
Nonlinear Analysis: Modelling and Control, Vol. 29, No. 3, 426–448
https://doi.org/10.15388/namc.2024.29.34531

Press

On a (k,χ)-Hilfer fractional system with coupled
nonlocal boundary conditions including various fractional
derivatives and Riemann–Stieltjes integrals

Ayub Samadia , Sotiris K. Ntouyasb , Jessada Tariboonc

aDepartment of Mathematics,
, Islamic Azad University Miyaneh Branch,
Miyaneh, Iran
ayub.samadi@m-iau.ac.ir
bDepartment of Mathematics, University of Ioannina,
45110 Ioannina, Greece
sntouyas@uoi.gr
cIntelligent and Nonlinear Dynamic Innovations,
Department of Mathematics, Faculty of Applied Science,
King Mongkut’s University of Technology North Bangkok,
Bangkok, 10800 Thailand
jessada.t@sci.kmutnb.ac.th

Received: July 4, 2023 / Revised: November 2, 2023 / Published online: February 19, 2024

Abstract. In the present research, we investigate the existence and uniqueness of solutions for
a system of (k, χ)-Hilfer fractional differential equations, subject to coupled nonlocal boundary
conditions, which contain various fractional derivatives and Riemann–Stieltjes integrals. The
uniqueness result relies on the Banach contraction mapping principle, while the existence results
depend on the Leray–Schauder alternative and Krasnosel’skiı̆ fixed point theorem. Examples are
also constructed to illustrate the obtained results.
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1 Introduction

Fractional differential equations (FDE) are applied to investigate the generalization of
integer-order differential equations. They have been appeared in disparate scientific fields,
such as chemistry, physics, biology, control theory etc., as they have a greater degree of
freedom and are rather precise than the integer order. For the basic theory of fractional
calculus and fractional differential equations, we refer to the monographs by Diethelm
[14], Kilbas et al. [19], Miller and Ross [25], Podlubny [26] and Ahmed et al. [3]. Bound-
ary value problems for fractional differential equations with different kinds of boundary
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conditions have been studied by many researchers. For example, fractional boundary
value problems with integral and multipoint boundary conditions were studied in [30],
with antiperiodic boundary conditions in [2], with integral boundary conditions with
sequential Riemman–Liouville and Caputo fractional derivatives in [18], with multipoint
strip boundary conditions in [6], for sequential hybrid ψ-Hilfer-type fractional differential
equations in [9], for nonlinear impulsive (ρk, φk)-Hilfer fractional integro-differential
equations with nonlocal multipoint fractional integral boundary conditions in [17] and
separated boundary conditions in [29]. For a variety of results on boundary value prob-
lems for fractional differential equations and inclusions, we refer to the recent monograph
[4].

In the literature, there are several kinds of fractional derivatives, such as Riemann–
Liouville, Caputo, Hadamard, Hilfer, Katugampola etc. One of them, Hilfer fractional
derivative [16], generalizes both Riemann–Liouville and Caputo fractional derivatives
and especially interpolate between them. For applications of Hilfer fractional differential
equations in many fields of mathematics, physics etc., see [28] and references cited
therein.

Coupled systems of FDEs with different kinds of boundary conditions is one of the
subjects in applied mathematics, which have been the interest of many researchers; see,
for instance, [5, 10] and references therein. Hilfer coupled systems two-point boundary
conditions were studied in [7], involving multipoint nonlocal boundary conditions in
[13], involving Riemann–Stieltjes integral multistrip boundary conditions in [27], with
nonlocal integral boundary conditions in [11], with nonlocal integro-multistrip-multipoint
boundary conditions in [1] and coupled systems of nonlinear ψ-Hilfer hybrid fractional
differential equations in [24] and [8]. Luca [23] studied a system of Riemann–Liouville
fractional differential equations supplemented with coupled boundary conditions, which
involve diverse fractional derivatives and Riemann–Stieltjes integrals.

In this paper, inspired by the above problems on Hilfer fractional coupled systems,
a new coupled system of (k, χ)-Hilfer FDEs

k,HDα̌1,β̌1;χl(w) = Π
(
w, l(w), k(w)

)
, w ∈ [0, 1],

k,HDα̌2,β̌2;χk(w) = Π̄
(
w, l(w), k(w)

)
, w ∈ [0, 1],

(1)

supplemented with coupled nonlocal boundary conditions

l(0) = 0, k,HDa1,b1,χl(1) =

m∑
i=1

1∫
0

k,HDři,ši,χk(s) dHi(s),

k(0) = 0, k,HDa2,b2,χk(1) =

n∑
i=1

1∫
0

k,HDǔi,v̌i,χl(s) dKi(s)

(2)

is introduced, where k,HDη,δ;χ denotes the (k, χ)-Hilfer derivative of order η, δ is a Hilfer
parameter, and a constant k > 0, where constants η ∈ {α̌1, α̌2, a1, a2, ři, ǔi} with
α̌1, α̌2 ∈ (1, 2] when a1, ǔi < α̌1 and a2, ři < α̌2 and δ ∈ {β̌1, β̌2, b1, b2, ši, v̌i},
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0 < δ < 1, two nonlinear functions Π, Π̄ : [0, 1] × R2 −→ R are continuous functions,
and the existent integrals in the boundary conditions represent Riemann–Stieltjes integral
with Hi for i = 1, 2, . . . ,m and Ki for i = 1, 2, . . . , n functions of bounded variations
and the differentiable function χ with χ′(w) > 0 for all w ∈ [0, 1].

The aim of the present work is to extend the existence theory for a class of coupled
BVPs consisting (k, χ)-Hilfer FDEs of various orders. The presented study is substantial
and advantageous due to the wider realm of the (k, χ)-Hilfer fractional operators. We will
use standard tools of the fixed point theory to establish our results.

Here we emphasize that the novelty of system (1)–(2) lies in the fact that we study
a (k, χ)-Hilfer fractional system with coupled nonlocal boundary conditions including
various different-order fractional derivatives combined with Riemann–Stieltjes integrals.
As far as we know, this is new in the literature. Our results are new and contribute
significantly to the existing results on coupled systems for Hilfer fractional derivative.
The main results not only enriches the existing literature but also specializes to several
interesting cases by fixing the parameters involved in the problem at hand. The used
method is standard, but its configuration to system (1)–(2) is new.

