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Abstract. In this paper, an age-space structured disease model with age-dependent relapse rate is
investigated. We first prove the well-posedness of the model including the existence and uniqueness
of the solution, positivity, and boundedness. By performing the Laplace transformation to renewal
equation, we derive the next generation operator, whose spectral radius is defined as the basic
reproduction number. By checking the distribution of the roots of the characteristic equation,
exploring the strong persistence property of the solution and designing the Lyapunov functionals,
we establish the local and global dynamics of the model.

Keywords: age-space structured model, basic reproduction number, threshold dynamics, global
asymptotic stability.

1 Introduction and derivation of the model

Relapse phenomenon of disease exists widely in animal and human diseases such as
tuberculosis, human herpes virus infection [15, 22]. It directly threatens public health
and increases the burdens of patients due to reactivation or reinfection. A clinical study
in [9] estimates that approximately 7.5% of tuberculosis patients was had previous tu-
berculosis. On the other hand, it is also argued in [5] that tuberculosis patients infected
with HIV are easier to relapse. Mathematical models can help us understand the long-
time disease dynamics as investigation such models may provide guides and suggestions
for disease control. At time ¢, let S(t), I(t), and R(t) be, respectively, the numbers
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of susceptible, infectious, and recovered individuals. In an earlier and standard model
[19] for herpes infections in human and animal populations formulated by a susceptible-
infectious-recovered-infectious (SIRI) structure, it is assumed that recovered individuals
return back to the infectious individuals due to the reactivation of latent infection. The
authors established the threshold-type result that the basic reproduction number (BRN)
is the key threshold value that determines whether the disease dies out or not. Further,
the authors in [14] extended the model in [19] by incorporating more general incidence
functions and obtained the same threshold result.

In order to investigate the different consequences of distinct settings on relapse period,
van den Driessche and Zou [21] designed a step function distribution for the constant
relapse period and formulated a delay differential equation (DDE) SIRI model but without
considering the exposed class. It is also revealed in [21] that BRN is the key threshold
value, and a constant relapse period is not the reason of sustained oscillations.

It should be mentioned in [21] that the proportion of recovered individuals coming
from infectious individuals with recovery rate v was formulated by

t

R(t) = / NI(€)e~ M =OP(t — £)d¢é  with R(0) =0,
0

where P(t) stands for the fraction that after time ¢, recovered individuals are still re-
maining in the recovered class, and d represents the death rate of recovered individuals.
Differentiating the above equation gives

dR(t)

t
5 = “4RM A1)+ / NI(€)e 4= d, P(t — €) d¢.
0

With the different settings for P(t), for example, a negative exponential, compact support,
and a step function, the model in [21] will reduce to an ODE model, a DDE model with
finite distributed delay, and a DDE model with a single delay, respectively. In the mean
time, P(t) was also used in [21] for representing the probability that an exposed individual
still remains in the exposed class. In a setting for P(¢) with a step function, van den
Driessche, Wang, and Zou [20] formulated a DDE model and studied the threshold-type
results. Especially, the authors in [11] resolved the global stability problem of endemic
equilibrium even for general nonlinear incidence function. The models in [20, 21] have
been extended to be multigroup disease models with general exposed distribution and
relapse or with general relapse distribution and latency involving heterogeneity (see, for
example, [26]).

Considering the fact that the relapse rate for recovery individuals varies from one to
one, Liu et al. [10] introduced age-dependent relapse rate to model the waiting time for the
risk of activation for tuberculosis and herpes virus infection. Denote by R(¢, a) the density
of recovered individuals at time ¢ with relapse age a > 0, then M (t) = [~ R(t,b)db
represents the total number of recovered individuals. Assuming that the age-dependent
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relapse rate of recovered individuals is given by the function r(a) € L3 (0, +00), the rate
of change of R(t, a) in [10] is given by

OR(t,a) , OR(t,a)

- L2 = —(ur + (@) R(t.a)  with R(,0) = kI(D),

where p g represents the natural death rate. In [10], the threshold-type results relying on
the BRN were established by appealing to the integrated semigroup theory, persistence
theory in infinite dimensional dynamical system, and Lyapunov functionals. A similar
formulation for recovered individuals with age-dependent relapse rate can be found in
[25]. Tt should be noted in [10, 25] that relapse phenomenon was described by partial
differential equation (PDE) with age-dependent relapse rate instead of DDE with general
relapse distribution.

Reaction—diffusion epidemic models have been widely adopted to model the spatial
dynamics of infectious disease. It is widely accepted that reaction—diffusion equations
for disease dynamics are meaningful and important for demonstrating the spatial het-
erogeneity in disease transmission, although more theoretic analysis tools are needed.
Unlike in [10, 25], where the rate of change of R(t, a) is dominated by a first-order PDE,
here we allow reaction—diffusion equation of R(t, a) in a bounded domain {2 C R with
smooth boundary (2. We introduce the spatial variable z € {2 and let S := S(¢, x) and
I := I(t, x) be, respectively, the spatial densities of susceptible and infectious individuals
at location = € {2 and time ¢, dispersing across habitat with diffusion coefficients dg and
d;. Following from the standard argument on structured population and spatial diffusion
[13], the density of recovered individuals at time ¢ and = € {2 with relapse age a > 0,
denoted by R := R(t, a, ), fulfills

g 0
<at+aa>R:dRAR—(/jR+7’(a))R, t>0, z €,

R(t,0,z) =kI, t>0,z¢€f,

where dp is the diffusion coefficient. To make things not to be complicated, we use the
simple growth term for susceptible individuals with the recruitment rate A and death rate
1s, and the interactions between susceptible and infectious individuals fulfill the mass
action infection mechanism with disease transmission rate 3 > 0. For the biologically
significant, we denote by

