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Abstract. In this work, we focus on the eigenvalue problem for a class of k-Hessian-type equations.
Under some suitable assumptions, we first determine the intervals of the parameter for the existence
of nontrivial radial solutions. To this aim, we apply the eigenvalue theory and Jensen inequality.
Finally, the behavior of the solutions with respect to the parameter is analyzed via Guo’s fixed point
theorem.

Keywords: k-Hessian equation, existence, dependence on a parameter, fixed point theorem.

1 Introduction

The study of the k-Hessian-type equations has an important sense in many geometric
problems, such as the k-Yamabe problems in conformal geometry [19] and conformal
invariant elliptic problems [14]. Furthermore, for the case k = N, the Monge—Ampere-
type equations arise in geometrical optics [12], meteorology [8], and optimal transporta-
tion [16].

In this paper, we focus on the following k-Hessian-type equation:

Si(o(D*u+ a|Vull)) = Ab(|z|)p(—u) in £2,

1
u=0 ondf2, 0

where a > 0, | Vu| denotes the gradient of w, I stands for an identity matrix, X is a positive
parameter, {2 is an open unit ball in R with N < 2k (k € N), ¢ and b satisfy

(HI) ¢ € C([0,00), [0,00));
(H2) b € C(]0,1],[0,00)), and b # 0 on any subinterval of [0, 1].
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For an arbitrary N x N real symmetric matrix M, S (o(M)) is the k-Hessian-type
operator and denotes kth elementary symmetric function of eigenvalues of M, that is,

Sk(o(M)) = > Ajy - Ajy - Ay

1< < <G <N

where 0(M) = (Ay, Ag, ..., Ay) is the set of eigenvalues Ay, As, ..., Ay. For any C?
function u(x), if M is the Hessian matrix (D?u) of u, then it becomes the so-called
k-Hessian operator [3].

The main motivation to study (1) comes from the impressive development of theory
concerning the nonlinear k-Hessian-type equation. Such an equation can be considered
as an extension of the Laplace, Monge—Ampere, and k-Hessian equation. There are many
interesting results on the k-Hessian-type equations [1-5,13,20,21,23,24,26-32], starting
with the pioneering work of Caffarelli, Nirenberg, and Spruck [3].

On the k-Hessian problems

In 2017, Dai [5] studied the eigenvalue problem for the k-Hessian equation
Si(o(D*u)) = MNeop(—u) in 2,

2
u=0 ondf2, @

where A > 0, {2 is an unit ball in RY with N > 1, and ¢ satisfies (H1) with ¢(s) > 0 for
any s > 0 and g, oo € [0, 00]. Here

©(s)

= Yoo = lim <p(s).
s

s——+oo sk

®o = lim
s—0+

He showed the existence, nonexistence, and multiplicity of radial k-admissible solutions
to (2) for A belonging to different intervals via the bifurcation method.
In 2022, Zhang et al. [31] researched the following eigenvalue problem:

(=1)*S* (o(D?*u)) = Ap(|z|,u) in 2, )
w=0 ond{2,

where A > 0, 2 is a unit ball in RY with ¥ < N < 2k, and ¢ € [0,1] x (0, +00) —
(0, +00) is nonincreasing in u > 0 and satisfies

1
O</5N*1<pk(s, 1752) ds < +o0.
0

By constructing the upper and lower solutions and combining with Schauder’s fixed
point theorem, they proved that there exists A* > 0 such that, for any A € (\*,4+00),
problem (3) admits at least one radial solution u satisfying

L= |z|* < u(lz]) < p(1 — || F=7F) )

for some positive constant p.
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On the k-Hessian-type problems

In 2022, Zhang et al. [30] extended the results in [31] to the following eigenvalue problem:

—S;/k(a(D2u+)\aI)) = Xo(|z],u) in 2, 5)
u=0 ondf2,
where ¢ € [0,1] x (0,4+00) — (0,+400) is nonincreasing in « > 0. They proved that
there exist two positive constants A\, and A* such that, for any A € (A, A*), (5) admits at
least one radial solution u satisfying (4).
Recently, in [24], Yang et al. considered the k-Hessian-type system

Sk (J(Dzui + a|Vui|I)) = cpi(\x|, —Up, — U,y ..., fun) in 2,

6
u; =0 ondf2 ©

and obtained some existence results of radial solutions relying on fixed point index com-
putations.

