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Abstract. In this paper, we study a Hadamard-type fractional-order three-point boundary value
problem on the half-line. Under some growth conditions concerning the spectral radius of the
relevant linear operator, the existence and multiplicity of positive solutions is obtained using a fixed-
point method. Our results improve and generalize some results in the literature.
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1 Introduction

In this paper, we study the existence and multiplicity of positive solutions for the Hadamard-
type fractional-order three-point boundary value problem on the half-line

D7 z(t) = =0(t)f(t, 2(t)), te€(1,400), X
5 o, ()

z(1) = 62(1) Df;lz(+oo) = bz (&),

where DY, is the Hadamard fractional derivative of order o € (2,3), 0 = t(d/dt), and b,
&, 0, f satisfy the following conditions.
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(HO) b € [0, +00), £ € (1,+00) are constants with b(In €)1 € [0,T(a));
(H1) f:[1,+00) x RT — RT is continuous;
(H2) 6(t) : [1,4+00) — RT does not identically vanish on any subinterval of [1, 4+00)

and
—+oo

d
0< /0(s)§<+oo.

1

Fractional-order calculus is a classical research field, which provides a more appro-
priate description of some natural phenomena. For example, in [1], the authors studied
a cancer treatment model given by the Hadamard-type fractional derivative

1D (1) = alp(l - S”) ~ Bipa — eD(b)p,

Apra(t) = aga(l - a) — Bapa — D(t)a,
Sa

p(0) = po, a(0) = ay,

where p(t) represent the concentration of healthy cells, «(t) is the concentration of cancer
cells, and D(t) is the strategy of the radiotherapy.

Recently, fractional-order nonlinear differential equations on an unbounded domain
have become an interesting area of research; see, for example, [3-8, 10-13, 16-21, 24—
29] and the references therein. In [7] the authors studied the Hadamard-type fractional
boundary value problem on the half-line

DY u(t) + p(t) f )f (t, u(t) D19 'u(®) =0, n—1<d9<n, te(l+oo),
uM(1)=0, 0<k<n-2
“+ o0

m

dt
DY tu(+00) = /g +Z)\ 175 u(s)
1

and they obtained some multiplicity results for positive solutions via the Bai—Ge fixed
point theorem. In [24] the authors used some fixed point theorems of a sum operator in
partially ordered Banach spaces to study the local existence and uniqueness of positive
solutions for the Hadamard-type fractional differential equation on the half-line

DY z(t) +alt) f(t, 2(t) + b(t)g(t, 2(t)) =0, t € (1,400),
z(1) =2'(1) =0, Df;lz(+oo) = Zailf_j_z(n) + cZojz(ﬁj).

The spectral theory of linear operators can be used to study differential equations;
see [2,15,22,23,30]. In [30] the authors studied positive solutions for the fractional
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integral boundary value problem

D§, z(t) + h(t) f(t,2(t) =0, 0<t<1,

where f € C([0,1] x Rt R™) satisfies some superlinear and sublinear growth conditions
regarding the spectral radius of the linear operator

(Lzz)(t) = /Gz(t,s)h(s)z(s) ds,
0

and Gz is the Green’s function.

To the authors’ knowledge, due to the noncompactness of an infinite interval, there
are very few research results on Hadamard-type fractional boundary value problems on
the half-line, and even fewer results apply spectral theory methods. Motivated by the
aforementioned works, in this paper, we study the existence and multiplicity of positive
solutions for the Hadamard-type fractional equations (1) on the half-line. We first study
a relevant linear operator and obtain its spectral radius, then we obtain the existence and
multiplicity of positive solutions under some growth conditions regarding the spectral
radius; see (H3)—(H6) is Section 3.

2 Preliminaries

In this section, we only recall the definition of the Hadamard-type fractional derivative;
for more details about the Hadamard-type fractional calculus theory, we refer the reader
to [3,7,19,24,26,27,29].

Definition 1. The o-order Hadamard-type fractional derivative of a function z :
[1,400) = Ris

t
1 d n ¢ n—o—1 ds
1

where n = [0] + 1, [0] is the integer part of 0.

