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Abstract. In this paper, we study a Riemann–Liouville-type fractional Riemann–Stieltjes integral
boundary value problem under some conditions regarding the spectral radius of the relevant linear
operator. The existence of nontrivial solutions is obtained using topological degree, and our results
improve and generalize some results in the literature.
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1 Introduction

In this paper, we consider the existence of nontrivial solutions for the Riemann–Liouville-
type fractional-order Riemann–Stieltjes integral boundary value problem

−Dα
0+χ(t) + τχ(t) = f

(
t, χ(t)

)
, 0 < t < 1,

χ(0) = χ′(0) = 0, χ(1) =

1∫
0

χ(t) dγ(t),
(1)

where 2 < α < 3, Dα
0+ is the Riemann–Liouville derivative, and f satisfies the following

conditions.
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(H1) f ∈ C([0, 1]× R,R),
(H2) There exist σ, δ ∈ C([0, 1],R+) and K ∈ C(R,R+) with δ(t) 6≡ 0, t ∈ [0, 1],

such that f(t, x) > −σ(t)− δ(t)K(x) for all x ∈ R, t ∈ [0, 1].
(H3) lim|x|→+∞K(x)/|x| = 0.

We now consider conditions on τ and γ. Let

g(τ) =

+∞∑
k=0

(kα+ α− 2)(kα+ α− 3)τk

Γ(kα+ α)
.

Then we have g′(τ) > 0 on (0,+∞), g(0) < 0, and limτ→+∞ g(τ) = +∞. Therefore,
there exists a unique root τ∗ > 0 such that g(τ∗) = 0.

Throughout our paper, we assume that τ and γ satisfy the conditions:

(H4) τ ∈ (0, τ∗] is a constant.
(H5) γ is a function of bounded variation with γ(t) > 0, t ∈ [0, 1], and

∫ 1

0
G(t) dγ(t) ∈

[0, G(1)), where

G(t) = tα−1
+∞∑
k=0

τktαk

Γ((k + 1)α)
.

Fractional calculus is used to describe problems in rheology, mechanics, material
science, signal processing, and there is much research on fractional-order equations in the
literature; see, for example, [1–6, 8–10, 12–24]. In [20] the authors investigated positive
solutions for the resonant fractional multipoint boundary value problem

Dα
0+χ(t) + f

(
t, χ(t), Dβ

0+χ(t)
)

= 0, t ∈ (0, 1),

χ(0) = χ′(0) = 0, Dβ
0+χ(1) =

m∑
i=1

ηiD
β
0+χ(ξi),

where Dα
0+ is the Riemann–Liouville derivative, and in [22] the authors investigated

multiple positive solutions for the higher-order fractional integral boundary value problem

−Dη−2
0+

(
χ′′(t)

)
+ f

(
t, χ(t)

)
= 0, 0 < t < 1,

χ′′(0) = χ′′′(0) = · · · = χ(n−2)(0) = 0, Dκ−2
0+ χ′′(1) = 0,

αχ(0)− βχ′(0) =

1∫
0

χ(s) dA(s), γχ(1) + δχ′(1) =

1∫
0

χ(s) dB(s).

The spectral theory of linear operators can be used to study differential equations; see
[2, 13, 19, 21, 23]. In [23] the authors studied positive solutions for the fractional integral
boundary value problem

Dα
0+χ(t) + h(t)f

(
t, χ(t)

)
= 0, 0 < t < 1,

χ(0) = χ′(0) = χ′′(0) = 0, χ(1) = λ

η∫
0

χ(s) ds,
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where f ∈ C([0, 1]× R+,R+) satisfies the conditions:

(HZ1) lim infχ→0+ f(t, χ)/χ > λ1, lim supχ→+∞ f(t, χ)/χ < λ1 uniformly with
respect to t ∈ [0, 1],

(HZ2) lim supχ→0+ f(t, χ)/χ < λ1, lim infχ→+∞ f(t, χ)/χ > λ1 uniformly with
respect to t ∈ [0, 1], where λ1 is the first eigenvalue of the operator (LZ1χ)(t) =∫ 1

0
G(t, s)h(s)χ(s) ds, and G is the Green’s function.

Motivated by the aforementioned works, in this paper, we use topological degree to
study nontrivial solutions for (1) under some conditions concerning the spectral radius of
the relevant linear operator. Note the considered linear operator can include the Riemann–
Stieltjes integral condition in (1), and the approach is quite different from previous works
in the literature. Also, we note that our conditions are more general than (H1), (H2).

2 Preliminaries

We first provide some useful definitions and conclusions, which are used to obtain our
main results.

Definition 1. (See [10, 14].) The α-order Riemann–Liouville fractional derivative of
a function ϕ : (0,+∞)→ R is given by

Dα
0+ϕ(t) =

1

Γ(n− α)

(
d

dt

)n t∫
0

(t− s)n−α−1ϕ(s) ds,

where n = [α] + 1. [α] denotes the integer part of number α, provided that the right-hand
side is point-wise defined on (0,+∞).