5(0,z) = ¢1(x), 1(0,2) = ¢2(x), R(0,a,2) = ¢3(a,z), a >0, z€ 2

the initial data for susceptible, infectious, and recovered individuals at time ¢ = 0, and
7= esssup,>q7(a) < +oo, the essential upper bounds of r(a) € L(0,+oc). Let
n be the outward normal on 9f2. We impose the following no flux condition on the
boundary:
ow
8—:0, W=SI1,R, t>0,x¢€df, (1)
n
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where means that no populations across the boundary of the domain. With these prepara-
tions, we shall investigate the following model:

O —UsAS+ X~ pusS — BSI,

oI 7

— =d;AI + B8S1 — ,uf—i—kl—k/r )R da,

ot ) 2

(gt ;)R drAR — (g +r(a))R,

R(t,0,z) = kI

for ¢t > 0, x € (2 and boundary condition (1).

For convenience, we let IT(a) = e~ Jo'l#rtr(@)ldo and Jet I'(a, z, y) be the Green
function of dz A subject to (1). An application of the standard argument of characteristics
to solve the third equation in (2) leads to

a) [o 3(a,z,y)kI(t —a, y)dy, t—a>0,z¢€f

- H(a (3)
T (a— t)fQF3txy)¢3<a_t y)dy, a—t>0, z € Q.

Let (ds,dr,dr) = (d1,ds,ds). With the help of (3), we substitute (3) into the [
equation of (2), which results in the following coupled system:

% = dyAS + A — pgS — BSI,
ol
5 = do AT + BST — (pr + k)T + F1 + 2,

t
5= / r(a)I(a) / Is(a,2,y)kI(t — a,y) dy da, @

0 (93

“+o0

(

§o = /T(a)nj(ja a_)t)/pg(t,x,y)%(at,y)dyda
f 2

fort > 0and z € (2.

Our main motivation of this paper is to resolve the question that whether the threshold-
type results as those in [10, 25] can be preserved in the reaction—diffusion model with
age-dependent relapse rate. To this end, we give a detailed analysis of the well-posedness
of the model in Section 2. In Section 3, the BRN is derived through seeking the next
generation operator. By checking the distribution of the roots of the characteristic equa-
tion, we will investigate the local dynamics of the model in Section 4. Section 5 is spent
on studying the strong persistence property of the model. By designing the Lyapunov
functionals, the global attractivity of the equilibria is obtained in Section 6. Section 7
ends the paper with a brief conclusion and some discussions.
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2 Well-posedness of the model

This section is spent on investigating the positivity, existence and uniqueness, and bound-
edness of the solution of reformulated system (4). Before going into details, we define the
appropriate phase space for (4). Let X := C(£2,R) be the space of continuous functions
with usual norm [|¢||x = max{|¢|}, ¢ € X, and positive cone XT. Let Y := L*(R,,X)
be the Lebesgue measure space with the norm |||y := f0+°° le(a)|lxda, ¢ € Y, and
positive cone Y. Denote by I'; (: = 1,2) the Green functions of d;A ( = 1, 2) subject
to (1). By a standard argument as in [16, Thm. 1.5] and [17, Cor. 7.2.3], the Laplace
operator d; A (i = 1, 2) subject to (1) generates a strongly positive and compact semigroup
on X:
(L)@ = [ Ttot) dy, i=1.2
Q
It then follows from the properties of I'; that

ITi®)é|x < /Fi(m,y) dy [|¢]lx = lI¢llx. 5)
Q
Further, T'(t) = (T1(t), T»(#)) : XT x XT — X+ x XT, ¢ > 0, forms a strongly con-
tinuous semigroup.
The well-posedness result of (4) is stated as follows.

Theorem 1. For each ¢ € XT x X7, system (4)  has a unique global nonnegative classical
solution (S, I), which is defined on [0, +00) x §2. Further, the semiflow generated by (4)

Dlel(t) = (S(t,-), I(t,-)), t=>0,
admits a global compact attractor in XT x XT.

The assertions in Theorem 1 will be verified by the following lemmas.
Lemma 1. Let ¢ € X+ x X*t. (S, 1) is the unique solution of system (4) on [0,T) x 2
with T > 0.

