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Abstract. In this paper, the impacts of multiple time delays on bifurcation of a class of fractional
nearest-neighbor coupled neural networks are considered. Firstly, the sum of time delays is selected
as a parameter, and the fractional nearest-neighbor coupled neural network model is linearized to
obtain the corresponding characteristic equation. Then, utilizing stability and bifurcation theory of
fractional-order delay differential equations, we investigate the effect of time delays on the system’s
stability and bifurcations. The results show that when the time lag exceeds the critical value, the
system will lose stability and generate Hopf bifurcation. Finally, the correctness of the conclusions
in this paper is verified through numerical simulation.

Keywords: nearest-neighbor coupled neural networks, fractional order, Hopf bifurcation, stability,
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1 Introduction

Coupling refers to the level of correlation between two or more subsystems (or units)
within a system. Specifically, it measures the extent to which a change in one subsystem
affects another subsystem or multiple subsystems, and how such changes impact the
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overall characteristics of the system. The degree of coupling is a critical determinant
of stability and flexibility of a system and can be categorized as either tight or loose.
Tight coupling denotes a close relationship among subsystems with their functions be-
ing interdependent. Conversely, loose coupling describes a weak internal linkage among
subsystems with their functions being largely unrelated.

Coupled systems have been extensively utilized in the design and operation of com-
plex systems. For instance, Shen et al. [19] proposed a method for loosely coupled system
integration, which can be applied in facility management and decision support to advance
multidisciplinary design optimization and intelligent development. Chen et al. [4] devel-
oped a dual-coupling system for electric vehicles charging on the road, which allows
for individual control of charging sections by coupling circuits, reducing power loss and
addressing the current issues of short mileage, high cost, and low charging rate. In [21],
a new dynamic mathematical model is designed for studying coupled hydro-generator
shaft-foundation systems, based on nonlinear differential equations and the Runge—Kutta
algorithm of the nonlinear response of the stimulating subsystem. This coupled model
outperforms the classical model in terms of sensitivity and performance. For additional
examples of applications of coupled systems, please refer to papers [3,25].

Coupled systems are also widely used in modern science and technology, including
computer network systems [23], robot systems [13], sensor systems [14], virtual reality
systems [2], and artificial neural network systems [12], among others. Neurons in the
human brain, for example, form a complex and highly interconnected large-scale informa-
tion network through coupling behavior, sending electrical signals to collect, process, and
deliver information [20]. Artificial neural networks are computational or mathematical
models that imitate the structure and function of biological neural networks, originating
from the working principle of human brain neurons. Research on neural networks can be
traced back to the 1940s when scholars first proposed a mathematical model based on the
interaction between neurons [6]. The perceptron, a typical structure of neural networks,
was subsequently developed by Rosenblatt [7], and further research on multilayer percep-
trons and the backpropagation algorithm for training followed. Due to the limitations of
computer technology and algorithms at that time, research on neural networks stagnated
for a time. However, the rapid development of science and technology and the rise of
deep learning since 2000 have stimulated renewed interest in neural networks, resulting
in the invention of new models such as convolutional neural network (CNN) [1], Hopfield
network [10], bidirectional associative memory network (BAM) [22], nearest-neighbor
coupling neural network (NNCN) [8], and others. These models have made significant
breakthroughs in image processing, speech recognition, and data prediction [18,33].

With the advancement of computer technology and information technology, the ap-
plication of artificial neural networks in various fields has gained significant attention.
Therefore, it is of utmost importance to establish a neural network model that is suitable
for practical applications, based on the principles of neuron function. In practical appli-
cations, time delay reflects the time of information transmission and processing in the
system, as well as the system’s inertia and feedback mechanism. Time delay often affects
the performance and stability of the system, causing dynamic behaviors such as periodic
solutions, bifurcations, and chaos [27]. For example, in 2015, Mao and Wang studied the
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dynamic behavior of a four-neuron coupled neural network model with multiple delays,
analyzed the local stability, and provided the sufficient conditions for the occurrence of
Hopf bifurcations [15]. Xu discussed the stability at the zero equilibrium point of a class
of multidelay simplified BAM neural networks in [29] and established the global existence
conditions of periodic orbits using relevant theories. In [11], Zhang and Wei studied
the dynamic behavior of fractional-order financial systems with time-delay feedback and
analyzed the impact of time-delay feedback on system bifurcations. However, most neural
network models focus only on the connection and time delay between adjacent nodes,
and not on the delay in transmission between nonadjacent nodes. The nearest-neighbor
coupled neural network model connects each node to its neighbors or nonadjacent nodes,
which leads to an increase in the number of time delays during information transmission,
thereby more accurately reflecting the overall characteristics of the neural network, and
aligning with practical applications.

