—l +Bxy_1, n=12...,
one has x,, — x*, y, — x* asn — oo.

Remark 1. If B is a null operator, the conclusions in Lemmas 3 and 4 are still true.

https://www.journals.vu.lt/nonlinear-analysis
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3 Main results

In this section, we will apply Lemmas 3 and 4 to obtain the local existence and uniqueness
of positive solution for (1).

Let E = {z € C(J,R): sup;e,|2(t)]/(1+ (Int)*~1) < +oo} equipped with the
norm ||z||g = sup,c; |z(t)|/(1 + (Int)*~1), then (E, ||-|g) is a Banach space. Define
acone P ={x € E: z(t) > 0 on J}. This space is equipped with a partial order

<y <<= x(t) <yl), ted
If 0 < z(t) < y(t), then

7Ol )

teq 1+ (Int)e=1 = T (Int)o—1 ]l < llyll,

therefore, P is a normal cone in F.
To prove the main results, we need the following assumptions:

(H1) a,b : J — R* are continuous, and 0 < f1+°° a(s)ds/s 1+°° b(s)ds/s <
+00;
(H2) f,g : J x RT — RT are increasing with respect to the second argument,
f(t,0),9(t,0) £0,t € J;
(H3) when z is bounded, f (¢, (1+(Int)*~1)2) and g(¢, (1+(Int)*~1)x) are bounded
with respect to ¢ for t € J;
(H4) g(t,7x) = 79(t,z) for T € (0,1),t € J, z € RT, and there exists a constant
~v € (0,1) such that f(t,7z) = 77 f(t,z) forallt € J, 7 € (0,1), z € RT;
(HS) there exists a constant 6 > 0 such that a(t)f(¢t,z) > 6b(t)g(t,z), t € J,
r € RT;
(H6) f:J x RT — RT isincreasingin z, g : J x RT™ — R is decreasing in z,
f(t,0),9(t,0) £0,t € J;
(H7) for 7 € (0,1), there exist ¢;(7) € (7,1) (i = 1,2) such that fort € J, x € RT,
[t mz) = f(t,2)e1 (7). gt 72) < g(t, ) /pa(T).
Let h(t) = (Int)*~ 1, ¢t € J. As sup,c; |h(t)|/(1 + (Int)*~!) = 1 < +o0, we have
h € P. In the following, we will consider a set P, = { € E: « ~ h}. From Lemma 1
we know that problem (1) has an integral formulation given by

+o0 +oo
o) = [ Glto)a)f(s.2() T+ [ Glespoigls. o)

S

where G(t, s) is given as in (4). Define two operators A : P — F and B : P — E by

+oo

Ax(t) = /G(t,s)a(s)f(s,x(s))

1

ds
s

ds
5

+o0
, Bx(t) = /G(t,s)b(s)g(s,x(s))

Then we can see that x is the solution of problem (1) if and only if x = Ax + Bz.

Nonlinear Anal. Model. Control, 29(2):224-243, 2024
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Lemma 5. Assume that (H1)—(H3) hold, then A : P — P, B: P — P.

Proof. If x € P, then z(t)/(1 + (Int)*~1) < 4oc for all ¢ € J. From (H3) there exists
M, > 0 such that f(s, (1 + (Ins)*~ 1) - 2(s)/(1 + (Ins)*~1)) < M,. Moreover, from
(H1), (H2), and Lemma 2 we have

+oo
Ax(t) G(t,s) ds
1+ (Int)ye1 / ma@)f(s,x(s));
1
“+o0
1 z(s ds
1
“+o0

<%/a(s)%<+oo
\A s )
1

and by Lemma 2, we know that Az € E and Az(t) > Oon J,so, A: P — P. Similarly,
B : P — P. The proof is complete. O

Lemma 6. Assume that f, g satisfy (H1), (H2), and (H4). Then A : P — P is an in-
creasing vy-concave operator, and B : P — P is an increasing subhomogeneous operator.

Proof. Firstly, we prove that A and B are two increasing operators. For z,y € P with
x >y, we have 2(t) > y(t), t € J, and by (H1), (H2), and Lemma 2,

+oo +oo
Az(t) = / G(t,s)a(s)f (s, z(s)) % > / G(t,s)a(s)f (s, y(s)) ds _ Ay(t).

s
So, Az > Ay. Also, we can get Bx > By.