Proof. Directly solving the S and I equation of (4) gives
t
S =Fs+ /e‘“s(t_s) /Fl(t — 5, z,Y) (A — BS(s, y)I(&y)) dyds
0 Q
=: F1(S,I)(t, z),
t
I=Fr+ /ef(“ﬁk)(t*s) /Fg(t — s, x,y) [B(S,I)(s,y)] dyds
0 Q2
=: F(S,I)(t, x),

where Fig 1= Fs(t,z) = e st [, I (t,z,y)¢1(y) dy, Fy := Fy(t,z) = e~k
Jo Dot 2, y)d2(y) dy. and B(S, I)(s,y) = BS(s,y)I(s,y) + F1(s.y) + Fa(s. y).

https://www.journals.vu.lt/nonlinear-analysis
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For T > 0, we set Xp := C([0,T],X) with ||¢||x,. := SUPg<<T |t x> ¥ € X,
and Wy := X x X with [[(¢1, Y2)llwr = [¥1llxr + [[¥2llxr, (¥1,92) € Wr. Let

Y1\ _ (F1(¥1, 1)
F <¢2) = (f2(w1’w2)> ) 1/1171/12 S WT' (6)

Next, we show that (4) has a unique solution on [0,7] x {2 through verifying that F :
Wr — Wr has a fixed point. For any (S’, '), (S”,I") € Wr, we have

18S'T" = BS"I" |l < B Iz 15" = 8" Iz + 15" s 1 = I" |5 )-
By (5), we obtain

|Fu(8', 1) = Fi(8". 1),

< e*#s(t*S) ds ||,BS/I/ _ 58,/1//”3&7-

o _

B(L—erst)
< P T (10 157 = "l + 1S e 127 = 17 )

csen](5)- ()

B(1 — e #sT
(1) := L (17 1)
Hs
Note that for any 0 < T, < T, we can regard (S, I'), (S”,I") as functions in Wr,,

and

)
W

where

B —e T

91(Ts) = s max (|||, , 1" |lx. )
B(l _ e—#sT*) 1 — e#sTx
< = mex(l e, 18”2 ) = T =z or (T):

and thus, g1 (T%) — 0 as T, — +0. Hence, without loss of generality, we select ' > 0
small enough as a new initial time such that g1 (T") < 1 (regarding T such that g(7) < 1
as anew 1'). In a similar manner,

|‘%(S/7I/) _ %(S//’IH)HXT

< sup {IIﬂS’I' = BS"1"||x, +/k7"(a)/F3(a,x,y)||f’ = I"|[x,11(a) dyda}
0

0<s<T
Q

< B e 18" = 8" llxe + 18" e [ = T |1x7) + ML = 1" ||,

Nonlinear Anal. Model. Control, 29(5):914-938, 2024
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where 901 = krtT, and hence,

Y "o S’ S
H}—Z(S ’I)_]:Q(S I )HXT < 92(T) I - I ’
Wr

@) = B B g 8IS y + )
gg = (Iul + k) max X X .

Similar to the case of g1, we can set sufficiently small initial time 7" ensuring that
g2(T) < 1. Consequently, we obtain

1G) =)l < mstonaen] ) =G,

As max{g1(T), g2(T)} < 1, the operator F admits a unique fixed point in Wy in the
sense that F is a strict contraction map in Wr. Thus, the local existence of solution (.5, I)
of system (4) directly follows. O

The following result indicates that the solution of (4) is positive.

Lemma 2. For each ¢ € X+ x XT, the solution of (4) is positive for (t,x) € (0,T) x §2,
that is, S(t,x) > 0, I(t,x) > 0 forall (0,T) x 2.
Proof. We first show that S(t,x) > 0 for (t,z) € (0,T) x §2. Denote Q7 = (0,7 x 2
and Sp = (0,T] x 9£2. We proceed it indirectly and suppose that S(¢, z) is a negative
solution. Hence, there exists (t1,z.) € Qr such that S(¢1,2,) = 0 and S’(t1,x.) < 0.
However, from the .S equation of (4) and strong maximum principle we get S’(t1, z,) =
dsAS(t1,x.)+ A > 0, a contradiction. Meanwhile, if S(¢}, z’,) = 0 for some (¢}, z,) €
ST, then by the Hopf boundary lemma, we can get 9S (¢}, x),)/On < 0, a contradiction.
We next verify the positivity of I on (¢, ) € [0,T) x {2 by appealing to the arguments
on Picard sequences. We first set

t
To=Frt [ 0000 [ 1y - s .p)Fa(s,0) dyds > 0.
0 9]
Assume that I,, > 0, n € N. Due to the positivity of 5, k, II(-), and I; (i = 2,3), it is
obvious that
t

In+1 = IO -+ /e*(,u1+k)(t75) /F2(t -5, T, y)ﬂS(s,y)In(&y) dy ds

0 2
t s
+/e—<w+’“>(t—8>/r2(t—s, xw)/r(b)ﬂ(b)
0 o) 0
X /Fg,(b,y,z)kIn(s —b, z)dzdbdyds
7]

> 0.

https://www.journals.vu.lt/nonlinear-analysis
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It remains to investigate the convergence of the sequence {I,, }5° as n — oo by setting
I,=e"I, peR,.