In 2020, Wang and Xiao et al. [24] proposed a class of nearest-neighbor coupled
neural networks with six neurons and twelve time delays as follows:

(
+ nshs (ps(t
+ nshs (pal(t 0
+ nrhr (ps(t

f15(t) = —@sp5(t) + mohg (pe(t

fi6(t) = —pepe(t) + mhi(pa(t — &) + maliz (pa(t — €11)),

where 11, (p = 1,2, ...,06) is the state of neuron p at time ¢, ¢, > 0 is the self-feedback
coefficient, n; > 0 (« = 1,2,...,12) is the connection weight between neurons, hap—1,
hayp are the activation functions, and &; is the delay between different neurons.

In recent years, fractional calculus has emerged as an interdisciplinary subject and be-
come a hot research topic in various branches of mathematics. Compared with traditional
integer-order calculus, fractional-order calculus exhibits long memory and nonlocality
characteristics, which provide more effective tools for studying dynamic changes in sys-
tems. As a result, it has been widely applied in various fields, including image encryption
[31], fluid mechanics [9], medical research [32], and neural networks [26], among others.
The fractional-order time-delay mathematical model is a dynamical system that combines
fractional-order calculus and time-delay differential equation theory, enabling more real-
istic and accurate analyses of dynamic behavior in practical applications. Consequently,
the study of fractional-order time-delay differential systems has attracted the attention of
many scholars with many excellent results emerging. For example, Xu investigated the
dynamic behavior of fractional-order BAM neural networks with time-delays, deriving
sufficient conditions for system-generated Hopf bifurcations, which verified the impor-
tance of time delays on the dynamic behavior of fractional-order systems [28, 30].

Based on the aforementioned analysis, this paper aims to improve and further promote
model (1) by studying a class of fractional-order nearest-neighbor coupled neural network
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models with multiple delays as follows:

Dy (t) = —prpa (t) + nrha (pa(t — £2)) + nala (s (t — &7)),

Do (t) = —papa(t) + nshs (us(t — &) + nala (pe(t — £10)),

Dps(t) = —p3pus(t) + nshs (pa(t — &) + nels (11 (t — &), @
Dy (t) = —papa(t) + nrhr (us(t — &) + nsls (p2 (t — &12)),

Dps(t) = —psps(t) + nohg (e (t — &) + molio (13t — &s))

Dy (t) = —peps(t) + mrhar (pa(t — 1)) + maliz (pa(t — €11)),

where g € (0, 1], DY represents the Caputo-type derivative and is the original model for
g=1 p, (p=1,2,...,6)1is the state of neuron p at time ¢, ¢, > 0 is the self-feedback
coefficient, n; > 0 (« = 1,2,...,12) is the connection weight between neurons, hap—1,
lop are the activation functions, and ; is the delay between different neurons. For more
parameter information, please refer to paper [24].

For the further development of later research, the following assumptions are necessary.

(H1) hgp_l(') S (R, R), hgp_l(()) =0, hép_l(()) 7é 0; lgp() € (R, R), lgp(O) =0,
15, (0) #0 (p=1,2,...,6).

In this paper, we mainly consider the impacts of multiple time delays on bifurcation
of a class of fractional nearest-neighbor coupled neural networks. We demonstrate that
the equilibrium point of system (2) loses its stability, and Hopf bifurcation emerges when
the sum of the delay passes through a critical value.

It is worth mentioning that so far, some research has mainly focused on integer-order
systems, while research on the Hopf bifurcation problem of fractional-order systems, es-
pecially, fractional-order coupled systems, is rare. The key technique to study the stability
and bifurcation of fractional-order coupled systems is to linearize the system by Laplace
transform and consider the influence of delays in this article.

The analysis for the rest of this paper will be carried out in the following order. In
Section 2, the basics of fractional differential systems are introduced. In Section 3, the
sufficient conditions for the stability and bifurcation of the multidelay fractional neighbor
coupled neural network model at the equilibrium point are analyzed. In Section 4, the cor-
rectness of the obtained conclusions is verified through numerical simulation examples.
Section 5 finishes this paper with a conclusion.