Definition 2. (See [10,14].) The α-order Riemann–Liouville fractional integral of a func-
tion ϕ : (0,+∞)→ R is given by

Iα0+ϕ(t) =
1

Γ(α)

t∫
0

(t− s)α−1ϕ(s) ds,

provided that the right-hand side is point-wise defined on (0,+∞).

In what follows, we will calculate the Green’s function associated with (1).

Lemma 1. (See [17].) Suppose that (H1), (H2) hold, and ψ ∈ L[0, 1]. Then the boundary
value problem

−Dα
0+χ(t) + τχ(t) = ψ(t), 0 < t < 1,

χ(0) = χ′(0) = 0, χ(1) =

1∫
0

χ(t) dγ(t)
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has a unique solution

χ(t) =

1∫
0

K(t, s)ψ(s) ds+
G(t)

G(1)

1∫
0

χ(t) dγ(t) (2)

=

1∫
0

Θ(t, s)ψ(s) ds, (3)

where

Θ(t, s) = K(t, s) +
G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

K(t, s) dγ(t),

K(t, s) =
1

G(1)

{
G(t)G(1− s), 0 6 t 6 s 6 1,

G(t)G(1− s)−G(t− s)G(1), 0 6 s 6 t 6 1.

Proof. We first consider the problem

−Dα
0+χ(t) + τχ(t) = 0, 0 < t < 1,

χ(0) = χ′(0) = 0, χ(1) =

1∫
0

χ(t) dγ(t).

Using the method in [17, Lemma 2.1], we have

χ(t) = c1G(t) + c2G
′(t) + c3G

′′(t),

where ci ∈ R, i = 1, 2, 3. From χ(0) = χ′(0) = 0 we have c2 = c3 = 0. Hence,
χ(1) =

∫ 1

0
χ(t) dγ(t) implies that

χ(1) = c1G(1) =

1∫
0

χ(t) dγ(t) and c1 =
1

G(1)

1∫
0

χ(t) dγ(t).

Thus, we have

χ(t) =
G(t)

G(1)

1∫
0

χ(t) dγ(t). (4)

Next, we consider the problem

−Dα
0+χ(t) + τχ(t) = ψ(t), 0 < t < 1,

χ(0) = χ′(0) = 0, χ(1) = 0.
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From [17, Lemma 2.1] we have

χ(t) =

1∫
0

K(t, s)ψ(s) ds. (5)

Combining (4) and (5), we obtain (2).
We multiply both sides of (2) by dγ(t) and integrate over [0, 1], and then we have

1∫
0

χ(t) dγ(t) =

1∫
0

1∫
0

K(t, s)ψ(s) dsdγ(t) +

1∫
0

G(t)

G(1)
dγ(t)

1∫
0

χ(t) dγ(t)

and
1∫

0

χ(t) dγ(t) =
G(1)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

1∫
0

K(t, s)ψ(s) dsdγ(t).

Consequently, we have

χ(t) =

1∫
0

K(t, s)ψ(s) ds+
G(t)

G(1)

G(1)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

1∫
0

K(t, s)ψ(s) dsdγ(t)

=

1∫
0

Θ(t, s)ψ(s) ds.

This is (3). This completes the proof.

Lemma 2. Suppose that s∗ ∈ (0, 1) such that s∗ = (1 − s∗)α−2. Then Θ(t, s) has the
following properties:

(i) Θ(t, s) > κ1s(1− s)α−1tα−1 for all t, s ∈ [0, 1];
(ii) Θ(t, s) 6 κ2s(1− s)α−1 for all t, s ∈ [0, 1], where

κ1 =

∫ 1

0
(1− t)tα−1 dγ(t)

[G(1)−
∫ 1

0
G(t) dγ(t)]G(1)[Γ(α)]3

,

κ2 =
[G′(1)]2

G(1)s∗

[
1 +

G(1)γ(1)

G(1)−
∫ 1

0
G(t) dγ(t)

]
,

(iii) Θ(t, s) 6 G2(1)/(G(1)−
∫ 1

0
G(t) dγ(t)) tα−1(1− s)α−1 for all t, s ∈ [0, 1].

Proof. We first use [17, Thm. 3.1] and note that for all t, s ∈ [0, 1],

1

G(1)[Γ(α)]2
s(1− s)α−1(1− t)tα−1 6 K(t, s) 6

[G′(1)]2

G(1)s∗
s(1− s)α−1. (6)

https://www.journals.vu.lt/nonlinear-analysis
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Also, we note that
tα−1

Γ(α)
6 G(t) 6 tα−1G(1), t ∈ [0, 1]. (7)

