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Abstract. In the present paper, symmetry and soliton solutions of the Q(L, m,n) equation are
investigated. The infinitesimal operator of this equation is obtained by virtue of Lie group analysis.
Taking different values of the parameters for the coefficients, the corresponding vector fields are
obtained. Subsequently, soliton solutions of this equation are obtained for different parameters
relying on the solitary wave ansatz method. According to different parameters, new soliton solutions
are obtained. Also, conservation laws are also derived. Reciprocal Bicklund transformations of
conservation laws presented from the known conservation laws.
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1 Introduction

Nonlinear evolution equations (NLEEs) play a central role in many fields, such as mathe-
matics, physics, engineering, and so on because these equations can better describe natural
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phenomena. In the last few decades, a great many of nonlinear evolution equations have
been investigated extensively by various methods, which include, for example, the Hirota
bilinear method [8, 11], the inverse scattering transformation method [1], the Darboux
transform method [9], the Bécklund transformations method [20], the Hamiltonian system
method [12-14], exponential function method [10], the Lie symmetry method [5, 6, 17,
29-35, 37], and so on. Using these methods, many nonlinear evolution equations are
solved. Solitons are known to play an important role in nonlinear science. Switching,
explosion, and chaos of multiwavelength soliton states are presented in [28]. The authors
of [27] studied dynamic modeling and coded information storage of vector soliton using
deep learning method. Solitons and their biperiodic pulsation in ultrafast fiber lasers
are investigated in [15]. The authors of [18] proposed a novel physics-informed GAN
with gradient penalty (PIGAN-GP) to predict solutions of the 2-coupled mixed deriva-
tive nonlinear Schrodinger equation. Nonlinear Schrodinger—-Maxwell-Bloch equation
[36] is studied via the phPINN. Data-driven vector degenerate and nondegenerate soli-
tons of coupled nonlocal nonlinear Schrodinger equation are investigated via improved
PINN algorithm [19]. The stability of solitary traveling wave solutions of the (3 + 1)-
dimensional mKdV-ZK equation is investigated in paper [22]. A lot of soliton solutions
of the fractional Wazwaz—Benjamin—Bona—Mahony equations obtained in [23]. Some
new exact solutions of two kinds of nonlinear Schrédinger equation are derived through
the variational principle method and amplitude ansatz method [24]. In [25], variational
principle and optical soliton solutions of some types of nonlinear Schrodinger dynamical
systems are investigated. In paper [26], two types of nonlinear Schrédinger equations
are studied via variational principle method, some soliton solutions also presented. In [7],
some new soliton solutions of a coupled generalized nonlinear Schrodinger system are
reported using Darboux transformation.

The Q(L,m,n) equation, which will be investigated in the present paper, is given
by [21]

ut—l—buw—ka(umﬂ)x—kw[u(u") ]x+5[u(uL)4 ] =0. (D

TrxT xd T

Here in (1) a, b, w, and § are constants. This equation contains fifth-order nonlinear
dispersion term. It also includes some important nonlinear evolution equations, such as
fifth-order KdV equation, generalized KdV equation, and so on. Because this equation
contains many important nonlinear evolution equations, it is necessary for us to study this
equation. To the best of our knowledge, a systematic study of this equation from a group
perspective and the study of the conservation law of this equation have not been reported
in the literature so far. The main contribution of this paper: (i) The corresponding infinites-
imal transformations of this equation are obtained for different parameters. (ii) Some new
soliton solutions were obtained. (iii) Conservation laws and Bécklund transformations of
conservation laws were obtained.

In the next section, for different parameters, we derive the corresponding infinitesimal
operator. In Section 3, solitons are described using the solitary wave ansatz method.
Conservation laws are derived in Section 4. Based on the obtained conservation laws,
reciprocal Bécklund transformations of conservation laws are displayed in Section 5.
Conclusions are presented in Section 6.
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2 Symmetry analysis

For the Lie group of point transformation [5,6,17,29],
V= € ) 4 € ) o ()

where
t* =t + e (x,t,u) + 0(62),

¥ =x+ e (x,t,u) + 0(62),
ut = u+ eny(z,t,u) + O(e?).
That is to say, for (1), we need consider fifth-order prolongations formula

0 0

Ougy

PrOV =v ¢ nii + nﬁi + 05"
Ouy Ouy,
0]

)
8uIIZL’$I

where 7L, 7, 157, 75, 72, and g

conditions Pr(5)V(A) = 0, where A = 0 in Eq. (1). As this equation contains several
arbitrary constants, so we need to consider several cases.

are functions to be fixed. For invariance

Case 1. For the general case,

(6#0, (=1 +m)m(1+m)(—2+3m)(5m —3L)L # 0, w # 0, a #0),

(L(=543L)#0,6 #0, w#0, a#0, m=1),
(L(—10+9L)#07 0#0,w#0, a#0, m=§>,
5m

(570070 miem #0020 a0, 2= "),

and one can get
Nu = 07 Sx = C2, gt =C1.