It is readily seen that

jn+1 = e7ptI0 + 5/67(;“«%1@)3/F2(s,$7y)e*pts(t -5 y)In(t -5 y) dy ds

0
t t—s
+k/e*<m+k>8/rg(s,x,y) /r(b)H(b)
0 i) 0
X /Fg(b,y, 2)e "I, (t —s—b, z)dzdbdyds

9]

t
— eIy + B / o Btk / To(s,2,m)e PS(t — 5, ) Ta(t — s, ) dy ds

2
t t—s

0 9] 0
X /Fs(b,y,z)e‘P<s+b>f (t—s—b, z)dzdbdyds.
2

Let ~
It = I.(t,z), neN.
" (LayeloT)xe w(b,2), n
By elementary calculation, then we have
7~ 2l < 8* [0 [ Do,y dyds |1~ 2iL
Q

&O\
-+

t—s

—l—k/e_(”ﬁk)g/Fg s,x,y) [ r(b) (b
0

0 0
/Fg(b,y7z)e p(s+b) dzdbdydsHIﬁ ﬁﬂHOC

5S+p+kr || o
= plpr +k+p)

TL 1 Hoo’
where St = max;c(o, 1) |S(t, -)||x,. After passing the iteration, we have

1 = Tl < Ml T = Ll o <o < M| = T

Nonlinear Anal. Model. Control, 29(5):914-938, 2024
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where M, = (8STp+ krt)/p(ur + k + p). It is easy to see that

n

M
125, = Thlloo < 7—5=Tf = Iflloo, m,m €N
1- M,

As a result, we can select a sufficiently small p > 0 such that M, < 1 ensuring that
|18, — If||oo — 0 as n — oo. This tells us that lim,, o I,,(t,x) = I(t,z) on (t,7) €
[0,T) x £2. The positivity of I directly follows from the positivity of I,,. This proves
Lemma 2. O

We are now in a position to confirm that the solution (S, I') of (4) exists globally. We
shall confirm this by checking that the solution is bounded in [0, T").

Lemma 3. For each ¢ € X x X¥, the solution (S, I) of (4) is bounded in [0, T).

Proof. 1t is well known that

%:dew+A—usw, x e (2, t>0,
90 0 wean t>0,
on

admits a unique positive steady state w* = \/ug, which is globally attractive in X. By
the standard comparison principle, S is bounded above by A/ps.

Assume for the contrary that I is unbounded, that is, there exist t* > 0 and
x* € §2 such that lim;_,4+ I(t,2*) = 4o00. Then by S-equation of (4), we know that
limy_y4+ Op.S (¢, 2*) = —oo. Hence, S(t, x*) becomes negative near the t*, a contradiction
with the positivity of S. Hence, I is bounded in [0, T"). O

Based on the above lemmas, we now briefly prove Theorem 1.

Proof of Theorem 1. From Theorem 1 we establish the local existence and uniqueness of
the solution (.S, I) of (4). Lemma 2 confirms that the solution (.5, I) of (4) is positive.
By Lemma 3, the solution (.5, I) of (4) is bounded in [0, T"). Hence, the first assertion in
Theorem 1 holds directly. The second assertion is a direct consequence of applying the
general results in [8, Thm. 2.4.6]. This proves Theorem 1. O

3 Basic reproduction number and equilibria

Obviously, system (4) admits a disease-free equilibrium Ey = (S°,0), where S° =
A/ ps. Linearizing (4) at Ey, we obtain

08

i diAS + X — pgS — BS°I,

ol 0

% =do AT + BS°T — (ur + k)T + 1

fort > 0 and x € (2, where § is defined in (4).

https://www.journals.vu.lt/nonlinear-analysis
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Next, we consider only the infectious disease compartment and solve it directly, yield-
ing that

t

I=F; +5S°/e*<w+k>5/r2(s z,y)I(t — s, y)dyds

0
t t—s
—|—k/e7(‘”+k)/ (s,z,9) /7“
0 0
X/Fg(b,y,z)f(tfsfb, z)dz dbdyds. @)
o)

Note that (7) is a renewal equation. Performing Laplace transformation to (7) gives

oo o0 t
/e_“’tI t,z)dt = ﬁSo/e_‘“t/e_(“’+k)s/Fg(&x,y)l(t—s, y)dydsdt
0 0 0 o)
oo t t—s
+/e*wt/e*wﬁk)s/rz(s,x,y)/r<b)n(b)
0 0 o) 0

X /Fg(b7y72)l(t— s—b, z)dzdbdydsdt
2

=0 (x) + Us(x).

After passing multiple interchanging the order of integration, one will get

Uy (z) = BSO/G_(“""k)Se_“’s/Fg 5,7,y /e “I(t,y)dtdyds
0 0
and
Uy(x) = k/e_(‘”J“k)‘(”e_“’S Iy(s,z,y) /r el
0 0

x/Fg(b,y,z) e “'I(t,z)dt dzdbdyds.

9]

0\8 b\

By letting w = 0, we have

/Itxdt 55’0/ ’“+k)5/ sxy/Itydtdyds
0 0 0

Nonlinear Anal. Model. Control, 29(5):914-938, 2024
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o0 o0
Jrk/e*(‘”ﬂc) / (s,z,y /
0 0

oo

/I’g by, z /I t,z)dtdzdbdyds.
0

This allows us to define

Llo)(z) := ﬁSO/e_(”"Hf)é/Tg (s,z,y)e(y) dy ds

0 2
—|—k/e_(’”+k)s/lﬂ2(s,x,y)/r(b)H b
0 2 0

X /Fg(b,y,z)gp(z) dzdbdyds (8)
2

for ¢ € X. By [27], L is called the next-generation operator, and its spectral radius is
referred as the BRN of (4) denoted by Rg := r(L).
In order to get the explicit expression of R, we need prove the following result.