The structure of the remainder work will be arranged as follows. Some basic concepts
are recalled in Section 2. An ancillary result is also presented, which will be applied
to convert the mentioned problem into a fixed point problem. The main results, based
on some classical fixed point theorems, are given in Section 3. Section 4 consists the
numerical examples illustrating the obtained results.

2 Preliminaries

First, some definitions and lemmas related to this work are recalled.

Definition 1. (See [22].) Let L ∈ L1([0, 1],R), k > 0 and χ is an increasing function
with χ′(s) 6= 0 for all s ∈ [0, 1]. Then the (k, χ)-Riemann–Liouville fractional integral
(or the k-Riemann–Liouville fractional integral with respect to a function χ) of order
ᾰ > 0 (ᾰ ∈ R) of the function L is given by

kIᾰ;χΠ(w) =
1

kΓk(ᾰ)

w∫
0

χ′(s)
(
χ(w)− χ(s)

)ᾰ/k−1
Π(s) ds.

Definition 2. (See [21].) Let a, k ∈ R+, b ∈ [0, 1], χ is an increasing function such that
χ ∈ Cn([0, 1],R), χ′(s) 6= 0, s ∈ [0, 1], and Π ∈ Cn([0, 1],R). Then the (k, χ)-Hilfer
fractional derivative of Π of order a and type b is defined by

k,HDa,b;χΠ(s) = kIb(nk−a);χ

(
k

χ′(s)

d

ds

)n
kI(1−b)(nk−a);χΠ(s), n =

⌈
a

k

⌉
.

https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


On a (k, χ)-Hilfer fractional system with coupled nonlocal boundary conditions 429

Lemma 1. (See [21].) Let µ̆, k ∈ R+ and n = dµ̆/ke. Assume that L ∈ Cn([0, 1],R)
and kInk−µ̆;χL ∈ Cn([0, 1],R). Then

kI µ̆;χ
(
k,RLDµ̆;χΠ(w)

)
= Π(w)−

n∑
j=1

(χ(w)− χ(0))µ̆/k−j

Γk(µ̆− jk + k)

[(
k

χ′(w)

d

dw

)n−j
kInk−µ̆;χΠ(w)

]
w=0

.

Lemma 2. (See [21].) Let a, k ∈ R+ with a < k, b ∈ [0, 1] and θk = a+ b(k− a). Then

kIθk;χ
(
k,RLDθk;χΠ

)
(w) = kIa;χ

(
k,HDa,b;χΠ

)
(w), Π ∈ Cn([0, 1], R),

where k,RLDθk;χ is the k-Riemann–Liouville fractional derivative with respect to a func-
tion χ of order θk > 0 defined by

k,RLDθk;χΠ(w) =

(
k

χ′(w)

d

dw

)n
kI(nk−bk);χΠ(s), n =

⌈
θk
k

⌉
.

Lemma 3. (See [21].) Let ζ̆, k ∈ R+ and η̆ ∈ R such that η̆/k > −1. Then

kI ζ̆,χ
(
χ(s)− χ(0)

)η̆/k
=

Γk(η̆ + k)

Γk(η̆ + k + ζ̆)

(
χ(s)− χ(0)

)(η̆+ζ̆)/k
,

kDζ̆,χ
(
χ(s)− χ(0)

)η̆/k
=

Γk(η̆ + k)

Γk(η̆ + k − ζ̆)

(
χ(s)− χ(0)

)(η̆−ζ̆)/k
.

Lemma 4. (See [19].) Let α̌1, α̌2, β̌, k ∈ (0,∞) with α̌2 > α̌1 and β̌ ∈ [0, 1]. Then

k,HDα̌1,β;ϕ
(
kIα̌2;ϕ

0+

)
Π(w) = kIα̌2−α̌1;ϕ

0+ Π(w), Π ∈ C
(
[0, 1],R

)
.

Remark 1. If θk = a+b(nk−a), then b(nk−a) = θk−a and (1−b)(nk−a) = nk−θk,
and hence, the (k, χ)-Hilfer fractional derivative has been defined in the form of (k, χ)-
Riemann–Liouville fractional derivative as follows:

k,HDa,b;χΠ(w) = kIθk−a;χ
l1+

(
k

χ′(w)

d

dw

)n
kInk−θk;χ
l1+ Π(w)

= kIθk−a;χ
l1+

(
k,RLDθk;χΠ

)
(w).

Note that for b ∈ [0, 1] and n− 1 < a/k 6 n, we have n− 1 < θk/k 6 n.

3 An ancillary result

Lemma 5. Let k > 0, 1 < α̌1, α̌2, a1, a2, ři, ǔi 6 2, β̌1, β̌2, b1, b2, ši, v̌i ∈ [0, 1], γ̆1 =
α̌1 + β̌1(2k−α̌1), γ̆2 = α̌2 + β̌2(2k−α̌2), γ̆3 = a1 +b1(2k−a1), γ̆4 = a2 +b2(2k−a2),
η̆i = ři + ši(2k − ři), δ̆i = ǔi + v̌i(2k − ǔi), Π1, Π̄1 ∈ C2([0, 1],R) and A 6= 0. Then
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the unique solution of system

k,HDα̌1,β̌1,χl(w) = Π1(w), k,HDα̌2,β̌2,χk(w) = Π̄1(w), w ∈ [0, 1],

l(0) = 0, k,HDa1,b1,χl(1) =

m∑
i=1

1∫
0

k,HDři,ši,χk(s) dHi(s),

k(0) = 0, k,HDa2,b2,χk(1) =

n∑
i=1

1∫
0

k,HDǔi,v̌i,χl(s) dKi(s)

(3)

is given by

l(w) = kI α̌1;χΠ1(w) +
(χ(w)− χ(0))γ̆1/k−1

AΓk(γ̆1)

×

[
A2

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠ1(s) dKi(s)− kIα̌2−a2,χΠ̄1(1)

)

+ A4

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄1(s) dHi(s)− kIα̌1−a1,χΠ1(1)

)]
(4)

and

k(w) = kI α̌2;χΠ̄1(w) +
(χ(t)− χ(0))γ̆2/k−1

AΓk(γ̆2)

×

[
A1

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠ1(s) dKi(s)− kIα̌2−a2,χΠ̄1(1)

)

+ A3

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄1(s) dHi(s)− kIα̌1−a1,χΠ1(1)

)]
, (5)

where

A1 =
(χ(1)− χ(0))(γ̆1−a1)/k−1

Γk(γ̆1 − a1)
,

A2 =

n∑
i=1

1

Γk(γ̆2 − ři)

1∫
0

(
χ(s)− χ(0)

)(γ̆2−ři)/k−1
dHi(s),

A3 =

m∑
i=1

1

Γk(γ̆1 − ǔi)

1∫
0

(
χ(s)− χ(0)

)(γ̆1−ǔi)/k−1
dKi(s),

A4 =
(χ(1)− χ(0))(γ̆2−a2)/k−1

Γk(γ̆2 − a2)

(6)
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with

A = A1A4 − A2A3.