Thus, for the general case, the Lie algebra is spanned by the following vector
fields: 9 9

o’ ST
It is easily get the one-parameter Lie symmetry group

Vi =

Gy : (z,t,u,v) = (x — €1, t,u,v),
Gsy: (z,t,u,v) = (z, t — €9, u,v).

The corresponding vector fields can be obtained in these next cases, and they
will not be listed one by one.
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Case 2.

Case 3.

Case 4.

Case 5.

Case 6.

Case 7.

Case 8.

Case 9.

Case 10.

G. Wang et al.

If welet § # 0, m(1+m)(5m — L)L # 0, a # 0, w = 0, one can get

4dbmtcy ~ (L—m)xcs 4ucy

t: t S = ———.
C=ctie ¢ I—5m = L_pm % T o7

If§ #0,L+L?+#0,a+#0,m = L/5 w =0, one has

uc
§h=cy, & =-blcytaci ez, = #

When § # 0, L(14+3L)(3L —5m)(—1+m)m(—2+3m) # 0,w # 0,a = 0,
one can have
2b(L—2m)tcy + Laxcy — macy + 3Les — 5mes

t: t T _
5 ci + C2, 5 3L—5m )

o 2’LLC2
- 3L-5m’

Considering 0 # 0, L(1+3L)(—104+9L) # 0, w # 0,a = 0, m = 2/3, yields

My

~ 2b(—4+3L)tcy + (—2+3L)xcy + (—104+9L)c3

t _ t T
§=ctier ¢ —10+9L

6ucy

= o9

While § # 0, L + 3L? # 0, w # 0, a = 0, m = 3L/5, one can obtain

3uc
&=cy, & =-blc;+aCcitcez, My = ml'

Let us consider 6 # 0, L(—=5+4+3L)(1+3L) # 0,w # 0,a =0, m = 1, we get

s 2b(=2+4L)tcy + (—1+L)zcy + (=5+3L)c3
N —5+3L ’

gt =c1+ tCQ, 5

o 2UC2
- —543L°

If6 #0,L(14+3L)(5+3L) #0,w #0,a # 0, m = —1, one can obtain

N

2b(2+L)tC2 + (1+L)1‘02 + (5 + 3L)C3
t — t T _
f c;+ Co, g 5+3L ’

o 2’LLC2
= s

When 6 #£0,w #0,a #0, L = —5/3, m = —1, one can have

&t = co, &% = —btcy + xcy + c3, Ny = —3ucy.
While § #0,w #0,a =0, L =—1/3, m = —1/5, one can derive

£ = cy, &% = —btcy + xc1 + c3, Ny = —1bucy.
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Case 11.

Case 12.

Case 13.

Case 14.

Case 15.

Case 16.

Case 17.

Case 18.

Case 19.

Case 20.

If6 #0,w#0,a#0,L =-1/3, m = —1, we have

5 Tc
ft =c1 + teog, &= gbtc2 + ?2 + c3, Ny = ——-
Let L #0,0 #0,a # 0, m = 0, one gets

4uc
&= ¢y + tey, §" = xcy +cg, Ny = L2

Form(1+45m) #0,5 #0,w # 0,a =0, L = —1/3, one can present

~2b(1 + 6m)tey + (1 + 3m)xcs + 3(1 + 5m)cs

t — t x
g c1 + Co, f 3+15m

2U02
1+5m’

When (a =0, m =0, L + 3L?§ #0), (a =0, w =0, Lmé + 3L?>md #0),
(m=—1,w =0, aLé + 3aL?§ # 0), we obtain

T =

u(5C1—C3)
L

If (a=0,L=—-1/3,m=0,6#0), (a=0, L =—1/3,w=0, md#0),

(L=-1/3, m=—1, w =0, ad # 0), one derives

& =co+tes, " =uwmci+bt(—ci+c3) s, M=

ft = c2 + tcs, & =xcy + bt(—cy + C3) + Cy4, Ny = 3u(—501 + C3).
While (L =0, m = —1/2,aw # 0), (m = —1/2, § =0, aLw # 0), one can
give