2 Preliminaries

In this section, the basic definitions and lemmas of fractional differential systems will
be given. There are three classic definition methods for fractional derivatives, which are
Riemann—Liouville fractional derivatives, Caputo fractional derivatives, and Griinwald—
Letnikov fractional derivatives. Because the Caputo fractional derivative can adjust the
value of the order at any time according to the needs, it is more flexible in calculation and
application. So this article will use the Caputo fractional derivative.

https://www.journals.vu.lt/nonlinear-analysis
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Definition 1. (See [17].) The Caputo fractional derivative is defined as

t
N S ds
10 = g | G

a

wheren —1<q<neZ",T(s)= [t e ' dt

Caputo fractional derivatives can be obtained by Laplace transform as follows:

n—1

LD f(t);s} = s"F(s) = s fO(0) (n—1<q<neL®),
=0

where f(W(0) =0 (u=1,2,...,n), L{DIf(t); s} = s7F(s).
Lemma 1. (See [16].) Consider the fractional-order system

Dy(t) = g(t,y(t)),

3
y(0) = vo, )

where q € (0,1] and g(t,y(t)) : RT™ x R™ — R™. The equilibrium point of system (3)
is locally asymptotically stable if all eigenvalues )\ of the Jacobian matrix 9g(t,y)/0y
evaluated near the equilibrium point satisfy |arg(\)| > qr /2.

Lemma 2. (See [5].) Consider a fractional linear system with several state variables

D% py(t) = x11p1(t — 111) + X12p2(t — T12) + - 4+ X1npn(t — Tin),
D% py(t) = x21p1(t — T21) + x2202(t — T22) + -+ - + Xonpn(t — T2n), @

cey

anpn(t) = Xn1pP1 (t - Tnl) + Xn2,02(t - Tn2) + -+ Xnnpn(t - Tnn)»

where ¢; € (0,1] (1 =1,2,...,n). Let

- - -
A\ — Xlle)\ T11 —X12€ 71)\2 . —X1n€ Tin
— AT — AT —ATon
—Xg1€ TP AT —xgpeT 2 e —xp e T
AN) = :
Y -\ —ATnn
_ane 1 _XnQe 2 e >\(In — Xnn€ ™

Then, the zero solution of system (4) is globally asymptotically stable if the real parts of
all roots of det (A(N)) = 0 are negative.
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3 Stability of equilibrium point and analysis of Hopf bifurcation

From (H1) it can be obtained that the equilibrium point of system (2) is zero. Now the
linear transformation of system (2) can be obtained

Dy (t) = —prpa(t) +yipe(t — &2) + neps(t — &),
Dps(t) = —popa(t) +ya3us(t — &3) + nape(t — €10),
D3 (t) = —psps(t) + vspat — &1) + mopa (t — o),
Dpa(t) = —papa(t) +vrps(t — &) + nspa(t — &i2),
D5 (t) = —pspus(t) + youe(t — &) + nops(t — Es),
Dpus(t) = —peps(t) +yi1pa (t — &) + mopalt — &11)

in which Y2p—1 = ?’]21,_1/7,/21)_1(0), Y2p = 772pl/2p(0) (p = 1, 2, . 76)
By Lemma 2 the characteristic equation of system (2) is

s1+p;  —ye7 % 0 0 —yoe 75T 0
0 s+ py  —yze 0 0 —y4e7 5610
—ge” % 0 s+ @3 —yse” " 0 0 —0 5
0 —yge” %2 0 s94 s —yre 0 =0 ©
0 0 —y10e7 58 0 s1+4 5 —yge 5%
*’}/1167851 0 0 7’)/12678511 0 574 g

Based on [24], we can carry on the following assumption.
(H2) §=G+&+&o=8 18+ =8+ 8+ 8 =8+ 8+ &2
=8 +&+8 =618+ & =& + &+ & = &0 + & + &2
Because of (H2), Eq. (5) is equivalent to the following equation:
$%9 4 Py 4 Pyst  Pys®l + Pys?1 4 Pis? + Py
—(Q35% + Q25 + Q157 + Qo) e * + Joe 3¢ =0, (6)
where