Proof. Let (l, k) be a solution of (3). Taking the operators kIα̌1,χ and kIα̌2,χ on both
sides of (3) and applying Lemmas 1 and 2, we get

l(w) = kI α̌1;χΠ1(w)

+ c0
(χ(w)− χ(0))γ̆1/k−1

Γk(γ̆1)
+ c1

(χ(w)− ϕ(0))γ̆1/k−2

Γk(γ̆1 − k)
(7)

and

k(w) = kI α̌2;χΠ̄1(w)

+ d0
(χ(w)− χ(0))γ̆2/k−1

Γk(γ̆2)
+ d1

(χ(w)− χ(0))γ̆2/k−2

Γk(γ̆2 − k)
, (8)

where

d0 =

[(
k

χ′(w)

d

dw

)
kI2k−γ̆2:χk(w)

]
w=0

, d1 =
[
kI2k−γ̆2:χk(w)

]
w=0

.

Due to the conditions l(0) = 0 and k(0) = 0 with (7) and (8), we get c1 = 0 and
d1 = 0 since by Remark 1 γ̆1/k−2 < 0 and γ̆2/k−2 < 0. Now, applying the conditions

k,HDa1,b1,χl(1) =

m∑
i=1

1∫
0

k,HDři,ši,χk(s) dHi(s)

and

k,HDa2,b2,χk(1) =

n∑
i=1

1∫
0

k,HDǔi,v̌i,χl(s) dKi(s)

in (7) and (8) and using Lemmas 3 and 4, after inserting c1 = 0 and d1 = 0, we get

kIα̌1−a1,χΠ1(1) + c0
(χ(1)− χ(0))(γ̆1−a1)/k−1

Γk(γ̆1 − a1)

=

m∑
i=1

1∫
0

(
kI α̌2−ři,χΠ̄1(s)

)
dHi(s)

+ d0

m∑
i=1

1

Γk(γ̆2 − ři)

1∫
0

(
χ(s)− χ(0)

)(γ̆2−ři)/k−1
dHi(s) (9)
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and

kIα̌2−a2,χΠ̄1(1) + d0
(χ(1)− χ(0))(γ̆2−a2)/k−1

Γk(γ̆2 − a2)

=

n∑
i=1

1∫
0

(
kI α̌1−ǔi,χΠ1(s)

)
dKi(s)

+ c0

n∑
i=1

1

Γk(γ̆1 − ǔi)

1∫
0

(
χ(s)− χ(0)

)(γ̆1−ǔi)/k−1
dKi(s). (10)

In view of (6), (9) and (10), we conclude that

A1c0 − A2d0 =

m∑
i=1

1∫
0

kIα2−ři, χΠ̄1(s) dHi(s)− kIα̌1−a1,χΠ1(1),

−A3c0 + A4d0 =

n∑
i=1

1∫
0

kI α̌1−ǔi,χΠ1(s) dKi(s)− kIα̌2−a2,χΠ̄1(1).

(11)

By solving system (11) we conclude that

c0 =
1

A

[
A2

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠ1(s) dKi(s)− kIα̌2−a2,χΠ̄1(1)

)

+ A4

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄1(s) dHi(s)− kIα̌1−a1,χΠ1(1)

)]

and

d0 =
1

A

[
A1

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠ1(s) dKi(s)− kIα̌2−a2,χΠ̄1(1)

)

+ A3

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄1(s) dHi(s)− kIα̌1−a1,χΠ1(1)

)]
.

Replacing c0, d0, c1, d1 in (7) and (8), we get the solutions (4) and (5). It is easy to prove
the converse by direct computation. The proof is completed.

4 Existence and uniqueness results

Let D = C([0, 1],R) = {l : [0, 1] → R is continuous}. The space D is a Banach space
with the norm ‖l‖ = max{|l(w)|, w ∈ [0, 1]}. Obviously, the product space (D × D,
‖(l, k)‖) is also a Banach space with the norm ‖(l, k)‖ = ‖l‖+ ‖k‖.
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In view of Lemma 5, we define an operator T : D× D→ D× D by

T (l, k)(w) =

(
T1(l, k)(w)
T2(l, k)(w)

)
, (12)

where for w ∈ [0, 1],

T1(l, k)(w)

= kI α̌1;χΠl,k(w) +
(χ(w)− χ(0))γ̆1/k−1

AΓk(γ̆1)

×

[
A2

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠl,k(s) dKi(s)− kIα̌2−a2,χΠ̄l,k(1)

)

+ A4

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄l,k(s) dHi(s)− kIα̌1−a1,χΠl,k(1)

)]
(13)

and

T2(l, k)(w)

= kI α̌2;χΠ̄l,k(w) +
(χ(w)− χ(0))γ̆2/k−1

AΓk(γ̆2)

×

[
A1

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠl,k(s) dKi(s)− kIα̌2−a2,χΠ̄l,k(1)

)

+ A3

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄l,k(s) dHi(s)− kIα̌1−a1,χΠl,k(1)

)]
, (14)

where

Πl,k(w) = Π
(
w, l(w), k(w)

)
and Π̄l,k(w) = Π̄

(
w, l(w), k(w)

)
.

