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Abstract. In this paper, we are concerned with the study of the existence of fixed points for
single and multivalued three-points contractions. Namely, we first introduce a new class of single-
valued mappings defined on a metric space equipped with three metrics. A fixed point theorem
is established for such mappings. The obtained result recovers that established recently by the
second author [E. Petrov, Fixed point theorem for mappings contracting perimeters of triangles,
J. Fixed Point Theory Appl., 25(3):74, 2023] for the class of single-valued mappings contracting
perimeters of triangles. We next extend our study by introducing the class of multivalued three
points contractions. A fixed point theorem, which is a multivalued version of that obtained in the
above reference, is established. Some examples showing the validity of our obtained results are
provided.

Keywords: fixed points, single-valued three-points contractions, multivalued three-points
contractions, mappings contracting perimeters of triangles.

1 Introduction

Banach’s contraction principle [3] is one of the most celebrated fixed point theorems. This
theorem states that, if F is a self-mapping defined on a complete metric space (M, d) and
satisfies

d(Fu, Fv) < Md(u,v), (u,v) € M x M, (1)
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where A\ € [0, 1) is a constant, then F' possesses one and only one fixed point. Moreover,
for any uy € M, the Picard sequence {u,} C X defined by u,+1 = Fuy, n = 0,
converges to the unique fixed point of F'. The mapping F’ satisfying inequality (1) with
A € [0,1) is called a contraction. The literature includes several interesting generaliza-
tions and extensions of the above result. We may distinguish at least two categories of
generalizations and extensions. In the first one, the contractive nature of the mapping is
weakened; see, e.g., the series of papers [6,9, 15, 16,26, 28,29,31] and the monograph
[1]. In the second category, the topology of the underlying space is weakened; see,
e.g., [7,8,13,18,20].

The study of fixed points for multivalued mappings was first considered in the paper
[19] by Nadler, where he proved the following interesting result.

Theorem 1. (See [19].) Let (M, d) be a complete metric space and F : M — CB(M) be
a given multivalued mapping, where CB(M) denotes the family of all nonempty bounded
and closed subsets of M. Assume that

H(Fu, Fv) < Md(u,v), (u,v) €M x M,

where A € (0,1) is a constant, and H is the Hausdorff-Pompeiu metric on CB(M). Then
F' possesses at least one fixed point.

Theorem 1 was generalized and extended in various directions; see, e.g., [2,10,12,14,
17,24,30]. More recent references can be found in [25, 32].

Recently, the second author [22] obtained a generalization of Banach’s fixed point
theorem by introducing the class of single-valued mappings contracting perimeters of
triangles (three-points contractions). Namely, he studied the existence of fixed points for
the following class of mappings.

Definition 1. Let (M, d) be a metric space with |M| > 3. A single-valued mapping
F : M — M is said to be a mapping contracting perimeters of triangles on M if there
exists A € [0, 1) such that the inequality

d(Fz, Fy) + d(Fy, Fz) + d(Fz, Fx) < A[d(z,y) + d(y, 2) + d(z,7)]
holds for all three pairwise distinct points x,y, z € M.
The following fixed point result was established in [22].

Theorem 2. Let (M, d) be a complete metric space with |M| > 3, and let the mapping
F : M — M satisfies the following two conditions:

(i) Forallu € M, F(Fu) # u, provided Fu # u;

(i) F' is a mapping contracting perimeters of triangles on M.

Then Fix(F) # () and | Fix(F)| < 2, where Fix(F') denotes the set of fixed points of F.

Other fixed point results, related to mappings contracting perimeters of triangles, can
be found in [4,5,27]. Three-point analogs of the well-known Kannan and Chatterjea fixed
point theorems were considered in [23] and [21], respectively.
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We fix below some notations and recall some basic definitions.

Throughout this paper, by R™ we mean the interval [0, 00). We denote by M an
arbitrary nonempty set. By | M| we mean the cardinal of M. For a single-valued mapping
F : M — M, we denote by Fix(F') the set of its fixed points, that is,

Fix(F) ={u € M: Fu = u}.
We define the sequence of mappings (F™), where F™ : M — M, by
Y= Iy (i.e., FOz =z forall z € M)

and
F'tl=FoF" n>0.

Similarly, for a given function ¢ : Rt — R, we define the sequence of functions {¢"},
where " : RT — RT, by

@ =Igs, "t =pop", nx=0.

Let (M,d) be a metric space. By CB(M) we denote the family of all nonempty
bounded and closed subsets of M. The distance between two subsets A and B of M is
denoted by D(A, B), that s,

D(A,B) = inf{d(a,b): a € A, b € B}.
The diameter of A, B € CB(M) is denoted by D(A, B), that s,

D(A,B)= sup d(a,b).
(a,b)eAXB

We denote by H the Hausdorff-Pompeiu metric on CB (M) induced by d, that is,

H(A,B) = max{stelgD(mB), iggD(b, A)}, A,B € CB(M).