Ps =1+ p2 + @3+ 04+ v5 + ps,
Py = p1(p2 + ¢34+ @4+ 05 + @6) + @2(p3 + 04 + v5 + ©6)
+ @3(pa + @5 + ) + Pa(ps + v6) + P56,
P3 = p102(03 + @+ 5 + 96) + p103(a + 5 + ©6) + P104(5 + ¥6)
+ p2p3(pa + @5 + @6) + P20a(05 + v6) + P3a(ps + pe)
+ @56(01 + P2 + @3 + pa),
Py = 010203(pa + 05 + v6) + ©10204(05 + v6) + ©10304(05 + )
+ p2p304(i05 + 06) + P56 (1 + ©3) (P2 + @a) + (P13 + P2004),
Py = 010203(0a5 + a6 + ©506) + 0105906 (0102 + @103 + ©203),
Py = p19203040506,

https://www.journals.vu.lt/nonlinear-analysis
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Q3 = 717376 + 174711 + ¥3Y578 + Y276V10 + Y27V911
+ ¥5y7710 + YaY8V12 + Y7912,
Q2 = 117376(Pa + 5 + v6) + M1 VaY11 (03 + 1 + 5) + 13V578(1 + 5 + @6)
+ 7276710 (92 + 1 + p6) + 1279711 (P2 + @3 + 1) + V5 ¥7710(P1 + P2 + P6)
+ vasmi2(01 + 03 + ©5) + Yrrem12(01 + 02 + ©3),
Q1 = M7376(Pa5 + P16 + w56) + N17aM11 (P304 + P3P5 + Paps)
+ 73757821905 + V106 + P506) + Y2 V6V10(P204 + P26 + PaPs)
+ 7279711 (92603 + 2004 + P3pa) + V57 710(P1P2 + P16 + P2¢06)
+ yav8712(P103 + V105 + P305) + YrY9712(P1P2 + V103 + P2103),
Qo = 117376P1P5%6 + V174711930195 + V3 V5 V8919596 + V276 V1092046
T 127971192394 T V5V7V10P1P2P6 T V4V8V12P1P3P5 T V7V9V 1291923,
Jo = (6712 — ¥5711) (V1377%0 — V1Y4Y¥7 Y10 + Y2V V8 V10 — V2Y3V87Y9)-
Multiply the left and right sides of Eq. (6) by e*¢ at the same time to get
(56‘1 + P51 4 Pys 4 Pys®9 4 Pys®l 4+ Prs? + Po)esf
— (Q35% + Q25 + Q187 + Qo) + Joe *¢ = 0. (7

When £ > 0, let s = iv = v(cosm2 + isinm2) (v > 0) be a pure imaginary root of
Eq. (7). We can get

) )
<1/6q (cos 3qm + isin 3q7) 4 Psv®? (cos g +isin gﬁ)

3qm 3qm
+ Py (cos 2qm + isin 2q7) 4+ Psv3? <cos g +isin g)

+ Pyv*(cos qm + isingr) 4+ Pyv? <cos q2 +isin q2> + Po)
X (cosv€ + isinvg)

3qm 3qm
(Q3V3q (cos % + isin ; ) + Q2% (cos g + isin g)

+ Qv? <cos % + isin ) + QO) + Jo(cosv€ —isinvg) = 0.
Separate the real and imaginary parts to get

aqm
( 69 cos 3gm 4+ P51°7 cos —— 5 + Pyt cos 2qm
3qm
+ P339 cos —— 5 + Py cos gm 4+ P9 cos ? + .P()) cos V€

5 5
— (1/6‘1 sin 3gm + Psv°?sin % + Py* sin 2w
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3
+ P32 sin g + P,w*9sin g + Pivf sin q27r> sin v€

3qm
(ngsq cos g + Q1% cos qm + Q11 cos % + Q0>

+ JocosvéE =0 (8)

and

5qm
( 54 cos 3gm 4+ Ps1°? cos —— T Pyv* cos 2qr
3qm
+ P339 cos == 5 + Pyv?9 cos gm + Py cos ? + P0> sin v€
6q 5q 5 4q
+ sin 3qm + P’ sin — 5 + Pyv*?sin 2qm

3
+ P31%%sin % + Pyv*9 singm + P19 sin q;r) cos v€

2
— Jpsinvé = 0. ©)]

3qm
<Q31/3q sin — 5 + Qa1 singm + Q19 sin qﬂ-)

Let

5qm
Aq1 = 1% cos 3gm + P51 cos —— 5 + Py* cos 2qm
3
+ P339 cos g + Pyv% cos gm + Pivd cos qg + Py,

oqm
Ais = 1% sin 3gm + P51 sin —— 5 + Pyt sin 2gm

347 - (10)
+ Pyu3%gin —— 5 + P2 sin gr 4+ Piv?sin %
3qm
Bi1 = Q313 cos —— 5 + Q2% cos gm + Q1% cos 7 + Qo,
3
By = nggq sin % + ngQq sin g7 + Q17 sin %
From (8), (9), and (10) we get
(All + JO) COS l/§ — A12 Sinllé = 8117 (11)
(All - Jo) sin Vg + A12 (o)) l/g = Blg.
By (11) we can obtain
sin V€ = Ay1B1a — A12B11 + JoBio
A AL-R "
A By + A1eBia — JoBn
cosv€ = .

