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Abstract. In this article, we investigate at least one or two generalized solutions for double-phase
singular elliptic equations with Hardy potential. We show the existence of at least one or two
distinct generalized solutions under mixed boundary conditions via variational methods when the
nonlinearity f satisfying suitable hypotheses.
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1 Introduction

Elliptic equations in bounded domains with singular potential serve as a model in ap-
plied science, including the study of heat conduction in electrically conducting materials,
singular minimal surfaces, and non-Newtonian fluids. In such cases, Dirichlet-Neumann-
type mixed boundary conditions are employed to describe a multitude of engineering
and physical phenomena, including the state of stress and strain on an elastic surface
in mechanics and the solidification and melting of materials in industrial processes. The
objective of this article is to identify at least one and two generalized solutions of this type
for elliptic equations.

Recently, researches on the numbers of the existence of generalized solutions to non-
linear differential equations via variational methods have received wide attention (see, for
example, [4,5,7-10]).

Khodabakhshi et al. [6] studied some singular elliptic equations involving p-Laplace
operators subject to Dirichlet boundary conditions in a bounded domain with smooth
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boundary
p—2
—Apu+ u||x|p Ly Af(x,u) in 2,
u=0 ondf2,

and the existence of at least two distinct generalized solutions for this type of singular
elliptic problems was obtained.
In [11], we dealt with the existence of at least three weak solutions to the following
elliptic equations with mixed boundary conditions:
—div A(z, Vu) + l|1(:|i)|u|p2u = Af(z,u) in {2,
T

u=0 onl7,
A(z,Vu) v = pg(z,y(u)) onl.

The existence of at least three solutions was obtained when f and g satisfy corresponding
growth conditions.

In this paper, we focus on the existence of at least one or two nontrivial generalized
solutions to the following singular elliptic equations with mixed boundary conditions:

a(@)ulP"?u | bx)|ulT"?u
[P ||
u=0 onl, (1)

(IVulP2Vu + |Vu|??Vu) - v+ c(z)|u[>u=0 on I,

—Apu— Agu+ = Af(z,u) in {2,

where
Apu = [AulP?Au = div(|Vul[P*Vu),
Agu = |Au|??Au = div(|VuP>Vu),

1 < ¢ < p< N, 2is an open bounded subset in RV (V> 3) with smooth boundary
012, v is the outward normal vector field on 9f2, I} and I are two smooth (N — 1)-
dimensional submanifolds of 92 such that T N I% = 0, I3 U T, = 092, [T N I is
a (N — 2)-dimensional submanifold of 92, A > 0, a(z),b(x) € L°°(§2) are positive
functions, ag = esssupg, a(z), by = esssupp, b(z), f : 2 x R — R is a Carathéodory
function satisfying

(f0) |f(z,u)| < My + Ma|u|*~, aa. (z,u) € 2 x R, where p < s < px = Np/
(N —p), My, M> are positive constants, and p < t < p, = (N — 1)p/(N — p),
0 < c(x) € L (1) with ¢y = esssupg, c(x).

The divergence operator in (1) is known as double-phase operator, which includes the
general p-Laplacian operators. The aim of this paper is to present results of the existence
of generalized solutions of problem (1) under very general assumptions on the nonlinear
terms. The idea is to use corresponding critical point theorems applied to the energy
functional of (1) in order to get the existence of bounded, nontrivial generalized solutions
located within a precise interval.
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2 Preliminaries and variational structure

Let {2 be an open bounded subset in RN (N >3).1< p < N, and let
WoP(2) = {u e WP(£2): ulp, =0}

be the Sobolev space with the norm

1/p
Jull = 19l = ¥, = [ 9raz)

where

Define the functional Zy : W, **(2) — Rb
Ih(u) := P(u) — A\ (u),

<!'V e +/ )+ (/V e +/ o)

F(z,u)de — — /c(x)|u|t do,
I

where

%\H

U(u) =

b\

and F(z,u) = [ f(z,7)dr forall (z,u) € 2 x R.
Itis clear that ¢ and ¥ are continuously Gateaux differentiable with

&' (u)[v] :/|Vu\p*2Vqudx+/|Vu|q*2Vqudx
2 o

p—2 q—2
Jr/a(x)\u| uv dx+/b(x)|u| u o
2 Q

|2[P |2
and

V' (u)[v] = /f(m w)vdr — 7/ )|t 2uv do.

7]
We say that u € VVO1 "P(£2) is a generalized solution of problem (1) if
Iy (u)[v] = D' (u)[v] — A\ (u)[v] =0 Yov e Wol"p(Q).