Recall that (CB(M), H) is a metric space. Moreover, if (M, d) is complete, then the
space (CB(M), H) is also complete; see, e.g., [31].

Let P(M) be the family of all nonempty subsets of M. We say that u € M is a fixed
point of a multivalued mapping F' : M — P(M) if u € Fu. We also denote by Fix(F')
the set of fixed points of F, that is,

Fix(F) = {u € M: u € Fu}.

The rest of the paper is organized as follows. In Section 2, we introduce a certain
class of single-valued three-points contractions on M, where M is equipped with three
metrics d;, i = 1,2, 3. A fixed point theorem is established for this class of mappings. In
particular, we recover Theorem 2. In Section 3, we extend Theorem 2 from the single-
valued case to the multivalued case.

https://www.journals.vu.lt/nonlinear-analysis
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2 Three-points single-valued contractions

Let us denote by @ the set of functions ¢ : R™ — R satisfying the following conditions:

(C1) ¢ is nondecreasing;
(C2) >o,51¥"(s) < oo forevery s > 0.
Remark 1.
(i) From (Cs) we deduce that, if ¢ € &, then

lim ¢"(s) =0, s>0. )
n—oo
(i) If ¢ € @, then
p(s) <s, s>0. 3)

Indeed, if there exists s > 0 such that s < ¢(s), then by (C;) we get
s<p™(s), mn=0.

Using (2) and passing to the limit as n — oo in the above inequality, we reach
a contradiction with s > 0, which proves (3).
(iii) From (3) we deduce immediately that

lim ¢(s) =0.

s—0t

Some examples of functions ¢ € ¢ are provided below.
Example 1. A basic example of a function ¢ € @ is the function
o) =X, teRT,
where A € (0,1) is a constant.
Example 2. Let ¢ : RT — RT be the function defined by
p(t) = %ln(t +1), teRt.

Clearly, ¢ is nondecreasing. Moreover, for all ¢ > 0, we have

Then, by induction, we get

1 n
" (t) < <2> t, n>=0,t>0,

which implies that ), -, ¢"(t) < oo for all ¢ > 0. Consequently, € &.

Nonlinear Anal. Model. Control, 30(2):312-332, 2025


https://doi.org/10.15388/namc.2025.30.38968

316 M. Jleli et al.

Example 3. Let 0 < A1 < A2 < 1. Consider the function

arctan(A\t) if0<t < i,

Lp(t == ( ! ) . 1 M

arctan(Aot) ift > 5.

Clearly, ¢ is nondecreasing. On the other hand, for all £ > 0, we have
gD(t) < max{)\l, )\2}t = )\Qt,
which yields
" (t) < (A2)™, n=0,t>0.

Then >, o, ¢"(t) < oo forallt > 0, and ¢ € ®. Remark that in this example, the
function ¢ is not continuous.

In this section, we are concerned with the study of fixed points for the following class
of single-valued mappings.

Definition 2. Let d;, i = 1,2, 3, be three metrics on M with |M| > 3, and let ¢ € .
We denote by F(M,d,ds,ds, ) the class of mappings F' : M — M satisfying the
three-points contraction

di(Fz,Fy) + da(Fy, Fz) + ds(Fz, Fx)
< @(di(x,y) + da(y, 2) + ds(z, 2)) “)
for every three pairwise distinct points z,y, 2 € M.

Remark 2. Remark that, if F': (M, d) — (M, d) is a mapping contracting perimeters of
triangles on M, in the sense of Definition 1, then F' satisfies (4) withd; = d, i = 1,2, 3,
and p(s) = As, A € [0, 1), that is, F € F(M,d,d,d, ).

The following example shows that F' € F (M, dy, da, ds, ¢) can be discontinuous on
M with respect to one of the metrics d;, i € {1, 2, 3}.

Example 4. Let M = [0, 1], d; be the Euclidean distance on M, and

di(z,y), =yel0,5]orz,ye(5,1];

@mw:@mwz{

1 otherwise.
The reader can easily verify that d; and dy are metrics on M. Let F' : M — M be the
mapping defined by
Fo— sz, wel0,1],
iz, ze(},1].
It is clear that F is discontinuous at = 1/2 as a mapping from (M, d;) to (M, d;). For
every three pairwise distinct points z,y, z € M, let
di(Fz, F do(Fy, F ds(Fz, F
R(l’,y72’) _ 1( €T, y) + 2( Y, Z) + 3( 2 .Z')
dl(xa y) + d2(y7 Z) + d3(Z, I)

https://www.journals.vu.lt/nonlinear-analysis
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We claim that

N =

R(z,y,2) < &)

for every three pairwise distinct points x,y, z € M. In order to show (5), it is sufficient
to check the four cases:

z,y,2z€[0,1/2],
x,y,z € (1/2,1],
x€]0,1/2]and y,z € (1/2,1],
xz,y €1[0,1/2] and z € (1/2,1].