Therefore, from (6), (7) we have

Θ(t, s) = K(t, s) +
G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

K(t, s) dγ(t)

>
tα−1

[G(1)−
∫ 1

0
G(t) dγ(t)]Γ(α)

1∫
0

1

G(1)[Γ(α)]2
s(1− s)α−1(1− t)tα−1 dγ(t)

= κ1s(1− s)α−1tα−1

and

Θ(t, s) = K(t, s) +
G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

K(t, s) dγ(t)

6
[G′(1)]2

G(1)s∗
s(1− s)α−1 +

G(1)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

[G′(1)]2

G(1)s∗
s(1− s)α−1 dγ(t)

=
[G′(1)]2

G(1)s∗
s(1− s)α−1

[
1 +

G(1)γ(1)

G(1)−
∫ 1

0
G(t) dγ(t)

]
= κ2s(1− s)α−1.

Furthermore, we have

Θ(t, s) = K(t, s) +
G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

K(t, s) dγ(t)

6
G(t)G(1− s)

G(1)
+

G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

G(t)G(1− s)
G(1)

dγ(t)

=
G2(1)

G(1)−
∫ 1

0
G(t) dγ(t)

tα−1(1− s)α−1, t ∈ [0, 1].

This completes the proof.

Let E := C[0, 1], ‖ϑ‖ := maxt∈[0,1] |ϑ(t)|, P := {ϑ ∈ E: ϑ(t) > 0 ∀t ∈ [0, 1]}.
Then (E, ‖·‖) is a real Banach space, and P is a cone onE. Define an operator Ψ : E→E
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as follows:

(Ψϑ)(t) =

1∫
0

K(t, s)f
(
s, ϑ(s)

)
ds+

G(t)

G(1)

1∫
0

ϑ(t) dγ(t), ϑ ∈ E, t ∈ [0, 1].

It is easy to find that if Ψ has a fixed point ϑ∗ in E, i.e., Ψϑ∗ = ϑ∗, then ϑ∗ is a solution
for (1). Note that

ϑ∗(t) =

1∫
0

K(t, s)f
(
s, ϑ∗(s)

)
ds+

G(t)

G(1)

1∫
0

ϑ∗(t) dγ(t).

From Lemma 1 we have

ϑ∗(t) =

1∫
0

Θ(t, s)f
(
s, ϑ∗(s)

)
ds.

Hence, ϑ∗ is also a fixed point of operator L ◦ F , which can be denoted by Ψ , where
F : E → E is the Nemytskii operator defined by (Fϑ)(t) := f(t, ϑ(t)), and

(Lϑ)(t) =

1∫
0

Θ(t, s)ϑ(s) ds.

Lemma 3. Let P01 = {ϑ ∈ P : ϑ(t) > (κ1/κ2)tα−1‖ϑ‖, t ∈ [0, 1]}. Then L(P ) ⊂ P01.

Proof. If ϑ ∈ P , from Lemma 2(i), (ii) we have

(Lϑ)(t) 6

1∫
0

κ2s(1− s)α−1ϑ(s) ds

and

(Lϑ)(t) >

1∫
0

κ1s(1− s)α−1tα−1ϑ(s) ds =
κ1

κ2
tα−1

1∫
0

κ2s(1− s)α−1ϑ(s) ds

>
κ1

κ2
tα−1‖Lϑ‖.

This completes the proof.

Lemma 4. Let

(Lξϑ)(t) = ξ

1∫
0

K(t, s)ϑ(s) ds+
G(t)

G(1)

1∫
0

ϑ(t) dγ(t), ξ > 0.

Then the spectral radius of Lξ, denoted by r(Lξ), is positive.
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Note that r(Lξ) > ξr(LK). So, we only need to prove r(LK) > 0, where r(LK) is
the spectral radius of the operator LK defined as follows:

(LKϑ)(t) =

1∫
0

K(t, s)ϑ(s) ds.

Moreover, we can use the similar method in [21, Lemma 5] to obtain r(LK) > 0, so we
omit its proof here. Therefore, the Krein–Rutman theorem [11] implies that there exists
ζξ ∈ P \ {0} such that

Lξζξ = r(Lξ)ζξ. (8)

Lemma 5. (See [7].) Let E be a Banach space, Ω ⊂ E a bounded open set, and T :
Ω → E a continuous compact operator. If there exists x0 ∈ E \ {0} such that

x− Tx 6= µx0 ∀x ∈ ∂Ω, µ > 0,

then the topological degree deg(I − T, Ω, 0) = 0.

Lemma 6. (See [7].) Let E be a Banach space, Ω ⊂ E a bounded open set with 0 ∈ Ω,
and T : Ω → E a continuous compact operator. If

Tx 6= µx ∀x ∈ ∂Ω, µ > 1,

then the topological degree deg(I − T, Ω, 0) = 1.