For convenience, we set

χ1 =
(χ(1)−χ(0))α̌1/k

Γk(α̌1 + k)
+

(χ(1)−χ(0))γ̆1/k−1

AΓk(γ̆1)

×

(
A2

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + A4

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

)
, (151)

χ2 =
(χ(1)−χ(0))γ̆1/k−1

AΓk(γ̆1)

×

(
A2

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 − a2 + k)
+ A4

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

)
, (152)
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χ3 =
(χ(1)−χ(0))α̌2/k

Γk(α̌2 + k)
+

(χ(1)−χ(0))γ̆2/k−1

AΓk(γ̆2)

×

(
A1

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 − a2 + k)
+ A3

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

)
, (153)

χ∗1 = χ1 −
(χ(1)−χ(0))α̌1/k

Γk(α̌1 + k)
, χ∗3 = χ3 −

(χ(1)−χ(0))α̌2/k

Γk(α̌2 + k)
, (154)

χ4 =
(χ(1)−χ(0))γ̆2/k−1

AΓk(γ̆2)

×

(
A1

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + A3

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

)
. (155)

First, the existence of a unique solution to system (1) is proved via Banach’s contrac-
tion mapping principle [12].

Theorem 1. Suppose that

(H1) For all w ∈ [0, 1] and li, ki ∈ R, i = 1, 2, we have∣∣Π(w, l1, l2)−Π(w, k1, k2)
∣∣ 6 p1|l1 − k1|+ p2|l2 − k2|,∣∣Π̄(w, l1, l2)− Π̄(t, k1, k2)
∣∣ 6 q1|l1 − k1|+ q2|l2 − k2|

in which pi, qi, i = 1, 2, are real constants.

Then system (1) has a unique solution on [0, 1], provided that

(χ1 + χ4)(p1 + p2) + (χ2 + χ3)(q1 + q2) < 1, (16)

where χi, i = 1, 2, 3, 4, are given in (15).

Proof. The assumptions of Banach’s contraction mapping principle will be considered in
the following steps:

(i) T (Bx) ⊆ Bx with T defined by (12) and Bx = {(l, k) ∈ D × D: ‖(l, k)‖ 6 x}
with

x >
(χ1 + χ4)M1 + (χ2 + χ3)M2

1− [(χ1 + χ4)(p1 + p2) + (χ2 + χ3)(q1 + q2)]
,

M1 = supw∈[l1,l2]Π(w, 0, 0) <∞,M2 = supw∈[l1,l2] Π̄(w, 0, 0) <∞.
(ii) T is a contraction.

To consider (i), let (l, k) ∈ Bx and w ∈ [0, 1]. Then we have∣∣T1(l, k)(w)
∣∣

6 kIα̌1;χ
(∣∣Πl,k(w)−Π0,0(w)

∣∣+
∣∣Π0,0(w)

∣∣)+
(χ(1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


On a (k, χ)-Hilfer fractional system with coupled nonlocal boundary conditions 435

×

[
|A2|

(
n∑
i=1

1∫
0

Iα̌1−ǔi;χ
(∣∣Πl,k(s)−Π0,0(s)

∣∣+
∣∣Π0,0(s)

∣∣)dKi(s)

+ kIα̌2−a2;χ
(∣∣Π̄l,k(1)− Π̄0,0(1)

∣∣+
∣∣Π̄0,0(1)

∣∣))

+ |A4|

(
m∑
i=1

1∫
0

Iα̌2−ři;χ
(∣∣Π̄l,k(s)− Π̄0,0(s)

∣∣+
∣∣Π̄0,0(s)

∣∣) dHi(s)

+ kIα̌1−a1;χ
(∣∣Πl,k(s)−Π0,0(s)

∣∣+
∣∣Π0,0(s)

∣∣))]

6
(χ(1)− χ(0))α̌1/k

Γk(α̌1 + k)

(
p1‖l‖+ p2‖k‖+M1

)
+

(χ(1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

(
n∑
i=1

1∫
0

(χ(1)− χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)

(
p1‖l‖+ p2‖k‖+M1

)
dKi(s)

+
(χ(1)− χ(0))(α̌2−a2)/k

Γk(α̌2 − a2 + k)

(
q1‖l‖+ q2‖k‖+M2

))

+ |A4|

(
n∑
i=1

1∫
0

(χ(1)− χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)

(
q1‖l‖+ q2‖k‖+M2

)
dHi(s)

+
(χ(1)− χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

(
p1‖l‖+ p2‖k‖+M1

))]

6
(
p1‖l‖+ p2‖k‖+M1

){ (χ(1)− χ(0))α̌1/k

Γk(α̌1 + k)
+

(χ(1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

n∑
i=1

1∫
0

(χ(1)− χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + |A4|

(χ(1)− χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]}

+
(
q1‖l‖+ q2‖k‖+M2

)[ (χ(1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

(
|A2|

(χ(1)− χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+ |A4|

m∑
i=1

1∫
0

(χ(1)− χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

)]

=
(
p1‖l‖+ p2‖k‖+M1

)
χ1 +

(
q1‖l‖+ q2‖k‖+M2

)
χ2

= (p1χ1 + q1χ2)‖l‖+ (p2χ1 + q2χ2)‖k‖+ χ1M1 + χ2M2

6 (p1χ1 + q1χ2 + p2χ1 + q2χ2)r + χ1M1 + χ2M2.
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Similarly, one can get that∣∣T2(l, k)(t)
∣∣ 6 (p1χ4 + q1χ3 + p2χ4 + q2χ3)x+ χ4M1 + χ3M2.

Consequently, adding the preceding inequalities, we get∥∥T (l, k)
∥∥ =

∥∥T1(l, k)
∥∥+

∥∥T2(l, k)
∥∥

6
[
(χ1 + χ4)(p1 + p2) + (χ2 + χ3)(q1 + q2)

]
x

+ (χ1 + χ4)M1 + (χ2 + χ3)M2

6 r.

Hence, we get T (Bx) ⊆ Bx.
Now we indicate that T is a contraction. For (l1, k1), (l2, k2) ∈ D×D and w ∈ [0, 1],

we have∣∣T1(l2, k2)(w)− T1(l1, k1)(w)
∣∣

6 kIα̌1;χ
(∣∣Πl2,k2(w)−Πl1,k1(w)

∣∣)+
(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

(
n∑
i=1

1∫
0

Iα̌1−ǔi;χ
(∣∣Πl2,k2(s)−Πl1,k1(s)

∣∣) dKi(s)

+ kIα̌2−a2;χ
(∣∣Π̄l2,k2(1)− Π̄l1,k1(1)

∣∣))

+ |A4|

(
m∑
i=1

1∫
0

Iα̌2−ři;χ
(∣∣Π̄l2,k2(s)− Π̄l1,k1(s)

∣∣) dHi(s)

+ kIα̌1−a1;χ
(∣∣Πl2,k2(1)−Πl1,k1(1)

