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Abstract. This article investigates the exponential stability and L;-gain performance of time-
varying positive switched impulsive systems even when all modes are unstable. By employing the
discretized switched copositive Lyapunov function approach and the analytical method developed
for positive systems, we derive a sufficient condition to ensure the exponential stability for
such systems. An algorithm for computing the stability region of admissible dwell time is also
introduced. Furthermore, building on this stability result, the L;-gain performance of positive
switched impulsive systems is further studied. Finally, numerical examples are presented to
demonstrate the validity of our results.

Keywords: positive system, switched system, exponential stability, L;-gain, mode-dependent
interval dwell time.

1 Introduction

Switched systems, a specialized category of dynamical system, consist of a collection
of continuous or discrete dynamic subsystems that switch among themselves based on
a switching signal [12]. A positive switched system is a subset of switched systems
characterized by nonnegative state variables and outputs, provided that both the initial
conditions and inputs are nonnegative [4]. In recent years, scholarly interest in positive
switched systems has surged, driven by their wide application in areas such as chemical
reaction networks [1], power electronics [10], congestion control [22], formation flying
[39], and so on. The theoretical analysis of positive switched system, especially, the
stability of positive switched system, has been developed rapidly [14,21,23,36].
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Impulsive systems, characterized by instantaneous discrete-time state jumps, have
experienced significant advancements over the past few decades, particularly, in the area
of stability problems [6,11,15]. It is worth noting that the impulsive phenomenon does not
always adversely impact system stability, rather, it can sometimes be exploited to achieve
stability. The impulsive system has also garnered considerable research interest due to
its wide applications in various fields, including biological systems [25], network control
systems [7], robotics [3], and multiagent systems [30].

The stability of switched systems, a fundamental property of dynamic systems, has
garnered significant attention. To analyze the stability of switched systems with given
switching signals, the dwell-time method and the multiple Lyapunov functions approach
are commonly used. Numerous classical works have focused on the stability of switched
systems when all modes are stable [19,27,32,38]. Additionally, there has been a wealth
of results dedicated to the stability analysis of systems that incorporate both stable and
unstable subsystems [5, 18,26, 31, 33]. The primary concept is that the decay of states
within stable subsystems counteracts the growth of the Lyapunov function in unstable
subsystems, thus maintaining overall system stability. Consequently, in most existing
works, it is often assumed that at least one subsystem within the switched system is
asymptotically stable. Designing appropriate switching signals to guarantee stability be-
comes more challenging when all modes are unstable. The application of a discretized
Lyapunov function in [8, 16,28, 29, 34] provides stability conditions for switched systems
with all unstable subsystems. Among these works, sufficient criteria were introduced
in [28] to guarantee the asymptotic stability of the positive switched systems even when
all subsystems are unstable. Furthermore, by constructing a new discretized copositive
Lyapunov—Krasovskii function, stability conditions for positive switched linear delay
systems were provided in [34]. With the assistance of a discretized Lyapunov function
and analytical methods in positive systems, exponential stability criteria were derived for
the positive switched impulsive systems in [8].

It is noteworthy that L;-gain [28,37], Lo-gain [13,35], and H, performance [20] are
typically used to analyze input-output performance. Some common performance indica-
tors, such as the H ., norm, which relies on the L signal space [9], fail to naturally capture
specific characteristics of actual physical systems. Moreover, the 1-norm represents the
sum of the values of the components [2]. Consequently, the L;-gain has been introduced
and subsequently employed for input-output performance analysis in the study of positive
systems, which has been proven to provide a more effective description. For instance,
when measuring the population of species, we often use the 1-norm to determine the total
number. Therefore, it is necessary to use L;-gain to evaluate input-output performance of
positive switched systems, and numerous significant results have been developed in exist-
ing research [17,24]. Given that prior works have not explored the L;-gain performance
analysis of positive switched impulsive systems, further investigation is warranted. Our
research encounters greater challenges due to the mixed characteristics exhibited by the
positive switched impulsive systems.