Lemma 1. The functional &' is Géteaux differentiable, coercive, and strictly monotone
in Wy P(02).

Nonlinear Anal. Model. Control, 29(6):1051-1061, 2024
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Proof. For any u € W, ?(£2) \ {0}, one has

' (u)[u] = / |Vu|P2VuVuds + / |Vu|??VuVu dr
(9 2
p—2 b q—2
[P ||
2 2

> / IVl dz + / Tt dz = Jul® + u],
(9]
0

thus

le p q
lim inf (U)[’LL] 2 liminf M — +OO,
lull oo ul| lull—os

then &’ is coercive thanks to p, ¢ > 1.
According to (2.2) of [12], there is a constant C}, such that

Cplz —ylP ifp>2,
P—2,. _ |, |P—2 _
(e =2z =l 2y e —y) >4 o

Wehmne—s  fl1<p<2

where (-, -) is the usual inner product.
Thus, for any u, v € T/VO1 P(£2) satisfying u # v, there exists positive constant C), such

that, if p > 2,
&' (u) - 9'(v), u—v)
/ (VulP~2Vu — [Vo|P~2Vv) (Vu — Vo) do
2

+/ Vu|92Vu — |V|?7?V0)(Vu — Vo) dz
7}

/ (a DW= gy = @ v)) d

+

|[? |2z|P
+7( |;|5qu : u(u —v) — %v@@) dz
2

Cp/\Vu—Vv|pdx—C lu—v||? > 0.
17}

Similarly, if 1 < p < 2, then

Cp|Vz — Vy|?
@' P (v dz >0
(#'(w) - /|Vm+|V|2Pm ’
thus we have that &' is strictly monotone in W, **(2). O

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 2. The functional ' is a mapping of (S )-type, i.e., if up, — w in WP (£2) and
My, s 00 (P (tn) — D' (w), up — u) < 0, then u, — win Wy P (£2).

Proof. Let u, — uin Wy P (£2), and let Tim,, o0 (' () — @' (u), up — u) < 0.
Noting that @ is strictly monotone in W, *(£2), one has

0< (P (un) — D' (u), up —u) < lim (¥ (uy) — ' (u), up —u) <0,

n—oo
while
(P (un) — D' (u), un, — u)
= [ (IVun|P*Vu, — [VulP>Vu) (Vu, — Vu) dz
2
+ / (IVu, |7 *Vu, — |Vu|!*Vu) (Vu, — Vu) dz
2
a(@)|un[P~* a(@)|uf’~?
o [ (S =0 = St 0 ) ao
2
b(x)|un| "~ b(x)|ul7~?
+/ <|x|pun(un —u) — T (up, — u) | dz
2
Thus we get
lim | (|Vu,[P"*Vu, — [VuP~?Vu)(Vu, — Vu)dz <0,
n—oo
2
then
0 < Cpllun —ull?
< / (IVun [P~*Vu, — |VulP*Vu)(Vu, — Vu)dz
o)
< h_}Tn (IVun|P2Vu,, — [VulP"*Vu)(Vu, — Vu) dz
2
<0
. . 1,p
ie., up — win Wy (£2). O

Lemma 3. The functional ' is a homeomorphism.

Proof. The strictly monotonicity of ¢’ leads to the injectivity. Since ¢’ is coercive, thus
@' is a surjection, and &’ has an inverse mapping.
Next, we prove that the inverse mapping (@) ! is continuous.

Nonlinear Anal. Model. Control, 29(6):1051-1061, 2024
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Let f, f € WoP(£2)*, f, — f. we only need to prove (&)1 (f) — (') ~'(f).

Indeed, let (¥') " (fn) = un, (¥') "1 f = u, then @' (u,,) = fn,d'(u) = f, thus u,, is
bounded according to the coercivity of @'. Without loss of generality, we note u,, — ug,
which implies

. / / 1 Fo_f _ _
Tim (9 (un) = @' (), un —up) = lm (fn = f, un —up) =0.

Thus w,, — ug because that ¢’ is of (S )-type, thus &' (u,,) — &'(ug). Combining with
& (up) — &' (u), one has ¢'(u) = &' (ug), in view of that ¢’ is an injection, one has

u = ug and u,, — u, thatis, (&)~ (fn) = (@')~(f), so (@)~ is continuous. O

Condition (f;) and the compact embedding Wy (2) < L™(2),1 < r < p* =
Np/(N — p), and Wy*(£2) < L} (d02) < L*(I%), 1 <t < p. = (N — 1)p/(N — p),
imply the following compactness.