3 Main results

Now, we list some assumptions on f , which we need in this section.

(H6) There exists ξ1 > 0 with r(Lξ1) > 1 such that lim inf |x|→+∞ f(t, x)/|x| > ξ1
uniformly for t ∈ [0, 1],

(H7) There exists ξ2 > 0 with r(Lξ2) < 1 such that lim sup|x|→0 |f(t, x)|/|x| < ξ2
uniformly for t ∈ [0, 1].

Theorem 1. Suppose that (H1)–(H7) hold. Then (1) has at least one nontrivial solution.

Before the proof of Theorem 1, we present a lemma.

Lemma 7. Suppose that all assumptions in Theorem 1 hold. Let P02 = {ϑ ∈ P : ϑ(t) >
κ3t

α−1‖ϑ‖, t ∈ [0, 1]}. Then ζξ1 ∈ P02, where κ3 and ζξ1 are given in the proof.

Proof. By Lemma 4 and (8) we have

(Lξ1ϑ)(t) = ξ1

1∫
0

K(t, s)ϑ(s) ds+
G(t)

G(1)

1∫
0

ϑ(t) dγ(t),
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https://doi.org/10.15388/namc.2024.29.34768


496 Y. Li et al.

and there exists ζξ1 ∈ P \ {0} such that

Lξ1ζξ1 = r(Lξ1)ζξ1 . (9)

Hence, we obtain

ξ1

1∫
0

K(t, s)ζξ1(s) ds+
G(t)

G(1)

1∫
0

ζξ1(t) dγ(t) = r(Lξ1)ζξ1(t).

Note that r(Lξ1) > 1, and (H5) enables us to obtain

1∫
0

ζξ1(t) dγ(t) =
ξ1G(1)

∫ 1

0

∫ 1

0
K(t, s)ζξ1(s) dsdγ(t)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

,

and then

r(Lξ1)ζξ1(t) = ξ1

1∫
0

K(t, s)ζξ1(s) ds+
ξ1G(t)

∫ 1

0

∫ 1

0
K(t, s)ζξ1(s) dsdγ(t)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

.

Consequently, we have

ζξ1(t) =

1∫
0

Λ(t, s)ζξ1(s) ds,

where

Λ(t, s) =
ξ1

r(Lξ1)

[
K(t, s) +

G(t)
∫ 1

0
K(t, s) dγ(t)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

]
.

Note that (6) and (7) imply that

ζξ1(t) 6

1∫
0

ξ1[G′(1)]2

r(Lξ1)G(1)s∗

[
1 +

G(1)γ(1)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

]
s(1− s)α−1ζξ1(s) ds

and

ζξ1(t) >
ξ1

r(Lξ1)

1∫
0

G(t)
∫ 1

0
K(t, s) dγ(t)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

ζξ1(s) ds

> tα−1

∫ 1

0
(1− t)tα−1 dγ(t)

G(1)[Γ(α)]3[r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)]

× ξ1
r(Lξ1)

1∫
0

s(1− s)α−1ζξ1(s) ds

https://www.journals.vu.lt/nonlinear-analysis
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= tα−1 s∗
∫ 1

0
(1− t)tα−1 dγ(t)

[G′(1)]2[Γ(α)]3[r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)]

×
[
1 +

G(1)γ(1)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

]−1

×
1∫

0

ξ1[G′(1)]2

r(Lξ1)G(1)s∗

[
1 +

G(1)γ(1)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

]
× s(1− s)α−1ζξ1(s) ds

> κ3t
α−1‖ζξ1‖,

where

κ3 =
s∗
∫ 1

0
(1− t)tα−1 dγ(t)

[G′(1)]2[Γ(α)]3[r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)]

×
[
1 +

G(1)γ(1)

r(Lξ1)G(1)−
∫ 1

0
G(t) dγ(t)

]−1

.

This completes the proof.

Note that

κ1

κ2
=

s∗
∫ 1

0
(1− t)tα−1 dγ(t)

[G′(1)]2[Γ(α)]3[G(1)−
∫ 1

0
G(t) dγ(t)]

[
1 +

G(1)γ(1)

G(1)−
∫ 1

0
G(t) dγ(t)

]−1

> κ3,

and let
P0 =

{
ϑ ∈ P : ϑ(t) > κ4t

α−1‖ϑ‖, t ∈ [0, 1]
}
,

where κ4 = min{κ3, 1/(G(1)Γ(α))}. Then from Lemmas 3 and 7 we obtain

L(P ) ⊂ P0 (10)

and
ζξ1 ∈ P0, i.e., ζξ1(t) > κ4t

α−1‖ζξ1‖, t ∈ [0, 1]. (11)

Proof of Theorem 1. As discussed in Section 2, we only need to prove that Ψ has a fixed
point. By (H6) there exist ε0 > 0 and X0 > 0 such that

f(t, x) > (ξ1 + ε0)|x| for |x| > X0, t ∈ [0, 1].