However, to our knowledge, there are few studies on nonlinear eigenvalue problem
for the k-Hessian-type equation (1). The main aims of this paper are twofold. One is to
derive some new existence results of radial solutions for (1) with the help of the eigenvalue
theory. The other is to analyze the behavior of the radial solutions u with respect to the
parameter A for (1) via Guo’s fixed point theorem.

The k-Hessian-type equations have important significance in nonlinear science. Many
optimal transport problems, geometric optics problems, etc. can be transformed into
solving k-Hessian differential models, which greatly promotes research and development
in related fields of economics and physics. The contributions of our paper are as follows.

1. Compared with the works [5, 30, 31], the augmented gradient term «|Vul|l is
considered.

2. We supplement the results on the asymptotic behavior of the radial solutions wu
that depend on the parameter A, unlike previous works [5, 24,30, 31], which only
considered existence results.

3. The nonlinearity in (1) does not require monotonicity, unlike in [20,21,26,30,31].

4. Jensen inequality technique is used, which enables us to overcome the difficulties
caused by the complexity of the k-Hessian-type operator.

The rest of this paper is arranged as follows. In Section 2, we will show some pre-
liminaries. In particular, we introduce the fixed point theory and Jensen inequality. In
Section 3, we give the intervals of A for the existence of negative radial solutions for the
k-Hessian-type equation (1) under some suitable assumptions on . Finally, in Section 4,
the behavior of nontrivial radial solution u with respect to the parameter \ are stated and
proved.

Remark 1. The general form of the k-Hessian-type equation (1) is as follows:

Sk (J((DQu + M(z,u, Du))) = ¢(x,u,Du) in £2, @)
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where 2 ¢ RY is a domain, M isa N x N symmetric matrix function, ¢ is a scalar
valued function on 2 x R x RY. When M = 0, (7) is the standard k-Hessian equation.
Furthermore, it can be reduced to classical Poisson equation (k¥ = 1) and the Monge—
Ampere equation (k = N). When M # 0 and k = N, (7) is called the Monge—Ampere-
type equation.

The domain {2 plays important roles in many geometric problems. We know that
scholars search for suitable geometric forms of the domain {2 in order to obtain desired
results. For example, when {2 is a star-shaped domain, Tso [18] obtained a nonexistence
result of the Dirichlet problem for the case M = 0 and ¢(x, u, Du) = ¢(x, —u). When
(£2, g) is a Riemannian manifold with the metric g, Guan [10] proved the existence result
of the Dirichlet problem for the case M = aug. On a closed Hermitian manifold (2, g),
Zhang [25] showed the existence of weak solution for the complex Hessian equation
of (7). In [6], Dinew, Plis§ and Zhang consider a second-order a priori estimate for solutions
of the complex Hessian equations of (7) on a compact Kéhler manifold. In [9], Galvez and
Nelli studied the global behavior of solutions for det(D?u) = 0 in the finitely punctured
plane 2 C R2.

Remark 2. When k& = 1, the problem in (1) becomes to the following linear Laplace
problem:
Au+ Na|Du| = Xb(|z])p(—u) in £2, g
u=0 ondf2, ®
where the nonlinearity ¢ satisfies (H1) with g, ¢ € [0, 00]. Here

lim 4'0(3), Poo = lim @(8).

s—0t S s—+o00 8§

Yo =

At this time, the nonlinearity ¢ can be regarded as a perturbation form of the linear
function f(s) = s, then the problem in (1) can be reformulated as the perturbation of
the linear counterpart problem.