Compared to previous studies [8,28], this article offers three contributions. Firstly, we
introduce a novel analytical approach to establish less restrictive sufficient conditions for
the exponential stability of time-varying positive switched impulsive system. Secondly,
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based on stability theory, we propose an algorithm to compute the stability region of
admissible dwell time. For specific details, please refer to Algorithm 1. Finally, we utilize
a different analytical approach than that used in [28] to address the L;-gain performance
for positive switched impulsive system.

The structure of this article is as follows. The problem formulation is introduced in
Section 1. In Section 3, the new criterion for the exponential stability of positive switched
impulsive system is presented. Besides, an algorithm for determining the stability region
is proposed. The L;-gain performance for the positive switched impulsive system is fur-
ther analyzed in Section 4. In Section 5, numerical examples demonstrate the effectiveness
of our main results. Section 6 summarizes this article.

2 Problem formulation

Notations. In the following discussion, N represents the set of natural numbers. R™ (R”})
denotes the set of n-dimensional (positive) real vectors, and R™*™ is the space of n x n
real matrices. For a vector x € R", the notation z; refers to the {th component of z, the
notation < 0 means ; < 0for1 <! < n, andits 1-normis defined as ||z|| = X}_, |zx|.
Consider a piecewise continuous function p(t) defined on [0,00). p(t*), p(t~) are the
right and left limits of p(t), respectively, and p(¢f) = p(t1) at the discontinuous point.
Matrix A is called Metzler, whose off-diagonal entries are nonnegative. Say a matrix
B € R™*™ is nonnegative if all its elements are nonnegative.

Let us consider time-varying switched impulsive system as follows:

(t) = a(t()() o Ow(t), =0, t#t,
( ) (ti)v t_ tk7 (D
y(t) = Ca(t)( )2(t) + Doy (H)w (1),

where z(t), w(t), and y(t) € R™ represent the state vector, the disturbance input, and
the system output, respectively. M = {1,2,...,m} denotes the set of subsystem indices
with m being the total number of subsystems. The switching signal o (¢) : [0, 00) — M is
a right-continuous function over time. The matrices 4,(t), B;(t), C;(t), D;(t) € R™*™,
i € M, represent the time-varying system matrices of the ith subsystem. Additionally,
F; € R™™", i € M, is a impulse matrix. For a switching sequence 0 < t; < to < --- <
ty < --- with k € N, ¢, is the switching instant with the dwell time 7, = t511 — t&,
z(t) = x(t), and limy_, 00 tj, = +00.

It is known that if A;(¢) is a Metzler matrix and B;(¢t), C;(t), D;(t), F; € R™*"™ are
nonnegative and w(t) 3= 0 for each i € M, t >0, then system (1) is positive.

Definition 1. The zero solution of system (1) is globally uniformly exponentially stable
(GUES) if there exist two positive constants b and ¢ such that ||z(¢)|| < b]|z(0)]|e™<,
t > 0, for all initial conditions, where c is referred to as the exponential convergence rate.

Definition 2. A system (1) is said to be GUES with an L;-gain of ¢ for a given switching
signal and a constant ¢ > 0 if it satisfies the following conditions:
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(i) System (1) exhibits GUES in the absence of the input variable w(t);
(i) When the initial conditions are set to zero, the following inequality holds for any
nonzero w(t) € L]0, 00):

Jlwollae <& [ otiae

To further investigate the exponential stability of the time-varying switched impulsive
system under the switching signal o (t), we proceed under the following assumptions.

Assumption 1. A;(t) € R"*" is Metzler, and there exist a class of constant matrices
A; € R"*™ such that A;(t) < 4,1 € M, t > 0.

Assumption 2. B;(t),C;(t) _D (t), Fi € R™*™ are nonnegative, and there exist a series
of constant matrices B;, Cj, D; € R"*™ such that B;(t) < B;, Ci(t) < C;, Di(t) < D,
ie M, t>0.