Lemma 4. L is strictly positive and compact.

Proof. Clearly, L is positive. Let ¥, = L[p,], where {¢, }nen, n € N, is a bounded
sequence in X in the sense that for some B > 0, |, |x < B. Forall z € {2,

(o)

Yn(2) < BS° / w0 [ (s, ) dydst
I7;
+k/e (ki+k)s /Fg(s,x,y)/r(b)H(b)/Fg(b,y,z)dzdbdydsB.
0 0 Q

This proves the uniform boundedness of {1, } nen. Further, for z, z € 2 with |[x—Z| < 4,
we have

’¢n( — (& \BSOB/e (“I+k)q/lfgsxy) ngxy‘dyda

0

o0 o0
B/e(’”*k /’ngxy) ngxy|/7‘

0 0

5(b,y, z)dzdbdyds.

b\

https://www.journals.vu.lt/nonlinear-analysis
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Due to the uniform continuity of I, we can choose € > 0 such that

pse(pr + k)
(BA+ kpsQ)Bl2|

where (Q = fooo r(b)I1(b) db. This leads to |1, () — ¥, (Z)| < &, that is, ¥, () nen is
equicontinuous. Hence, £ is compact. This proves Lemma 4. O

|F2(S,$,y) - FQ(Saga y)| <

Further, from Krein—Rutman theorem [2, Thm. 3.2] we substitute ¢(x) = [h] > 0
into (8) and use [, I5(-,x,y) = 1 (i = 2, 3) obtaining that

o

L[h) = BS° [ e=wrtk)s [ 1y(s,2,y) dy ds[h]
o |

2
+k/e*w*’f)s/Fg(s,x,y)/r(b)n(b)/Fg(b,y,z) dz dbdy ds|h]
0 2 0 2

oo

=380 [ e~ Witk dqgp) 4+ k [ e~ itR)s [ (b)Y IT(b) dbds]h].
/ []

Hence, PR can be obtained by

oo o0 o0 0
Ry = ﬂSO/e_(“H'k)S ds + k/e—(uz-i-k)s /T(b)ﬂ(b) dbds = M 9)
0 0 0 ot g

Note that this R is similar to the one obtained in [6, 12]. We next claim that if 2Ry > 1,
then there exists a positive space-independent equilibrium for (2), denoted by E* =
(S*,I*, R*(a)), which fulfills

—+o0
0=M\—psS*—pS I, 0=08S"T"— (ur + k)I" + /T(a)R*(a) da,
(10)
0
dR*(a) . % *
1 = (e +7(@)R (),  R(0)=kI".
In fact, from the last two equations of (10) we have
R*(a) = kI*II(a).
This, combined with the second equation of (10), gives that
A k—k
ps + BI* B

Consequently, by the first equation of (10) and the expression of Rg, we have

I ps(pr + k)(Ro — 1)
Blur +k—kQ)
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4 Local stability of equilibria

Clearly, system (2) admits a disease-free equilibrium Ey = (S, 0, 0). We shall prove that
the equilibria of system (2) are locally asymptotically stable (LAS) in terms of the sign of
Ro — 1.

Theorem 2. Let R be defined by (9). Then we have:
(1) IfRo < 1, then Ey is LAS;
@ii) IfRg > 1, then E* is LAS.

Proof. We begin with the proof of (i). It is crucial to determine the characteristic equation
of Ey. To this end, we linearize (2) around Ey = (S°, 0, 0) obtaining that

dS

E :dlAS_,U/SS_ﬂSOI,

oI o

=7 = AT+ BST — (ur + k) + [ r(a)Rda,

ot ) (12)
o 0

(815 o )R d3AR — (pr +r(a))R,

R(t,0,z) = kI(t,x).

By [3], we let ¢; (j = 1,2,...) be the eigenvalues of —A with (1), i.e., Az(z) =
—¢;z(x). Plugging (e (¢(x),v(x),&(a, x)) into (12) gives

né(z) = —di(id(x) — psd(z) — BS Y (),
() = —doCitp(x) + BS%Y(x) — (1 + k)b() + / .
0

o)+ 250

£(0,7) = kp(x).

Directly solving &(a, x) of (13) and substituting it into the second equation of (13) allow
us to rewrite (13) in terms of (¢(z), 4 (z)). Then we have

13)

= —d3(ié(a,x) — (ur +7(a))é(a, ),

n+di¢+ps  BS°

0 cln.)| ="
C(n,¢) :==n+doC — BS+pr +k — k/r(a)e*”“ﬁ(a) da
0

and I1(a) = e~%%%[1(a). Then we only pay attention to the roots of C(7), (;) = 0, that is,

B BSO+k [ r(a)e e %% (a) da
; n+doG +pr +k

https://www.journals.vu.lt/nonlinear-analysis
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If we assume that C(7, ¢;) = 0 admits an eigenvalue 1 with Re(7) > 0, we then have
L BSO +k fooo r(a)e e~ 4% (a) da
B n+doG + pr +k
_ B84k [ r(@)T(a)da _ BS° +kQ
h pr +k Tk T

a contradiction with Ry < 1. It then follows that all the real eigenvalues of C(n, ;) = 0
are negative. On the other hand, if we let n = m £ ni with m > 0 and n > 0 be a pair of
complex roots of C(n, ;) = 0, it follows that

L= BSO(m + daC; + pr + k) + k(m + do¢; + pr + k)Hy — knHo
(m 4+ doC; + pr + k)2 + n?

