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Abstract. The paper considers a dependent bidimensional risk model with stochastic return
and Brownian perturbations in which the price processes of the investment portfolio of the
two lines of business are two geometric Lévy processes, and the claim-number processes of
the two lines of business follows two different stochastic processes, which can be dependent.
When the two components of each pair of claims from the two lines of business are strongly
asymptotically independent and have subexponential distributions, the asymptotics of the finite-
time ruin probability are obtained. Numerical studies are carried out to check the accuracy of
the asymptotics of the finite-time ruin probability for the claims having regularly varying tail
distributions.
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1 Introduction

Consider an insurance company operating two lines of business, and the operator invests
its wealth in financial assets. Assume that the two lines of business with varying levels of
claims are exposed to similar catastrophic environments like car accident, earthquakes, or
terrorist attack. In this case, there may exist some dependence structure among the claims
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of two lines of business. For example, a serious car accident may produce two types
ofclaims, the one is car insurance claim, and the other is personal accident insurance
claim, which leads to some dependent claims between the two lines of business. To
describe the above situation, we consider a bidimensional continuous-time risk model
with stochastic return on investment, the discounted value of the surplus process at time
t > 0 can be expressed by

Ui(t)\ _ (= N fot e~ F1(9) ¢ (ds) Z'f\ill(t)Xie_Rl(Ti(l))
Galt)) v fot— () Oy (ds) Zf-vzzl(t)yie*Rz(Tf))

+<51f0t el (d?) (1)

0o fO 7R2(8 BQ(dS

where (z,y)7 is the vector of the initial surpluses and for any 0 < a < b < oo, the
integral symbols [’ and f 4 are understood as f and f respectlvely For the kth
(k = 1,2) line of business, Ck fo ck(s) ds denotes the premlum accumulation up
to time t > 0, here c(t) is the dens1ty functlon of premium income of the kth line of
business at time ¢ > 0, and the price process of the investment portfolio is a geometric
Lévy process {ef*(t), t > 0}, where Ry (t) is a nonnegative Lévy process, which starts
from zero and has independent and stationary increments. For more details about Lévy
process, see Applebaum [1], Cont and Tankov [6], and Sato [18]. For ¢ > 1, the random
vector (X, Yi)T denotes the ith pair of claims from the two lines of business. Assume
that {(X;,Y;)T, i > 1} is a sequence of independent and identically distributed (i.i.d.)
random vectors with a generic random vector (X,Y )", here X and Y are nonnegative
random variables with distributions Fj, k = 1,2, respectively. {By(t), t > 0} is the
Brownian perturbation of the kth line of business, and d;, > 0 is the corresponding
volatility factor, k& = 1,2. {R(¢t),t > 0}, k = 1,2, are other nonnegative Lévy
processes. {T( ), i > 0} denote claim-arrival times of the kth line of business with
T(k) = O k = 1,2. The claim-number process of the kth line of business is constituted
by {7' ,1 >0} as

Ni(t) = sup{i > 0: Ti(k) < t}, t>0,

with finite mean function A\, (t) = E[Ng(¢)], ¢ > 0, k = 1,2, where supf) = 0 by
convention. The interarrival times of the kth (k = 1 ,2) line of business, {T( ) — (k)
Tl(k)l, i > 1} are supposed to be nonnegative random variables. Assume that {(T(l) T, ( ))
i>1} is a sequence of i.i.d. random vectors.

A kind of finite-time ruin probability at time ¢ > 0 for the above risk model is defined
as

(a,y,t) = P( inf Ua(s) <0, it Us(s) < 0| U2(0) =, Un(0) = y)

In the past decades, more and more scholars paid their attention to investigating multi-
dimensional dependent risk models, especially, bidimensional ones. One research direc-
tion is to consider that the claims of each line of business have a dependence structure,
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such as Yang et al. [24], Cheng [2], Cheng et al. [4], Wang et al. [21], and so on. The
other research direction is to investigate the case that there exists a dependence structure
between the claims and the corresponding interarrival times in each line of business. For
example, Jiang et al. [10], Li [11], Guo et al. [9], Wang et al. [19], Liu et al. [16], and
so on. Recently, researchers consider that there exists a dependence structure between the
claims from the two lines of business. Yang and Li [22] considered the risk model (1)
with a constant interest, i.e., R1(t) = Ra(t) = rt, t > 0, for some constant r > 0,
81 = 8 = 0, and (X,Y)T follows a bivariate Farlie-Gumbel-Morgenstern (FGM)
distribution. Yang and Yuen [26] extended the results of Yang and Li [22] to the case
where (X,Y)T follows a bivariate Sarmanov distribution. Li and Yang [15] considered
the risk model (1) with a constant interest and (X,Y )T following a copula, which can
include the FGM copula. Li [12] improved the results of Yang and Li [22], considering
that X and Y are strongly asymptotically independent (SAI), i.e., there is some constant
p > 0 such that

P(X >, Y >y) ~ pFi(2)Fa(y) as(2,y) = (c0,00). )