Secondly, we show that A is a «y-concave operator. For any 7 € (0,1) and = € P,
from (H1), (H2), (H4), and Lemma 2 we obtain

ds
S

+oo +oo
Ar)(0) = [ Gt.s)alo)f (s ra(s) T =7 [ Gltos)al)f (s.0(5)
1 1

= 77 Ax(t).

Hence, A(tz) > 77 Az for T € (0,1), 2 € P.
Finally, we prove that B is a subhomogeneous operator. Forany 7 € (0,1) and z € P,
by (H1), (H2), (H4), and Lemma 2, we obtain

+oo +oo
d d
B(rx)(t) = / G(t,s)b(s)g(s,rm(s)) f >T / G(t,s)b(s)g(s,aj(s)) ?S
1 1
= 7Bx(t).
Thatis, B(tx) > 7Bz for 7 € (0,1), z € P. The proof is complete. O

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 7. Assume that (H1)—(H3) are satisfied. Then Ah € Py, and Bh € Py,

Proof. Ash € P, then h(t)/(1+ (Int)*~!) < 4oc for all t € J, from (H3) there exists
My, > 0 such that f(s, (1 + (Int)* " 1)h(s)/(1+ (Int)*~1)) < Mp,. Let

n ) &m
= 2= [ei6 956,02,
1
M +o0o d M m +oo d
h S h i
Iy = o /a(s)S—I—A;az /9 (1, 8, @+ Bi)als) —
1 = 1

+o0
Mh " ds
+ Y [ Gilsal)
j=1 1
From (H1), (H2), and Lemmas 1, 2

ds

+oo
0= Gteomorio o g

S

/Gts /ths )OLS

1 T

nt / [Z ng 1, S, O“"ﬁz +ZCUJG1 g]a ) ( )f(S,O)%
1 =1 j=1

a 1 T n ds
B [ Y6 s)als)f(5,0)
1 J=t
+oo
(Int)o=t ds

Also, from (H3)

+oo
h(t) = / G(t,s)a(s)f(s,h(s)) ds

—+00
= / G(t,s>a<s>f(s, (1+(1nt)a1)1+(’;<jt>)a_l> %

Nonlinear Anal. Model. Control, 29(2):224-243, 2024
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—+oo
< /G(t,s
M lnt M lnt“ 1 & ds
/ h / h- cigo(n, s, a+Bi)a(s) —
=1
lnt
+/ ZCU]Gl gja )
1
M, [ LM e d
_ ) h h S
—{F(a>/ A;az/goﬂasa-F@)()s
1 =

+f2cag/al &, 5)a <>d§}~<lnt>“1z2~<lnt>alzz~h<t>.

Note that f(s,0) # 0, G1(&;, s) f s)ds/s > 0. So, we know G1(;, s)a(s) x
f(s,0) Z0fors e J, therefore

Em
ds

[ 61(6.90a1(5.0) = >0

1

From (H2) (H3) we have that f(s,0) < f(s,h(s)) < M for ¢ € J, then combining
with fl s)ds/s >0,

" €m 2
" o, M, d
ZJ—AW/Gl@,s)a(s)f( 5 f\jz /Gl o9)al)
1 =
+00 oo
Mh Mh m ds
F<a>1/ A;“’/g‘)”’s“@”)s”'

We can conclude 0 < I; < Iy and thus I1h(t) < Ah(t) < Ih(t), t € J. So, we have
Ah € Py, Also,

Bh(t)

I
@Q
—~
ﬂ@‘-
VA
~—
=
/—\
\_/
A
CIJ
=
A
\_/
~—

{ 1CJJ/G1 &5, 5)b(s)g(s, )ds}~h(t),

https://www.journals.vu.lt/nonlinear-analysis
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Bh(t) = [ G(t,5)b(s)g(s,h(s)) %
! M +o0 d M m oo d
h S h 5
g{m)/ o) 5 A;%l/ ol 3. o+ )b(s) 2

On the basis of g(s,0) # 0, [, b(s)ds/s > 0, g(s,0) < g(s,h(s)) < My, fort € J,
we can easily prove Bh € Py,. The proof is complete. O

Combining Lemmas 5-7, we are in a position to establish the local existence and
uniqueness of positive solution for (1).