For any fixed ε with ε0 − ‖δ‖ε > 0, from (H3) there exists X1 > X0 such that

K(x) 6 ε|x| for |x| > X1.

Nonlinear Anal. Model. Control, 29(3):488–508, 2024
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Note (H2), and we obtain

f(t, x) > (ξ1 + ε0)|x| − σ(t)− δ(t)K(x)

>
(
ξ1 + ε0 − ε‖δ‖

)
|x| − σ(t), t ∈ [0, 1], |x| > X1.

Let

CX1
=
(
ξ1 + ε0 − ε‖δ‖

)
X1 + max

t∈[0,1], |x|6X1

∣∣f(t, x)
∣∣, K∗ = max

|x|6X1

K(x),

and we have

f(t, x) >
(
ξ1 + ε0 − ε‖δ‖

)
|x| − σ(t)− CX1 ,

K(x) 6 ε|x|+K∗, t ∈ [0, 1], x ∈ R.
(12)

Note that ε can be chosen arbitrarily small, and we let

R > max

{
κ2[‖σ‖+ ‖δ‖K∗ + CX1

]Γ(α)

Γ(α+ 2)− εκ2‖δ‖Γ(α)
,

[‖σ‖+ ‖δ‖K∗ + CX1
][κ2κ4(ε0−ε‖δ‖)Γ(α)

Γ(α+2) + (ξ1+ε0−ε‖δ‖)G2(1)

α[G(1)−
∫ 1
0
G(t) dγ(t)]

]

κ4(ε0 − ε‖δ‖)[1− ε‖δ‖κ2Γ(α)
Γ(α+2) ]− ε‖δ‖(ξ1+ε0−ε‖δ‖)G2(1)

α[G(1)−
∫ 1
0
G(t) dγ(t)]

}
. (13)

In what follows, we prove that

ϑ− Ψϑ 6= µζξ1 , ϑ ∈ ∂BR, µ > 0, (14)

where ζξ1 is defined in (9), and BR = {ϑ ∈ E: ‖ϑ‖ < R}. Suppose the contrary. Then
there exist ϑ1 ∈ ∂BR, µ1 > 0 such that

ϑ1 − Ψϑ1 = µ1ζξ1 . (15)

Note that µ1 6= 0, otherwise, ϑ1 is a solution for (1), and the theorem is proved. Let

ϑ̃1(t) =

1∫
0

Θ(t, s)
[
σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds, t ∈ [0, 1],

where Θ(t, s) is defined by Lemma 1. From (2), (3), ϑ̃1 can also be expressed by

ϑ̃1(t) =

1∫
0

K(t, s)
[
σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds

+
G(t)

G(1)

1∫
0

ϑ̃1(t) dγ(t), t ∈ [0, 1]. (16)
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Recall that σ(s) + δ(s)K(ϑ1(s)) + CX1
∈ P for s ∈ [0, 1], then ϑ̃1 ∈ P . Furthermore,

(15) enables us to obtain

ϑ1(t) + ϑ̃1(t) = µ1ζξ1(t) + (Ψϑ1)(t) + ϑ̃1(t)

=

1∫
0

K(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds

+
G(t)

G(1)

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t) + µ1ζξ1(t).

From (H5) we have

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t)

=

1∫
0

1∫
0

K(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
dsdγ(t)

+

1∫
0

G(t)

G(1)
dγ(t)

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t) + µ1

1∫
0

ζξ1(t) dγ(t)

and
1∫

0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t)

=

{
G(1)

1∫
0

1∫
0

K(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
dsdγ(t)

+ µ1G(1)

1∫
0

ζξ1(t) dγ(t)

}
1

G(1)−
∫ 1

0
G(t) dγ(t)

.

Consequently, we have

ϑ1(t) + ϑ̃1(t)

=

1∫
0

K(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds+ µ1ζξ1(t)

+
µ1G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

ζξ1(t) dγ(t)
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+
G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

×
1∫

0

1∫
0

K(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
dsdγ(t)

=

1∫
0

Θ(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds+ µ1ζξ1(t)

+
µ1G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

ζξ1(t) dγ(t).

Note that

f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

> 0, s ∈ [0, 1],

and

µ1G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

ζξ1(t) dγ(t)

>
tα−1

G(1)Γ(α)

µ1G(1)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

ζξ1(t) dγ(t), t ∈ [0, 1].

Then (10) and (11) imply that

ϑ1 + ϑ̃1 ∈ P0. (17)

From (16) we obtain

ϑ̃1(t) =

1∫
0

Θ(t, s)
[
σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds.