Case I: x,y,z € [0,1/2]. In this case, we have

R(x,y,z) =

dl(%a%)+dl(%7%)+dl(%7§) 1
( z) 3

2,y) +di(y,2) + di(z,0)

Case 2: x,y,z € (1/2,1]. In this case, we have

R(xvyvz) = d (x’y)+d1(y,z)+d1(2’a$) 2

di(3,%5)+di(4,5)+di(5,5) 1
1

Case 3: © € [0,1/2] and y, z € (1/2,1]. In this case, we have
R(I’ y, ) 1(%;%>+d1(%7%)+d1(§7§)

dl(x7y) +d2(y72') +d3(2,l‘)

dl(%; +d1(%7 )+d1(§7§)

o 1d1( 3 7y)+d1(ya2) +d1(za2?m)
2 di(z,y)+di(y,2) +1

(6)
On the other hand, we have

di(3,y) + di(y, z) + di(z, %)
dl(xuy) + dl(yvz) + 1

< L (7

Indeed, since

< x < < 2@ <
T — r<z, — <z,
Y, 3 Y, 3
then (7) is equivalent to
-z =o.
3
This inequality evidently holds since x > 0 and z < 1. Then from (6) and (7) we obtain
1
R(.’ﬂ, Y, Z) < 5 .

Nonlinear Anal. Model. Control, 30(2):312-332, 2025
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Case 4: x,y € [0,1/2] and z € (1/2,1]. In this case, we have

B+ (33 (5D _ Sy v+
o }dl(x,y)+2 < 1

- 2di(z,y)+2 2

R(x,y,z) =

From the above discussions we deduce that (5) holds for every three pairwise distinct
points x,y,z € M. This shows that ' € F(M,d;,ds,ds, ), where p(t) = t/2 for
every t € RT.

Our main result in this section is the following fixed point theorem.

Theorem 3. Let d;, i = 1,2,3, be three metrics on M such that |M| > 3 and (M, d;)
are complete. Let F' : M — M be a mapping satisfying the following conditions:

(i) Forallu € M, F(Fu) # u, provided Fu # u;
(ii) F is continuous on (M, dy);
(iii) F € F(M,dy,ds,ds, ) for some o € P.
Then Fix(F) # (0 and | Fix(F)| < 2.

Proof. We first show that Fix(F') # (). Let ug € M. Consider the Picard sequence
{un} C M defined by
Uy, = F"ug, n > 0.

If u,—1 = u, for some n > 1, then u,,_; € Fix(F'), and the theorem is proved. So,
without restriction of the generality, we may assume that

Up—1 7 Up, N =1,
which implies by (i) that
Un—1 7é Uny1, n= 1

Consequently, for all n > 1, up—1, un, and u,41 are three pairwise distinct points.
By (iii), taking (x,y, z) = (uo, u1, u2) in (4), we obtain

dy (Fug, Fuy) + da(Fuy, Fug) + d3(Fuz, Fug)
< (di(ug, ur) + da(ur, uz) + ds(usz, ug)),
that is,
di(ur,uz) + da(uz,uz) + ds(us, u1)
< @(dy(ug, ur) + da(uy, uz) + ds(uz, ug)),
which implies by (C;) that
@(d1(uhu2) + da(u2, uz) + d3(u3,u1))
< 0% (di (g, ur) + dou, uz) + ds(us, up)). (8)

https://www.journals.vu.lt/nonlinear-analysis
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Similarly, taking (z,y, z) = (u1, u2, ug) in (4), we obtain

di(u2,u3) + da(us, ua) + ds(ua, ug)
< @(di(u1, u2) + da(ug, ug) + ds(us, u1)),

which implies by (8) that
di(ug,us) + da(us, us) + ds(us, ug)
< 2 (dl(UOa uy) + da(uy, ug) + d3(U2,U0))-

Continuing in the same way, we obtain by induction that

di (Un, Unt1) + do(Unt1, Unt2) + d3(Unt2, Un)
< " (dy(uo, ur) + da(ur, uz) + ds(uz, ug))
for all n > 0, which yields
di(Up,unt1) < @"(10), n=>1, ©)

where
To = dl(uo,ul) + dg(’u,l,UQ) + d3(U2,’U,0) > 0.