In what follows, we calculate the Green’s function associated with (1). For complete-
ness, we provide the proof of the following lemma.

Lemma 1. (See [27]). Let y : [1,4+00) — RT with f s) (ds/s) < +oo. Then the
boundary value problem

D1+Z( ) y(t)7 te (17+OO)7
(1) =062(1) =0, Dy z(+00) = bz(¢)

https://www.journals.vu.lt/nonlinear-analysis
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has a solution, which can be expressed as

“+oo d
- / Gt s)y(s) 2
1

b(Int)o—!
o) — b &)

1 (Int)°~t — (Int —Ins)°~ 1 1
g(t; ) - 1-\(0.) {(hlt)a_l, 1

where

G(t,s) = g(t,s) + —9(§,8), t,s€[1,+00),

Proof. From [27, Lemma 3.1] we have

2(t) = c1(Int)” ' + co(Int)? 2 4+ c3(Int)” 3
t

b nt —1Ins)?! s§
m)l/(” Ins) () %,

where ¢; € R;i =1,2,3. From z(1) = §z(1) = 0 we find ¢ = ¢35 = 0. Therefore,

z(t) = e1(Int)?~ /lnt—lns Ly (s) @,
s
1
/ d
_ s
DI x(t) = al(o) - [ o) S
1
Using DY 'z(+00) = bx(€), we have
o b d
_ @ _ 2 o1 as
(o) = [ o) F = abng)® e fng =)
1 1
and from (HO) we find
“+o0
= ! / (s)ﬁ
{T ) g )Y

o) )—blnf" 7 (In¢ —Ins)7 1y(s) —

»—A\m
| &
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Consequently, we obtain

+oo

_ (Int)o—1 5 ds
“0= 5y —pmer 1/y()

1

¢
b(lnt)?~ o ds
_F(U)[ (o) = b7 /lnf Ins) 1y(s)?

1

1 d
W/lnt—lns y(s)?s
1

oy 7° o
" T(o) ~ b(lng)” 11 !
¢
b(lnt)°— o ds
" o) (o) = bng)7—T /lnﬁ Ins) 1y(s)?
t +oo
1 ot 8L [ et 98
—Ml/(lnt—lns) y(s) S +F(o) 1/(l )7 y(s) .
7 d
o7 [ w0 T
1

B ds b(Int)7 !
= [ ot T+ T(0) [T (o) — b(ine)™1]

+o0 £
x [ [ty S - [ng-mo7 iy d]

1
+oo +oo

— /g(t, s)y(s)?—&-r(gf(inbt()l:_g)g / 9(&,s)y ()is

+o0 d 1
- [ Gt

This completes the proof. O

Lemma 2. (See [27]). The functions G and g have the following properties:

(i) G, g(t, s) is nonnegative and continuous for (t, s) € [1,4+00) x [1,+00);
(i) g(t,s) is increasing with respect to t;

https://www.journals.vu.lt/nonlinear-analysis
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(iil) For fixed k > 1, g(t, s) satisfies

min g(t, s) < 1 sup g(t,s)
el T ()T = TR+ R 1) e Py T (mt)7

Let E = C([1,+00),R), and let

t
Z:{ZEE: sup |(?)]

— < 400
te[l,+o0) 1+ (Int)o1 }

equipped with the norm

ez = sp —OL
te[l,400) 1+ (Int)e

Note that (Z, ||-|| z) is a Banach space. In what follows, we use |-|| to replace ||-|| z. Let
P={z€Z: 2(t) >0, t€[1,+00)}.

Then P is a cone on Z. For convenience, let B, = {z € Z: ||z|| < p} for p > 0, and
note that B, is an open ball.

From Lemma 1 we define an operator A as
ds
= G(t,s)@(s)f(s,z(s))?, z€Z, te[l,+00).

Note that G is nonnegative and continuous on [1, +00) X [1, +00), and from (HO)-(H2) we
obtain that A is a map from P to P, and if there exists z** € P\{0} such that Az** = z**,
then this z** is a positive solution of (1). Define a linear operator L : P — P as

z(s) ds
/Gts 1+(1ns)‘713’ z€ P, tell,4o00).