Theorem 1. Suppose assumptions (H1)—(H5) are satisfied. Then problem (1) has a unique
positive solution x* in Py,. For any initial value xo € Py, defining a sequence by

+00 +oo
tni() = [ Gl9als) 1 (5.0a(9) T+ [ Glts)gls,2a(5)
1 1

S

n=0,1,2..., we have x,(t) — z*(t) as n — oo, where G(t, s) is given as in (4).

Proof. From Lemmas 5-7, we just need to prove that condition (ii) of Lemma 3 is also
satisfied. For x € P, by (H1), (H2), (HS), and Lemma 2,

+o0 +oo
Az(t) = / G(t,s)a(s)f (s, z(s)) % >0 / G(t,s)b(s)g(s,z(s)) % = 0Bx(t).

So, we obtain Az > Bz, x € P. Therefore, by using Lemma 3, operator equation
Az 4+ Bx = x has a unique solution z* € Pj. Thus, we get that

+oo
* « ds N ds
w0 = [ 6005 a1 (507 ) T+ b0l (0)| T
1
and it is the unique positive solution of problem (1) in P}. Moreover, for any initial value
xg € Py, the sequence z,, = Ax,_1 + Bx,_1,n =1,2,..., satisfies x,,(t) — x*(¢) as
n — 0o. That is,

—+o0 —+o0

ds ds
Tt (t) = / G(t,s)a(s)f (s, zn(s)) o + / G(t, s)b(s)g(s,zn(s)) e
1 1
n =0,1,2.... For any initial value o € Py, we have x,,(t) — z*(t) as n — oco. The
proof is complete. O
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Corollary 1. Let o, ¢, o, 05 (1 =1,2...m,j =1,2...n) be given in (1), and let

(H1)0<f s)ds/s < 4o0;
H2) f:Jx R+ — R* isincreasing in z, f(t,0) 0, t € J,
(H3') when x is bounded, f(t,1+ (Int)*~1x) is bounded with respect to t fort € J;

(H4') there exists a constant v € (0,1) such that f(t,7x) > 77 f(t,x) forall t € J,
€ (0,1), z € RT.

Then the following problem
AD¢ 2(t) +a(t) f(t,z(t)) =0, te (1,+00),

d() =2/ (1) =0, "D a(+o0) ZaHI’B‘ D+ o) O

has a unique positive solution x* in Pj,, where h(t) = (Int)*~1, t € J. Further, defining
a sequence by

Tni1(t) = /G(t,s)a(s)f(s,mn(s)) %7 n=0,1,2...,

for any initial value xog € Py, we have x,,(t) — x*(t) as n — oo, where G(t, s) is given
as in (4).

Proof. From Remark 1 and Theorem 1 the conclusions hold. O

Lemma 8. Assume that f, g satisfy (H1), (H3), and (H6), then Ah + Bh € P,
Proof. Let

Ny, = max{max{f(t h(t))}, max{g(t h(t ))}}

_ >j=1€0; fmG 0 ds
o= =2 [ 616 9a(0)1(60)
1

+ Z [ e p(sla(o, )

S

+oo +oo

2N, ds  2Np o~ Nole) 98
14—r<a>1/ o)+ 23 D [t s onts)

i=1 1

2N} ds
ey [ Gugon) T
1

: s
Jj=1

where p(s) = maxges{a(s),b(s)}.

https://www.journals.vu.lt/nonlinear-analysis
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235

Ah(t) + Bh(t)
+oo d oo d
= [ Gttoa (s, s ) Tt [ Gt sl e
-1|-oo d +oo 1 d
> [ 69aor5.0) T+ [ Glespe(s ne) ) T
—1|-oo a 1" 1 d
/ ZCUJGl gjv )f(S,O) ?S
1 +OO a 1. " d
/ D oy, s)b(s)g (s, (ns)° ")
S coj e d
{ =1 ! /Gl gj’ S, )?S
2= / G1(&. 9)b(s)g(s. ()" ) d} (o)
=1I3-(Int)* ' = 13- h(t).
Also, from (H3)
Ah(t) + Bh(t)
+oo q +oo
= /G(t,s)a(s)f(s,(lns)a_l)?S—i—/G(t,s)b(s)g(s, (lns)a_l)—
e a1 h(s) ds
= /G(t,s)a(s)f(s, (14 (Ins) )1+(lns)a1) .
“+oo
+ / G(t, s)b(s)g(s, (1+ <1n8>“‘1>1+gf{2)y~—1> d*
/Gts Nh—+/Gts()ths
.(Int)e— nt)* 1 & S
< / Moo, /Nh () oo @+ 3)a(0)
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N lnt
/ h- ZCUJGl é-j’ )?