Lemma 4. The functional W' : Wy (£2) — W' () is compact.
The following critical points theorems are the main tools to obtain our results.

Theorem 1. (See [2, Thm. 3.2].) Let X be a real Banach space, and let &, ¥ : X — R be
two continuous Gdateaux differentiable functions such that @ is bounded from below, and
®(0) = ¥(0) = 0. Fix 7 > 0 such that supg,y <, ¥ (u) < +00 and assume that for each

r
re(o,— "),
< SUP (u)<r Lp(u) >

the functional ® — AV satisfies the Palais—Smale condition, and it is unbounded from
below. Then for each \ € (0,7/supg )<, ¥(u)), the functional ® — N\ admits at least
two distinct critical points.

Theorem 2. (See [3, Thm. 2.1].) Let X be a real Banach space, and let &, ¥ : X — R be
two continuous Gateaux differentiable functions such that infx @ = ¢(0) = ¥(0) = 0.
Assume that there are r € R and 6 € X with 0 < &(u) < r such that

1 ¥ (a)

- sup Y(u) < —=,

r P(u)<r ( ) é(u)

and for each A € (®(u)/¥(u),r/supg(y)<, ¥(u)), the functional I = & — \V sat-
isfies the Palais—Smale condition, and it is unbounded from below. Then for each A €
(P(a)/¥(u),r/supg )<, ¥(u)), the functional Iy admits at least two nonzero critical
points ux 1,ux 2 such that Iy(uy1) < 0 < In(ux2).

3 Main results

In this section, two theorems about the existence of at least one or two nontrivial general-
ized solutions to problem (1) are obtained.

https://www.journals.vu.lt/nonlinear-analysis
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Theorem 3. Suppose (f1) holds. Furthermore, there are i > t and R > 0 such that
(f2) 0 < pF(z,u) < flz,u)

Then problem (1) has at least two solutions when

S
Ae |0, ,
( sMycipt/? + Mzcsps/p)

where c; is the canstant of the embedding W, " (2) < L'(£2), and c, is the constant of
the embedding W, " (2) < L*(12).

Proof. Note that
p
_ 1</|W|de+/“(x)|“(x)| )dx
p |z|P
(%} (]

A frranaes [l

2
1 1
Z —lull” + = ull,
p q

thus @ is bounded from below.
Let {u, } € Wy (£2) such that {Ix(uy)} is bounded, and let T (u,,) — 0 as n— o0,
i.e., there is m > 0 independent from n such that

|I)\(U}n)‘ < M7

and for n large enough, one has

|I//\(un)un‘ < HIS\(UW)H(WOI'P(Q))* un” < ”unH (2)

Thus, when |u,| > R, one has

pdx(un) — I&(Un)un

P q
_ ”</|vun|pdx+/“($)|“n|dm> +“(/|Wn|qu+/b(@|“n|d$>
p |z [P q ||
19) 19, 0 Q
—,u/F(x Up) dz + %/c(x)|un|tda
\ |” | |"
+/f(m7un)und$_X/C($)|Un|td0'
N I
> (2= 1) uale+ (%= 1) funl.
p q

Nonlinear Anal. Model. Control, 29(6):1051-1061, 2024
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Using (2), we get
! /‘L P lu q
pM + |lunl| = In(un) — Iy (un)un > 5 — 1) [Jun|” + 5 = 1) [Junl?,

which implies that {u,, } is bounded in view of . > ¢ > p > q.

Without loss of generality, we suppose w,, — u, thus ¥'(u,,) — ¥'(u) because of
the compactness of ¥'. Combining with I} (u,) = &'(u,) — AW (u,) — 0, one has
& (up) — AP/ (u). Since ¢’ is a homeomorphism, then u,, — w. Thus one has that I
satisfies the Palais—Smale condition.

Next, we prove that I is unbounded from below.

Noticing that 0 < pF(z,u) < f(z,u)u for all z € £2, |u| > R, one has that there
exist constants «, 3 > 0 such that

F(t,u) > ajult = Yue R\ {0}.