§t =c; + tca, gr = btcy + c3, Ny = 2UCs.
When (L = 0, amw + 3am?*w + 2am3w # 0), (§ = 0, aLmw + 3aLm?w +
2aLm>w # 0), one derives

uc
gtzcl +t027 £I:btc2+031 nu:_i~
m

If (L=0, m=—1, aw#0), (m=—1, 6 =0, aLw # 0), one can obtain
' =co+tes, £ =y +bi(—ci+c3)+cq, Ny =u(—3ci +c3).
While (a=0, L=0, m=-1/2, w#0), (a=0, m=—-12, §=0, Lw #0),
one can derive
& =cy +tes, &% = xzcy + bt(—cy + ¢3) + ¢y, N = 2u(—3cy + c3).

For (a =0, L =0, mw +2m2w # 0), (a =0, § = 0, Lmw + 2Lm?w # 0),
one can derive
u(3c; —c3)

¢ = ¢y + tes, & =xcy + bt(—cy + c3) + ¢4, Nu = -
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3 Soliton solutions

In this section, we will focus on the solitary wave solution of (1). In general, it is difficult
to find Lax pairs. Thus, without any loss of generality, we looking for the solitary wave
solution to (1) as follows [2—4]:

u(x,t) = and 7= B(x — vt),

cosh? 1
where A means the amplitude of the soliton solution, while B represents the inverse width
of the soliton solutions. v means the soliton velocity. The unknown exponent p will be
determined by L, m, and n. One can get

1 1
= ABvp——— tanh7 — ABbp———— tanh
0 P osnPr T P oshPr T

1
—aA™ ' Bp(m +1)————— tanhr
P )coshpm+p T

1
n+1p3,3, 2
—wA" T B°p*n®(n + Ucoshpnﬂ’r tanh 7

1
n+1 np3

1
— SAMHI BSOS LA (L +1)————— tanh 7
LA )coshpL+pT

1
L+1 b 2712

— AP B pL(pL + 1)(pL + 2)(pL + 3)(pL +p + 4) tanh. (2)

coshPEHpt+d -

As this equation contains some constants, we will consider THE following cases:

Casel. L =m, m # n.
From (2), letting the exponents pn + p equal pL + p + 2, one can get
2

m+p=pL+p+2 = p=—.
n—L

To guarantee the existence of soliton solutions, it also needs
pm+p+2=pL+p+4

In this way, the coefficient in front of each independent term should be zero. Therefore,
from the terms (1/ cosh?7) tanh?7, (1/ cosh”*™P7) tanh 7, (1/ cosh?*P*27) tanh? 7,
and (1/ cosh?“ P 7) tanhP 7, setting their coefficients to zero, one can get

n—1L a
= B: & —_—
v=>b 2L 5
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To ensure the existence of the solution, we also require L = 2n + 1, in this way,

A= (2 FniCntD) L R O L Y
C\T0(15nd 412 + T+ 1) /=1 ’ o22n41YV &
2

P:*mv

and L = 3n,

1 4000a 1 a 1

for this case, it needs to have ad < 0.
Therefore, the soliton solution of the Q(L, m,n) equation in the case L = 2n + 1 is
given by

(.8) = (2 wn?(2n + 1) 1 \Y/0rh
YT TS 1T+ T+ 1) /=2
. 1

cosh72/(n+1)(—% P /=% (x — bt)) ,

also, for the case L = 3n, we get the soliton solution as follows:

o) {_ L (_4006a>} 1 3
u(z,t) = exp n n 02 COShil/n(_%H(x —bt))' ®

Letn=1,a=1,0 = —1,w = 20, b = 1, some figures are listed as follows.

Figure 1. Figure of solution (3).

Nonlinear Anal. Model. Control, 30(3):517-532, 2025
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Z/ 10
in 5 [) ] 1o
Z :
Figure 2. Contour plot of solution (3). Figure 3. Density plot of solution (3).

Casell. L =n,m # n.
In this case, considering the exponents pm + p = pL + p + 4, one has

4

pm+p=pL+p+4 = p= :
m—1L

Therefore, for these functions, (1/cosh”7)tanhr, (1/cosh”” ™ r)tanh7, and
(1/ cosh?™ P2 1) tanh 7 are linearly independent, their coefficients should be zero,

v=>, “4)
La(L?*+2L +1)

w = Bz(eln(A)L)2A2(L + 3)(L _ 1)7 (5)
1 L? + 2L +1)2
5:_7 CL( + + ) , m:—(L—i-Z),
4 B4L(e1n(A)L)2A2(L +3)(L-1)
so, we have

( La(L—|— 1)2 )1/(2(L+1))

wB2(L 1 3)(L 1) ©
or
B 1 a(L+1)4
A= eXp{_2(L+ ) (21“2 - ln(_B4L5(L+3)(L . 1)))} )
and
2
Rt

In this case, the velocity of the soliton is decided by (4), the soliton width is given by (6)
or (7), and the amplitude of the soliton is shown by (5).