Assumption 3. w(t) = 0fort > 0.

Under Assumptions 1-3, it is evident that the time-varying switched impulsive system
(1) is positive.

Assumption 4. There exist positive constants 71 = infrey 74 and 72 = supycy 7. The
switching signal that meets such conditions is termed interval dwell time (IDT).

Assumption 5. There exist a series of positive constants 7;; = infren{re: o(tx) = 1,
i € M} and 1y = suppen{mi: o(tx) = 4, ¢ € M}. The switching signal that meets
such conditions is termed mode-dependent interval dwell time (MDIDT).

When ¢ = tg, the o(t)th subsystem is active. Therefore, in this article, the time
interval during which the o (tj)th subsystem operates is designated as Ry = [tk, tkt1)-
Subsequently, we divide the interval Ry into L segments averagely with length dj, =
(tk+1 — tx)/L, and each segment is marked as Ryy = [ty + Orq, tx + Okg+1), Where
Org = qdi, = q(txs1 — tx)/L, g = 0,1,..., L — 1. It is obvious that J-= Rin = Ry,
and Ry, N Ry = 0 when n # m.

For the switching moment ¢, several piecewise linear functions are introduced as
follows:

1
Mﬂz;————,teRmkeN, ()
k+1 — Uk
t—t.—0 - t 0 —t
E(t):#, m):%, t € Ryg, k € N. 3)

For (2), we employ the convex combination technique. For ith subsystem, it is estab-
lished that there exists a function @(t) € [0, 1], t € Ry, k € N, such that

where a(t) = 1 — a(t).
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For convenience, we set o(t) =i € Mfort € Ry, k € N, in the following analysis.
For each switching interval Ry, a set of positive constant vectors ;411 € R’} and ¢;y €
R? for: € M, q = 0,1,...,L, are selected. With the aid of (3), we construct the
following continuous vector function, which depends on the switching signal o (t):

So(t)(t) = R(t)Sig+1 + E(t)siq- “)

Taking the derivative of (4) with respect to ¢, we obtain

G(t) = Sl TS _ p(Sigtl T8 ) oy e p e N, (5)
dk tk+1 — 1

3 Stability analysis

In this section, a discretized switched time-varying copositive Lyapunov function is de-
fined as

Vo (t,z) = g;r(t)(t)x(t), t>0, z€R” z=0.

Consider system (1) with w(t) = 0, t > 0, as follows:

i(t) = Agqy(t)a(t), t>0, t# b,

6
z(tT) = Foqeyz(t™), t=t. ©)

Next, we present new criterion on exponential stability for the positive switched impulsive
system (6).

Theorem 1. Suppose that Assumptions 1 and 2 hold true. Given a positive integer L and
constants 1 > 0, 0 < p < 1, if there exist a group of constant vectors ;4 € R}, i € M,
q=0,1,..., L, such that forallq =0,1,...,L — 1, we have

L
SigAi + —(Sig 41— Sig) —15ig <0, (7)
L T T
gqu + (§2q+1 giq) — MlSiq =<0, 3
L T T
gzq+1A + (gqurl giq) — NSig+1 =<0, (9)
L
§1q+1A + (§1q+1 Q‘E) - 77§EZ+1 =<0, (10)
giOFi_pgjL\ 07 i7j€M7 275]7 (11)
Ton +1Inp <0, (12)

where Ty = max;c xq Ti2, then system (6) is GUES under any MDIDT switching signal
satisfying Assumption 5.
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Proof. Since Assumptions 1 and 2 hold, system (6) is positive. Given z(0) = 0, the
trajectory of system (6) will remain nonnegative for any ¢ > 0 under arbitrary switching.
Letting o(t) =i fort € Ry, k € N, we obtain

Vi(t, x(t)) — nVi(t, x(t))

i (Dz(t) + 6 (D) — 0’ (Ha(t)

i (Dz(t) + 6 () A (t) — s (1) (t)
i (Da(t) + 6 (1) Az (t) — 0’ (H)a(t)
= (T () + 5 (A — s (1)) (t)