∣∣))]

6
(χ(1)−χ(0))α̌1/k

Γk(α̌1 + k)

(
p1‖l2 − l1‖+ p2‖k2 − k1‖

)
+

(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

(
n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)

(
p1‖l2 − l1‖+ p2‖k2 − k1‖

)
dKi(s)

+
(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 − a2 + k)

(
q1‖l2 − l1‖+ q2‖k2 − k1‖

))

+ |A4|

(
n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)

(
q1‖l2 − l1‖+ q2‖k2 − k1‖

)
dHi(s)

+
(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

(
p1‖l2 − l1‖+ p2‖k2 − k1‖

))]
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=
(
p1‖l2 − l1‖+ p2‖k2 − k1‖

){(χ(1)−χ(0))α̌1/k

Γk(α̌1 + k)
+

(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + |A4|

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]}

+
(
q1‖l2 − l1‖+ q2‖k2 − k1‖

){(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+ |A4|

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

]}

=
(
p1‖l2 − l1‖+ p2‖k2 − k1‖

)
χ1 +

(
q1‖l2 − l1‖+ q2‖k2 − k1‖

)
χ2

= (p1χ1 + q1χ2)‖l2 − l1‖+ (p2χ1 + q2χ2)‖k2 − k1‖.

Hence, we get∥∥T1(l2, k2)− T1(l1, k1)
∥∥

6 (p1χ1 + q1χ2 + p2χ1 + q2χ2)
(
‖l2 − l1‖+ ‖k2 − k1‖

)
. (17)

Similarly, we can obtain that∥∥T2(l2, k2)− T2(l1, k1)
∥∥

6 (p1χ4 + q1χ3 + p2χ4 + q2χ3)
(
‖l2 − l1‖+ ‖k2 − k1‖

)
. (18)

Due to (17) and (18), we conclude that∥∥T (l2, k2)(w)− T (l1, k1)(w)
∥∥

6
(
(χ1 + χ4)(p1 + p2) + (χ2 + χ3)(q1 + q2)

)
×
(
‖l2 − l1‖+ ‖k2 − k1‖

)
.

Thus, in view of condition (16), we conclude that the operator T is contraction and the
Banach’s contraction mapping principle implies that system (1) has a unique solution on
[0, 1]. The proof is completed.

Now the existence results are established for system (1) by applying Leray–Schauder
alternative [15] and Krasnosel’skiı̆’s fixed point theorem [20].

Theorem 2. Let Π, Π̄ : [0, 1]×R2 → R be continuous functions satisfying the following
condition:

(H2) There exist real constants υi, ῡi > 0, i = 1, 2, and υ0, ῡ0 > 0 such that for all
li ∈ R, i = 1, 2, ∣∣Π(w, l1, l2)

∣∣ 6 υ0 + υ1|l1|+ υ2|l2|,∣∣Π̄(w, l1, l2)
∣∣ 6 ῡ0 + ῡ1|l1|+ ῡ2|l2|.
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Then at least one solution is obtained for system (1) on [0, 1] if

(χ1 + χ3)υ1 + (χ2 + χ4)ῡ1 < 1 and (χ1 + χ3)υ2 + (χ2 + χ4)ῡ2 < 1,

where χi, i = 1, 2, 3, 4, are given in (15).

Proof. Due to the continuity property of Π and Π̄ , we conclude that the operator T is
also continuous. Now the uniformly bounded property of the operator T is considered.
Let Br = {(l, k) ∈ D× D: ‖(l, k)‖ 6 r}. For all l, k ∈ Br, by (H3) we have∣∣Π(w, l(w), k(w)

∣∣ 6 υ0 + υ1|l|+ υ2|k| 6 υ0 + υ1‖l‖+ υ2‖k‖
6 υ0 + (υ1 + υ2)r := ϑ1,

and similarly, ∣∣Π̄(w, l(w), k(w)
∣∣ 6 ῡ0 + (ῡ1 + ῡ2)r := ϑ2.

Then, for any (l, k) ∈ Br, we have∣∣T1(l, k)(w)
∣∣

6 ϑ1

{
(χ(1)−χ(0))α̌1/k

Γk(α̌1 + k)
+

(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + |A4|

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]}

+ ϑ2

{
(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+ |A4|

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

]}
,

which yields ∥∥T1(l, k)
∥∥ 6 χ1ϑ1 + χ2ϑ2.

Likewise, one can get ∥∥T2(l, k)
∥∥ 6 χ3ϑ1 + χ4ϑ2.

Therefore, we have∥∥T (l, k)
∥∥ =

∥∥T1(l, k)
∥∥+

∥∥T2(l, k)
∥∥ 6 (χ1 + χ3)ϑ1 + (χ2 + χχ4)ϑ2,

which indicates that the operator T is uniformly bounded.
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Now we indicate that the operator T is equicontinuous. Let w1, w2 ∈ [0, 1] with
w1 < w2. Then we have∣∣T1

(
l(w2), k(w2)

)
− T1

(
l(w1), k(w1)

)∣∣
6

ϑ1

Γk(α̌1)

∣∣∣∣∣
w1∫
0

χ′(s)
[(
χ(w2)−χ(s)

)α̌1/k−1 −
(
χ(w1)−χ(s)

)α̌1/k−1]
ds

+

w2∫
w1

χ′(s)
(
χ(w2)− χ(s)

)α̌1/k−1
ds

∣∣∣∣∣
+

(χ(w2)−χ(0))γ̆1/k−1− (χ(w1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

{
ϑ1

[
|A2|

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s)+|A4|

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]

+ P̆2

[
|A2|

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+|A4|

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

]}

6
ϑ1

Γk(α̌1)

[
2
(
χ(w2)−χ(w1)

)α̌1/k
+
∣∣(χ(w2)−χ(0)

)α̌1/k−
(
χ(w1)− χ(0)

)α̌1/k∣∣]
+

(χ(w2)− χ(0))γ̆1/k−1 − (χ(w1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

{
ϑ1

[
|A2|

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s)+|A4|

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]

+ ϑ2

[
|A2|

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+|A4|

m∑
i=1

1∫
0

(χ(1)− χ(0))(α̌2−̌ri)/k

Γk(α̌2 − ři + k)
dHi(s)

]}
.