- BSO(m 4 dol; + pr + k) + k(m + doG; + pr + k) Hy

b (m+daG + pr + k)?

o BS°+k [ r(a)I(a)da _

N wr +k

05

where Hy = [ 7(a)e™™ cos(na)lI(a)da and Hy = [;° r(a)e™""sin(na)ll(a) da.
This again results in a contradiction with %ig < 1. This proves (i).
We next prove (ii). Linearizing (2) around E* = (S*,I*, R*(a)), we obtain

08

o = diIAS — pusS — BS*T - BSI",

or = doAI + 5S*I + BST" — (pr + k)T + /7“(a)Rda7
ot
s (14)
oR
ot 0

a)R =d3AR — (pr +7(a)R,
R(t,0,2) = k.

Substituting € (¢ (), 11 (z), &1 (a, z)) into (14), we obtain

ne1(z) = —di(ip1(x) — psp1(z) — BS 1 (z) — BI*¢1 (),
n1(x) = —doCith1 () + BS™ Y1 () 4+ BT d1(x) — (1 + k)1p1 ()

+ O/T(a)gl(a, z)da,

ner(a) + PHOT c(a0) — (i + ()6 (0,0),

§1 (07 ,T) = k"(/Jl (x)

Directly solving &;(a,x) of (15) and substituting it into the second equation of (15)
allow us to rewrite (15) in terms of (¢1(x), 1 (x)). Hence, it is sufficient to consider

(15)
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the following characteristic equation:

(n +diG + pns)BS*
+ (n+ diGi + ps + BI*) [kHs(n) — dols — (n+ pr + k)] =0, (16)

where Hs(n) = [~ 7(a)e~"*II(a) da. Furthermore, (16) can also be rewritten as

di1Gi *
SRASES L S KHy () —

n+pr+k

=1. (17)

Assume that Re(n) > 0, it then follows that |Hs(n)| < Q. This, together with |(n +

d1G + ps)/(n+ di¢; + ps + BI*)| < 1 and (11), implies that

s 38" kH () — daC;
n+upr+k

- 6S*+kQ:

L,
wr +k

which leads to a contradiction with (17). That is to say, all the real eigenvalues of (17) are
negative. If we let n = m 4 ni with m > 0 and n > 0 be a pair of complex roots (17), it
follows that

s 55" 4 kHy (1) — da(;
n+pr+k
- BS* +k [y° r(a)e="%I1(a)da
n+pur+k

_ BS*(m A pr k) + k(m A4 pr + k)Hy — knHo

B (m + pr + k)2 +n?

_ BS* +k [ r(a)(a)da
pur +k

)

a contradiction with (17). This proves (ii). ]

5 Disease persistence

By [18, Sect. 9.4], we will establish the dynamics of the solution of system (2) when
PR > 1. Let us first introduce the following conclusion about the solution of system (2),
whose proof method is similar to [4, Lemma 5.1], which will not be repeated here.

Lemma 5. Let ¢ = (¢1, ¢2, ¢3) € XT X XT x Y. System (2) admits a continuous semi-
flow, which is written by O(t, ¢1, p2, ¢3) := (S(t,-), I(t,-), R(t,-,-)) € XT x Xt x YT
forallt > 0.

Let D := {($1, P2, d3) € XT x XT x Y*: ¢ > 0 for some = € £2}. Following the
idea of [1, Lemma 6.1], we obtain the following conclusion.

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 6. Assume that R > 1. Then there exists a €1 > 0 such that I1(t,-) with ¢2 € D
satisfies limsup,_, . |I(¢,)|x > 1.

Proof. Since Rg > 1, we can choose 1 > 0 such that

PA__ (1~ etustoenny / (i +k)s g
€1 +
per+ ps )
- k/e_(”1+k)s/r(b)ﬂ(b) dbds > 1. (18)
0 0

We proceed the assertion indirectly and assume that there is £ > 0 such that I < &,
fort > t, z € £2. By (18), there is sufficiently large ¢; > ¢ and small § > 0 such that

{)v% - L(l _ e*(#s+561)h) /e*(HIJrk)sest ds
€+
Ber + ps J
+k/e—<w+’f>se—93/r(b)n(b)e—% dbds > 1, (19)

0 0
where h = {; — £. On the other hand, for all t > ¢, z € £, 0S/ot > d1AS + X\ —
Be1S — pgS. From the standard comparison principle we then have

S > e~ (us+Be1)(t—H) /pl (t — 1, z,y)S(E,y) dy + (1 — e~ (msthe)(i=0))

0

per + ps
< A
~ Ber+ ps
forall t > 1, € 2. With the help of Lemma 5, we let {1 be the initial time. Hence,

t

(1 — e (ustheoi) / e~ (n1Fh)s / Dy(s,z,y)I(t — s, y) dyds
2

(1 _ e*(us+ﬁ€1)h)

s P
Ber + ps

t t—s

+k/e_(“’+k)s/Fg $,%,Y) /7"
0

0
X /Fg(b,y,z)I(t—sfb, z)dzdbdy ds. (20)
2

Due to the fact that [~ e=?"I(¢,2)dt < +oo for any € £2, we can finda & € 2
ensuring that