The SAI structure was introduced by Li [13]. Li [12] pointed out that some commonly
used copulas satisfy (2), for example, the FGM copula, the Frank copula, and the Ali—
Mikhail-Haq copula. For this dependence structure, Cheng et al. [3] studied the risk
model (1) with a constant interest and perturbations. Li [14] considered that the invest-
ment portfolios of the two lines of business have stochastic return, and the price processes
of the investment portfolios of two lines of business are a same geometric Lévy process.
Specifically, Li [14] investigated the risk model (1) for the case that Ri(t) = Ra(t),
t > 0, Cr(t) = cxt, t > 0 for some constant ¢, > 0, k = 1,2, Ny(t) = Nao(t),
t > 0, and §; = 2 = 0, and gave the asymptotics of a finite-time ruin probability for
regularly varying claims. This paper still investigates X and Y are SAI and considers
the two lines of business have different stochastic return and claim-number processes,
which can be dependent. The paper also discusses the influence of the perturbations on
the ruin probability and gives the asymptotics of the finite-time ruin probability for all
subexponential claims.

As usual, assume that {(X, V)T (X;, V)T, i > 1}, {( T(1 T(Q)) > 1L {R:(t),
t > 0}, {Ro(t), t = 0}, {Ri(t), t > 0}, {Rg(t) > 0}, {Bi(t ) t > 0}, and
{B2(t), t > 0} are mutually independent, and 0 < ¢ (t) < M, for some constant
My > 0andforallt >0and k =1, 2.

The rest of the paper is organized as follows. Section 2 provides some preliminaries.
The main results are presented in Section 3. Section 4 conducts some numerical simu-
lations to check the accuracy of the main results. Section 5 gives some lemmas and the
proofs of main results.

2 Preliminaries

Hereafter, all limit relationships hold as (x,3)T — (c0,00)", unless otherwise stated.
For two positive bivariate functions a(-,-) and b(-,-), we write a(x,y) < b(x,y) or
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b(x,y) 2 a(x,y) if limsup a(z,y)/b(x,y) < 1; a(z,y) ~ b(z,y) if ima(z, y)/b(z, y)
= 1; a(z,y) = o(1)b(x,y) if lima(x,y)/b(z,y) = 0; and a(z,y) = O(1)b(x,y) if
limsup a(z,y)/b(x,y) < oo. For any real numbers z, y, define A y = min{z, y} and
x Vy = max{z,y}.

In this paper, we mainly consider the claims with heavy-tailed distributions. We recall
the definition of heavy-tailed distribution and introduce some distribution classes with
heavy-tailed distributions. For a real-valued random variable ¢ with a proper distribu-
tion V, say that V (or €) is heavy-tailed if Ee?¢ = oo for all y > 0.

For a distribution V' on (—o0, 00), say that V' belongs to the dominated varying tail
distribution class, denoted by V' € D, if forany 0 < u < 1,

) V(zu)
lim sup — < 00

Associated with the class D is the long-tailed distribution class £. Say that a distribution V'
on (—o00, 00) belongs to the class £ if for any u > 0,
V(z+u)

Iim ——% =1.

Say that a distribution V" on (—o0, 00) belongs to the regularly varying tail distribution
class R_,, for some o > 0 if

holds for any fixed u > 0.

One of the most important heavy-tailed distribution classes is the subexponential
distribution class S. Say that a distribution V" on [0, co) belongs to the subexponential
distribution class S if o

lim V:”(z) =
holds for some (or, equivalently, for all) n > 2, where V*" represents the n-fold convo-
lution of V', n > 2. Moreover, say that a distribution V on (—o0, 00) belongs to the class
S if V(2)14230y belongs to the class S, where 14y is the indicator function of the set
A.IfV € L, then for any € > 0, it holds that

e =0(1)V(z) asx — oo (3)

(see, e.g., Lemma 1.3.5(b) of Embrechts et al. [7]).
The above heavy-tailed distribution subclasses have the following relation:

R..CLNDcCSCL.
For more details about heavy-tailed distribution classes, one can see Embrechts et al. [7]

and Foss et al. [8].
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3 Main results

In the following, we present the main results of this paper in which the two claim-
number processes of the two lines of business can be dependent, and the risk model has
perturbations and subexponential claims.

Theorem 1. Consider the risk model (1). Assume that X and Y are SAI with constant
p>0and F, € S, k = 1,2. Assume also that Tl(l) and Tl(g) are independent. Then for
any fixed t > 0 satisfying P(T(k) <t) >0, k=1,2 it holds that

Y(z,y,t // “fae) JU)P(YefRQ(”) > y) A(ds, dp)
0-0-
+p-1) / / P(Xe M) > 2)P(Ye ™ > y)y)(ds, dp),
0-0-
where
A(s,p) = ZZP(%U) <8, T]@) <p), s20,p=>0,
i=1 j=1
and

Msp) =D P(rV <s, 7 <p, s20,p=0.
=1

Remark 1. It follows from Lemma 4.3 of Yang and Li [23] that for any s > O and p > 0,

E[Ni(s) ZZP W<, <),

1=1 j=1
Thus, if P(Tl(k) < t) > 0forsomet > 0 and each k = 1,2, then
E[N(t)No(t)] = P(TV <t, TV <t) = P(T{V < )P(TY < t) > 0.