The right hand of the above inequality is independent of (l, k) and tends to zero as
w2 −w1 → 0. Thus, T1(l, k) is equicontinuous. Similarly, we can show that the operator
T2(l, k) is also equicontinuous. Thus, the operator T (l, k) is equicontinuous. Hence, the
operator T is completely continuous.

Finally, we indicate that the set

Ξ =
{

(l, k) ∈ D× D: (l, k) = λT (l, k), 0 6 λ 6 1
}

is bounded. Let (l, k) ∈ Ξ . Then (l̄, k) = λT (l, k), and for all w ∈ [0, 1], we have

l(w) = λT1(l, k)(w), k(w) = λT2(l, k)(w).
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Thus,∣∣l(w)
∣∣

6
(
υ0 + υ1

∣∣l(w)
∣∣+ υ2

∣∣k(w)
∣∣){(χ(1)−χ(0))α̌1/k

Γk(α̌1 + k)
+

(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + |A4|

(χ(1)−χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]}

+
(
ῡ0 + ῡ1

∣∣l(w)
∣∣+ ῡ2

∣∣k(w)
∣∣){(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

(
|A2|

(χ(1)−χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+ |A4|

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

)}

and∣∣k(w)
∣∣

6
(
ῡ0 + ῡ1

∣∣l(w)
∣∣+ ῡ2

∣∣k(w)
∣∣){(χ(1)−χ(0))α̌2/k

Γk(α̌2 + k)
+

(χ(1)−χ(0))γ̆1/k−1

|A|Γk(γ̆2)

×

[
|A1|

(χ(1)−χ(0))(α̌2−A2)/k−1

Γk(α̌2 −A2 + k)
+|A3|

m∑
i=1

1∫
0

(χ(1)−χ(0))(α̌2−ři)/k−1

Γk(α̌2 − ři + k)
dHi(s)

]}

+
(
υ0 + υ1

∣∣l(w)
∣∣+ υ2

∣∣k(w)
∣∣){(χ(1)−χ(0))γ̆2/k−1

|A|Γk(γ̆2)

×

[
|A1|

n∑
i=1

1∫
0

(χ(1)−χ(0))(α̌1−ǔi)/k−1

Γk(α̌2 − ǔi + k)
dKi(s)+|A3|

(χ(1)−χ(0))(α̌1−a1)/k−1

Γk(α̌1 − a1 + k)

]}
.

Hence, we have

‖l‖ 6
(
υ0 + υ1‖l‖+ υ2‖k‖

)
χ1 +

(
ῡ0 + ῡ1‖l‖+ ῡ2‖k‖

)
χ2,

‖k‖ 6
(
ῡ0 + ῡ1‖l‖+ ῡ2‖k‖

)
χ4 +

(
υ0 + υ1‖l‖+ υ2|‖k‖

)
χ3,

and hence,

‖l‖+ ‖k‖ 6 (χ1 + χ4)υ0 +
(
(χ2 + χ3)ῡ0 + (χ1 + χ4)υ1 + (χ2 + χ3)ῡ1

)
‖l‖

+ (χ1 + χ4)υ2 + (χ2 + χ3)ῡ2)‖k‖.

Therefore, ∥∥(l, k)
∥∥ 6

(χ1 + χ4)υ0 + (χ2 + χ3)ῡ0

M0
,
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where M0 is defined by

M0 = min
{

1−
[
(χ1 + χ4)υ1 + (χ2 + χ3)ῡ1

]
, 1−

[
(χ1 + χ4)υ2 + (χ2 + χ3)ῡ2

]}
,

which implies thatΞ is bounded. Thus, using Leray–Schauder alternative [15], system (1)
has at least one solution on [0, 1]. The proof is complete.

Now Krasnosel’skiı̆ fixed point theorem [20] is applied to present next result.

Theorem 3. Let Π, Π̄ : [0, 1] × R2 → R be continuous functions satisfying (H2). In
addition, we assume that

(H3) There exist continuous functions B1 and B2 ∈ C([0, 1],R+) satisfying∣∣Π(w, l, k)
∣∣ 6 B1(w),

∣∣Π̄(w, l, k)
∣∣ 6 B2(w)

for each (w, l, k) ∈ [0, 1]× R× R.

Then system (1) has at least one solution on [0, 1] if

(χ∗1 + χ4)(p1 + p2) + (χ2 + χ∗3)(q1 + q2) < 1, (19)

where χi, i = 2, 4, and χ∗i , i = 1, 3, are given in (15).

Proof. We divide the operator T defined by (12) into four operators T1,1, T1,2, T2,1 and
T2,2 as follows:

S1,1(l, k)(w) = kI α̌1;χΠl,k(w), S2,1(l, k)(w) = kI α̌2;χΠ̄l,k(w), w ∈ [0, 1],

S1,2(l, k)(w)

=
(χ(w)− χ(0))γ̆1/k−1

AΓk(γ̆1)

×

[
A2

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠl,k(s) dKi(s)− kIα̌2−a2,χΠ̄l,k(1)

)

+ A4

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄l,k(s) dHi(s)− kIα̌1−a1,χfl,k(1)

)]
, w ∈ [0, 1],

S2,2(l, k)(w)

=
(χ(w)− χ(0))γ̆2/k−1

AΓk(γ̆2)

×

[
A1

(
n∑
i=1

1∫
0

kI α̌1−ǔi,χΠl,k(s) dKi(s)− kIα̌2−a2,χΠ̄l,k(1)

)

+ A3

(
m∑
i=1

1∫
0

kIα2−ři, χΠ̄l,k(s) dHi(s)− kIα̌1−a1,χΠl,k(1)

)]
, w ∈ [0, 1].
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Obviously, T1 = S1,1 + S1,2, T2 = S2,1 + S2,2. Now we introduce the ball: Bδ =
{(l, k) ∈ D × D: ‖(l, k)‖ 6 δ} with δ > (χ1 + χ3)‖B1‖ + (χ2 + χ4)‖B2‖. For any
(l1, l2), (k1, k2) ∈ Bδ , similar to Theorem 2, we get∣∣S1,1(l1, k2)(w) + S1,2(k1, k2)(w)

∣∣ 6 χ1‖B1‖+ χ2‖B2‖.

Similarly, we have∣∣S2,1(l1, k2)(w) + S2,2(k1, k2)(w)
∣∣ 6 χ3‖B1‖+ χ4‖B2‖.