T
Si -G . _ B 3 N
% + (’Q(t)giTt‘l-i-l + K/(t)CEZ)Al — n(ﬁ(t)ggz-i-l + H(t)g;lt;))ﬂf(t)

/AN |
DD D

- L
R(t)a(t) <<zq+1A +— (§2q+1 gi?z) - 77§El+1>

I
+

B .
E(t) (t) <§zq+1A +— (gqurl glq) - ngiTqul)

N L
+ Iﬁ)(t)()&( )<§qu +— (§1q+1 §;1;1) - 77§2Tq)

- L
R )(%A o (ch — ) - ncz))xu). (13)
By (7)-(10) and the fact Un o Rkn = Ry and Ry, N Ry, = 0, we have
m<t,x<t>> <nVi(t,=(t)), t€ Ry, keN, (14)

Let o(t, ) = j. Due to (11), it is concluded that

Vi(te, o)) — pV; (1 2(t)
= (t)x(te) — psj (8= () = [6 () Fi = psjf (8] x(ty)
= (SoF: — psjp)z(ty) < 0. (15)
Inequalities (14) and (15) lead to the fact that
Vit x(t)) < TV (b, a(tr)) < pe TV (8, 2(ty)
< pe" DV (o, 2 (te-1))
< PV, 0y (0,2(0)) < p"/ ™2V, 0 (0,2(0))
= e/ 4ty (0,2(0)), t€ Ry, k€N, (16)

where 7o = max;c v Ti2. We can get from (12) that

1
M—&-17<0.
T2
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On the basis of (5) and (6), we can conclude that there exists an n-dimensional vector
A > 0 ensuring V, ;) (t,z) > ATa(t) for t > 0. Therefore, inequality (16) implies that
system (1) is GUES under the MDIDT switching signal satisfying Assumption 5. The
proof of Theorem 1 is completed. O

Remark 1. In Theorem 1, conditions (7)—(10) assess the evolution of subsystems be-
tween every two switching behaviors. Inequality (11) means that changes in energy of the
switching behaviors with impulse are evaluated, indicating the impulse should not be too
large.

Remark 2. In certain applications, the subsystem does not switch arbitrarily; it can only
switch to specific subsystems. For this scenario, we define the allowable switching set
Q; = {j: o(tt) = j, o(t7) =i} fort > 0, where i # j and i € M, which represents
the possible destinations for the ¢th subsystem. Consequently, the switching condition (11)
can be relaxed to

§;'(F)Fi - PCJTL <0, jeg

Remark 3. The definition of ¢(¢) by [28] is in the form of

—t—0 01—
g,(t)_{t bely gy BTt e (440, th+0411), g =0,1,..., L —1,
(4 =

GiL41, t € [tk +Tmin, tht1)s

[tk, tk+1)- This paper adopts a different segmentation method from [28] for the interval
Ry, = [tx, tr+1) and considers the time-varying positive switched system under the influ-
ence of pulse factors.

where 0, = gd, d = Tyin/L, 0(tx) = 4, and Uqu_Ol [ts+ 04, tht0g+1) = [tks tet Tmin) C

When A4;(t) = A;, system (6) reduces to a time-invariant positive switched impulsive
system, and Theorem 1 still holds in this case. The stability criterion of the time-invariant
positive switched impulsive system in [8] is as follows.

Proposition 1. Given a positive integer L, if there exist a group of positive vectors G;q €
RY, i e M, q=0,1,...,L, and two constants 0 < p < 1, > 0 such that for all
q=0,1,...,L — 1, we have

T 7 CEJH Sig T
§iin + L(Tﬂ — 7’22) — NSiq = 0, (17)

T ggz+1 gil; T
C’Lq-‘rlAi + L(Til — 7_72) — ngiq_H =< 0, (18)

gz%Fi_pgfLﬁoa ZaJEM7Z7éJ7
Ton +1np <0,
where Ty = max;c xyTi2, then system (6) is GUES under MDIDT switching signal.