Case Ill. L # n # m.
For this case, it can be said that solitons do not exist since m = 0, L = 0.

https://www.journals.vu.lt/nonlinear-analysis
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4 Conservation laws

The conservation law is, in general, written in the following form:
T4+ T% = 0.
We still discuss it in several cases.

Case I. For the general case, we rewrite (1) and get

us + (bu + a(umﬂ) + w[u(u")m} + 5[u(uL)4w])l_ =0,
therefore, we have the conservation laws
Tt =, T = bu + a(umﬂ) + w[u(u")m] + 5[u(uL)4w}. ®)

Case II. For the case n = 1, L = 1, using the multiplier method [5], we can obtain
that the multiplier is ¢; + c2 In u. Therefore, the conservation laws are

Tt = u, T° = bu + a(u™) +w [u(u)m] + 5[u(u)4w]
and
T' =ulnu —u,

T =™ lalnu — G 4 Ut pw IN U+ Uty pesd N

m+1u

1 1
— iuiw — UppaUsd + iugl + In uub — ub.

Case III. For the case m = 1, n = 2, L = 2, considering the multiplier method [5],

one can get the fourth-order multiplier
2(0Uprar + Wz + %)Clvﬁ + 2C36

20
n ((8ugtizgy + 6u2,)C1 + 202)8 + 2wuCh)u

20 '

Thus, one can get the conservation laws as follows.
For the multiplier 1, one has

T = u,

T = 202 Uppw + 20 Upppnd + 2uu§w

+ SUlpUpzzd + 6uuix(5 +u’a + ub.

A=

If the multiplier is u, one has
L,

Tt = =
2t

1
T u2u§w + 7u2ufn5 + §u2b + 6uy Ut Uy — 4uu§uw6

2 .
+ §u3a + 2003 Upppn + 20U UL, + uié.
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While the multiplier is

1 W20l + 8ULUgr + 60U, + 2wty + 2wu? + au)
1= ’
20

one can get

U2 (30Ul grzs + 120UpUppy + 90U, + SwWUly, + 3wu? + 2au)
126 ’

23 2,3,2
+ 960" U UgUgpaUpzar + T20°U UL Ugraa

Tt =

T = 1—;6(1252114%26”1.
+ 19262u2uiuim + 28862u2uxuixuxm + 10852u2uix + 240wutt gy Up pen
+ 246wu3uiumm + 960wuB Up Uy Uppy + 72(5wu3uim + 96§wu2uiumm
+ 720wuuiu?, + 12w%utu?, + 24w P ut ug, + 120% 0% ud + 12060 g ppy
+ 48aduP uptypy + 36a5u3uiw + 12awut g, + 12awu3ui + 3a%u?
+ 1260w uptgyy — 6b5u2ufm + 24b5uuium — 6b6ui + 6bwu2ui + 2abu®
— 30U Utpms + 30UP UL ULy — 150U Uty Ugy — 30U Uspy s + 180UULUL Ugy

+ 65uumui — 65utui — BwuPug, + 3wu2utuz).

Case IV. If m = 2,n = 2, L = 2, using the same idea, one can obtain the multiplier

C 2 T
A1 = C1vPugpps + 401 UUL U pe + % + 3u§x01u
Cruwu? 1 Crau?
V% Z 2170 O+ Cs.

] 2 9

In this way, the conservation laws are given as follows.
For the multiplier 1, one has

T = u,

T = au® 4+ 200 Upprs + 80UULUpps + 65uuiz + 2wt uy, + 2wuui + bu.