Now, we prove that its spectral radius, denoted by (L), is positive.

Lemma 3. (L) > 0.

Proof. We first estimate the norm of L™ = L(L"" '), n = 1,2,...,L% = I. Choose
20(t) =1+ (Int)°~%, ¢ € [1,4+00) and then ||29|| = 1. Consequently, we have
(Lzo)(t)
IL| = sup ||Lz| > [|[Lzofl =  sup ————
lz)=1 te[l,toc) 1+ (Int)7~!
“+o0
b (Int)o—1 / _ z(s) ds
> sup 9(& -
(o) = b(In €)o7 ef1, ooy 1+ (Int)7— 1+ (Int)o—1 1 1+ (Ins)o1 s
1
b ' d
s
- T(o) —b(lng)o—1 / 9(&,5)0(s) = s
1
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and
(L?20)(t )
[L?| = sup [[L%z]| > |[LP2)| = sup —— =
Hz\— [7+w)1+(lnt)
1 T Gs0s) Gls,mer) | drd
,8)0(s s, 7)0(T T ds
_te[slufoo)l—k(lnt)f’*l / / T+ (s 11+ 107 7 5
1
2 (Int)°~1
o—1 Sup o—1
! )6 () dr d
HS , S S T S
x / / 1+ lns‘7 1 9(5,7)9(7)7?
1 1

g o1 (¢ \8(s) ds too ]
N [Wo)—bb(lng)o—l} 1/ Oni (ﬁ(f)’o_)?( ) il/g(é,T)t?(T)dT.

By the method of mathematical induction we obtain

+o00 n—1 +oo
" b " (Ins)7~1g(&,8)0(s) ds dr
171 = [I‘(o) - b(lnf)"‘l} [ / 1+ (lns)o—1 s] / 9(&,m)o(7) T

1

Therefore, Gelfand’s theorem implies that

+oo
e b (Ins)°~1g(&, 8)0(s) ds
L)=1 £V |IL7 = — .
r(L) = limnf 27| r@)-@(mg)o—l/ [+ (st s 0
1
This completes the proof. O

From Lemma 3 and the Krein—Rutman theorem [14] we have that L has an eigenfunc-
tion ¢ € P\ {0} corresponding to its first eigenvalue A\; = (r(L))~1, i.e.,

o= ALep. (2)

Lemma 4. (See [9]). Suppose that 2 C E is a bounded open set and A : 2 NP — P
is a continuous and completely continuous (compact) operator. If there exists zy €
P\ {0} such that z — Az # Azo for all A > 0, z € 982 N P, then the fixed point index
i(A, 2NP, P)=0.

Lemma 5. (See [9]). Let 2 C E be a bounded open set with 0 € (2. Suppose that
A: 2N P — P is a continuous and completely continuous operator. If z # \Az for all
z € 02N P, 0< A< 1, then the fixed point index i(A, 2N P, P) = 1.

https://www.journals.vu.lt/nonlinear-analysis
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3 Main results

Now, we state our main theorems and give their proofs.

Theorem 1. Suppose that (HO)—(H2) and the following conditions hold:

(H3) liminf, o+ f(¢,2)/(z/(1 + (Int)°~1)) > A uniformly ont € [1,+00);
(H4) limsup,_, . f(t,2)/(z/(1 + (Int)?~1)) < Ay uniformly on't € [1,+o0).

Then (1) has at least one positive solution.

Proof. From (H3) there is a r; > 0 such that

z
2 T e No—1 ) ) 17 .
ft,2) =M T+ (et z €[0,r], t € [1,+00) 3)
For each z € 0B,, N P, by (3) we have
+oo
z(s) ds

— = (L12)(t), te€]l,+o0).

(Az)(t) > /G(t,S)G(S)MH(IHS)U_l 5

1

Note that 7(L1) = 1, and from (2) there exists z* € P\ {0} such that

Liz" =r(Ly)z" = z". 4)

Now, we shall prove that
z—Az#puz", z€0B,, NP, n=0. (5)
Suppose the contrary. Then there exist zg € 0B,, N P, po = 0 such that
z0 — Azg = poz”.