Remark 2. If the risk model (1) has a constant interest » > 0 and {X;, 7 > 1} and
{Y;, @ > 1} are independent, i.e., R1(t) = Ra(t) = rt,t > 0, and p = 1, then from
Theorem 1 it holds that

Y(x,y,t //F1 xe” F2 ye ))\(ds,dp),
0-0-

which extends Theorem 2.1 of Yang and Li [23] to the risk model with Brownian pertur-
bations.

Remark 3. If Ry (t) = Ra(t) = El(t) = Eg(t) =rt, t > 0, and r > 0 is a constant
interest, the result of Theorem 1 is same as the finite-time ruin probability ¥,q(z, y) in
Cheng et al. [3] for a risk model with Brownian perturbations.

https://www.journals.vu.lt/nonlinear-analysis
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Remark 4. As pointed out by a referee, Cheng et al. [3] used a general stochastic process
to describe the perturbation. Let the perturbations {By(t),t > 0}, k = 1,2, be two
general stochastic processes with By (0) = 0, k = 1,2, in (1). If for any fixed ¢t > 0, all
c>0,andeach k =1, 2,

P< sup 5k/e_ﬁ’“(3) By (ds) > :r) = o(1)Fy(cz), “4)
0<v<t
0=

then in the same way as in the proof of Theorem 1, the result of Theorem 1 still holds.
In fact, the proof of Theorem 1 relies on (20) to deal with the Brownian perturbation.
If {By(t),t > 0}, k = 1,2, are two general stochastic processes, then (20) can be
guaranteed by (4).

Particularly, if the claims have regularly varying tail distributions, then the following
can be obtained from Theorem 1 immediately.

Corollary 1. Under the conditions of Theorem 1, suppose that Fy, € R _,, for some o > 0
and k = 1,2, R1(t) = Ra(t) = rt, t = 0, for some constant v > 0. If for all t > 0,
Ny (t) = Na(t) = N(t) with finite mean function \(t) = E[N (t)], then

tt—s

(e, y,1) ~ Fi (@) Fi(y) ( / / 2e72705 7P \(dp) A(ds) + p / A(ds>> )
0— 0~

o
4 Numerical simulations

In this section, we use Monte Carlo method to verify the accuracy of asymptotic estima-
tion of Corollary 1. We assume that X and Y have a common Pareto distribution

1 — (—2_)b
piop- {1 72
0, z < a,

with the scale parameter ¢ = 1 and the shape parameter b = 1.32. Therefore, F} = F; =
F' € R_1.32. As noted in the introduction, the FGM copula satisfies SAI. We assume that
(X,Y)T has a FGM copula with the following joint distribution:

m(z,y) = Fi(2)Fa(y) (1 + 7P () Fa(y), 7 €[-1,1],
and the corresponding copula has the following form:
C(u,v) :uv(1+7(1_u)(1_v)), u,v € [Oal]a (6)

where 7 is a dependence coefficient. From Example 2.1 of Li [14] we know that X and Y
are SAI with a constant p = 14-+y. For more details about copula, one can see Nelsen [17].
In our simulation, we set v = 0.2, v = 0.5, and v = 0.8, respectively. Suppose that
{N(t), t > 0} is a Poisson counting process generated by 7; = >_;_, 7}, i > 1, and with
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Figure 1. Accuracy of the asymptotic estimate.

E[N(t)] = M, t > 0, where A = 5. Set the premium C;(t) = Ca(t) = 1.8¢, ¢ > 0, the
rate r = 0.03, n = 200, N = 50000. Fix the initial capital x = 300, and let the initial
capital y change from 300 to 1000 in a step 3.5. Divide ¢ = 10 into n parts. The algorithm
of the kth test can be written as follows.

1. Generate random pairs (u,v)T by the FGM copula (6);

2. Generate X by F~1(u) from (u,v), and generate Y by F'~!(v) from (u,v);

3. Generate 71;, where the distribution of 7; is an exponential distribution with a pa-
rameter of 0.2 and 7; =Y ;_, 7},i=1,2,...,N;

4. Ifr, > t, i = 1,2,...,N, then the test is terminated. Otherwise, calculate
Yoy XieT"mand Y, Ve, i=1,2,...,N;

5. Calculate By := [ ™7 Ci(ds) = 1.8 (1/r — e™"'/r), where k = 1,2. If
min;{z — > ,_, X;e™"™ + By} < 0 and min;{y — Y;_, V;e™"™ + By} < 0 both
hold at the same time, then write 7 = 1, otherwise write 7 = 0;

6. Calculate the ruin probability ¢ (z,y,t) = ZkN:1 7i/N. Pa(x,y,t) is the right
side of (5). We can calculate it directly by the specific parameters. Based on the above
algorithm, by changing the dependence coefficients «y we obtain the graphs of ¥ (x, y, t)
and v (z, y, t). Observing Figs. 1(a)-1(c), we can note that the values of ruin probability
decrease with the increasing of initial capital y. Though Figs. 1(a)-1(c) have different
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dependence coefficients, with the increasing of initial capital y, the values of ¥ (x,y,t)
and 15 (z,y, t) get closer in a certain range. Figures 1(a)-1(c) also show that the simula-
tions fit well with the asymptotic function, which verifies the accuracy of the asymptotic
estimation in a specific context.