AR+ A, - TG

https://www.journals.vu.lt/nonlinear-analysis
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Now, take
Sqm 3qm
ag = cos 3qm, as = Ps cos %, ag = Pycos2qm, as = P3cos %,
qm
as = Py cosqm, ay = P cos 5 ag = Py,
. . bgm . . 3qm
bg = sin 3qr, bs = Pssin 5 by = Pysin2qmw, bz = P3sin 5

ngPQSiDQﬂ', blzPlsin%, bQZO,

3
63=Qscosg, c2 = Qa2cosqm, 1 =Q1COS%, co = Qo,
3
dnggsing, ngQQSiHQTF, dlelsin%, d(]:O,
eo = Jo, e; =0 (Z>O)

According to the above form, (10) can be transformed into
Aqq = agr® + as®? 4+ agr? + asv3? + asr®? + aqv? + ag,
Ajg = bt + bs1°? + by + b3®? + bor?? 4 by,

Bi1 = et + e + v + ¢, -

Big = dsv®? + dov?? + dy 1.
For sin? v€ + cos? v€ = 1, it can be obtained
(A11B12 — A1 By + JoB12)? + (A12Bia + A1 By — JoBii)?
= (AT, + 43, - Jg)Q' (14)
Let

6
Br =3 (aiar_i+bibr_i — eiex_i) (0 <k <12),
i=0
6
o= Z (aico—i + bid,—; — cie,—;) — Z bid,—; + Z bib,—; (0<
=0 et et
6

Er = Z (bicr—i —aidy—; + eidr—i) - Z (eidr—i — aidr_i)

N

9),

r—i=1

=0
+ Z (6ibr_1- - aibr_i) (0 g T g 9)

r—i=1
Substituting (13) into (14), we can get

aor? + v + ar?®? 4 az? + a0 + a7 4 gt

17 16 15 14 13 12
+ a7+ agr P! 4+ agr P! + aqor ! + a1 P! + aqar

Nonlinear Anal. Model. Control, 29(6):1127-1149, 2024


https://doi.org/10.15388/namc.2024.29.37851

1136 W. Li et al.

+ 13 + a1 + a150%9 + 1613 4+ a7 + aqs®?
+ 1957 + oo + 0137 4 921 + aa3v? + apg = 0 (15)
in which
ag = B, ar = 2611512,
ay = B} + 2B10P12, az = 2(Byf12 + frob11),
oy = By + 2(BsPrz + BoBr1), as = 2(B7B12 + BsPi1 + BoPio),
ag = (B3 — 05 — €3) + 2(BsPrz + BrB11 + BsBio),
a7 = 2(B5612 + BePi1 + BrBro + BsBe) — 2(dsdy + €se9),
ag = B + 2(Bafra + Bs P11 + BeSro + BrBo) — 2(6700 + e729),
a9 = 2(B3P12 + P11 + BsPro + BB + Brs)
— 2(0609 + 0708 + €69 + €7€8),
a10 = (87 — 63 — %) + 2(B2B12 + B311 + BaBro + BsBo + BeBs)
— 2(8509 + 0605 + £5€9 + £6€3),
air = 2(B2B11 + BsBio + BaBo + BsPs + Bebr)
— 2(0409 + 0508 + 0607 + €469 + €568 + €6€7),
a1y = (ﬁé — & — 5%) +2(B1P11 + B2B10 + B389 + BaPs + BsB7 + BePs)
— 2(0309 + 0408 + 0507 + d6ds + €369 + €465 + £567),
a1z = 2(BoB11 + B1Bio + B2Po + B38s + BafBr + Bs6)
— 2(0209 + 0308 + 0407 + 0506 + €269 + €368 + €467 + €566), (16)
a1s = (B2 — 62 — €2) + 2(BoBio + B1Bo + B2fBs + B3Br + Bafs)
— 2(6109 + 0208 + 0307 + 0406 + €169 + €268 + €367 + €486),
ais = 2(BoBo + B1Bs + B2Br + B3P6 + Bafs)
— 2(8pdg + 0108 + 0207 + 0306 + 0405 + €168 + €267 + €366 + €4€5),
o6 = (87 — 05 — €7) + 2(BoBs + B1Br + B2fBs + Bsfs)
— 2(0pds + 0107 + 9206 + 0305 + €167 + €266 + €3¢5),
ayr = 2(BoBr + B18s + B285 + B354)
— 2(8p07 + 6106 + 0205 + 0304 + €166 + €265 + £364),
ons = (85 — 65 — €3) +2(BoBs + B1Bs + B2B4)
— 2(8pd6 + 0105 + 9204 + €165),
19 = 2(BofBs + P1Ba + B2B3) — 2(0005 + 6104 + G203 + €164 + €2€3),
20 = (B3 — 65 — &3) +2(BoBa + B133) — 2(806s + 6103 + £1€3),
az1 = 2(BoBs + B1B2) — 2(003 + 0162 + €162),
g = (B] — 61 — £1) + 2(BoB2 — 0d2),
ags = 2(BoB1 — dd1), aos = (85— 63).