Thus, we obtain∥∥T1(l1, l2) + T2(k1, k2)
∥∥ 6 (χ1 + χ3)‖B1‖+ (χ2 + χ4)‖‖B2‖ < δ,

which implies that T1(l1, l2) + T2(k1, k2) ∈ Bδ .
To indicate that the operator (S1,2,S2,2) is a contraction, let (l1, l2), (k1, k2) ∈ Bδ .

Then, similar to the proof of Theorem 1, we get∣∣S1,2(l2, k2)(w)− S1,2(l1, k1)(w)
∣∣

6
(
p1‖l2 − l1‖+ p2‖k2 − k1‖

){(χ(1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

n∑
i=1

1∫
0

(χ(1)− χ(0))(α̌1−ǔi)/k

Γk(α̌1 − ǔi + k)
dKi(s) + |A4|

(χ(1)− χ(0))(α̌1−a1)/k

Γk(α̌1 − a1 + k)

]}

+
(
q1‖l2 − l1‖+ q2‖k2 − k1‖

) (χ(1)− χ(0))γ̆1/k−1

|A|Γk(γ̆1)

×

[
|A2|

(χ(1)− χ(0))(α̌2−a2)/k

Γk(α̌2 + a2 + k)
+ |A4|

m∑
i=1

1∫
0

(χ(1)− χ(0))(α̌2−ři)/k

Γk(α̌2 − ři + k)
dHi(s)

]
=
(
p1‖l2 − l1‖+ p2‖k2 − k1‖

)
χ∗1 +

(
q1‖l2 − l1‖+ q2‖k2 − k1‖

)
χ2

= (p1χ
∗
1 + q1χ2)‖l2 − l1‖+ (p2χ

∗
1 + q2χ2)‖k1 − k2‖, (20)

and ∣∣S2,2(l1, k1)(w)− S2,2(l2, k2)(w)
∣∣

6 (m1χ4 + q1χ
∗
3)‖l2 − l1‖+ (p2χ4 + q2χ

∗
3)‖k2 − k1‖. (21)

From (20) and (21) we have∥∥(S1,2,S2,2)(l1, k1)− (S1,2,S2,2)(l2, k2)
∥∥

6
{

(χ∗1 + χ4)(p1 + p2) + (χ2 + χ∗3)(q1 + q2)
}(
‖l1 − l2‖+ ‖k1 − k2‖

)
,

which shows that (S1,2,S2,2) is a contraction by applying condition (19).
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Now, due to the continuity property of the functions f and g, we conclude that the
operator (S1,1,S2,1) is also continuous. Moreover, the operator (S1,2,S2,1) is uniformly
bounded on Bδ , since ∥∥S1,1(l, k)

∥∥ 6
(χ(1)− χ(0))α̌1/k

Γk(α̌1 + k)
‖B1‖,

and ∥∥S2,1(l, k)
∥∥ 6

(χ(1)− χ(0))α̌2/k

Γk(α̌2 + k)
‖B2‖.

Hence, we obtain

∥∥(S1,1,S2,1)(l, k)
∥∥ 6

(χ(1)− χ(0))α̌1/k

Γk(α̌1 + k)
‖B1‖+

(χ(1)− χ(0))α̌2/k

Γk(α̌2 + k)
‖B2‖,

which implies that the set (S1,1,S2,1)Bδ is also uniformly bounded. Now the equicontin-
uous property of the set (S1,1,S2,1)Bδ is showed. For any (l, k) ∈ Bδ and w1, w2 ∈ [0, 1]
with w1 < w2, we have∣∣S1,1(l, k)(w2)− S1,1(l, k)(w1)

∣∣
6

1

Γk(α̌1)

∣∣∣∣∣
w1∫
0

χ′(s)
[(
χ(w2)− χ(s)

)α̌1/k−1 −
(
χ(w1)− χ(s)

)α̌1/k−1]
×Π

(
s, l(s), k(s)

)
ds

+

w2∫
w1

χ′(s)
(
χ(w2)− χ(s)

)α̌1/k−1
Π
(
s, l(s), k(s)

)
ds

∣∣∣∣∣
6

‖B1‖
Γk(α̌1 + k)

[
2
(
χ(w2)− χ(w1)

)α̌1/k

+
∣∣(χ(w2)− χ(0)

)α̌1/k −
(
χ(w1)− χ(0)

)α̌1/k∣∣],
which tends to zero as w1 → w2, independently of (l, k) ∈ Bδ . Similarly, we can show
that |S2,1(l, k)(w2) − S2,1(l, k)(w1)| → 0 as w1 → w2 independently of (l, k) ∈ Bδ .
Thus, |(S1,1,S2,1)(l, k)(w2) − (S1,1,S2,1)(l, k)(w1)| tends to zero, as w1 → w2, and
hence, (S1,1,S2,1) is equicontinuous and by applying Arzelà–Ascoli theorem, we con-
clude that the operator (S1,1,S2,1) is compact on Bδ .

Hence, by applying Krasnosel’skiı̆ fixed point theorem system (1) has at least one
solution on [0, 1]. The proof is finished.

5 Numerical examples

In this section, some illustrated examples will be shown presenting the advantage of the
obtained theorems from the previous section by setting some parameters.
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Consider the following (k, χ)-Hilfer fractional system with coupled nonlocal bound-
ary conditions including various fractional derivatives and Riemann–Stieltjes integrals:

8/7,HD9/7,2/5;
√
w+1l(w) = Π

(
w, l(w), k(w)

)
, w ∈ [0, 1],

8/7,HD11/7,35/;
√
w+1k(w) = Π̄

(
w, l(w), k(w)

)
, w ∈ [0, 1],

(22)

supplemented with coupled nonlocal boundary conditions

l̆(0) = 0, k(0) = 0,

8/7,HD1/9,4/5,
√
w+1 l̆(1) =

1∫
0

8/7,HD1/3,1/7,
√
w+1k(s)d

(
s3 + 2s

)

+

1∫
0

8/7,HD5/9,2/7,
√
w+1k(s) d

(
s3 + 3s

)

+

1∫
0

8/7,HD7/9,3/7,
√
t+1k(s) d

(
s3 + 4s

)
,

8/7,HD8/9,1/5,
√
w+1k(1) =

1∫
0

8/7,HD2/9,4/7,
√
w+1Π̄(s) d

(
s2 + 5s

)

+

1∫
0

8/7,HD/4/9,5/7,
√
t+1Π̄(s) d

(
s2 + 6s

)

+

1∫
0

8/7,HD2/3,6/7,
√
t+1Π̄(s) d

(
s2 + 7s

)
.