If the multiplier is u, one has

T = %u{

1 3
T = vulw + Tuu2, 6 + §u2b + 610U Uy — AUUZ U0 + Zu‘*a
+ 2003 Up g + 20U ULy + uid.
When the multiplier is

1 W(20Ulppz + 8OUL ULy + 60U, + 20Uty + 2wu? + au?)
1= )
20

https://www.journals.vu.lt/nonlinear-analysis
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one has

U (20Ul grpe + 80U Uprr + 66U2, + 2wUtlyy + 2wu2 + au?)
80 ’
1 5
T = %(QaQuG + 8adu Uy ppy + 32a0Uu Uy Upyy + 24:(1(51141130z + 8awu Uy,

4,2 24,2 2.3 2.3 2
+ Bawu uy + 86U ULy + 640 U UL UpprUgrre + 480U UL L Upran

+ 12852u2u§u2 + 192(521121Lmufmumm + 7252U2Uiz + 160wt py Uppes

+ 165wu3uiumm + 640wul Up g gy + 48(5wu3uix + 645wu2uiuxm

+ 486wuuu?, + 8w?utu?, + 16w uluug, + Sw?uul + abu’

+ 8b5u2u$uwwx4b5u2uim + 16b(5uuium — 4b(5ui + 4bwu2ui — 20U Utgpn

2
T

T' =

+ 200wty — 10002 Utp gy — 2002 Utpptiy + 120Ut Up iy, + 40Ut
— 46utui — 2wulug, + 2wu2utux).
Case V. When m = 3, n = 3, L = 3, repeating the previous steps yields that
A = Cgu2 + .
Therefore, for the multiplier 1, one gets
T = u,
T = au® + 360 tpprs + 24002 Up Uprw + 186u2u§m

+ 360uuUsy + 3wu Uy, + 6wuu’ + bu.

While the multiplier is 12, we have

Tt _ lu?)
3 b)
T% = 18u*Sugyptiy + 3wu4u§ + 215u4uim + 3wt Uy
1 2
+ §u3b + gauG + 3Upgaau’d + 125u3uium.

5 Reciprocal Bicklund transformations of conservation laws

In this section, based on the paper [16], we will investigate the reciprocal Bicklund
transformations of conservation laws for Eq. (1).
The authors of [16] derived the following results:

0 _Fo 00 _10
Oy T, 8 0y T,

(1), + (17)., =0, ©)

From this result, for given conservation laws, one can get reciprocal Bicklund transfor-
mations of conservation laws.

Nonlinear Anal. Model. Control, 30(3):517-532, 2025
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In this case, from (8) one has

Tt = u, T* :bu+a(um+1) er[u(u”)m] +5[u(uL)4$].
Therefore, from (9) one can get the reciprocal Biacklund transformations of conservation
laws as follows:

1 1

™y =7=1

T u

(rey = _F _ bl ) o)) + Slu(ut)e]
T u '

Substituting (10) into (9), one has

)

(10)

bu + a(u™ ) + wu(u™)ee] + 0u(ul) sy —ue  —uy

U u? u?
1 (_ bu + a(u™ ) + wlu(u™) ) + S[u(ul) ] )

u u

(bu + a(u™ ) + wu(u™)pp] + 6[u(u?)sz])us — vug
)

+ —(bu + a(um+1) + w[u(g")m] + 5[u(uL)4z])mu

| el ) + ()] + Sfu(u )
u3

—ury — (bu + a(u™) + wlu(u™)ze] + Sfu(ul)sz]) zu

w3
—u(ug + (bu+ a(w™ ) + wlu(u®)e] + Slu(u)as])s)
w3

= (1), + (7)), = 0.

/!
1/,/

For other cases, we can get similar results. For the sake of simplicity, we will not list
them all.

6 Conclusions

In this paper, the integral of Q(L, m,n) equation is studied by means of the solitary wave
ansatz analysis. Firstly, using the Lie group analysis, the corresponding vector fields are
derived for different values of exponents and coefficients. According to the solitary wave
assumption method, new soliton solutions are obtained. Also, some conservation laws
also presented. The obtained results are of great importance for the study of this equation.
In this paper, we study only the case of constant coefficients of this equation, however,
for many complex physical phenomena, the case of constant coefficients often does not
satisfy our needs. For the case of its corresponding variable coefficients,
up + fi(t)ug + fo(t) (™) + () [u(w™),, ], + fa@®) [u(u®),, ], =0,
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as well as the case of fractional order,
ug' + buy + a(um"’l)z + w[u(u")m]x —+ 5[u(uL)4z}x =0,

etc. are worth studying.
In addition to the cases mentioned above, if we assume that © = v,, one can derive
the potential equation

Ut + b’l}ww + a((vw)m+1)x + W[Uw ((Ul)n)rz]z + 5[1]1 (t(vl)L)Mc]z =0
and potential systems

vemu = bt a( ) s fu(u), ] +afu(ut), ]

All these issues will be reported in future papers.
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