Next, this paper compares the conservativeness of Proposition 1 and Theorem 1 through
formula derivation.

Nonlinear Anal. Model. Control, 30(2):157-175, 2025
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In (7), we have
L, )= L(%EH _ 61)
Ti2 tatt v Ti2 T2 .
The fact that 7,5 > 751 leads to the conclusion that

iq

T T
Si S
g 2ig

Ti2 Til
which further implies that

T T T T
L<9‘q+1 _ %) - L<<iq+1 _ gq)
Ti2 Ti2 Ti1 Ti2

Similarly, in (8), we obtain

T T
L ( T . T) -7 giq-&-l _ giq
—\Sig+1 7 Sig) = | T )
Ti1 Ti1 Ti1

T T T T
L<<iq+1 _ %) ~ L(%H _ <q>
Ti1 Ti1 Ti1 Ti2

Based on these findings, it is evident that when inequality (17) holds, inequalities (7)
and (8) also hold. Similarly, when (18) holds, the inequalities (9) and (10) are also sat-
isfied. Therefore, the restrictions on the stability criterion obtained in this paper are less
conservative compared to those in [8].

We also consider the stability of system (6) under an IDT switching signal that satisfies
Assumption 4.

we can also deduce that

Corollary 1. Suppose that Assumptions 1 and 2 hold true. Given a positive integer L and
constants 1 > 0, 0 < p < 1, if there exist a group of positive constant vectors G;q € R},
1e€M,q=0,1,...,L, such that forall q = 0,1,..., L — 1, we have

GTA+ T%(cgﬁl — 1) — el <0, (19)
GigAi + T%(;;T,IH — Gin) — NSy < 0, (20
Sig1Ai + 7.£2(§iTq+1 — Sig) — Mig1 <0, 2D
Sig1Ai + T£1(<Ez+1 ~ Sig) ~ MSigp1 < 0, (22)
SoFs —psjp <0, i,j €M, i# ], (23)
Ton +1Inp <0, 24)

then system (1) is GUES under any IDT switching signal satisfying Assumption 4.

We now present an algorithm designed to compute the maximum and minimum dwell
times, which can further delve into the stability region.

https://www.journals.vu.lt/nonlinear-analysis
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Algorithm 1. IDT maximum-minimum dwell-times algorithm

Steps:

1. Initialization:

Initial guess T2, Gig, @ € M, q=0,1,...,L;

Configure the fmincon function with the SQP and define the objective function f = —mo along with the
constraint functions (19)—(24).

2. Optimization:

Utilize the fmincon function to find the optimal solution of 73, ¢;4 and their corresponding objective function
value f;

Obtain the optimization success flag (exitflag) and output information.

3. Results:

If exitflag > 0, print “Optimal solution found!” and display 72, <;4, and the objective function value f;
Otherwise, print “No solution found”.

4. Save:

Save results for further analysis.

Considering Corollary 1, our goal is to compute the maximum dwell time 75 and the
minimum dwell time 7; under the IDT switching signal and to seek m(L + 1) positive
vectors ¢;, € R" fori € Mandg=0,1,...,L. By treating 71, T2, and g;, as variables,
the problem transforms into a nonlinear optimization problem subject to constraints (19)—
(24). To tackle this optimization problem, we employ the sequential quadratic program-
ming (SQP) algorithm, which is not constrained by step size limitations and can provide
solutions with high precision.

Given the mutual constraints between 7; and 75 as defined by conditions (19)—(24),
it is not feasible to search for 7; or 7 independently. Therefore, we employ the SQP
algorithm to treat either 7; or 7 as an independent variable and the other as a dependent
variable. This method enables us to construct a relationship graph that visually represents
the variations between the two variables and subsequently identifies the stability region.
Assuming that 7y is the independent variable and assigning an initial assumption to 71,
when conditions (19)—(24) are satisfied, we can compute the corresponding maximum
dwell time. For details, we refer to Algorithm 1.