We only need to consider pg > 0. (Note, pg = 0 implies that zyg = Az, i.e., 2p is
a positive fixed point of A, and thus this z( is also a positive solution for (1)). Let

w* = sup{p: 2o = p2"}.
Then p* > pg > 0, zg = p*2*, and from (4) we have
20 = Az + poz" = Lizo + poz"™ = Lip™ 2" + poz"™ = p* 2" + poz”™.
This contradicts the definition of x*. Therefore, (5) holds, and Lemma 4 implies that
i(A, B,, NP, P)=0. (6)

From (H4) there exist £; € (0, A1) and ¢; > 0 such that

z

ft2) < (M — El)m

+c, z220,te(l,+00).

Nonlinear Anal. Model. Control, 30(2):176-195, 2025
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Then we have

+oo
z(s) ds
(42)(0) < / G(t,5)0(5) [ — 1) i ] &
+o0 q
=W\ —e)L2)t)+ / G(t,$)0(s) ?S

Let

+00
(Ly2)(t) = (A —e1)(L2)(t) and Z(t) = / G(t,s)e(s)%.
1

Then 7(La) = 1 — 1/\; < 1, which implies that (I — Ly) ™! exists and
(I—Ly) ' =T4 Lo+ L3+ 4+ L0 4---.

Keeping in mind the definition of our norm, from (H2) we have

HgH = sup &
te[l,400) 1+ (hl t)a—l

(Int)s—! 1 b ds
S b T+ e 1 1/ {Fw T o) —pmayr 19690 7

—+oo

b d
:cl/ L“l +F J_lg(ﬁ,s)}ﬁ(s);<+oo.
1

(@) (o) —b(Ing)
Define a set
S={z€eP: Az =pz, pn>1}.
Now, we claim that S is bounded in P. Indeed, if z € S, we have
2(t) < (Az)(t) < (L22)(8) +2(t), t€[l,+00).
This implies that (I — Ly)z < z. Note that (I — Ly)~! : P — P, and hence we have
2 < |7 = £2) 23]

As a result, S is bounded as required. Now, we can choose R; > sup .S and Ry >
such that
Az # pz, z€0Br NP, u> 1.

Therefore, Lemma 5 implies that

i(A, Bg, NP, P) = 1. 7)

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Positive solutions for a Hadamard-type fractional-order three-point BVP 185

Combining (6) and (7), we have
i(A, (Br, \ B,,) N P, P) =1i(A, Bg, NP, P)—i(A, B,, NP, P)
=1-0=1.

Then A has a fixed point in (Bg, \ B,,) N P, i.e., (1) has at least one positive solution.
This completes the proof. O

Theorem 2. Suppose that (HO)—(H2) and the following conditions hold:

(H5) liminf, o f(¢,2)(z/(1 + (Int)°=1)) > A uniformly ont € [1,+00);
(H6) limsup,_,o+ f(t,2)(z/(1 + (Int)°~1)) < Ay, uniformly ont € [1,+00).

Then (1) has at least one positive solution.

Proof. From (HS) there exist €2, co > 0 such that

flt,2) 2 (A +e2) —co, 220,t€][l,+00). (8)

=

1+ (Int)o—1

Next, we shall prove that there is a sufficiently large
+oo

. b (&, 9)]0(s)ds
Ry > 2 Jq [() T(0)—b(né) :( )]()317 k>1, 9)

beo € ds
T2 (1+ko 1)[F(a) b &)e 1] fl/k g(&,8)0(s) ¢

such that
2—Az# pp, z2€0Br, NP, =0, (10)

where ¢ is defined by (2). Suppose the contrary. Then there exist 21 € 0Br, NP, 11 = 0
such that

— Az = pyp. (11)
Note that for fixed & > 1, we have
b(Int)° 1
A = YS EAGAY
telel/k ek 1+ (ln t)U 1
< 1 b
T ko 11+ ko) T(0) — b(In¢)

and thus we have

U_lg(f,s)’ s € [1,+00),

) G(t, s)
min —_—
tefer/mer] 1+ (Int)o—1
1 g(t,s)
> - A Nt
T AR kD) efttny 1+ (In8)7-
1 (Int)o—t b
PR TR sefioby T () (o) (g 17
1 G(t,s)

sup € [1, +00). (12)