We now prove that {u,, } is a Cauchy sequence on (M, dy). For all n,p > 1, making use
of the triangle inequality and (9), we get

dl (u'ru u7l+p) g dl (Un, un-i—l) + dl (un—i-l: un+2) + -+ dl (u7z+p—1a u7z+p)

< 9" (70) + " (10) + -+ 9" (7o)

n+p—1 n+p—1 n—1
= Z ¢"(10) = Z ™ (10) — Z ©™(70),
m=n m=0 m=0

which implies by (C5) that

o] n—1
di(Un, Untp) < ( Z ©™(10) — Z L,Om(To)> —0 asn — oo.
m=0 m=0

This proves that {u,, } is a Cauchy sequence on the metric space (M, d;). Since (M, d;)
is complete, there exists u* € M such that

lim dy(up,u”) =0, (10)

n—oo

which implies by the continuity of F on (M, d;) that

li_>m dy (upt1, Fu*) = lim dy(Fu,, Fu*) = 0. 11

n—oo

Nonlinear Anal. Model. Control, 30(2):312-332, 2025
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Since every metric is continuous, by (10), we have

lim dy (upt1, Fu*) = di(u*, Fu®). (12)

n—oo

Then, by (11) and (12), we get u* = Fu*, thatis, u* € Fix(F).

We now show that | Fix(F')| < 2. We argue by contradiction supposing that z, y,
and z are three pairwise distinct fixed points of F'. Then, making use of (4) with the
equalities F'x = z, F'y = y, and F'z = z, we get

di(z,y) + da(y, z) + ds(z,z) < cp(dl(x,y) +da(y, 2) + dg(Z,IE)). (13)
On the other hand, since
di(z,y) + da(y, z) + ds(z,x) > 0,
it follows from property (3) that
o(di(z,y) + da(y, 2) + ds(z,x)) < di(x,y) + da2(y, 2) + d3(z, x),

which contradicts (13). This shows that F' admits at most two fixed points. The proof of
Theorem 3 is then completed. O

We now study some particular cases of Theorem 3. Recall that for a given metric
space X, a point z € X is said to be an accumulation point of X if every open ball
centered at x contains infinitely many points of X .

Proposition 1. Ler d;, i = 1,2,3, be three metrics on M such that |M| > 3 and
max{dy(u,v),ds(u,v)} < rdy(u,v), u,v€ M, (14)

for some constant k > 0. If F € F(M,dy,ds,ds, ) for some ¢ € P, then F is
continuous on (M, dy).
Proof. Let us show that F' is continuous at every point zg € M.

Case 1: zy is an isolated point in (M, dy). In this case, F' is obviously continuous
at zg.

Case 2: zy is an accumulation point in (M, d;). Foralle > 0, let
€
143k

15)

€

Since 2 is an accumulation point in (M, dy), there exist points y, 2 € M such that y # z,
0 < di(z0,y) <0 and 0 < dy(z0,2) <. (16)

Remark that from (16) z, z, and y are three pairwise distinct points. Then, making use
of (4), we obtain

d1(Fz0, Fz) + do(Fz, Fy) 4+ d3(Fy, Fzp)
< (di(z0,2) + da(z,y) + d3(y, 20)),

https://www.journals.vu.lt/nonlinear-analysis
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which implies that
di(Fzo, F2) < ¢(di(20,2) + da(2,y) + ds(y, 20)). an
Since dy (29, 2) + d2(z,y) + d3(y, z0) > 0, it follows from property (3) that

ga(dl(zo,z) + da(z,y) + ds(y, 20)) < dy(20,2) + da(z,y) + ds(y, 20),

which implies by (14) and the triangle inequality that

@(di (20, 2) + da(2,y) + d3(y, 20))
< di(20,2) + kd1(2,y) + Kkd1(y, 20)
< di (20, 2) + kdi (2, 20) + Kdi (20, ) + Kd1 (Y, 20)-

Then from (15) and (16) we deduce that
©(d1(z0,2) + da(z,y) + ds(y, z0)) < 6-(1+3kK) =e. (18)
Finally, by (17) and (18), we get
dy(Fzp, Fz) < g,
which proves that F' is continuous at zy. This completes the proof of Proposition 1. [

Remark 3. Having traced the proofs of Theorem 3 and Proposition 1, we see that nowhere
properties of metrics dy and ds, such as triangle inequalities, continuity, etc., have been
used. Thus, Theorem 3 and Proposition 1 are valid under the assumption that d; and ds
are semimetrics. Recall that semimetric is a function d : X x X — R™T satisfying for all
x,y € X only two axioms of metric space:

L (d(z,y) =0) & (z=y),
2. d(z,y) = d(y, ).