N, lnt N, lnta 1 & ds
/ h / he aigo(n, s, a+Bz)()S
=1

N, 1 t)e
/ h- n anle £j, )

+ OO
2N, - (Int d 2N}, - (Int)* ! & d
g/% (S)ﬁJr/& azgon,s a+ B;)p(s) =

I'(a) P s ,
! 1
+002N (1 t)afl n d
k- (In 5
+ / # ZCO’le(gj, S)p(s) ?
1 7=1
2N, e d IN, m +oo 4
— h ds 2N, | | ds
— {r(a) /P(s) ~ T3 z;oq /go(n, 5, @+ Bi)p(s) —
IN. n +oo 4
h s N
+TZC%‘ / G1(§j,5)p(8)8}~(1nt) 1
Jj=1 1
=1y (Int)* ' =1y h(t).
Note that f(s,0) # 0, G1(§;,s) = 0, f s)ds/s > 0. According to the properties

of the functions G1, b, g, we can conclude 13 > 0. From (H3), (H6) we have f(s,0) <
f(s,h(s)) < N, g(s,h(s)) < Np, fort € J. Combining

m +o0 Em 400
ds ds ds ds
- g ) b T g )
o< faw < [o T 0 [T [ a0
1 1 1 1
we have
Zn co Em d Zn co Em d
o . S _ ; S
==t /Gl(ﬁj,S)a(s)f(s,O) — == /Gl(gj,s)b(s)g(s,h(s)) e
A s A s
1 1
2N}, — w d
Y s
< A Coj / Gl({]a s)p(s) P
j=1 1
ON, [ ds 2Nu N[ d
h s h 5
ty [ 0SS 20 [ s 8ot 3 >0
1 = 1
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Therefore, 0 < I3 < Iy and thus I3h(t) < Ah(t) + Bh(t) < l4h(t), t € J. Therefore,
Ah + Bh € Pj,. The proof is complete. O

Theorem 2. Suppose that conditions (H1), (H3), and (H6)—(H7) are fulfilled. Then prob-
lem (1) has a unique positive solution x* in Py. For given initial values xo,yo € Pp,
constructing the following sequences

+00 +oo
pusi() = [ G961 (5,00(9) T+ [ Gt )g(s,00(9) T
o Lo )
pin®) = [ G906 (s,00(9) T+ [ Glts)bls)g(s.0(9)
1 1
n=0,1,2..., we have x,(t) — x*(t), yn(t) — z*(t) as n — oo, where G(t,s) is

given as in (4).

Proof. From (H1), (H6), and Lemma 2 we know that A : P — P is increasing and B :
P — P is decreasing. Further, by (H7), we have

—+oo

+oo
A(rz)(t) = / G(t,s)a(s)f(s,m;(s)) % = ¢1(7) / G(t,s)a(s)f(s,x(s)) %
= ¢1(7)Ax(),
i ds 1 i ds
Blra)(t) = 1/ Gl () (5. 70(9) T < — 1/ G(t,5)b(s)g (5, (5))
1
= cpT(T)Bx(t)'

We can infer that A and B satisfy (8). By Lemma 8, we know that condition (ii) of
Lemma 4 holds. Consequently, by Lemma 4, operator equation Axz+ Bx = z has a unique
solution z* in P},. For given initial values zq, yg € P}, putting the sequences

T :Axnfl"f'Bynflv Yn :Aynfl"_anfl n=12...,

we have z,,(t) — z*(t), yn(t) — 2*(t) as n — oo. Evidently, z* is the unique positive
solution for problem (1) in P,. For given initial values x¢, yo € P, making the following
sequences