5 Proofs of main results

5.1 Some lemmas

Before proving the main results, we first give some useful lemmas. By the proof of
Lemma 3.4 of Cheng et al. [3] the following lemma can be obtained.

Lemma 1. Let {(X,Y)T,(X;,Y:)T, i > 1} be a sequence of i.i.d. nonnegative random
vectors with generic marginal distributions F' € S and G € S, respectively. Assume
that X and 'Y are SAI with constant p > 0. Let & and 1 be two independent real-valued
random variables with distributions F¢ and F}, respectively, and be independent of all
other random sources. If

Few) =oF(%) ot Tl = o3 (?)

for some a > 0, then for any fixedb > a,n > 1, and m > 1,

n m

n m
P(ZCiX¢+§>x,Zdej—|—r]>y>NZ P<Xi>:_7yj>§_>
=1 j=1 1 i J

i=1 j=
holds uniformly for all (c1,...,cy) € [a,b]" and (dy,...,dy) € [a,b]™.
The next lemma follows from Corollary 2.5 of Cline and Samorodnitsky [5].

Lemma 2. Let £ and 0 be two nonnegative independent random variables. If the distri-
bution of £ is subexponential and 6 is a bounded random variable, then the distribution
of ¢ is subexponential.

The next lemma is Lemma 3.3 of Cheng et al. [3].

Lemma 3. Let {(X,Y)T (X;,Y:)T, i > 1} be a sequence of i.i.d. nonnegative random
vectors with generic marginal distributions F' € S and G € S, respectively. Assume that
& and n are two independent real-valued random variables with distributions F¢ and F,,
respectively, and independent of all other random sources. If

P(X >z, Y >y)=0(1)F(z)G(y),
Fe(z) = O(1)F(z), and F,(y) = O(1)G(y), then for any € > 0, there exists a positive
constant K (F, G, F¢, Fy)) such that forall z > 0,y > 0,n > 1, and m > 1,

P(iXi tE> iyj > y> < K(1+ )" F(2)G(y).

i=1 j=1
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Lemma 4. Let {(X,Y)T, (X;,Y:)Y, i > 1} be a sequence of i.i.d. nonnegative random
vectors with generic marginal distributions F € § and G € S. Assume that X and Y
are SAI with constant p > 0. Let {(951), 0§2))T, i > 1} be a sequence of nonnega-
tive and upper bounded random variables, but not degenerate at zero. Assume also that
(X, VT (X, )T i > 1}, {Ggl), i> 1}, and {052), i > 1} are mutually independent.
Then for any fixedn > 1 and m > 1,

P(Z&}”Xi >z, 09Y; > y) ~SNSTP(OV X > 2, 07y > ).
i=1 j=1 i=1 j=1
Proof. We first prove that for any fixedn > 1and m > 1,

P<29§1)Xi >z, > 0PY; > y> NS POV > w00 >y). ()

i=1 j=1 i=1 j=1

Without loss of generality, we assume that 0§k) <1,k =1,2,¢ > 1. Applying Bonfer-
roni’s inequality, it holds that for any fixedn > 1,m > 1,2 > 0,and y > 0,

P(ZGZ(I)Xi >z, > 0PY; > y>

i=1 j=1

3

>3 N POVX; > 2, 07 > )

i=1 j=1

m

= > Y POVX > 2 00X > @, 07Y; > )
1<i#k<n j=1

- Y S POXi >, 07 >y, 0°Y; > y)
1<I#j<m i=1

S

3
3

=: ZZP(QS)XZ- > x, 0§2)Yj > y) —L(z,y) — Ix(z,y). (8)
i=1j=1

In the following, we first deal with [ («,y). Forany z > 0 and y > 0,

)5 55 9 i KD 9 Sl ol
i=1 k=1j=1 i=1k=11<j=k<m =1 k=11<j=i<m
k#i j#i ki k#i
J#k
x POV X > 2, 07X, > 2, 87V > )

Il(xvy)

=: I11(z,y) + La(z,y) + Lis(z, y). ©)
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Since 6} < 1,k > 1, and {6", i > 1}, {617, j > 1}, and {(X,;,Y;)T, i > 1} are
mutually independent, it holds that

() <3S S POVX > w0, X > @, 07Y > )
7k
<nF() Y S POVX; >, 0PY; > y)
i=1 j=1

n m

=o(1) YY" P(OVX; >z, 07, > y). (10)

i=1 j=1

, then by 02(1) < 1, ¢ > 1, and the mutual independence of

For I12(z,y), if n < m
j 2 1}7 and {(XiaYi)Tv { 2 1}

(09,0 > 1}, {69,

n n

Lio(z,y) < D0 Y P(Xi >, 00X, > 2, 677 > )
=1
nF(z) Z P(G,(cl)Xk >z, 9,22)Yk > y)
k

n

=1
=o(1) YY" P(OVX; >z, 07, > y). (11)

If n > m, then by 951) < 1,4 > 1, and the mutual independence of {01(1), i > 1},
{6, 5> 1}, and {(X;, V)", i > 1}

Lia(z,y) < nF(z) ZP(G,(Cl)Xk > x, 9,(62)Yk > y)

k=1
=o(1) YY" P(OVX; >z, 07Y; > ). (12)
i=1 j=1
Similarly, it holds that
Ls(z,y) =o(1) Y. Y POVX; > 2, 07Y; > ). (13)
i=1 j=1
By (9)—(13) it holds that
I (z,y) =o(1) ZZP(OEl)Xi > x, 9§2)Yj >y). (14)
i=1 j=1