A pair (X,d), where d is a semimetric on X, is called a semimetric space. Such
spaces were first examined by Fréchet in [11], where he called them “classes (E)”. Later,
these spaces attracted the attention of many mathematicians.

From Theorem 3 and Proposition 1 we deduce the following result.

Corollary 1. Let d;, i = 1,2,3, be three metrics on M such that |M| > 3, (M,d;)
is complete, and (14) holds for some constant k > 0. Let F' : M — M be a mapping
satisfying the following conditions:

(i) Forallu € M, F(Fu) # u, provided Fu # u;
(i) F € F(M,dy,ds,ds, p) for some p € P.

Then Fix(F) # (0 and | Fix(F)| < 2.

Nonlinear Anal. Model. Control, 30(2):312-332, 2025
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Remark 4. Taking in Corollary 1d; =d,i =1,2,3, k = 1, and ¢(t) = X, A € [0,1),
we obtain Theorem 2; see Remark 2.

We provide below an example illustrating Theorem 3.

Example 5. Let M = {w1,wq, w3, ws} C R2, where

wy = (Zao>a wQZ(OaO)a

e (10 o (WBYY O, (L35 5V
3T\ r2 72 ’ T\ 2w e )

Consider the mapping F' : M — M defined by
Fw, = wy, Fwy = wo, Fws = wy, Fwy = w;.
Let ¢ be the discrete metric on M, that is,
0 ifi=j
1 ifd #£ .
Remark that F' is not a mapping contracting perimeters of triangles on (M, d) (in the
sense of Definition 1 with d = §). Indeed, we have
(5(Fw1,Fw2) + 5(Fw2,Fw3) + (5(Fw3,Fw1)
5('[1}1, U}Q) + 5(’102, 'lUg) + (S(’U_)g, wl)
_ 0(wr,ws) + 6(wa, wy) + §(wy, w1)
§(wy,wse) + 6(wa, w3) + §(ws, wy)

We now consider the three metrics d;, d2, d3 on M, where d; = § and

=1

dy(wi, w;) = dg(wi, w;) = lwi —wjll, 4,5 €{1,2,3,4}. (19)
Here ||-|| denotes the Euclidean norm. Elementary calculations show that
5 if (i, j) = (1,3),
1 if (i, 7) = (1,4),
Jwi —wj|| = L
3 lf(l7.])_(273)a
: if (i,5) = (2,4),
5.46846 if (i) = (3,4).

Clearly, (M, d;) is a complete metric space, and F' satisfies conditions (i) and (ii) of
Theorem 3. We claim that

dl(le,Fw]) +d2(Fw],ka) +d3(F’U.)k,sz)
23
< %(dl(wi’w]’) + day(wj, wi) + d3(wi, w;)) (20)

for every three pairwise distinct indices 4, j, k € {1, 2, 3,4}.

https://www.journals.vu.lt/nonlinear-analysis
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Table 1. The values of A(z, j, k), B(4, j, k) and R(4, j, k).

(4,5, k) A(i, J, k) B(i, 5, k) R(i, 7, k)
(1,2,3) 9/2 9 1/2
(1,3,2) 23/4 25/4 23/25
(2,3,1) 17/4 33/4 17/33
(1,2,4) 13/4 9/2 13/18
(1,4,2) 9/2 23/4 18/23
(2,4,1) 13/4 27/4 13/27
(1,3,4) 2 6.46846 0.3091
(1,4,3) 2 11.46846 0.1743
(3,4,1) 2 7 2/7
(2,3,4) 17/4 8.96846 0.4738
(2,4,3) 9/2 8.46846 0.5313
(3,4,2) 23/4 13/2 23/26

For every three pairwise distinct indices 4, j, k € {1, 2, 3,4}, let

di (Fw;, Fwj) + do(Fwj, Fwg) + d3(Fwg, Fw;) — A(i, j, k)

R(Z,j,k): dl(wi,wj)+d2(wj7wk)+d3(wk’wi) B B(Zm?vk)

Remark that by (19)
R(i7j’ k) = R(j) 7:7 k)'

So, for every three pairwise distinct indices 4, j, k € {1,2, 3,4}, we have just to show that
(20) holds for (i, j, k), (i, k, ), (4, k, 7). Namely, we have to check twelve cases. Table 1
provides the different values of A(i, j, k), B(4, j, k), and R(i, j, k), which confirm (20).

Consequently, F' € F(M,dy,ds,ds,p) with ¢(t) = 23/25¢t for all t € RT. Then
Theorem 3 applies. On the other hand, observe that Fix(F') = {w1, wo }, which confirms
the result given by Theorem 3.

3 Three-points multivalued contractions

In this section, we are concerned with the study of fixed points for the following class of
multivalued mappings.