https://www.journals.vu.lt/nonlinear-analysis
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Let

w(v) = apr**? + a1 + aer?? + a3 4 % + a9 + 'l
1 1 1 14 1 12
“+ arv 7q—|—agl/ 6q—|—0¢91/ 5q+01101/ 9+ apv 3q+(1121/ q
11 10 9 8 7 6
+ a3+ agar ! 4+ asv7? + aqgr®? + v + aqgr™?

+ 191”7 + oo + a3 + aoar®? + g + oy (17)
Lemma 3. Let the following assumption holds:
(H3) B2 — &2 <.
Then there is at least one pair of pure imaginary roots in Eq. (6).

Proof. Combining (16) and (17), we have lim,,_, . o @w(r) = 400. Obviously, @ (0) < 0.
According to the zero point theorem of continuous functions, we can obtain that Eq. (15)
has at least one positive root, and this positive root is recorded as v (k = 1,2,..., N).
Then substitute it into (12) to get

G — L | recos ~AnBi + AeBio — JoBn L oin
k VL A%l _A'_A?Q _ JO2 JT |,

where k=1,2,...,N;57=0,1,2,....
Now define &y = min{f,go) }, and & is the root of Eq. (6) to vy, that is, there are at least
one pair of pure imaginary roots in characteristic equation (6). The proof is complete. [

We assume that the following condition holds.

(H4) krAr + k1A 1/ (0% + A7) > 0, where

(6g — 1)m g Pa—Dm

T 5qg—1
5 + 5qPswy?™ " co 5

+ 4gPywy” " cos Ug—Dm + 3¢Psw’ cos w
2g—1 (2q - 1)’/T

2
_ -1
+2qPywg! " cos =+ qPywd ™! cos (c]2)7r> cos(woo)

KR = <6qwgq1 cos

(g —Dr
2 2
dg—1 .
+agPat sin W UT g p et in M

2
_ —1
+ 2qPywy?™ " sin ~———— + qPyw{ !sin (q2)7r) sin(wo&p)

S 6g —1 -
- <6qw8q "sin (6= Lm + 5gPswy? " sin

2q—1 . (2¢ — 1)m
2

_ 3¢g—1 _
- <3qQ3wS’q ! cos % + 2¢Qowg? ™" cos

(2¢ —U)m
2

_ -1
o 0.
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(661;1) + 5qPswl ! 08(561;1)7T

4q — 1 : -1
¢ dgPr cos M - 3qPyt L cos M
2qg—1 _ -1
+ 2¢Pyw}? " cos % + qPywd " cos (q2)7r) sin(wo&o)

-1 -1
<6q 61 gin 7(6(] 5 ) +5qP5w8q71 sin Lq 5 )

dg — D _q
+ 4qP4w4q ' sin % + 3(]P3’w3q 1 sin w

2¢—1 _ -1
+2gPuft sin BT g sin (q2)w) cos(woko)

2
-1 2g — 1
(3q2 ) + 20Qaw? 2¢— 1sin( q2 )T

6q—1
Ky = <6qw 7% cos

<3qQ3w3q Lsin

_ -1
+qQrwi Lsin ((]2)7T> ,

6 oqm 4
/\R:( quOsg—‘y—P{)w COST—‘rPU}O COS%

3 2
+ P3’U)3q cos g + Pgwgq cos % + Pyw{ cos % + P0> wo sin(woép)

6gm bqm 4
+ (wgqsm2—|—Pw smT—l—PwO sm%

3 2
+ Pgwgq sin g + P2wgq sin g + leg sin % + Po)wo COS(w()fo)
+ JQ’UJO Sin(wofo)

6 bqm 4
A\ = (wgq coS g + P5w cos % + P4w0 cos g

3 2
+ Pgwgq cos g + Pgwgq cos g + Pywg cos % + P0> wo cos(woép)

6gm 5 4
+ <w8q sin 5 + Pswy?sin % + Pywy?sin g

3 2
+ Pgwgq sin g + Pgwgq sin g + Pywd sin % + PO) wo sin(we&p)

+ Jowg cos(wpép).