Now, let us recall the Hardy inequality (see [1, Lemma 2.1] for more details). If 1 <p< N,
then

P 1
/ |u|f|i' do< 4 / |Vl do Y € Wy (£2),
) 9]

where H, = ((N — p)/p)? is the optimal constant.
Combining ¢ < p with the continuous embedding W (£2) < W;%(£2), one has

|u(@)]?

||

1
dr < — / Vul?dz  Vu e W)P(02),
H,
2 2

where H, = (N —q)/q)“.
Thus, for fixed @ € W, P (£2) \ {0}, one has

p 7 |P
I(mi) = m</|va|1’dx+/‘w) dz
P =[P
2 (]
q 7114
+m(/|Vﬂ|qu+/b(x)u| )dx
q |9
2 2

1
—/\/F(x,mﬂ) dx+;/c(w)|md|tda
9] I

< Hotllaloe oo, Hat bloo
pH, qH,

t
—)\am“/\vﬂ“ dx+%/|a|fda,
(] I’

mA|[al|! = AB|$|

https://www.journals.vu.lt/nonlinear-analysis
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which leads to Iy(ma&) — —oo(m — +o0) because of 1 > t > p > g, thus the
functional 7, is unbounded from below.
For every u € &~ '((—00, 1]), one has &(u) < 1 and |ju|| < p*/?. Thus

1
sup U(u) = sup (/F(x,u) dz — /c(x)|utda>
ued=1((—o0,1)) ued (=001 \ ) AL
2

M
< sup / <M1|u| + 2|u|5) dx
lull<pt/> ) s

MQCS

McS s
< My |lul| + == Jul|* < Myeyp!/? + —2=2p*/P.

Therefore, the hypotheses of Theorem 1 are all verified. Thus, problem (1) has at least

two distinct generalized solutions, possibly one being trivial solution. O

In the next part, we focus on the existence of two nontrivial generalized solutions.
Put
§(z) = sup{é > 0: B(z,6) C 2}

for all z € 2. We can show that there exists 2o € {2 such that B(zq,d) C {2, where

d = sup 6(x).
res?

Theorem 4. Assume that condition (f1) and (f2) hold, F(x,&) > 0 for all (z,£) €
B(zg,d) x [0, 4]. In addition, suppose there are Cs and ~ with

(/Cép
C5 = (Hp + llallo (25>p + Hy + [|b]lo (25>q>
pH), d qH, d

psMiciy + pMpesy® _ ess inf g (gy,4/2) F(2,0)|B(x0, $)|
sYP Cs|B(wo,d) \ B(xo, %)

_ d
B(x07d)\B<£E0,2>’ <% (3)

where

such that

AL = = Ao.

Thus problem (1) has at least two nontrivial solutions when A € (1/X2,1/\1).

Proof. Tt is easy to verify that inf x & = ®(0) = ¥(0) = 0. Let

0, x € 2\ B(x,d),
u(r) = § 2(d— |z —x0]), z € B(xo,d)\ Bxo, ),
5, x € B(xg %)

Nonlinear Anal. Model. Control, 29(6):1051-1061, 2024
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thus,
1
W(ﬂ):/F(m,u)dx—ﬁ/c(x)\mtda} / P(z,6)dz
2 I B(xo,d/Q)
d
> —
> B(xo, 2) B(:éii,l(?/g)F (z,9). (4)

By the Hardy inequality and (3), one has

(/Iv ” dz +/ ()| ) (/IV e +/ (|)|u|qd)
< (p + %)II P+ (q n |;1|j|{:o)ﬂ”q

Hy + |lalloe (26" Hy+ ||b]loc (26 _ d
< [ Z2p T %Moo [ 29 22q¢ T I9llco [ 29 &
\< Vi, )T o, y B(xo,d) \ B( o, 5

_ d P
= Cs|B(xo, d) \ B<az0, 2)‘ <X (5)

Letv?/p =7, thus 0 < &(u) <
For every u € 45_1((—00,7"]) one has &(u) < 7, and ||u| < (pr)'/P. Thus

sup U(u) = sup (/ x,u)dx — —/ )|ul* da)
u€P~1((—o0,r]) u€P~1((—o0,r]) P

< sup / <M1u| + 2|u|5> dz
HulK(Pr)l/"Q s

M. Cs s M: Cs ¢
< Mici|lull + —==|lull® < Miery + ——7". (6)
In view of (4)—(6), one has
SUP g1 ((—oo,r]) ¥ (1) Mlcw + Macsrys
r ki
P
essinfp,, a) F(z, §)|B(zo, 2)|
Cs|B(xo,d) \ B(xo, §)|
_ ¥(u)
- o(a)
Therefore, the hypotheses of Theorem 2 are all verified. Thus, problem (1) has at least
two nontrivial solutions. O

https://www.journals.vu.lt/nonlinear-analysis
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