+00 +oo
Tt (t) = / G(t,s)a(s)f(s,xn(s)) %Jr / G(t,s)b(s)g(s,yn(s)) %,
e . e )
mir(®) = [ Gt f(s0n() S+ [ Gltosps)g(smn(s)
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n = 0,1,2..., we have x,(t) — z*(t), yo(t) — x*(t) as n — oo. The proof is
complete. O

Corollary 2. Leto, ¢, oy, 05 1 = 1,2...,m, 5 = 1,2...,n) be given in (1). Assume
that f satisfies (H1")—(H3") and

(H5") for T € (0,1), there exist (1) € (7,1) such that f(t,7x) = o(7)f(t,x) for
teJ zeRT

Then there is a unique positive solution x* in P, for (9), where h(t) = (Int)*~1, t € J,
and for any initial value xo € Py, constructing the sequence
+oo
ds
T (t) = [ G(t,s)a(s)f(s,zn(s)) - n=0,1,2...,
1

we have ., (t) — x*(t) as n — oo, where G(t, s) is given as in (4).
Proof. From Remark 1 and Theorem 2 the conclusions hold. O

Remark 2. In literature, the unique of solutions for fractional equations was obtained
always by Banach contractive theorem, and the solution is global. Here we consider frac-
tional problems by using different methods-two interesting fixed point theorems of a sum
operator in partial ordering Banach spaces, and further we can get the local existence
and uniqueness of positive solutions, which can be seen seldom. For example, letting
b(t)g(t,z(t)) = 0, (1) is reduced to be problem considered in [21]. Unlike the results
obtained in this article, we not only get the uniqueness of positive solutions, but also
establish the local uniqueness, which has even more applications in practical problems.

4 Examples

In this section, we present two examples to illustrate our main results.

Example 1. Consider the following Hadamard-type fractional differential equations on
an infinite interval:

Hpy/2 2+ @]V 1 [2()]?
DY a(t) 4 te T (1) + te 1+(1 1372 =0, te(l,+0),
z(1)=2'(1)=0, "D} x( ZaHIHx 1/2) 62 Z
Notice that (10) is a particular case of (1) with
5 1 3
CE:§, m:27 n:37 alzla a2:67 77261/27 61257 52:§a
F(%) 1 3 2 2 3
c= 6 ) 01*17 0’2787\/5’ 03*ﬁ7 51*67 52*67 6376'
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2+x1/2 1+:L.1/3

a(t)=te™t, b(t) =te ?, f(t,x)= T+ (ne)P/2’ 9(t,z) = 1+ (Int)32

By calculating, we have

- () orkBi— 3f

Clearly, a(t), b(t) are continuous with ¢, and

+0o0 d +0o0 q
/ a(s) . / set 22—l < +o00,
s s
1 1
Toas [ ds 1
s s
b A —2s 22 —_ —2 .
/ (s) 5 / se S =53¢ < +o0
1 1

Obviously, f, g : J x RT — R are continuous and increasing with respect to the second
argument, f(¢,0) > 0, g(¢,0) > 0. So, conditions (H1), (H2) are satisfied.
When0 <z < M,

2

t, (1 Int)*! =

f(’( +(Il ) )ZL’) 1+(1nt)3/2

1
t,(14+Int)* Na) = ————
g(’( +(H ) )1’) 1+(lnt)3/2

for ¢t € J. Hence, condition (H3) is satisfied.
In addition, take y = 1/2. Fort € J, 7 € (0,1), z € RT, we have

+ (14 (Int)¥2) 2112 <24 VM,

+ (14 (ne*2) P8 <1y M

9 4 71/2,1/2 Ly 2+ at/?
" _ > 71/2 — 2
FOr) = e 27 T e " B
14 71/351/3 14 21/3
g(t, 7x) =

T+ 0z 2 "1 (myere ~ 9GO
So, condition (H4) is satisfied.

Moreover, if we take § € (0, 1], fort € J, z € RT, we obtain
te_t(Z—‘y—xl/Q) N te—zt(l _|_x1/3)
14+ (Int)3/2 = 14 (Int)3/2
So, all the conditions of Theorem 1 are satisfied. Therefore, problem (10) has a unique

positive solution z* in Py, where h(t) = (Int)3/2, ¢ € .J. Taking any initial value = € P,
and making the sequence

@) | ol (e)] P ds
/G [ T+(ns)P2 7 (s | s n=012...,

a(t) f(t,z) = > 6b(t)g(t, ).