Note that
σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1 > 0, s ∈ [0, 1],

and we have ϑ̃1 ∈ P0. Moreover, note that the choice ofR in (13), Lemma 2(ii), and (12)
imply that

‖ϑ̃1‖ 6
1∫

0

κ2s(1− s)α−1 ds
[
‖σ‖+ ‖δ‖(εR+K∗) + CX1

]
< R. (18)
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From (12) and (H2) we have

(Ψϑ1)(t) + ϑ̃1(t)

=

1∫
0

K(t, s)
[
f
(
s, ϑ1(s)

)
+ σ(s) + δ(s)K

(
ϑ1(s)

)
+ CX1

]
ds

+
G(t)

G(1)

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t)

>

1∫
0

K(t, s)
[(
ξ1 + ε0 − ε‖δ‖

)∣∣ϑ1(s)
∣∣− σ(s)− CX1 + σ(s) + CX1

]
ds

+
G(t)

G(1)

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t)

>
(
ξ1 + ε0 − ε‖δ‖

) 1∫
0

K(t, s)ϑ1(s) ds+
G(t)

G(1)

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t)

=
(
ξ1 + ε0 − ε‖δ‖

) 1∫
0

K(t, s)
[
ϑ1(s)+ϑ̃1(s)

]
ds+

G(t)

G(1)

1∫
0

[
ϑ1(t)+ϑ̃1(t)

]
dγ(t)

−
(
ξ1 + ε0 − ε‖δ‖

) 1∫
0

K(t, s)ϑ̃1(s) ds

> ξ1

1∫
0

K(t, s)
[
ϑ1(s) + ϑ̃1(s)

]
ds+

G(t)

G(1)

1∫
0

[
ϑ1(t) + ϑ̃1(t)

]
dγ(t)

using the fact that

(
ε0 − ε‖δ‖

) 1∫
0

K(t, s)
[
ϑ1(s) + ϑ̃1(s)

]
ds

−
(
ξ1 + ε0 − ε‖δ‖

) 1∫
0

K(t, s)ϑ̃1(s) ds > 0, t ∈ [0, 1].

Indeed, from (17) and (18) we get

ϑ1(t) + ϑ̃1(t) > κ4t
α−1‖ϑ1 + ϑ̃1‖ > κ4t

α−1
(
‖ϑ1‖ − ‖ϑ̃1‖

)
, t ∈ [0, 1].
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Then note that the choice ofR in (13), Lemma 2(iii), and (18) imply that

(
ε0 − ε‖δ‖

) 1∫
0

K(t, s)
[
ϑ1(s) + ϑ̃1(s)

]
ds−

(
ξ1 + ε0 − ε‖δ‖

) 1∫
0

K(t, s)ϑ̃1(s) ds

>
(
ε0 − ε‖δ‖

) 1∫
0

K(t, s)κ4s
α−1

(
‖ϑ1‖ − ‖ϑ̃1‖

)
ds−

(
ξ1 + ε0 − ε‖δ‖

)

×
1∫

0

K(t, s)

1∫
0

G2(1)

G(1)−
∫ 1

0
G(t) dγ(t)

sα−1(1− τ)α−1

×
[
σ(τ) + δ(τ)K

(
ϑ1(τ)

)
+ CX1

]
dτ ds

>

1∫
0

K(t, s)sα−1 ds

×
[
κ4

(
ε0 − ε‖δ‖

)(
R− κ2Γ(α)

Γ(α+ 2)

[
‖σ‖+ ‖δ‖(εR+K∗) + CX1

])
− (ξ1 + ε0 − ε‖δ‖)G2(1)

α[G(1)−
∫ 1

0
G(t) dγ(t)]

[
‖σ‖+ ‖δ‖(εR+K∗) + CX1

]]
> 0.

Therefore, we have

(Ψϑ1)(t) + ϑ̃1(t) > Lξ1(ϑ1 + ϑ̃1)(t), t ∈ [0, 1].

Together with (15), we have

ϑ1(t) + ϑ̃1(t) = µ1ζξ1(t) + (Ψϑ1)(t) + ϑ̃1(t) > µ1ζξ1(t) + Lξ1(ϑ1 + ϑ̃1)(t)

> µ1ζξ1(t), t ∈ [0, 1].

Define a set W = {µ: ϑ1 + ϑ̃1 > µζξ1} and µ∗ = supW . Then µ1 ∈ W and µ∗ > µ1.
Hence, note that Lξ1 : P → P , by (9) we have

ϑ1(t) + ϑ̃1(t) > µ1ζξ1(t) + Lξ1(ϑ1 + ϑ̃1)(t) > µ1ζξ1(t) + (Lξ1µ
∗ζξ1)(t)

= µ1ζξ1(t) + µ∗r(Lξ1)ζξ1(t) > (µ∗ + µ1)ζξ1(t),

which contradicts the definition of µ∗. As a result, (14) holds, and Lemma 5 implies that

deg(I − Ψ, BR, 0) = 0. (19)