Remark 3. The k-Hessian-type equations and Monge—Ampere-type equations can be
derived from the problems of light reflection and refraction in geometric optics [7, 15,17,
22]. This type of problem involves the design of the shapes of reflective paraboloids and
refractive paraboloids. It can be specifically divided into far-field optics and near-field op-
tics. The description of light reflection in far-field optics can be considered as an optimal
transport problem with a cost function; please see [22]. The equation corresponding to its
problem has a form of (7). For the situation of light reflection in near-field optics, we take
the parallel light reflection problem [17] as an example. The corresponding equation is
the following nonlinear equation:
| Dul? — 1 (1 — [Du?)M*

2 _
det | Du 2% I| = 0 |Du|2)(2u)Nf(x’Du)’ 9)

where v > 0, |[Du| < 1. When |Du| < 1, the right-hand nonlinear term in (9) can be
approximated as 1/u” .
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Figure 1. Ray mapping based on geometric optics.

Next, we will analyze the following Monge—Ampere model:
— det(D2u) = ’y(l — uf})um + ’y(l — ui)uyy + 27U Uy Uy
+td?[1 = Lz, y) (& m)], (10)

where v = /1 — |Vul|?/d, and d is the distance between two planes. In (10), the non-
linearity ¢ describes the complex physical relationship between phase and light intensity,
which cannot be simply represented and controlled by a linear term. This model is used
to study phase retrieval problem in geometric optics [15]. As shown in Fig. 1, assuming
that there exists a light field with a wavelength of A transmitted along the z-axis. The light
intensity distribution in the plane z = 01is I (x, y), where (z,y) € ;. The light intensity
distribution at the plane z = d is I5(£, ), where (£,7) € Xs.
The light satisfies the law of conservation of energy during propagation. From [7]:

Li(z,y) = L(§,n)|J(z,y)], (11)

where |J (2, y)| is the Jacobian determinant of coordinate transformation. The relationship
between u(z, y) and ray mapping T'(z,y) = (&, n) is

Vu
V1—=|Vul?
The Monge—Ampere model (10) can be derived from Egs. (11) and (12). Then we solve
model (10). The purpose of phase recovery is to calculate the phase distribution U (x, y)

at z = 0 based on the light intensity distribution of these two planes. Here U(z,y) =
ku(zx,y), where k = 27/ X is the wave number.

T(z,y) = (v,y) +d (12)

2 Preliminaries

In this section, we will present some useful preliminary results.

Lemma 1. (See [24].) u(z) = —v(t) is a radial solution for (1) if and only if v satisfies
E o eNetyN—-1

T CET (Tt at)kl

[N —FeNot (—o/ (1)) A(D)p(v(t), 0<t<1,

13)
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Next, we will find a solution of the integral equation for (13)

1 s

1/k
; ok k Sk—N eNaTTN_l . olr - .
() = /( / br)p(o(r)dr| ds, te[o,1]. (14)

C]]i[ill eNas 1+ O[T)k71
0

It is well known that X = C[0, 1] is a real Banach space endowed with the norm
lv]| = max;e[o,1] [v(t)]. Define the cone

1
P .= ve X, v>=0, i t) > — 15
{svexozo i o0 ()
and the operator

1 s 1/k
k Sk—N eNaTTN—l
To(t) := /(Cﬁ__ll Nas 0/(1 Jr057_)1671b(T)(,o(v(T)) dT) ds. (16)

Lemma 2. If (H1) and (H2) hold, then the operatorT : X — X is completely continuous
and T(P) C P.

The proof of Lemma 2 is similar to the proof of the paper [24], which is omitted here.
The following eigenvalue theory will be used to analyze the existence of solutions
for (14).

Lemma 3. (See [11].) Let X be an infinite-dimensional real Banach space and P C X
be a cone. If {2 C X is an open subset with 6 € 2and T : PN 2 — P is a completely
continuous operator with TO = 0 satisfying

inf Twv >0,
veEPNIN

then T admits a proper element in P N 0f2 related to a positive eigenvalue. In other
words, there are vo € P N 02 and \g so that Tvg = Agvy.