2 1 9/4 1 7 ~_ 1\ 77
Ak (1+ k1) tefi 400y 1+ (Int)771
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Define a cone

Poz{zeP: A ! )|z||}.

refet/ i) 1+ (Int)o—1 = 4k2(1 + ko1

Now, we prove that
z € Py. 13)

By (11) and (2) we have

—+00
(e)) [0y s,

1+ (Int)e—1 1+ (Int)e—1
1
and
(t) TG () ds
Lfl — /1’1)\1 / ) 716(8) SD — =
1+ (Int)e 1+ (Int)e 14+ (Ins)e=1 s
1

Using (12), we obtain

(Az)(t

te[gl/l’?,ek] 14+ (Int)o—1t
G(t,s) ds

B te[gl/l'?,ek] / 14 (In¢)o—1 6(s)1 (s, 21(5)) s
1

+oo
1 sup / L’S)G(s)f(s,zl(s)) %

TR HRD) et J T (00
= %”AZIH (14
4k2(1+ ko 1)
Similarly, we obtain
met) 1

reier] T+ (Int)o—1 = 4k2(1 +kv—1)”’“‘“””'

Therefore, we have (13), i.e.,
Z1 (t) S 1

referiet) T+ (In6)e—1 = 4k2(1+ ko 1) =1l

Note that ||z1]| = Rz, and by (9) we have

ek

b(Int)°—! z1(8) ds
| b O T gt

ol/k

T (nye b(In £)° 1 ds
o] " —role5)| () <

o) ' T(0) — b(lng)

https://www.journals.vu.lt/nonlinear-analysis
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k

o—1 ) b 1 dS

> (Int) lfz / (o) = b(Ing)7 1 9(&, S)H(S)WRQ -
el/k
teor g b ds
~o [ [ rer e ]
= 0.
Therefore, from (11) and (8) we have
AZl /Gts [A1+62)H§ﬁl®$ﬂ—czj|(h
: b(lnt)o~! d
> A (Lz1)(t) + g2 / (o) (nb()lng)f’l 9(&, 3)9(S)H?ﬁ1(85))01 ?S
ol/k

I'(e)  T(o) —b(Ing s

2 Al(Lzl)(t), te [1, +OO) (15)

+ o—1 o—1
e / {(lnt) N b(Int) )0_19(573)} 0(s) ds

From (11) we only need to consider pq > 0. (Note, uq = 0 implies that z; = Az, i.e.,
27 is a positive fixed point of A, and thus this z; is also a positive solution for (1).) Let

P =sup{p: 21 = ppl.
Then p** > p1 > 0, 21 = u**¢, and from (2), (11), and (15) we have
= Az + e 2 MLz + pp 2 MLp o+ pe = p o + .
This contradicts the definition of p**. Therefore, (10) holds, and Lemma 4 implies that
i(A, Bg, NP, P) =0. (16)

From (H6) there is a sufficiently small 75 € (0, R2) such that

z
f(t,Z) < Alm, z e [077"2], te [1,"‘00) (17)

For each z € 0B,, N P, by (17) we have

_z(s)  ds
/ G(t, s) 1+ T5 syt 5 = (Lzz)(t), te][l,400).

Nonlinear Anal. Model. Control, 30(2):176-195, 2025
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From the definition of L3 and (2) we see that

r(Ls) = 1. (18)
Now, we claim that
Az # pz, z€0B, NP, u=>1. (19)

Suppose the contrary. Then there exist zo € 0B, N P, p2 > 1 such that
AZ2 = H2Z2.