/e Or(t,z)dt = min/e*mI(t,x) dt.
€N
0 0
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This, together with (20), tells us that

/e Otr(t, ) 7ﬂ)\ (1 —e*("SJrﬂEl)h)
) 561 + ps
+o0 t
X /e*‘%/e*(””k)s/]ﬁg(s Z,y)I(t — s, y)dydsdt
Q
t t—s
—|—k:/ /e(‘”*k /ngxy/r
0 0
X /Fg(b,y,z)l(t —s—b, z)dzdbdydsdt,
o)
= U3 + Uy,

After passing multiple interchanging the order of integration, one will get

BA (1 _ e*(us+ﬂ€1)h)

 Ber+pus
X /e_("’+k)se_98/Fg(sj,y)/e_etl(s,y) dtdyd
0 Q 0
and
_k / o~ Ut +k)s—0s / Do(a / P (0) 1T (b)e="" / Ty(b,y, 2)
0 2 0 7]
X /e’etl (t,z) dt dz dbdy ds.
0
Consequently,
/e*"tf(t,z m/e*"tf (t, &) (21)
0 0
In virtue of (19), inequality (21) leads to a contradiction. This proves Lemma 6. L]

Following the idea of [7, Thm. 1] and Lemma 6, then we have the strong |-|x-persistence
result about the solution of system (4), whose proof method is similar to [4, Prop. 5.3]
and [24, Lemma 4.5], which will not be repeated here.

Lemma 7. If Ry > 1, then liminf,_, |I(t,)|x > &2 for any (¢1,¢2) € D
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6 Global dynamics

This section is spent on designing the Lyapunov functionals to solve the global attractivity
of equilibria of system (2). We further can conclude that the equilibria of system (2) are
globally asymptotically stable (GAS) in terms of the sign of $3 — 1. For ease of notations,
we always use

G(u,v) =u—v ) foru,v e Ry.
v
Clearly, G(u,v) = 0 if and only if u = v.
Theorem 3. For any (¢1, ¢2, ¢3) € D. The following statements hold true:
(1) IfRo < 1, then Ey is GAS,
(i) IfRo > 1, then E* is GAS.

Proof. We first prove (i). Let us set L, = G(S,S°). Then differentiating L along the
solution of (2) yields

0L, S° (S — 82 0
o _d1(1 S)AS us?+ﬁs I—j3SI. (22)

Let L7, = I. Then the derivative of L%, along the solution of (2) is just the I equation
of (2), namely,

oL3 T
850 =do AT + ST — (g + k) + /r(a)R(t,a,x) da. (23)
0
We further set L% = fo a) R da, where ¥ (a) will be determined later. With the help

of (3), we rewrite L , as

t

L%O = /!I/(r)ﬂ(r)/f'g(r x,y)kI(t —r, y)dydr

+/W r—t /thxy¢3r—t y)dydr
It —a) | I3t —a, z,y)kl(a,y)dyda
7]

W(a—kt)ﬂ +t) /Fg t,x,y)¢3(a,y)dy da.
o

_|_
0\8

Then we have

o,

Ve
ot +

(g +1(a) — dsA)¥(a)| Rda. (24)
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Let us define a Lyapunov functional for F as

L, (t / Z Ly,
This, combined with (22), (23) and (24), gives

drL 0 _ Q0)N2
- (o S)as B2 s
2

+ Ao AT + ST — (ur+ k)T + | r(a)R(t, a,x) da} dz
/i [
+ {III(O)k:I + [ [#'(a) = (pr + r(a) — dgA)W(a)]Rda} dx
froe]
(5 — S9)AS (S — §9)2
:/ledx—/,ugde
2 7
+ [ doAIdz + [ [BS°T +W(0)kI(t,z) — (s + k)] d
/ !
// )+ %' (a) = (pr +7(a) — dsA)¥(a)| Rdada. (25)

We are now in a position to define

U(a) = /T(G)ZEZ; dé.

a

Obviously, ¥/(a) = —r(a) + (ur + r(a))¥(a) and ¥(0) = [;°r(a)(a)da = Q.
Hence, (25) becomes

dLg, (t) IVS|? (§—5°)?
2 2 2

If Ry < 1, then by the invariance principle [23, Thm. 4.2] and Theorem 2, E; is GAS
in D. This proves (i).

We next prove (ii). Let L. = G(S,S*). With the aid of A = pgS* + BS*I*, we
can obtain the derivative of L. as follows:

OLL. 5% s o e e SI st
5 _d1(1 S)AS GS =S BT (1 o~ ). 26)
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Let L3, = G(I,1I7). This, together with 3S*I* + [ r(a)R* (a) da = (ur+k)I*, gives

that the derivative of L2,. satisfies
2 * x x®
agf* = (1 - II) (dgAIJrﬁSI — pS*I — Ii* /r(a)R*(a) da + /T(a)Rda)
0 0
- SI S 1
d2<1 )AHﬁS ! ( g _S*_I*>
i I I'R _ R
— = ——— + - ] da. 27
= [row (1= = 7 * ) v <0
0

We further set L%, = fo G(R, R*( )) da, where ©(a) will be determined later.