(23)

Here α̌1 = 9/7, α̌2 = 11/7, β̌1 = 2/5, β̌2 = 3/5, χ(w) =
√
w + 1, k = 8/7, a1 = 1/9,

a2 = 8/9, b1 = 4/5, b2 = 1/5, m = 3, ř1 = 1/3, ř2 = 5/9, ř3 = 7/9, š1 = 1/7,
š2 = 2/7, š3 = 3/7, H1(s) = s3 + 2s, H2(s) = s3 + 3s, H3(s) = s3 + 4s, n = 3,
ǔ1 = 2/9, ǔ2 = 4/9, ǔ3 = 2/3, v̌1 = 4/7, v̌2 = 5/7, v̌3 = 6/7, K1(s) = s2 + 5s,
K2(s) = s2 + 6s, K3(s) = s2 + 7s. Observe that χ′(w) = 1/(2

√
w + 1) > 0 for

w ∈ [0, 1], γ̆1 = 59/35 with γ̆1 < 2k and γ̆2 = 2 with γ̆2 < 2k. To calculate the function
k-Gamma, we use the well-known relation

Γk(x) = kx/k−1Γ

(
x

k

)
.

All detail can be used to compute constants as A1 ≈ 0.7668878267, A2 ≈ 9.046930524,
A3 ≈ 19.47984730, A4 ≈ 1.011581212, |A| ≈ 175.4570558, χ1 ≈ 0.5622110429,
χ2 ≈ 0.02490732732, χ3 ≈ 0.2454906089, χ∗1 ≈ 0.2608746201, χ∗3 ≈ 0.0428239670,
χ4 ≈ 0.03568021627.
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(i) Consider the functions Π and Π̄ given by

Π(w, l, k) =
10

w + 38

l2 + 2|l|
1 + |l|

+
10

(t+ 4)2
sin k +

1

2
w2 + 3w + 6,

Π̄(w, l, k) =
10

(w + 2)4 + 1
tan−1 l +

5

2w + 9

|k|
1 + |k|

+
1

3
ew + 4.

(24)

Note that Π and Π̄ satisfy the Lipschitz condition since∣∣Π(w, l1, k1)−Π(w, l2, k2)
∣∣ 6 10

19
|l1 − l2|+

5

8
|k1 − k2|

and ∣∣Π̄(w, l1, k1)− Π̄(w, l2, k2)
∣∣ 6 10

17
|l1 − l2|+

5

9
|k1 − k2|.

Setting constants as p1 = 10/19, p2 = 5/8, q1 = 10/17 and q2 = 5/9 leads to

(χ1 + χ4)(p1 + p2) + (χ2 + χ3)(q1 + q2) ≈ 0.9976403327 < 1.

Thus, conditions (H2) and (16) in Theorem 1 are fulfilled. Then the unique solution of
problem (22)–(23) with Π and Π̄ given by (24) is guaranteed on [0, 1].

(ii) If the unbounded term

10

w + 38

l2 + 2|l|
1 + |l|

is replaced by bounded term
10

w + 18

|l|
1 + |l|

in (24), then

Π(w, l, k) =
10

w + 18

|l|
1 + |l|

+
10

(w + 4)2
sin k +

1

2
w2 + 3w + 6. (25)

In this case, Π and Π̄ are bounded as∣∣Π(w, l, k)
∣∣ 6 10

w + 18
+

10

(w + 4)2
+

1

2
w2 + 3w + 6 := B1(w)

and ∣∣Π̄(w, l, k)
∣∣ 6 10π

2(w + 2)4 + 2
+

5

2w + 9
+

1

3
ew + 4 := B2(w).

Then constant p1 is changed to be p1 = 5/9, and consequently,

(χ1 + χ4)(p1 + p2) + (χ2 + χ3)(q1 + q2) ≈ 1.015122533 > 1,

which is a contradiction to (16) in Theorem 1. This means that we can not claim the
uniqueness in this case. However, the inequality

(χ∗1 + χ4)(p1 + p2) + (χ2 + χ∗3)(q1 + q2) ≈ 0.4275698945 < 1,
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holds, and all assumptions in Theorem 3 are satisfied. Therefore, (k, χ)-Hilfer fractional
system with coupled nonlocal boundary conditions including various fractional deriva-
tives and Riemann–Stieltjes integrals (22)–(23) with Π given in (25) and Π̄ given in (24)
has at least one solution on [0, 1].

(iii) Let the nonlinear functions be appeared as

Π(w, l, k) =
1

5
w +

|l|2023

2(1 + l2022)
e−|k| +

1

3
k sin12 l,

Π̄(w, l, k) =
1

4
w +

18

π
l tan−1 |k|+ 10

k2022

1 + |k|2021
cos14 l.

(26)

We remark that Π and Π̄ are bounded as∣∣Π(w, l, k)
∣∣ 6 1

5
+

1

2
|l|+ 1

3
|k| and

∣∣Π̄(w, l, k)
∣∣ 6 1

4
+ 9l + 10|k|

for all w ∈ [0, 1] and l, k ∈ R. Choosing constants as υ0 = 1/5, υ1 = 1/2, υ2 = 1/3,
ῡ0 = 1/4, ῡ1 = 9, ῡ2 = 10, we have

(χ1 + χ3)υ1 + (χ2 + χ4)ῡ1 ≈ 0.9491387182 < 1

and
(χ1 + χ3)υ2 + (χ2 + χ4)ῡ2 ≈ 0.8751093198 < 1.

Thus, all conditions in Theorem 2 are satisfied, and we can use it to conclude that the
boundary value problem (22)–(23) with nonlinear functions Π and Π̄ given in (26) has at
least one solution on [0, 1].

6 Conclusions

In this paper, we have derived the existence and uniqueness results for a system of (k, χ)-
Hilfer fractional differential equations, subject to coupled nonlocal boundary conditions
containing various fractional derivatives and Riemann–Stieltjes integrals. We have ap-
plied the standard tools of the fixed point theory to establish the desired results. The
used methods are standard, but their configuration in the present problem is new. Our
results are new and significantly contribute to the literature on nonlocal coupled systems
of (k, χ)-Hilfer fractional differential equations.
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