4 L,-gain analysis

In this section, based on Theorem 1, the L-gain performance of the positive switched
impulsive system (1) is further analyzed.

Theorem 2. Consider system (1) under Assumptions 1-3. Given a positive integer L and
a constant 0 < p < 1, if there exist a group of constant vectors g;q € R}, i € M,
q=0,1,..., L, such that forallq =0,1,...,L — 1, we have

TA o L (T Ty L 1TQ
Q-in + *.(giq+1 - €iq) +1°C;
7 - 2
[ OB 417D, -7 |70 @5
T A L T T T
SigAi + 25 (Sig1 = i) T 1G5
[ giEB; +17D, — 1T <0, (26)
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T L (.T T
Siar1Ai + 22 (Sl —sig) £1TC] 27
Sigp1Bi +1TD; — 1T 7
L (.T T T
gzq-‘rlAl + i1 (giQ'i‘l,_ glq) +1°C; 0 (28)
§1q+1Bi + 1TD1 —e1” ’
BF —psh <0, ij €M, i, 29

where Ty = maX;c xq Ti2, then system (1) is GUES with an Ly-gain € under MDIDT
switching signal satisfying Assumption 5.

Proof. Since Assumptions 1-3 hold, system (1) is positive. Given z(0) 3= 0, the trajectory
of system (1) will remain nonnegative under arbitrary switching. Based on Theorem 1,
we can easily arrive at system (1) without w(t) is GUES. Subsequently, we proceed to
investigate the L;-gain performance. Let

R(t) = |jy(®)]| - 5||w(t)|| =1"y(t) —e1Tw(t), t€ Ry, k€N, (30)
Moreover, for o(t) = 4, we have that
Vi(t) + &(t) = T ()2 (t) + s (0)a(t) +1Ty(t) — e1Tw(t)
= (<) + 5" () Ait)) (1) + < (1) Bi(t)w(t)
+17C; () (t) + 17Dy (H)w(t) — e1Tw(t)
< (T @) + (WA (t) + ¢ (1) Biw(t)
+17Cx(t) + 1T Diw(t) — e1Tw(t)
gypg+q¥ﬂ+r%ﬂ{awy
i (t)B; +1'D; — el w(t)

where ¢;(t) is defined by (5). Thus, similar to the proof of inequality (13), inequali-
ties (25)—(28) imply that

Vi(t) + R(t) <0, te Ry, keN. 31

Taking the integral of (31) with respectto t,t € Ry, k € N, we have
t
Vilt) < Viltw) — [ ) ds. (32)
ty

Set o(t, ) = j. Based on (29), one has

Vi(te, x(te)) = V; (8 ()
< Vilth,x(te)) — pVi (e, 2(ty)) = o (te)x(tr) — ps) (8, )a(ty,)
= [¢f (tr) Fs — png(t,:)]x(t;) = (sioFs — pngL)"T(tl;) <0, kel (33)

https://www.journals.vu.lt/nonlinear-analysis
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It further follows from (32) and (33) that

t
Vilt) < Vi)~ [ $(s)ds
tr
Moreover,
tr
Vitt) < Vit~ [ R(s)ds,
th—1

Substitute (35) into (34)

tr t

Vilt) < Vi (tes) — /ﬁ(s)ds—/ﬁ(s)ds.

tr—1 tr

Replicating the above protocol, we can obtain

Vilt) < Voo to) — [ S(5)ds— [ 5(s)ds

_fﬁ(s)ds—u-—/ﬁ(s)ds

t

= Vo0 (to) — /ﬁ(s) ds, t > to.

to

167

(34)

(35)

On the basis of initial condition and definition of V;(t), it is already known that
Vi(0)(to) = 0 and V;(t) > 0. Obviously, ftf) A(s)ds < 0,t € [tg,trs1), k € N. Then,
[ R(s)ds < 0 holds, which can derive [ [ly(t)] dt < & [ [|w(t)|| d¢. The proof is

now complete.