Lemma 4. Assume that s(§) = a(&) + iw(§) be the root of Eq. (15) at £ = & that
satisfies a(&o) = 0, w(&y) = wo. Then
-1
) >0
§=%o

ds

Re( | —

dg
https://www.journals.vu.lt/nonlinear-analysis



https://www.journals.vu.lt/nonlinear-analysis

A class of fractional nearest-neighbor coupled neural networks 1139

Proof. Let s(&) = a(€) +iw(&) be the root of Eq. (15) near { = & that satisfies a(&p) =
0, w(&) = wo. Next, we verify the condition of transversality. Taking the derivative of
Eq. (6) with respect to £, we have

d
(6q56q71 + L")ng,sE"F1 + 4qP4s4q*1 + 3qP353q71 + 2qP252q71 + qusqfl)eSEd—z
d
+ (8% 4 Pss® + pys*® + P3s® + Pys® + Pys? + Py) (s + §d§>e55
3g—1 20—1 1 ds ds —s&
— (3¢Q35°T ! +2¢Q25* ! + qQ1sT ) = — Jo( s+ &5 et =0 (18)
d¢ dg
Simplify (18) to get
-1
@\ _nls) € )
d¢ (s) s

where

k(s) = (6qs6q_1 + 5qPs 5?1 4 4qPys* T 4 3gPys30 4 2g Py qP18q_1)e55
— (3¢Q35°17 1 + 29Q25"1 7 + Q1577

A(s) = sJoe ¢ — se¢ (56q + P5s% + pystl 4 Pys39 4+ Pys®? + Prs? + R).

Now define the real numbers kg, k1, Ag, and A; as the real and imaginary parts of
k(s) and A(s), namely,

k(s) = kr +ik7, A(s) = Ar +iAg, (20)

where KR, K1, AR, and A; are as in condition (H4).
Based on (19), (20), and (H4), we have

v ()

The proof is complete. O

> 0.

> _ KRAR + KIAT
- 2 2
e=to Az T A7

Next, we assume that

(H5) The following conditions hold:

P, 1
Dy =P >0, Dy = P3_5Q3 P, >0,
Py 1 0
D3 = |P3 — Q3 Py Ps | >0,
P -—0Q1 P—0Q2 P3—-Q3
Py 1 0 0
P3 — Q3 Py Py 1
D4:P1—Q1 Py — Qo P3 — Qs Py >0,
0 Po—Qo—Jyg PL—0Q1 Po—Q2
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Ps 1 0 0 0
P;— Q3 Py Ps 1 0
Ds=|P-Q1 P—-Qy P3—Q3 P, Py | >0,
0 Php—Qo Pi—Q1 Po—Q2 P3—Q3
0 0 0 Po—Qo Pr—Q

D¢ = (Py — Qo)Ds > 0.

Lemma 5. If ¢ = 0 and (HS) holds, the zero equilibrium point of system (2) is asymptot-
ically stable.

Proof. When £ = 0, Eq. (6) is

09 + P3sP + Pys™ + (Py — Q3)s® + (Pr — Q2)s
+(P1 —Q1)5q+(P0 —Qo —Jo) =0. 21

If A = s9, the above formula (21) becomes

AS 4 P’ 4+ PN 4 (P3 — Q)N + (P — Q2)\?
+ (P — QU)X+ (Py— Qo — Jo) =0. (22)

Equation (22) is a one-variable high-degree equation about A. According to (H5), all
roots \; of the characteristic equation (22) satisfy |arg(\;)| > ¢;7/2 (i = 1,2,...,6).
By Lemma 1 the zero equilibrium point of system (2) is asymptotically stable. The proof
is complete. O

Based on the above analysis results, according to Lemmas 1-5, we have the following
theorem.

Theorem 1. Suppose that hypotheses (H1)—(HS) hold. Then the zero equilibrium point of
system (2) is locally asymptotically stable when & € [0,&y) and a Hopf bifurcation will
happen around the equilibrium point for £ = &.