Note, po = 1 implies that zo = Az, i.e., 25 is a positive fixed point of A, and thus this
29 is also a positive solution for (1). Therefore, we only consider p2 > 1. Consequently,

29 = uglAzg < ugngzg. (20)

Note that L is a positive linear operator, and thus we obtain a sequence {5 " L§22}22 ¢
such that

p5 ' Lazo < py ' La(py ' Lazo) = puyLizo < - < pp "Lizo < -+

This, together with (20), implies that

L322l o pzllzll

Ly > :
31> 2l = 2]

Therefore, Gelfand’s theorem implies that
r(Ls) =liminf {/|[Lg]| > liminf {/ug = o > 1.
This contradicts (18), and (19) holds as required. Therefore, Lemma 5 implies that
i(A, B,,NP, P)=1. (21)
Combining (16) and (21), we have
i(A, (Bg, \ Br,) NP, P) =i(A, Bg, N P, P) —i(A, B,, NP, P)
=0—-1=-1.

Then A has a fixed point in (Bg, \ B,,) N P, i.e., (1) has at least one positive solution.
This completes the proof. O

Theorem 3. Suppose that (HO)—-(H2), (H4), (H6), and the following condition hold:
(H7) There exist A > 0 and
I(0) = b(ln&)*~!

ek s
b fairw 9(€,5)0(s) ¢
such that f(t,z) = OAfor z € [AJ(4k*(1 + ko~ 1)), A], t € [e/F,e¥], k> 1.

6 >

Then (1) has at least two positive solutions.

https://www.journals.vu.lt/nonlinear-analysis
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Proof. We claim that
z2—Az#uz", 2€0B,NP, un=0, (22)

where Z** € Py is a fixed element. If (22) is false, then there exist z3 € 0B, NP, uz > 0
such that

Z3(t) = (AZg)(?f) + Mgz**(t) > (AZg)(t), te [1, —‘rOO) (23)

Note that by (14) we also obtain Azs € Py, and thus z3 € Py. Note that

z(t) <A

Therefore, when z3 € B4 N P, i.e., ||z3]| = A, we have

A z3(t) 1k ok
< < .
4k2(1+ ko= 1) © 14 (Int)o-1 ~ A, teleer k>1

Consequently, we see that

—+oo

1 ds
Azl = _ G(t,s)0 : —
Al = s / (4 5)0(5) (s, 3())

ek,

- (lnt)"_1 / b
Z ety T+ ()T | T(o) —b(Ing)

ol/k

> A=z, (24)

d
— g(&,8)0(s)0A ?S

However, from (23) we have

z3(t) (Az3)(t)
z3|l= sup —~2— > sup — 2t
2] tell ooy L+ (Int)o=1 ™ e Loy T+ (Int)o—1

= || Azs],
and this contradicts (24). Then (22) holds, and Lemma 4 implies that
i(A, BANnP, P)=0. (25)

Note that we can choose /A such that Ry > A > ro, and then (H4) and (H6) imply that
(7), (21) are still satisfied. Consequently, by (25) we have

i(A, (BA\ B,) NP, P) =i(A, BAN P, P) —i(A, B,, N P, P)
—0—-1=-1
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and
z'(A7 (Bg, \FA) NP, P) =i(A, Bg, NP, P)—i(A, BN P, P)
=1-0=1.

Therefore, A has a fixed pointin (B, \ B,,,) N P and (Bg, \ Ba) N P, respectively. Thus
(1) has at least two positive solutions. This completes the proof. O

Theorem 4. Suppose that (HO)—(H3), (HS), and the following condition hold:

(H8) There exist A > 0 and

~ 1
CNS <0, T )
|l Gyt termstmeTa (6 9)10(s)

such that f(t,z) < OA for z € [0, 4], t € [1,400).
Then (1) has at least two positive solutions.

Proof. From (H8) we obtain

H—(Zlil?f‘l € [O,Z} if 2(t) € [0, 4], t € [1,+00).

Note that when z € 0B N P, we see that

+o00
1 ds
42l = s / Gt 9)0(5) 1 5, 2(5)) <
- (ntye-1 [ 1 b et
X te[bll’lfoo) 1 + (lnt>o'—1 / |:F(O') + F(O’) — b(lné-)o—_l 9(575) (5) ?