Definition 3. Let (M, d) be a metric space with |M| > 3 and A € (0, 1). We denote by

F(M,d, \) the class of multivalued mappings F' : M — CB(M) satisfying the three-
points multivalued contraction

H(Fz, Fy)+ H(Fy, Fz) + D(Fz, Fz) < Md(z,y) + d(y, 2) +d(z,2)) (2D
for every three pairwise distinct points z,y, z € M.

The following lemma (see [19]) will be used later.

Lemma 1. Let (M, d) be a metric space and A, B € CB(M). Then, for all a € A and
€ > 0, there exists b € B such that

d(a,b) < H(A,B) +¢.
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We first establish the following result.
Proposition 2. Let (M,d) be a metric space with |M| > 3 and A € (0,1). If F €

F(M,d,\), then F : (M,d) — (CB(M), H) is continuous.
Proof. Let zyp € M. We distinguish two cases.

Case 1: zg is an isolated point in (M, d;). In this case, F is obviously continuous
at zg.

Case 2: zy is an accumulation point in (M, d;). Forall e > 0, let

€
0 = —. 22

= o (22)

Since 2 is an accumulation point in (M, dy), there exist points y, 2 € M such that y # z,
0 < di(z0,y) <0 and 0 < dy(z0,2) < 0. (23)

Then, by (23), zg, 2, and y are three pairwise distinct points. Hence, making use of (21),
we obtain

H(Fzy,Fz) + H(Fz,Fy) + D(Fy, Fzy) < Md(20,2) + d(z,y) + d(y, 20)),
which implies by the triangle inequality, (23), and (22) that
H(Fzy, Fz) < A(d(20,2) + d(z,y) + d(y, 20))
< )\(d(zo, z) +d(z, z0) + d(z0,y) + d(y, zo))
= 2)\(d(zo, z) + d(zo, y)) < 2)\(55 + 55) =4\, = €.
This shows the continuity of F" at zp. O

Our main result in this section is the following fixed point theorem.

Theorem 4. Let (M, d) be a complete metric space with |M| > 3. Let F : M — CB(M)
be a multivalued mapping satisfying the following conditions:

() Forall u,v € M, we have that v € F'u, u # v, implies u ¢ Fv;
(iiy F € F(M,d,\) for some \ € (0,1).

Then Fix(F) # (.

Proof. Letug € M and u; € Fug. By Lemma 1, there exists us € F'up such that
d(uy,us) < H(Fug, Fui) + A,

and there exists ug € F'us such that
d(ug,us3) < H(Fuy, Fus) + \2.

Continuing in the same way, by induction, we construct a sequence {u,, } C M such that

Uny1 € Fup, n2=0 (24)
and
d(un, tnt1) < H(Fup—1, Fu,) + A", n>1 (25)
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If w, = w,y1 for some n > 0, then by (24), u,, € Fix(F’), and the theorem is proved.
Then, without restriction of the generality, we may suppose that u,, # u,1 foralln > 0,
which implies by (24) and (i) that u,, ¢ F'ty,41. Since uy 42 € Fupy1, then u, # up4o.
Consequently, for all n > 0, u,, Uy41, and u, o are three pairwise distinct points in M.
On the other hand, by (25), we have

d(tn—1,un) < HFUp_2, Ft_1) + A", n>2. (26)
Furthermore, by the definition of the diameter, we have
d(uns1,un—1) < D(Fuy, Fup,—2), n>2. 27
Then it follows from (25), (26), and (27) that

d(un—h un) + d(“n, Un+1) + d(un+1; un—l)
< H(Fun—Za Fun—l) + H(Fun—la Fun) + D(FunaFun—Z)

NI L U ) (28)
Taking into consideration that for all n > 0, uy, %,+1, and u, 4o are three pairwise
distinct points and making use of (21) with (z,y, z) = (up—2, Un—1, U, ), We obtain

H(Fup—o, Fup—1) + H(Fun—1, Fuy,) + D(Fuy, Fu,—2)
< A(d(un—Qa un—l) + d(un—h un) + d(un7 Un_g)), nz 2. (29)

Then from (28) and (29) we deduce that

d(unflv un) + d(una un+1) + d(unJrl, unfl)

< )\(d(unf% unfl) + d(unfla un) + d(una un72))
+ AN n> 2

that is,
Do KA1 AN n> 1 (30)
where
Prn = d(Un, Unt1) + d(Unt1, Unt2) + d(Unta,uy), n = 0. 31)
From (30) we get
p1 < Apo + A+ A%,
pa < Apr + A2+ X2 < NPy +2(W2 4+ A%,
p3 < Ap2 + A2+ A < NPpg +3(A3 4+ A%,