Nonlinear Anal. Model. Control, 30(3):460-482, 2025
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It follows from the same way of the proof of I (x, y) that

ZZP 0.V X; >z, 07y, > y),

=1 j=1

which, combined with (8) and (14), gives that (7) holds.
Now we show that for any fixedn > 1 and m > 1,

P<Z€§1)Xi >z, > 0Py > y> <Y STPOV X > 2 07y > ). (5)

=1 j=1 i=1 j=1

We first assume that the random variables 9( ) 9(2) 1,7 = 1, are positive. For any
subsets I C I = {1,...,n}, J C J = {1,. m} and any 0 < €1,e2 < 1, write
I°=T1\1, JC=J\J,

(251( ) {w 9()>51f0rz€I andﬂ(l) slfoquIC}

and
2% (9(2)) {wa: 6 ] ) e, forj € J, and 0(2) < egforpe JoU.

Since {(X;,Y)T, i > 1}, {951), i>1},and {0§2), i > 1} are mutually independent,
by Lemma 1 for £ = i = 0, it holds that

P(Z()g”xi >z, ) 09, > y)

i=1 j=1

~ ZZ [ZZP(QZ(I))Q >z, 25 (00), ej(_z)yj >y, 27(6?))

ICIJC] “iel jeJ

+I 3T POVX; >z, eV, >y, 25 (00), 252 (0@))
iel peJe

+ 3N P(aX, >, 00, >y, 25 (00), 252 (0@))
qgelc jed

+3° ) P(arXy >z, e2Y, >y, 27 (01), 257 (0@))
qelc peJe

n m

<N ST P > w05 (01,68 >y, 25 (09))

i=1 j=14i€lCljeJC]

n m 5 P22
+ ZZ Z Z ].)(01(1))(Z >, 9:,(;2)Yp >y, Qll (9(1)))%
PO, > e2)

i=1 p=1i€IClpgJCJ
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+ZZ Z Z 1)X >, 0 >, 932(0(2)))w

4=1j=1qgICIjeIC] P05 > e1)
P o)) P27 (0@
ST T PEX, > 0 00, 5 ) P < ) P23 (0)
q=1p=1q¢IClpgJCJ] P( e1) P(Op > e2)
_ <1+ - {P(ef) <e) PO <e) PO <51)P(0(2) <52)})
h 1<pasn L P65 > &) PO > 1) PO > &) P(6)) > )
ZZP(Ggl)Xi >, 9§2)§/j > y)
i=1 j=1
Now let £1, 5 | 0 in the above formula. Since 95 and 9(2) > 1 are positive random

variables, we get that (15) holds.

Now we prove (15) for the case where the random variables 9,51) and 0](-2), i,7 = 1,
may take value O with a positive probability. For the above subsets I of [ and J of J, write

Q?(Q(l)) = {wlz 91(1) > 0for: € I, and 9,(11) =0forq e IC}
and
25(0?) = {wy: 6P > 0forj e J, and 6P = 0 forp € J°}.

Thus, for sufficiently large x and y, it holds that

(Za“x > 7, Ze Y, >y>

i=1

<3 ¥ ZZP (00X >z, 67Y; >y, 29(0W), 25(6@))

PDAICIOAJICT i€l jeJ

=S N POV X: >z, 00y, > y),

i=1 j=1

where the second step has used relation (15) for positive random variables 0( and 0(2
1,7 = 1. This ends the proof of Lemma 4. dn

The following lemma is an extension of Lemma 4. It plays an important role in the
proofs of the main result. To prove this lemma, we will follow the line of the proof of
Lemma 2.5 in Wang et al. [20].

Lemma 5. Let {(X,Y)T (X;,Y:)T, i > 1} be a sequence of i.i.d. nonnegative random
vectors with generic marginal dlsmbutlons F € Sand G € S. Assume that X and Y
are SAI with constant p > 0. Let {( . 9(2 )Y, i > 1} be a sequence of nonnega-
tive and upper bounded random vartables but not degenerate at zero. Assume also that
(X, VT (X, )T i > 1}, {9 ,i =1}, and {9 , © = 1} are mutually independent.
Let € and 1 be two mdependent real valued random variables with distributions F¢ and
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F,, respectively, and be independent of all other random sources. If F¢(x) = o(1)F(cx)
and F,(y) = o(1)G(cy) for all ¢ > 0, then for any fixed n > 1 and m > 1,

P<29§1)Xi+§>x, S 6Py; +77>y>

i=1 j=1

~ ZZP(QZO)Xi >z, 9§2)}’j > y)

i=1 j=1

Proof. Tt suffices to prove for any fixed n > 1 and m > 1 that

P<29§1>Xi+§>x, S o0Ply; +n>y>

i=1 j=1
2N S POVX > @ 0y > ) (16)
i=1 j=1

and

P(ZGZ@XH—& >a, Y 09V +n > y>
=1

j=1

n m
<Y S POV X > @ 07y > ). a7
i=1 j=1

We first prove that forany 1 < i <n,1 < j<m,u >0,andv > 0,

i P(HEDXZ- >+ u, 952)}/j >y +v)
11m
@n)=lece)  POMNX, >z, 07Y; > y)

=1. (18)

Since 9(1 and 9 ) are upper bounded, F € S C Land G € S C L, by Lemma 2 we
know that 0( )X and 9( )Y have subexponential distributions.