O

We also evaluate the L;-gain performance of system (1) under IDT switching signals,

leading to the following conclusions.

Corollary 2. Suppose that Assumptions 1-3 hold true. Given a positive integer L and
constants 11 > 0, 0 < p < 1, if there exist a group of positive constant vectors g;q € R,

1€EM,q=0,1,...,L, such that forallq = 0,1,...,L — 1, we have

[y £y 210l

CE]Bz + 1TD1' - ElT

l:C;l;Ai + £ (o1 —sig) +17C;

CEIBZ + 1TD¢ — €1T :| = 0’

Nonlinear Anal. Model. Control, 30(2):157-175, 2025
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S i+ £ (Sl —sig) +1TC]
§;1:1+1Bi —‘r].TDi —€1T ’

then system (1) is GUES with an Ly-gain € under IDT switching signal satisfying As-
sumption 5.

S Numerical examples

This section presents two numerical examples to show the effectiveness of our main
results. The first example involves a time-invariant positive switched impulsive system.
By employing Algorithm 1, this example aims to illustrate the reduced conservatism of
our findings in comparison to prior works [8,28]. The second numerical example concerns
a time-varying positive switched impulsive system, which is introduced to demonstrate
the validity of our results.

Example 1. When A;(t) = A;. Consider system (6) consisting of two subsystems as

. [015 0.2 . [-15 02
Al[ 0 —1}’ A"‘[ 0 0.37}’

impulse matrices as follows:

1.5 1 05 0
= [0 0.5}7 Fa = {0 0.6]’
Both subsystems are unstable due to the system matrices A; and A not being Hurwitz.
Let z(0) = [1, 3]T. Figs. 1 and 2 show that the subsystems 1 and 2 are unstable, respec-
tively.
We specify a set of fixed constants satisfying L = 1, p = 0.6, and n = 0.1. When

a guess at 1 = (.84 is provided, we are able to find the values of ¢1¢, S11, S20, S21 and the
maximum dwell time 75 that satisfy the stability criterion of Corollary 1

_ [0.0112 ~ [0.0100 ~ [0.0120 ~ [0.0280
S0 = 113.0795( 7 11T [25.0000] 0 207 125.0000|° %' T |10.9183|°
and 75 = 2.08.

The switching signal o(t) designed based on IDT with 7 = 0.84 and 75 = 2.08 is
shown in Fig. 3. The trajectory of the positive switched impulsive system (6) is depicted in
Fig. 4, demonstrating that the positive switched impulsive system is exponentially stable
under the IDT switching signal.

By utilizing the linear programming (LP) tool in MATLAB, we are unable to find
a suitable vector ¢;;, € R™ with ;;, > 0 that satisfies A'c;;, < 0, indicating that the
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Figure 3. The given switching signal for Example 1. Figure 4. The state trajectory of Example 1.

result from [28] is not applicable to this specific scenario. Employing Algorithm 1, we
illustrate the stability region that satisfies Corollary 1 and Proposition 1 for this example
in Fig. 5. The dwell time within this stability region guarantees the exponential stability
as demonstrated by the above simulation result with the switching signals 71 = 0.84 and
T9 = 2.08. As shown in Fig. 5, region Ry represents the stability region of Proposition 1,
while region R1 U R represents the stability region of Corollary 1. It can be observed
that R» is entirely contained within R; U Rs, indicating that the conservativeness of our
result is lower than that of Proposition 1 from [8].

Finally, the L;-gain performance of this positive switched impulsive system is con-
sidered. We consider system (1) with

- 0.15 0.2 0.5 - -15 02 2
{gl gl} =0 -1 1/, {gz fﬂ =l 0 037 1]/,
Lo 1 2 05 2 2 1 0.5 0.5

the system matrices A; and A,, as well as the impulse matrices F and Fb, are consistent
with the above. Given the input function w(t) = 2t3, under the switching signal shown in
Fig. 3, we can calculate the L;-gain as € = 19.8200 using MATLAB.
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Figure S. Stability region for admissible dwell time: R> is the stability region of Proposition 1, and R; U Ra
is the stability region of Corollary 1, respectively.