The following Guo’s fixed point theorem plays a major role in the study of the behav-
ior of the radial solutions w with respect to the parameter \.

Lemma 4. (See [11].) Let X be a Banach space and P be a cone in X. Assume that
£21, (25 are open subsets of X with 0 € (1, 1 C (29, and T : PN (22 \ 1) — Pis
a completely continuous operator such that one of the following two conditions

@ |Tv|| < |lvll, ve PNOL2y and ||Tv|| = ||v|, v € PN OS2
() |Tv]| = ||v|, v € PN OS2y, and || Tv| < ||v|, v € PN OS2y

is satisfied. Then T admits a fixed point in P 0 (25 \ ().
Jensen integral inequality is presented as follows.
Lemma 5. (See [24].) If v € C([e, f], [0, 00)), then for 0 < v < 1, one has

B ~ B
( et ds> > (5-ay [v(s)ds

[0 (03
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3 Ecxistence results

Define

b(t)dr

k 1/k keNa 1/k
Ly = < 1 > v Le= <k—1) :
eNa(l+ )b 1Oy, Oy

In this section, we will study the existence of the positive solutions for problem (14).

QU
—
S
.
~
ol
ﬁ
S~—
o
i
QU
(V]
Il
o _

and

Theorem 1. [f (H1) and (H2) are satisfied and ¢, € (0,+00), then there exist three
positive constants 31, \1, and Ao such that, for any R > (1, Eq. (14) has at least one
solution vy, satisfying ||vg|| = R in P for some X\ belonging to [\, A2].

Proof. In view of (14) and (16), we know that (14) admits a solution vg(t), which
corresponds to A > 0 if and only if 7" admits a proper element v, which corresponds to
the eigenvalue 1/A\*. For ¢, € (0,+00), there exist [y > I; > 0 and J; > 0 so that
llsk < <p(s) < lgsk for s > J;. Let Bl = 4J; and

Qr ={v:veX, |v| <R}

Because R > (31, for any v € P N J2g, we can see that

1 1 1
i )= |v|=>R>=p =
te[ﬁli%/4]”() Aol = 78> 25

Thus, for any v € PN 92 and ¢ € [0, 1], we derive from Lemma 5 that

1 s 1/k
k ska eNoz‘r,erl
TU(t)/(C]’%:ll Nas /(1+a7)k_1b(7')<p(v(7')) dT) ds
0

t

k 1/k
2 -
<C’;,‘_11)

! Gh—N\ 1/k ey 2 oNar N—1 \ 1/k " "
<[ () s//(mm)k ) P ) drds
t

1

g <eN“(1+a)k ik 1>1/k/ / D) drds

t

—Llj/s “O/RLE () (u(T)) dr ds

https://www.journals.vu.lt/nonlinear-analysis
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1 3/4
>L1//7<N*1>/kbl/k(f)z}/%(7)des
3/41/4
1 3/4
1
>L1//T<N—1>/kb1/k(f)z}/"<4||v|) drds
3/41/4
1\ D7k 1/k 1 o
>n(y) 8 e
1/4
1 (N+2k—1)/k 1k
=L1(4) 2%y o], a7

which means that

1\ (N+2k=1)/k
inf  Tv> L, <) 1/ d, R > 0.
vEHNINR 4

For any R > (31, by Lemma 3, we can know that T’ possesses a proper element vy € P,
which corresponds to the eigenvalue pir > 0. Moreover, one can see that vy satisfies
|vr| = R. Let A\ = 1/pk,. Therefore, we immediately have

Tvg = prvr = Mg Fog. (18)

Based on the above proof, for any R > (31, problem (14) has a positive solution vg with
vg € P N 0f2g corresponding to A = Ag > 0. By (18), one has vg = )\}%/kTvR, that is,