By direct calculation of the derlvatlve of L3,., we obtain
6‘L3 R* OR

= ds Oo@(a)<1 - R;éa)>ARda

a

/
_7@(@(1_1%*@)% ]}( DY a4 1))

Recall that

w@g (o i) ) = (152 ) e+ (1= 5 lan )
where g(u) = u—1—Inuforu € R, . This, together with dR*(a)/da = —[ur +r(a)]

R*(a), directly leads to
e Joufo- s Joawo o)

a=00

a=0

4 / o(a) (1 _ R*R(‘I)>A3da - @(a)R*(a)g(Rﬁa))

(28)

g< R ) (©'(a) = (kg +7(a))O(a)) R*(a) da.

AN

0\8 o

Let
11(0)

O(a) = /r(@)m de.

a
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Then it satisfies
oo

d@dia) = [ur +r(@)}6(a) - r(a),

Hence, (28) becomes

8L?}~;* _ dg-o/@ ( R*(a)>ARda+ @(O)R*(O)Q(R*(O)
w—— 07 g ( Rﬁa))r(a)z%*(a) da.

Note that R*(0) = kI* and R(t,0, ) = kI, thus

- er @ 7 )

a=0o0

- ferfo- 5 ane-eomion()

+ kQI*g(f*> + 77"(@)]%*((1) (1 _ sza) +ln nga)) da. (29
0

Let us define a Lyapunov functional for £* as

3
:/ZLi*dx.

N i=1

This, combined with (26), (27) and (29), gives

ot
cf ST s A S
= Qo8 (1_5*1*_ S +I*>+6SI( ST 5 1*)

s ]Z@R*(a) (1L B 2B aonary (L)

0
R

+ 77"(@)R*(a) (1 — R*}za) +1In R*(a)) da,
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where

S* us 9 I*
= 1—— |JAS ——=(S—-85")"+ 1——|AI

O(a) (1 - RZTEZ)JT))AR(M - Q(a)R*(a)g<R(t’a’x)>

d
s R*(a)

a=00

Note that

o0

kQI* = / r(a)R*(a) da.
0
It then follows that

(Zl 1L1 N S* S
=) +85°1 (25)

. I TI*R(t,a,x) R(t,a,x)
+/T(a)R (a)(l—lnl* — TR(a) +1n R (a) )da

0
- —ﬁ;* (5 — 5% - O/T(a)R*(a)g<I;ﬁ)) da.

Consequently, we have

dLp-(t) S* I* 1s .
= —/dl(l—S)Ade—i—/dg(l—I)AIdx— (S5 —57)%d
2 2

2

+! ng@(a) <1 - R’;g“) ) ARdadz —!@(Q)R*(a)g <Rf§a)>

oo

dx

a=0oo

_ [ B g gy _// (g LB
/ 5 (S —5")dx r(a)R*(a)g TR () dadx
2 2 0
. [|VS)? . [ IVIJ? 1 .
_—dls/lsgl da — doI ‘p" dx—/—S(S—S)Qdm
2

—d37@(a)3*(a) |VR|2d da —/@ VR (a ( ()>]aoodx
/ﬁj*(S S*) dxf// a)R*(a <IR*1(%)>dad$<0'

Then by the invariance principle [23, Thm. 4.2] and Theorem 2, E* is GAS in D. This
proves Theorem 3. O
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7 Conclusion and discussion

This paper concerns with the analysis of the threshold-type result of an age-space struc-
tured disease model with age-dependent relapse rate. In contrast to [10,25] where the rate
of change of R(t,a) is controlled by a first-order PDE, we allow the reaction—diffusion
equation for R(t, a) in a bounded domain (2 C R with smooth boundary 0f2.

Mathematically, we first consider the well-posedness of the model (4). In Theorem 1,
the existence of a unique local solution (.5, I) to (4) is proved by designing a fixed point
problem that was defined in (6). Then the positivity of the local solution of (4) is verified
(see Theorem 2), where the proof of the positivity of I (¢, x) is nontrivial and is achieved
by using the theory of Picard sequences and iteration method. Further, we extend the
solution existence interval from [0,7") x 2 to [0,+00) x 2 through proving that the
solution is bounded in [0, 7"). By linearizing the model at E and performing a Laplace
transform, we can obtain the next-generation operator L (see (8)). Clearly, L is strictly
positive. Further, by the Arzela—Ascoli theorem, we can show that £ is uniformly bounded
and equicontinuous, that is, £ is compact (see Lemma 4). Meanwhile, by the Krein—
Rutman theorem, we are able to determine the explicit expression of BRN 2Ry when the
positive eigenvector is a constant.

Through the threshold dynamics analysis, Ry is indeed a threshold parameter for
determining whether the disease die out or not, which is useful to guide the disease control
strategies. Especially, Theorem 2 reveals that both £y and E* are LAS in terms of the
sign of Yy — 1. We also confirm that (4) is uniformly persistent through extending the
weak persistence to strong persistence (see Lemmas 6 and 7). Finally, by designing the
Lyapunov functionals, it is readily seen that if Rg < 1, then Ej is GAS, and if Ry > 1,
then E* is GAS (see Theorem 3).
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