From (H7) there exists a sufficient small % ∈ (0,R) such that∣∣f(t, x)
∣∣ 6 ξ2|x| for x ∈ [0, %], t ∈ [0, 1]. (20)
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For this % we claim that
Ψϑ 6= µϑ, ϑ ∈ ∂B%, µ > 1,

where B% = {ϑ ∈ E: ‖ϑ‖ < %} for % > 0. If the claim is false and there exist ϑ2 ∈ ∂B%,
µ2 > 1 such that

Ψϑ2 = µ2ϑ2,

then (20) implies

|ϑ2| =
1

µ2
|Ψϑ2| 6 |Ψϑ2| →

∣∣ϑ2(t)
∣∣

6

1∫
0

K(t, s)
∣∣f(s, ϑ2(s)

)∣∣ ds+
G(t)

G(1)

1∫
0

∣∣ϑ2(t)
∣∣ dγ(t)

6 ξ2

1∫
0

K(t, s)
∣∣ϑ2(s)

∣∣ ds+
G(t)

G(1)

1∫
0

∣∣ϑ2(t)
∣∣dγ(t) =

(
Lξ2 |ϑ2|

)
(t).

Note that r(Lξ2) < 1, which implies that (I − Lξ2)−1 exists, and

(I − Lξ2)−1 = I + Lξ2 + L2
ξ2 + · · ·+ Lnξ2 + · · · .

Consequently, note that (I − Lξ2)−1 : P → P , and we have(
(I − Lξ2)|ϑ2|

)
(t) 6 0→

∣∣ϑ2(t)
∣∣ 6 (I − Lξ2)−10 = 0, (21)

which implies that ϑ2(t) ≡ 0, t ∈ [0, 1], and contradicts ϑ2 ∈ ∂B%. Consequently,
Lemma 6 implies that

deg(I − Ψ, B%, 0) = 1.

Combining this with (19), we have

deg(I − Ψ, BR \B%, 0) = deg(I − Ψ, BR, 0)− deg(I − Ψ, B%, 0) = −1.

Therefore, the operator Ψ has at least one fixed point in BR \B%. Equivalently, (1) has at
least one nontrivial solution. This completes the proof.

From [16] we obtain that the conjugate space of E, denoted by E∗, is

E∗ = {γ: γ has bounded variation on [0, 1]}.

Moreover, the dual cone of P and the bounded linear functional on E can be expressed
by

P ∗ :=
{
γ ∈ E∗: γ is nondecreasing on [0, 1]

}
and

〈γ, ϑ〉 =

1∫
0

ϑ(t) dγ(t), ϑ ∈ E, γ ∈ E∗.
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Note that r(Lξ) > 0 in Lemma 4, and there exists ψξ ∈ P ∗ \ {0} such that

L∗ξψξ = r(Lξ)ψξ,

where L∗ξ : E∗ → E∗ is the conjugate operator of Lξ denoted by

(L∗ξθ)(t) := ξ

t∫
0

ds

1∫
0

K(τ, s) dθ(τ) + γ(t)

1∫
0

G(τ)

G(1)
dθ(τ), θ ∈ E∗.

Now, we list some assumptions when the nonlinearity f grows sublinearly:

(H8) There exists ξ3 > 0 with r(Lξ3) > 1 such that lim inf |x|→0 f(t, x)/|x| > ξ3
uniformly for t ∈ [0, 1].

(H9) There exists ξ4 > 0 with r(Lξ4) < 1 such that lim sup|x|→+∞ |f(t, x)|/|x| 6
ξ4 uniformly for t ∈ [0, 1].

Theorem 2. Suppose that (H1), (H4), (H5), (H8), and (H9) hold. Then (1) has at least
one nontrivial solution.

Proof. From (H8) there exists a sufficient small %1 > 0 such that

f(t, x) > ξ3|x|, |x| 6 %1, t ∈ [0, 1]. (22)

In what follows, we prove
ϑ− Ψϑ 6= µ$1, µ > 0, (23)

where $1 is a fixed element in P with $1(t) 6≡ 0, t ∈ [0, 1]. Suppose the contrary. Then
there exist ϑ3 ∈ ∂B%1 , µ3 > 0 such that

ϑ3 − Ψϑ3 = µ3$1,

where B%1 = {ϑ ∈ E: ‖ϑ‖ < %1}. This equation can also be expressed by

ϑ3(t) =

1∫
0

K(t, s)f
(
s, ϑ3(s)

)
ds+

G(t)

G(1)

1∫
0

ϑ3(t) dγ(t) + µ3$1(t), t ∈ [0, 1].

Now (H5) enables us to obtain

ϑ3(t) =

1∫
0

Θ(t, s)f
(
s, ϑ3(s)

)
ds+ µ3$1(t) +

µ3G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

$1(t) dγ(t)

=
(
(L ◦ F )ϑ3

)
(t) + µ3$1(t) +

µ3G(t)

G(1)−
∫ 1

0
G(t) dγ(t)

1∫
0

$1(t) dγ(t).