Ifl1<i<n 1<j<m,andi # j, since X;, Y}, 01(1), and 9§2) are mutually
independent, it holds that

. POV X > x +u, 07Y; > y+o)
fim ) ®)
@n)=oo)  POMNX; > 2, 0PV > y)

—1. (19)

Fl<i<n,1<j<m,andi=j,let0 < 9() Mand0<9(2)<Mforsome
constant M > 0. Slnce X; and Y; are SAI with constant p > 0 and 6‘ )X and 6, 2)Y
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have long-tailed distributions, it holds that

lim P(Ggl)Xi > T+ u, 0§2)}Q >y +v)
@) POWVX, >z, 00 > y)
- p [ M P(X > sy P(Y; > ) P € ds) PO € dt)
T et o[ TP, > )P(Y, > L) P61 € ds) P(0P € di)
0— JO— g s g t 7
B lim P(OEI)XZ' >+ u) P(9§2)Yi >y+v) 1
e POK, > 1) PO >y

which, combined with (19), gives that (18) holds.
We first prove (16). By Fatou’s lemma, Lemma 4, and (18) it holds that

lim inf PO 000X+ €52, X7 0P+ > y)
(@y)=(eooe) S S POV X > 2, 07Y; > )

n m 1 2
(@ Y S POV > a, 077 > y)

o P(¢ edu)P(n € dv)

) P(Ggl)Xi >z +u, 9(-2)Yj >y +v)
// liminf min o 12)
(@,y)=(00,00) 1Shj<m PO, Xi>uz, 0,7Y; >y)

0-0-
P(§_ € du) P(n_ € dv) =1,
which shows that (16) holds.
Relation (17) can be proved by first considering that the random variables 9(1) and

9](2), i,7 = 1, are positive, and then considering that the random variables 0( ) and 9;2

1,7 = 1, may take value O with a positive probability. The way is similar to that of the
proof of (15). We omit the details. This completes the proof of Lemma 5. O

The following lemma can be obtained from Theorem 1 of Li [13] because the random
variables { (0, ) 9(2 )T, i > 1} are upper bounded.
Lemma 6. Let {(X,Y)T (X;,Y:)T, i > 1} be a sequence of i.i.d. nonnegative random
vectors with generic marginal distributions F' € L ND and G € L N D. Assume that

X and Y are SAI with constant p > 0. Let {(9(1 2)) i > 1} be a sequence of
nonnegative and upper bounded random variables, but not degenerate at zero. Assume

also that {(X, V)", (X;, Y)Y, i > 1} and {(92(1), 9§2))T, i > 1} are independent, and
{01(1)’ i > 1} and {052), i = 1} can be arbitrary dependent. Then for any fixed n > 1
and m > 1,

<i9£1 X; >, ZHQ)Y >y> Niip(@m){i >, 9;2)39 > y).

i=1 j=1 i=1 j=1
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In the risk model (1), forany ¢ > O and k = 1, 2, set

t

pe(t) = / e~ Rx(s) B (ds)
o=
and denote

Put) = > d p (t)= inf <0.
P (1) Oillztpk(S)/O and p, (t) Og;@pk(s)\

The result of the following lemma is (19) of Yang et al. [25].

Lemma 7. Consider the risk model (1) with nonnegative Lévy processes {Ek (t), t = 0}.
Then for any fixed t > 0 and any x > 0,

P (65 (1) > z) = P(8kp, (1) < —2) < 2@(6:%), k=1,2,

where @ is the standard Gaussian distribution.

Remark 5. Under the conditions of Lemma 7, if Fj, € S, k = 1,2, by Lemma 7 and (3)
it holds for all ¢ > 0 and ¢ > 0 that

P(61p,(t) > z) = o(1)Fi(cx) and P(862p,(t) > y) = o(1)Fa(cy).  (20)

5.2 Proof of Theorem 1

Firstly, we deal with the upper bound for ¢(x, y, t). Choosing some large Ny, by Lemma 7
it holds for any fixed ¢ > 0, all z > 0, and y > 0 that

N1 (t) Na(t)
< P< XieiRl(Ti(l)) + 017, (t) Z 7R2('r§2)) + 8Py (t) > y)

Z+ZZ > >

0n=0 m=0n=Ny+1 m=Np+1n=0

ZXzeiRl(Tm)+ 1P, (t) Z Yie )y 2Py (t) >y,

i=1

Il
N
iz

S

'-U

Ni(t) =m, Nao(t) = n)

= -71(35,%15) + IQ(xvyvt) + Id(xvyat)
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For I (x,y,t),
Il( z,Y, )

3051555 355 ) oFD b o)

m=1n=1 m=0n=1 n=0m=1 m=0n=0

P<2Xie‘31“f”>+ 615y (t) > . 3 Ve ) 4 5py (1) >
i—1 j=1

Ni(t) =m, Na(t) = n)