Pn < A'po + n()\” + )\"“), n >0,
which implies by (31) that
d(tn, Uni1) < A'po+n(A" + A", n>0. (32)
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Since 0 < A < 1, we get A1 < \". Hence, it follows from (32) that
d(Un, Unt1) < A'po + n(/\” + )\") =A"(po+2n), n=0. (33)

We now show that {u,, } is a Cauchy sequence on (M, d). Indeed, making use of (33) and
the triangle inequality, for all n, & > 1, we obtain

n+k—1 n+k—1 n+k—1

d(unv un+k) < Z d(umv um—i—l) < Po Z AT+ 2 Z mA™
miT:LJrkfl n—1 m n+k—1 T n—1

_p0< dooam-—3» Am> +2< > omAm— Zm,\m>. (34)
m=0 m=0 m=0 m=0

On the other hand, since 0 < A < 1, the two series Y, o A™ and > -, mA"™ are
convergent. Then, by (34), we obtain

e n—1 00 n—1
d(Up, Uptk) < p0< Z AT — Z )\m> + 2( Z mA\" — Z m)\m>
m=0

m=0 m=0 m=0

— 0 asn — oo,

which shows that {u,, } is a Cauchy sequence on (M, d). Then from the completeness of
(M, d) we deduce that there exists u* € M such that

lim d(un,, u*) = 0. (35)

n—0o0

We now prove that u* is a fixed point of F. Since F' : (M,d) — (CB(M),H) is
continuous (by (ii) and Proposition 2), we deduce from (35) that

lim H(Fuy, Fu*) =0. (36)

n—roo
Then, making use of (24), (35), and (36), we get
D(U*a FU*) < d(U*vun-i-l) + D(un+17 FU*)
< (d(u*, uny1) + H(Fuy, Fu*)) =0 asn — oco.

Consequently, we obtain D(u*, Fu*)=0. Since Fu* is closed, we deduce that u* € Fu*,
that is, u* € Fix(F). The proof of Theorem 4 is then completed. O

Definition 4. Let (M, d) be a metric space with |M| > 3 and X € (0,1). We denote by
F'(M,d,\) and F"(M,d, )) the classes of multivalued mappings ' : M — CB(M)
satisfying the three-points multivalued contractions

H(Fz,Fy) + D(Fy,Fz) + D(Fz, Fz) < X(d(z,y) + d(y, 2) + d(z, x)),
D(Fz,Fy) + D(Fy, Fz) + D(Fz, Fz) < X(d(z,y) + d(y, 2) + d(z, z))

for every three pairwise distinct points z,y, 2 € M, respectively.
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Since the inequalities
H(Fz,Fy)+ H(Fy,Fz) + D(Fz, Fx)
< H(Fz,Fy)+D(Fy,Fz) + D(Fz, Fx),
< D(Fz,Fy)+ D(Fy,Fz)+ D(Fz, Fx)
hold, we obtain the inclusions f”(M, d,\) C ]-W"(M7 d,\) C .7?(M7 d, \). Hence, we get
the following.
Corollary 2. Theorem 4 holds for the classes F'(M, d, \) and F"' (M, d, ).
We give below an example to illustrate Theorem 4.
Example 6. Let M = {v1,v2,v3} and d be the discrete metric on M, that is,
0 ifi=y
d(viv vj) = 1 Z j.7
1 ifi #j.
Consider the multivalued mapping F : (M, d) — (CB(M), H) defined by
Fop ={vi},  Fup={vi},  Fuz={v1,03},
where H is the Hausdorff-Pompeiu metric on CB(M ) induced by d.

Observe that F' satisfies condition (i) of Theorem 4. Indeed, we have
vy € Fug, vy # vg, ve & Fug = {v1}
and
v1 € Fus, v # V3, vz & Fuvy = {v1}.
On the other hand, for (3, j, k) = (1,2, 3), we have
H(Fv;, Fvj) + H(Fvj, Fug) + D(Fuy, Fv;)
= H({vl}, {vl}) + H({vl}, {vl,vg}) + D({vl,vg}, {vl})
=0+14+1=2
and
d(vi,vj) + d(vj, vi) + d(vg, v;) = 3,
which show that
H(Fv;, Fvj) + H(Fvj, Fo,) + D(Foy, Fg) 2

d(”?ﬁ v_]) + d(vj, ’Uk) + d(’l}k7 Ui) - g (37)

Similar calculations show that for every three pairwise distinct indices 7, j, k € {1,2, 3},
(37) holds. Consequently, F' € F(M,d, \) for every 2/3 < A < 1. Then F satisfies also
condition (ii) of Theorem 4. Furthermore, we have

FIX(F) = {’Ul, ’Ug},
which confirms that Fix(F') # (.
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Observe also that in this example, Nadler’s fixed point theorem (Theorem 1) is inap-
plicable. This can be easily seen remarking that

H(F’Ul, FU3)
d(v1,v3)
Definition 5. Let (M, d) be a metric space with [M| > 3 and A € (0,1/2). We denote

by F(M,d, )\) the class of multivalued mappings F' : M — CB(M) satisfying the three-
points multivalued contraction

= H(F1)17F’L}3) = H({’Ul}, {Ul,’Ug}) =1.