1 s 1/k
k—N Nar -N-—1
_\1/k k s e T
vr(t) =AY / (C]’ﬁ,ll Nas / AT ary b(T)p(vr(T)) d7'> ds
t 0

with ||ugr|| = R. On the one hand, we derive

N / I eNar N-1 1/k
= R / Ck 1 eNas /(1+C¥T)k lb(T)gO(/UR(T)) dr ds
1

1 eNa‘r N-1 1/k
1/k
/\R /<Ck 1 eNas/ 1+C¥T k—1 ( ><‘0(UR(T)) dT) ds
0

0

1/k

1/k keNa 1/k L L
<Ay ( k_l) / sk*N/b(T)g;(vR(T)) dr ds
C(N 1 0 0

Nonlinear Anal. Model. Control, 30(1):58-71, 2025
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1 1 1/k
= /\}%/kLg/s(k_N)/k dS(/b(T)(p(UR(T)) d7'>

0

i 1 1/k
< /\111%/"0[/2 SE N (/b(T)lg’U%(T) dT)
0

f 1 1/k
<A L ( / b<T>lz||vR|kdv>
0

) 1 1/k
< (nle) /Ly [or (/b(T) d7>

0

= (Aplady) ¥ Ly

2% — N”'UR” vt € [Oa 1]7 (19)

which means that

vl = R < (Arlad2)'/* Lo

1 /2k—N\*
Ap > — (1) =L
R 12d2< Lo ) !

On the other hand, we have

1 s 1/k
k—N Nar -N-—1
k k s e T
vr(t) = /\}% / < — — / — b(T)(p(’UR(T)) d7'> ds
/ Ch1 el J (1+ ar)k-1

Thus,

1\ V+2k=1)/k "
) 1/ dy |logl, (20)

> )\}g/kLl <4

which shows that

" 1\ (V+2k=1)/k "
ol = 7 > 3“4 ) ¥y o]
Consequently,
4N+2k—1
AR S =)o
LidyL¥
Thus, we have Ag € [A1, A2]. So, we complete the proof of Theorem 1. O

Based on a similar analysis of Theorem 1, one has the following result.

Theorem 2. If (H1) and (H2) are satisfied and ¢y € (0,+00), then there exist three
positive constants 31, A3, and Ay such that, for any 0 < r < 1, Eq. (14) has at least one
solution v, satisfying ||v,|| = r in P for some X\ belonging to [\3, A\4].

https://www.journals.vu.lt/nonlinear-analysis
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4 The dependence results

In this section, we consider the behavior of the solutions v, with respect to the parame-
ter . R
Forv € P,letus defineT : P — X as

R Uk o E skhN | oNar N-1 1/k
To(t) = A / — - / —b(T)p(v(T)) dr ds, 21
t lei[_ll eNozs ) (1 + OéT)k 1 ( )

where ¢ € [0,1], and P is defined in (15). It is a standard matter that T is completely
continuous.

Theorem 3. If (H1) and (H2) are satisfied and py = 0, poo = 00, then for every A > 0,
Eq. (14) has at least one solution vy, satisfying limy_,o+ [[va]| = oo

Proof. For ¢y = 0, there exists r > 0 so that

(s) < 1 (2k—N
SN, \ kL,
Therefore, for any v € P N 942, and ¢ € [0, 1], one has

; o NaTTN—l 1/k
/(Ck 1 eNas/(i_’_aT)kflb(T)%p(v(T)) dT> ds

k
) sf Vo< s<r

peNa \ 1/k ! 1/k
< Al/k<W> / s’“*N/b(T)ga(v(T)) dr ds
N-1 0 0

) 1 1/k
_ )\l/kLQ/S(k—N)/k ds(/b(T)sD(v(T)) d7>
0

0

k / 1 /2k—N\" HE
< \I/k S - k
<A LQQkN(/b(T)/\dg( iy ) v(T)dT>

0

1 1/k
k 1 (2k—N
< \I/k L k < .
< LQ%N( oo (2 e df) ol
0

For (o = 00, there exists B > 0 so that ¢(s) > es* forall s > R, where ¢ satisfies

1 (N+2k—1)/k
AR, (4) elkd, > 1.