<=z (26)

This implies that
Az #pz, 2€0B1NP, p>1. (27)
If (27) is false, then there exist z4 € BN P, p14 2> 1 such that
(Azg)(t) = paza(t) = 24(t), t€1,400).

Hence, we obtain

Azy)(t za(t
|
tell,400) 1+ (Int) te[l,+00) 1+ (Int)
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and this contradicts (26). Then (27) holds, and Lemma 5 implies that
i(A, ByNP, P)=1. (28)

Note that we can choose A such that Ry > A > 71, and then (H3) and (H5) imply that
(6), (16) are still satisfied. Consequently, by (28) we have

z'(A, (BZ\Birl) N P, P) =i(A, ByNP, P)—i(A, B,, NP, P)
=1-0=1
and
i(A, (Br, \Biﬁ) N P, P) =i(A, B, NP, P)—i(A, ByNP, P)
=0—-1=-1.

Therefore, A has a fixed pointin (B \ B, ) N P and (Bg, \ Bx) N P, respectively. Thus
(1) has at least two positive solutions. This completes the proof. O

Now, we provide some examples to verify our main results. Let o = 2.5, b = 1,
€ =ce 0(t) = 1/(1+1nt), t € [1,+00). Then b(In&)°~' = 1 < I'(0) = 1.33,
7°°0(t) (dt/t) = /2, and thus (HO), (H2) hold.

Example 1. Let f(t,z) = /z/(1+ (Int)°~1),2 > 0, ¢ € [1,+00). Then

f(t,2) TR T
o—1
lim inf f,z = liminf% =400 > A\
z—0t W z—0+ W
and
VZz
t T Ao =T
lim sup M = limsup% =0< X\
z—+o0 W z——+00 W

uniformly on ¢ € [1,+00). Therefore, (H1), (H3)-(H4) hold, and by Theorem 1, (1) has
at least one positive solution.

Example 2. Let f(t,z) = 22/(1 + (Int)°~1), 2 > 0, ¢ € [1, +00). Then

z2

t,z . IFMnpe=T
lim inf # = hmlnf% =400 > A\
EUEO et A7 Tt
and
t,2) T
, 2 . o—1
lim sup f(f = hmsup% =0< X\
z—0%  Tx(Imt)e 1 2=0%t  T3(nt)e—T

uniformly on ¢ € [1,+00). Therefore, (H1), (H5)-(H6) hold, and by Theorem 2, (1) has
at least one positive solution.
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k
Example 3. Letk = 2, A = 1 + 2+/2 and note feel/k g(&,5)0(s) (ds/s) = 27.69. Now,
let
162422, 2 €10,1/16], t € [1, +00),

flt,z) =< A, z € [1/16,142v2], t € [1,400),
VAz, 2z €[1+2v2,+00), t € [1,+00).

Then
t VA
limsupM = limsup% =0< )
z—+00 W z—+o0 W
and
t 162422
limsupM = limsup% =0< )
220t TRmpe T 2=0t TEmee T

uniformly on ¢ € [1,+00). Moreover, if z € [A/(4k*(1 + k7~ 1)), A, t € [e'/*, €], we
have

T(0) — b(In )"~
b g€, 5)0(s) 4

Therefore, (H1), (H4), and (H6)—(H7) hold, and Theorem 3 implies that (1) has at least
two positive solutions.

Example 4. Let A = 100 and

flt,2)=A>04 if1>60> =0.012.

f(t.2) 2.5\/z, z€][0,100], t € [1,+00),
yR2) = 2
Z z € [100,4+00), t € [1, +00).

400°
Then
t 2.5
lim inf M = lim inf Z\/E = 400> )\
z—0t W z—0+ W
and
2
t Z_
lim inf M = liminf42¢ =400 > A\
EOE et A7 Timmpe T

uniformly on ¢ € [1, +00). Moreover, if z € [0, A], t € [1, 4+00), we have

f(t,2) <25<OA i

—

O € [0.25,0.254) C (0,0.254),

= 0.254.

S -,

“+oo s
ey + a9 (6 8)0(s) &

Therefore, (H1), (H3), (HS), and (H8) hold, and Theorem 4 implies that (1) has at least
two positive solutions.

|
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