= Ii(z,y,t) + Lo(x,y,t) + Lis(x,y,t) + Lia(x, y, t). (21)
Foranyt > 0,n > 1,and m > 1, set
0L = {(zl,zg,...,zm+1): 0< 21 <2< <z <t zm+1}
and
2 ={(g1,02- - n+1): 0 1 S 2 <+ < g << gy ).
By Lemma 5 and (20) it holds that

Ly (2, y,1)
No No m
233 [ [ s )y
m=1n=1i=1 j= 10192 (1) )

m "P( edz, ..., fnj_ledzmﬂ,rl( edq, ...,

T,S_H € dqn+1)

o o ot
<ZZ//P(X,» > pelt(®) Y; >yeR2(p)) ( Eds 7' Edp)

0-0-
00 t
~y P(Xie > ) P(Ye f20) > ) P(rV e ds, 7% € dp)
i=11<j#i<oof_ )~
o t t
+ PZ //P(Xiele(s) > x) P(YiefRz(p) > y) P(Ti(l) € ds, Ti(2) € dp)
=lg-0-
¢t
= //P(Xe_Rl(s) > a:)P(Ye_RQ(p) > y) A(ds, dp)
0-0-
¢t
+(p—-1) //P(Xe*Rl(s) > z) P(Ye 20 > y) X(ds, dp)
0-0-
=: ¢(x,y,1). (22)
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For I15(x,y,t), since F; € S and e () <1, as.,t > 0, by Lemma 2 it holds that
X e~ f1(%) has a subexponential distribution. Thus by Lemma 7 we get that for any ¢ > 0,

P(6:7,(t) > z) = o(1)P(Xe 1) > z). (23)
(2))

Since {Vj, j > 1} are i.i.d. and e~ F2("s
al. [20] and (20) it holds that

2l

< las., 5 =2 1, by Lemma 2.5 of Wang et

- @
}/je_RQ(Tj ) _|_ 52§2(t) > Y, N2(t) = n)
1

Jj=

t
< / P(Ye () > 4) Ao (dp). (24)
O_
Thus by (23) and (24) it holds that

n @
La(z,y,t) SP(61p(t) > = ZP< Yie U4 65p,(t) >y, Na(t) = )

n=1 j=1
t

= o(1)P(Xe (") > g) / P(Ye () > y) Ay (dp). (25)
K4

From the definition of ¢(z, y, t), since Tl(l) is independent of {T,EQ), k > 1}, it holds that
allt > 0,2 > 0,and y > 0 for

o) > (pADYD / / > )P (Ve > )

=1 1 T
O b ¢ g, 7 € dp) (26)
t
> (pA1)P(Xe O s 2y P(TV < f) /P(Ye*Rz(M > y) Ao(dp) (27)
K

> (p ADP(T < ) Ao ()P (Xe O > )P (Ye 20 > y). (28)

Similarly, since 7\ is independent of {T}\"), k > 1}, it holds for all £ > 0, z > 0, and
y > 0 that

d(z,y,t) = (p AP (Ye B0 > )P(TP) < 1)
t

X / P(Xe ™) > 2) \i(ds). (29)

0-
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Since P(T™" < t) > 0, by (25) and (27) it holds that
112($7yat) = 0<1)¢($7yat) (30)
Similarly, by P(T\* <) > 0 and (29) we can obtain that

113($7yat) :0<1)¢($7y7t) (3])

For I14(z,y,t), similar to (23), it holds that for any ¢ > 0,
P (6255(t) > y) = o(1)P(Ye () > y). (32)

By (23), (32), (28), P(T" < #) > 0, and A5 (t) > P(T'® < t) > 0t holds that

Il4(x Y, ) ((51]91( ) )P(52p2(t) > y) = 0(1)¢($7y7t) (33)
Thus, by (21), (22), (30), (31), and (33) it holds that
I1($7yat) §¢(x,y,t) (34)

As for I5(z,y,t), it holds for any ¢t > 0, x > 0, and y > 0 that

I2(x7y7t)

N 0o m

m=1n=Ny+1 i=1

n (2)
D Ve ) 4 55py (1) >y, Ni(t) = m, Na(t) = n)

j=1
+ Z P<51p1 ) >z, ZY67R2 i +52p2( ) >y, Nao(t) = n)
n=Np+1
= -[21 (.’)37y,t) + 122(3372/’75)- (35)
We first deal with Iy (z,vy,t). Since {(X;,Y;)", i > 1} are ii.d. and {(X;,Y;)7,
i = 1}, {Ri(t), t > 0}, {R ()t) > 0}, T(l), and, T(2) are independent, it holds
for any ¢ > 0 that (X e (M )1{T<1><t}7Ye’R2( 1 )1{T(2)<t}) i > 1} are i.i.d.