H(Fz, Fy) + H(Fy, Fz) + H(Fz, Fx) < Md(z,y) + d(y, 2) + d(2,7))  (38)
for every three pairwise distinct points z,y, z € M.

Similarly to Proposition 2, we establish the following.

Proposition 3. Ler (M, d) be a metric space with |[M| > 3 and A € (0,1/2). If F €

F(M,d,\), then F : (M,d) — (CB(M), H) is continuous.
Theorem 5. Let (M, d) be a complete metric space with |M| > 3. Let F : M — CB(M)
be a multivalued mapping satisfying the following conditions:
(i) Forall u,v € M, we have that v € Fu, u # v, implies u ¢ Fv;
(i) F € F(M,d,\) for some X € (0,1/2).
Then Fix(F) # 0.

Proof. The beginning of the proof of this theorem repeats word for word the proof of
Theorem 4 up to inequality (26).
Further, it follows from the triangle inequality, (25), and (26) that

A(Up—1,un) + d(Un, un+1) + d(Upp1, Un—1)
< d(Un—1,Un) + d(Un, Unt1) + d(tp—1, Upn) + d(Un, Unt1)
= 2(d(un,1, un) + d(un,unﬂ))
< 2(H(Fup—2, Fup—1) + H(Fun—1, Fuy,))
+2X" 422 > 2, (39)
Taking into consideration that for all n > 0, uy, %,4+1, and u, 4o are three pairwise
distinct points and making use of (38) with (z,y, z) = (up—2, Un—1, Uy, ), We obtain
H(Fup—o, Fuy—1) + H(Fun—1, Fu,) + H(Fuy,, Fu,_2
< )\(d(un_g,un_l) + d(up—1,un) + d(uy, un_g)), n>=2,
and
H(Fup—o,Fup—1) + H(Fup—1, Fuy)
< )\(d(un,g,un,l) + d(up—1,upn) + d(un, un,g)), n>2. (40)
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Then from (39) and (40) we deduce that
d(un—17 Un) + d(un; Un+1) + d(un+17 un—l)
< 2\ (d(un—27 Un—l) + d(un—la un) + d(una un—2))
FATELoN > 2,
that is,

Pn < 2APn_1 + 2\ 42X > 1,

where
Pn = d(una unJrl) + d(unJrlv un+2) + d(un+2v un)v nz0.
From (41) we get

p1 < 2Apo + 2X + 207,
P2 < 2Ap1 + 207 4+ 207 < 4N%py + 6(A% + N?),
<2

<
p3 < 2Ap2 + 207 4+ 201 < 8X%pg + 14(N° + A1),

P < (2N)"po +2(2" = 1)(A" + A", n >0,
which implies by (42) that
Aty Ung1) < (20)"po +2(2" = 1) (A" + A"T1), n>0.
Since 0 < A < 1/2, we get A"T1 < A" Hence, it follows from (32) that

d(tn, unt1) < (2N)"po +2(2" — 1) (A" + \")
= (2\N)"po +4(2" = 1)A", n>0.

329

(41)

(42)

We now show that {u,, } is a Cauchy sequence on (M, d). Indeed, making use of (33) and

the triangle inequality, for all n, k > 1, we obtain

n+k—1
d(unaun+k) < Z d(umaum+1)
m=n

n+k—1 n+k—1

<po D, @44 Y (2m 1)

n+k—1 n—1
:p0< > ey - Z(m)m)

m=0 m=0
n+k—1 n—1
+4< PG VPN (2m1)Am>.
m=0 m=0
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On the other hand, since 0 <A <1/2, the two series > ~(2A)™ and 3, (2™ —1)A™
are convergent. Then, by (43), we obtain

d(tn, Un+k) < po( Z en™ — z_: (2)\)m>

m=0 m=0
+ 4( Z (2m _ 1))\m _ (2m _ 1))\7n>
m=0 m=0

— 0 asn — oo,

which shows that {u,, } is a Cauchy sequence on (M, d). Then from the completeness of
(M, d) we deduce that there exists u* € M such that lim,,_, o d(up,u*) = 0.

The fact that ©* is a fixed point of F' can be proved in a similar way as in Theorem 4
only with the difference that, instead of Proposition 2, we use Proposition 3. O
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