$n+1
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we have x,(t) — x*(t) as n — oo, where
G(t,s) = Gi(t, s) + Galt, s), (11)
Gi(t5) = go (tsg) _ # {Eizgzjz (In £)>/2, 1 i:iz z Iz (12)
Ga(t,s) = %{g e'/25,3) + 6go(e'/?,5,4)} + (1nt)3/2{égo (e,s, ;)
+4—\/§go (e27s,g) +9\4/§go<e3,s, g)} (13)

Example 2. Consider the following Hadamard-type fractional differential equations on
an infinite interval:

1+ 1+ z(t)]

Hp5/2 ¢ 1+ [x(t)}% —2t
DY) +tet . — Ny o2 =0, te(l, ,
14 z(t) +te T+ (i) +te T+ (1) (1,+00)
z(1) =12'(1) =0, HDS/2 ZaHIH_x 1/2) 62 Zajx(fj),
=1
where v1,7v2 € (0,1), and
5 1 3
a:§7 m:2a TL:3, 0[1:]., a2:67 U:el/27 51257 62257
F(%) 1 3 2 2 3
c= 6 01—1, o9 ok 03—3—\/3, &=e, & =¢* &=¢€".
Take

o 14am (t gc)1+(1+35)—72
T1r o T T s

By calculating, we have

m

(@) i S SW

~ S = _(ing)etBit 1 = >0.
;O‘ Mot CZU] (&)
Clearly, a(t) and b(t) are continuous with ¢, and
“+o0 “+o0o
ds / s
a(s) —= [ se”’ —=e " <40
s
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Obviously, f : J x Rt — RT is increasing in z, g : J x RT — R is decreasing in z,
f(t,0) >0, g(¢,0) > 0. So, conditions (H1) and (H6) are satisfied.
WhenO0 <z < M,
1 : -1
a1y _ 3/ -1 -, -
f(t, (14 Int)* Y)z) = T (i) + (1+ (Int)**) " ™ <1+ M,
L4+ (14 (1 + (Int)%/2)z) =2

<2
1+ (Int)3/2

g(t, (1 + (lnt)o‘fl)a:) =

for ¢t € J. Hence, condition (H3) is satisfied.
Take @1 (1) = 77, pa(7) = 772, then ¢4 (1), p2(7) € (7,1) for 7 € (0,1). Thus,

14 77gm 1+am
n _ 2 Y1 = t, 5
ft, ) T ()72 T 1+ (Int)3/2 1(7)f(t, )
1+ (1+72)™2 1 14 (1+a) 1
t = < = t’ ’
g(t,7) 1+ (Int)3/2 72 1+ (Int)3/2 802(7)9( g

So, Theorem 2 implies that problem (14) has a unique positive solution 2* in P, where
h(t) = (Int)*/2,t € J. For given initial values xo, yo € Py, putting the sequences

+o0 400
T -2
Tnpa(t) = / G(t, s)se=s L2 i + / Gt s)se-2 1 E U +yn<83> ds

1+ (Ins)3/2 14 (In¢)3/2 s
A ()™ / 25 1+ (1 +2n(s)) 77 ds
n Gt G(t, 2s —,
Y (¢ / 1t (lns)3/2 s 2 11 ()32 s
n =0,1,2..., we have z,,(t) — x*(t), yn(t) — x*(t) as n — oo, where G(t, s) is

given as in (11)—(14).

5 Conclusions

In this article, we obtained the sufficient conditions for the existence and uniqueness
of positive solutions for (1) by using two fixed point theorems of a sum operator, and
we can construct iterative sequences to approximate the unique solutions. In the last
section, we give two illustrative examples that effectively show the applicability of the
obtained theoretical results. According to the literature, the unique solution for fractional
equations was obtained always by Banach contractive theorem, and the solution is global.
Here we get the uniqueness of positive solution and it is local. In addition, through
Corollaries 1 and 2, we show that our results are superior to those previously presented
in the literature. For future work, we intend to explore other different types of fractional
differential equations. In the meanwhile, we try to study other fixed point theorems for
better use in solving differential equations.
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