Nonlinear Anal. Model. Control, 30(1):58-71, 2025
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Set R > max{r, }A%} Thereby, for any v € P N Jf2g, one deduces that

1 ~
i ) > ~|lv|| > R.
te[f‘}ifé/q”() vl

Since 0 < 1/k < 1, we obtain from Lemma 5 that

1 s 1/k
—~ k sk*N eNaTTNfl
To(t :,\W/ / b d d
v(t) CE-T oNas J 1+ ar)1 ()e(v(r)) dr s

t

1 1/k

1/k

>\ (Ok_1>
N-1

1

SkiN 1/k L Na‘r N 1 1/k 1/k 1k
/(eNQS) /< T+ ar)e 1> b /P (1) (U(T)) drds
t 0

1
1/k k HE FN=D/kpL/k (1) Lk
>\ Na(l 3 )10k b () (1}(7)) drds
N-1 ?

1
:Al/kLl//T(N—U/’“bl/k(T)@l/’“(U(T)) drds
t 0

X

1 3/4
ALy [ [ e () dr ds
3/41/4
1 3/4
>>\1/kL1//T( 1)/kbl/k( ) l/k” ||d d
3/41/4
e (Y el T
> — =i
> A L1(4> € 16 b /" (T)dr
1/4

1\ V+2k-1)/k
_ )\1/kL1 (4> 61/kd1||UH = |lv]|.

By (i) of Lemma 4, T has a fixed point v(t) € PN (N2g\ £2,). Thus, problem (14) has
a positive solution.

Here we claim that limy_,o+ |[|[vx]] = oo. In fact, assuming otherwise, there are
a constant £ > 0 and a sequence \,,, — 07 such that

[oa, <€ (m=1,2,3,...).

https://www.journals.vu.lt/nonlinear-analysis
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Moreover, the sequence {||vy,, ||} has a subsequence converging to a constant ¢ (0 <
¢ < &). For convenience, let us suppose that {||vy,, ||} itself converges to (. When ¢ > 0,
for sufficiently large m, one has ||vy, || > (/2. Hence

k N Nat__N-—1

L e e fy b (v(n)) dr) e ds|
AR l[ox,. |

I o (Gt Smmr fo Grramyerb(T)e(v(r) dr)/E ds]|
< or ]
(Mydo)VF Lyt < 2(Mydo)' /¥ Lo 5t
| ¢ ’
where M; = max{p(v), r < |lv|]| < R}, which contradicts A\, — 0. When { = 0,

for sufficiently large m, one gets ||v,, it follows from ¢ = 0 that there
exists § > 0 so that for any €,

~X

lvx,.

p(vy,) <evk VO oy, <O

Therefore, for vy, € PN OS2 and ||vy,, || = J, we deduce that

k N

s ¢NaT N-1
L G S g b (o(r) ) ds|
AR l[ox,. |

1 (Nar N- 1

Hfo CA 11 eN&s f (Afar)F—1 7')90(1)(7')) dT)l/deH
<

[[ox,. |

(Edg)l/kLgﬁH’l})\

[[ox,.

k

H 1
mli /k v
== (Edg) L22k .

X

Due to the arbitrariness of €, we can see that lim,,, , 40 A, = 00, but this contradicts
Am — 01,
Thus, one has limy o+ ||va]| = oo. So, we complete the proof of Theorem 3. O

Based on a similar analysis of Theorem 3, we can deduce the following result.

Theorem 4. If (H1) and (H2) are satisfied and py = 00, poo = 0, then for every A > 0,

Remark 4. The dependence here refers to the dependence of the asymptotic behavior of
the solutions vy, on the parameter A. Now we consider the nonlinearity ¢(s) = s,y > 0.
If v > k, then we know from Theorem 3 that the solution v blows up as A — 07. On
the other hand, when v < k, it follows from Theorem 4 that the solution vy vanishes as
A— 0T,
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