4 Numerical simulations

This section will give a numerical simulation example to prove the effectiveness of the
conclusions obtained. Take ¢, = 1.2, ; = —1, hop_1(x) = lap(z) = tanh(x),
p=1,2...,6,1=1,2 ...,12, and consider the following system:

D0 921 (t) = —1.221(t) — tanh(z2(t — &)) — tanh(zs(t — &7)),
0925(t) = —1.2x5(t) — tanh(xg( 53)) - tanh(xg(t - 510)),
0-925(t) = —1.2x3(t) — tanh(z4(t — &) — tanh(z1(t — &)), @3
0-924(t) = —1.2x4(t) — tanh(x5( 55)) — tanh(xg(t — 512)),
0925(t) = —1.225(t) — tanh(zg(t — &)) — tanh(z3(t — &),
0926(t) = —1.226(t) — tanh(z1 (t — &) — tanh(z4(t — &11)).
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Figure 1. The trajectory of system (23) with respect to time t. When 7 = 0.42 < 79 = 0.4532, the zero
solution of the model is asymptotic stability.

It is obvious that system (23) has an equilibrium point. We take ¢ = 0.9 and can find out
by numerical calculation D; = 7.2000 > 0, D2 = 112.9600 > 0, D3 = 2092.4057 > 0,
Dy = 27206.6148 > 0, D5 = 613226.6916 > 0, Dg = 10308330.8754 > 0, so (HS)
is satisfied. It is calculated that Eq. (15) has two positive real roots, and wg = 1.56974,
&0 = 0.4532, (krAR + kA1) /(A% + A%) = 0.8092 > 0, which show that (H3) and (H4)
also hold. Therefore, the value satisfies the requirements of Theorem 1. Now, let £; = 0.14
(¢ =1,2,...,12), that is, £ = 0.42 < 0.4532. Figures 1-3 show that system (23) is
locally asymptotically stable at the zero equilibrium point. Let ;= 0.2 (:=1,2,...,12),
that is, £ = 0.60 > 0.4532. Figures 4—6 show that system (23) loses its stability near the
zero equilibrium point, and Hopf bifurcation phenomenon appears.

Nonlinear Anal. Model. Control, 29(6):1127-1149, 2024


https://doi.org/10.15388/namc.2024.29.37851

1142

0.4

0.2

0.4

0.2

0.2

0

0.2

0.3

04

05

W. Li et al.

-0.2 -0.1 0 0.1 0.2 03 0.4 0.5
%,
03
0.2
0.1
0
-0.2
-0.3
-0.4
-0.5
-0.3 -0.2 -0.1 0 0.1 0.2 03 0.4 05
x,(0)

Figure 2.

Part of the phase diagram of system (23) with respect to time ¢. When 7 = 0.42 < 79 = 0.4532,
the zero solution of the model is asymptotic stability.
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Figure 3. Part of the phase diagram of system (23) with respect to time t. When 7 = 0.42 < 19 = 0.4532,
the zero solution of the model is asymptotic stability.
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Figure 4. Part of the phase diagram of system (23) with respect to time ¢. When 7 = 0.60 > 19 = 0.4532,
the model loses stability and presents a Hopf bifurcation at the equilibrium point.

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

A class of fractional nearest-neighbor coupled neural networks

1145

0

X,()

Figure 5. Part of the phase diagram of system (23) with respect to time ¢. When 7 = 0.60 > 19 = 0.4532,
the model loses stability and presents a Hopf bifurcation at the equilibrium point.
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Figure 6. The trajectory of system (23) with respect to time ¢t. When 7 = 0.60 > 79 = 0.4532, the model
loses stability and presents a Hopf bifurcation at the equilibrium point.

5 Conclusions

As is well known, the study for dynamics of fractional neural network systems with
time delay has become a hot topic in the field of nonlinear research. However, most
current neural network systems only involve the delay between adjacent nodes, and there
is a lack of research on the delay between nonadjacent nodes. In contrast, the nearest-
neighbor coupled neural network system studied in this paper connects each node to its
surrounding adjacent or nonadjacent nodes, resulting in a more complex topology that is
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better suited to practical applications. This paper analyzes the characteristic equation of
a particular class of multidelay fractional nearest-neighbor coupled neural network model
and selects the sum of time delays as branch parameters to obtain the stability of the
system at the equilibrium point, as well as the sufficient conditions for Hopf bifurcation.
The research results indicate that time delay has a significant impact on the stability
of the system. When the time delay exceeds a critical value, the system loses stability
and produces Hopf bifurcation. The results of this study provide theoretical guidance for
the practical application of neural network systems and open up possibilities for neural
network systems to better serve human society.
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