Example 2. Consider the time-varying system (6), which consists of two subsystems with
the parameters setting in the form of

-1.5 0 0.1-2"" 0.3
Alt) = {0.2|cos(t)| 0.1] sin(t)| +0.01} At = {0.04|sin(t) —1.1] :

which implies

. _[-15 0 T 0.1 03
A= [0.2 0.11} o A= [0.04 —1.1} ’

impulse matrices as follows:

1.05 0.2 1 04
h= { 0 0.6}’ Fa= {0 0.75}

Each subsystem is unstable, as evidenced by the fact that A, (¢) and Az (¢) are not Hurwitz
matrices. We choose the initial state as x(0) = [2,2]". The state trajectories of subsystems
1 and 2 are shown in Figs. 6 and 7, respectively.

In [8, 28], the stability criterion for the time-varying positive switched impulsive
system is not provided, thus they cannot address this case. Given L = 1, p = 0.95,
and n = 0.01, an initial guess for 7; is set to 0.91. By utilizing Algorithm 1, we can
determine that

~ [0.4476 ~ [0.8565 ~ [0.8136 ~ [0.4948
S0 = 19 13340 M7 |o.7480( 0 %20 T {0.5135] 21 T |o.8101 )"

and 75 = 3.40.

The switching signal o (¢) is designed with 73 = 0.91 and 75 = 3.40. This design is
shown in Fig. 8. The trajectory of the time-varying positive switched impulsive system is
shown in Fig. 9, clearly demonstrating its exponential stability.

With the aid of Algorithm 1, the stability region of this example is illustrated in
Fig. 10. The dwell time within the stability region can ensure the exponential stability,
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Figure 8. The given switching signal for Example 2. Figure 9. The state trajectory of Example 2.

as demonstrated by the above simulation result with the switching signals 7, = 0.91 and

To = 3.40.
Lastly, the L;-gain performance of the positive switched impulsive system is consid-

ered. We consider system (1) with

—1.5 0 0.5 sin(t)]
{élég glg?)] = 0.2] cos(t)| 0.1|sin(¢)| + 0.01 0.1 :
! ! 0.9 + 0.1] cos(t)]| 1 1.5 + 0.5 sin(t)]
0.1—2" 0.3 0.2
[/C““Eg ng ~ lo04/sin())]  —11  0.2+40.1|sin(®)]| |
2 2 0.5 0.5/ cos(t)| 1.5+ 0.5]sin(t)|

which implies

o ~15 0 05 - 01 03 02
{41 51}_ 02 011 0.1, [42 52]_ 004 —11 03],
Ci Dy 1 1 2 G2 Ds 0.5 05 2
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s maximum dwell time
| | mm— minimum dwell time

[
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Figure 10. Stability region for admissible dwell time: R is the stability region.

the system matrices A (¢) and As(t), as well as the impulse matrices F; and F, are
consistent with the preceding descriptions. Assuming an input function w(t) = 4e~%1¢,
the L;-gain is computed as € = 6.3118 using MATLAB under the switching signal
depicted in Fig. 8.

6 Conclusions

In this paper, we have delved into the exponential stability and L-gain performance of
time-varying positive switched impulsive systems when all subsystems are unstable under
the MDIDT switching. By constructing a switched copositive Lyapunov function, we
have derived a novel exponential stability criterion for such systems, which offers less
conservative approach than prior results. Furthermore, an algorithm for calculating the
maximum and minimum dwell times has been introduced, which is implemented based
on SQP in MATLAB. Subsequently, based on the established stability result, we have
explored the unweighted L;-gain performance. Finally, the validity of our main results is
demonstrated by numerical examples and simulations.
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