Since 0 < e_Rk(T( ))1{T("> <y S <1 and Fk e S, k = 1,2, it follows from Lemma 2
that Xe~Fu(Ti TV ¢ and Ye Ra(T | )1 (TP <ty have subexponential distributions.
Because X and }j are SAI with constant p > 0, we know that for any ¢t > 0 satisfying

P(rM <t)>0,k=1,2,

>z, Ye*R2(T1(2))1 > y)

—R T(l)
P(Xe (T )1 (TP <t}

{r{V<t}

— 1) _ (2)
~ pP(Xe ()1 2)P(Ye =1 6 >y),  (36)

(rV<ty <
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and, similarly to (20), we get that

P (017 (1) > z) = o(1)P(Xe (T (1))1{T1<1)<t} > )

and
B _ ©)
P((52p2(t) > 2/) = 0(1)P(Ye it )1{T1(2)<t} > y)

—Ry(1® e
Thus {(X;e~f (111 T <pyr Yi€T R2(Ti7)1 T<2><t}) s> 11 &= 0Py (t), and ny =

02D (t) satisfy the conéhtllons of Lemma 3. Thefefore, by Lemma 3, (36), and (26), for
any €9 > 0, there exists a constant X > 0 such that for all z > 0 and y > O,

Iy (z,y,t) Z Z P(ZX e BT {T1(1><t} + 0P, (1) > =z,

m=1n=Np+1 =1

- (@ _
ZY}G Ry (T )1{T1(2)<t} -+ (52p2(t) > y)
j=1

XP(Nl(t) —1 NQ() n—l)

No o)
<SKEY Y (+e)™ " P(Ni(t) >m—1, Nat) > n—1)

m=1n=Nyp+1

x P(Xpe (T )P (Vie B0

(riV<y ~ <y > Y)

< 2p*1KP(Xle*R“Tf”)l{T;w} >, Yie M1

XZ Z 1+e0)™™P(Ny(t) >m —1, Nao(t) >n—1)

m=1n=Np+1
< 2p‘1(p/\1)‘1K¢(x y,t)

XZ Z 1+e0)™ P (Ni(t) > m —1, Nao(t) > n —1).

m=1n=Np+1

<ty > Y)

Choose some small enough €y > 0 such that

> (L4e0)™ ™ P(Ny(t) = m—1, Na(t) > n—1) < oc.
m=1n=1
Thus ( )
. . 21(Z,y,t)
N})ILnoo lim sup (x4, 1) = 37

For Iy (x,y,1),
Ina(x,y,t) = P(617,(t) > )

Z P(ZYeR2 D) 4 6uBy(8) >y, Na(t) = n)

n=Np+1
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Using the same proof of (37), by Lemma 2.6 of Wang et al. [20], (23), and (27) it holds
that

. P 122(35,2/775) _
N})linoohmbup o0 0.0) = 0. (38)

By (35), (37), and (38) it holds that

IZ(xvyvt)

lim limsu =0. 39
No—ro0 P (z)(xayat) ( )
Using the similar proof of (39), we can get
N (z,y,t)
lim limsup ————= = 0. 40
No—o0 P d)(xayat) @0

Thus, by (18), (34), (39), and (40) we get the upper bound for ¥ (z, y, t).
Next, we prove the lower bound for ¥ (z,y,t). By 0 < ¢ (t) < My and R (t) > 0,
forany ¢ > 0 and £ = 1,2, it holds for any ¢t > 0, z > 0, and y > 0 that

Nl(t)
w(l‘, yvt) 2 P( Z Xie_Rl(Ti(l)) - (511771(t) — Mot > x,

i=1

Na(t) CRa(+) _
Z Yie 72V ) — 9Py (t) — Mot >y

=1
=: J(z,y,1).

Since —0;P;, (t) — Mot < 0, k = 1,2, it holds that for all ¢, > 0, k = 1, 2,

P (817, (t) = Mot > z) = O<F1(x>)

1
and

C2

P (—05P,(t) — Mot > y) = o(FQ(y»

Thus, by Lemma 5 it holds that

J(2,y,1)
No No m
SHul P(zxie—w —5ipi(0) — Mot > 5
m=1 n:1‘(23n‘(2% =1
> Yie R4 — 5opy (t) — Mot > y)
j=1
P(rVedz, ..., 7)€ Az, 1€ day, -, 7€ dgnyn)
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//PX TG S g yie R ) S )

L

m n

P(rM edz, ..., 7, € dzpyr, 7Y €dar, -, ) € g

(£55 5 5 S)5s

m=1n=No+1 m=No+1ln=1/ i=1 j=1

) > 1, }/"je*RZ(Tq@)) >y, Ni(t) =m, No(t) = n)

= Jl(xvyvt)_JQ(xayvt)_J3(xayat)‘ (41)

By the proof of (22) we get that

P(X;e f(r

Jl(xayvt) ~ (b('ray?t) (42)
For JZ(xvyat)’by (26)
JQ(‘T yvt)
o0 oo t
S(pVvl) Z Z // P(Ni(t—s)=m—1, No(t—p) =n—1)
m=tn=Notlg-q- P(Xe —Ri(s) )P(Ye*Rz(p) > y)

P(T( ) e ds, TfQ) e dp)
<(pV D) (p AD)TE[NI(E)Na(t) 1wy )2 30} ] ¢, 1),

which, combined with E[N; (t) Na(t)] < oo, yields

J2($7y7t)

N})linoc lim sup m =0. (43)
Similarly, we can get
J: t
lim limsup J3(@, 1) = (44)
No—o0 ¢($, Y, t)

By (41)—(44) we get the lower bound for ¢ (z, y, t). It completes the proof of Theorem 1.
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