This, combining with (22), implies that

ϑ3 ∈ P.
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Consequently, we have

ϑ3(t) > ξ3

1∫
0

K(t, s)ϑ3(s) ds+
G(t)

G(1)

1∫
0

ϑ3(t) dγ(t)

= (Lξ3ϑ3)(t), t ∈ [0, 1]. (24)

Note that r(Lξ3) > 1, and thus there existsψξ3 ∈ P ∗\{0} such thatL∗ξ3ψξ3 = r(Lξ3)ψξ3 .
Therefore, multiplying both sides of (24) by dψξ3(t) and integrating over [0, 1], we obtain

1∫
0

ϑ3(t) dψξ3(t)

>

1∫
0

(Lξ3ϑ3)(t) dψξ3(t)

=

1∫
0

dψξ3(t)

(
ξ3

1∫
0

K(t, s)ϑ3(s) ds+
G(t)

G(1)

1∫
0

ϑ3(t) dγ(t)

)

=

1∫
0

ϑ3(s) d

(
ξ3

s∫
0

dτ

1∫
0

K(t, τ) dψξ3(t) + γ(s)

1∫
0

G(t)

G(1)
dψξ3(t)

)

= 〈L∗ξ3ψξ3 , ϑ3〉 = r(Lξ3)

1∫
0

ϑ3(t) dψξ3(t). (25)

Note that ϑ3 ∈ P and ψξ3 ∈ P ∗ \ {0}, and from the definition of the Riemann–Stieltjes
integral

1∫
0

ϑ3(t) dψξ3(t) = lim
λ→0

n∑
i=1

ϑ3(ξi)
[
ψξ3(ti)− ψξ3(ti−1)

]
> 0, (26)

where 0 = t0 < t1 < · · · < tn−1 < tn = 1, λ = max16i6n(ti − ti−1) for all
ξi ∈ [ti−1, ti], i = 1, 2, . . . , n. Note that r(Lξ3) > 1, and by (25), (26) we have

1∫
0

ϑ3(t) dψξ3(t) = 0. (27)

Note that for all divisions ti, (27) holds, we only obtain ϑ3(t) ≡ 0, t ∈ [0, 1]. Therefore,
this contradicts ϑ3 ∈ ∂B%1 , and thus (23) holds. Lemma 5 implies that

deg(I − Ψ, B%1 , 0) = 0. (28)
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From (H9) there exists C2 > 0 such that∣∣f(t, x)
∣∣ 6 ξ4|x|+ C2, x ∈ R, t ∈ [0, 1].

Define a set S = {ϑ ∈ E: Ψϑ = µϑ, µ > 1}. Now we prove that S is a bounded set in
E. Indeed, if ϑ4 ∈ S, then there exists µ4 > 1 such that∣∣ϑ4(t)

∣∣ =
1

µ4

∣∣(Ψϑ4)(t)
∣∣

6

1∫
0

K(t, s)
∣∣f(s, ϑ4(s)

)∣∣ds+
G(t)

G(1)

1∫
0

∣∣ϑ4(t)
∣∣dγ(t)

6 ξ4

1∫
0

K(t, s)
∣∣ϑ4(s)

∣∣ ds+
G(t)

G(1)

1∫
0

∣∣ϑ4(t)
∣∣ dγ(t)

+ C2

1∫
0

[G′(1)]2

G(1)s∗
s(1− s)α−1 ds

=
(
Lξ4 |ϑ4|

)
(t) +

[G′(1)]2C2Γ(α)

G(1)s∗Γ(α+ 2)
.

Note that r(Lξ4) < 1, and we use the similar method in (21) to obtain

∣∣ϑ4(t)
∣∣ 6 (I − Lξ4)−1 [G′(1)]2C2Γ(α)

G(1)s∗Γ(α+ 2)
, t ∈ [0, 1].

From the definition of our norm we obtain that there exists aM > 0 such that

‖ϑ4‖ 6M.

This implies that S is a bounded set inE as required. If we takeR1 > supS andR1 > %1,
we have

Ψϑ 6= µϑ, ϑ ∈ ∂BR1
, µ > 1,

where BR1 = {ϑ ∈ E: ‖ϑ‖ < R1}. Consequently, Lemma 6 implies that

deg(I − Ψ, BR1 , 0) = 1.

Combining this with (28), we have

deg(I − Ψ, BR1 \B%1 , 0) = deg(I − Ψ, BR1 , 0)− deg(I − Ψ, B%1 , 0) = 1.

Therefore the operator Ψ has at least one fixed point in BR1 \ B%1 . Equivalently, (1) has
at least one nontrivial solution. This completes the proof.
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