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Abstract. This paper explores fractional-order complex-valued neural networks (FOCVNNs) with
time delays and discontinuous activation functions. A novel fractional-order inequality is utilized
to study this system as a whole without dividing it into different components in the complex plane.
Firstly, the existence of global Filippov solutions in the complex domain is proven by using the
theories of vector norms and fractional calculus. Next, some sufficient conditions are derived to
ensure the global dissipativity and quasi-Mittag-Leffler synchronization of FOCVNNSs through the
use of nonsmooth analysis and differential inclusion theory. The error bounds of quasi-Mittag-
Leffler synchronization are also estimated without relying on the initial values. Finally, some
numerical simulations are conducted to demonstrate the effectiveness of the presented findings.

Keywords: dissipativity, fractional-order complex-valued neural networks, quasi-Mittag-Leffler
synchronization, time delays, discontinuous activations.

1 Introduction

Fractional calculus is widely recognized as the extension of conventional integer-order
differentiation to include noninteger orders [2, 17, 22]. The most crucial reward of the
fractional derivative lies in its nonlocality and possession of weakly singular kernel. It has
been proven to be a powerful tool for depicting the memory and hereditary properties of
various substances and processes. Furthermore, we have noted that fractional differential
equations exhibit infinite memory and a greater degree of freedom. Due to these advan-
tages, fractional-order derivatives offer a more comprehensive understanding of complex
systems and phenomena than their integer-order counterparts, and they possess more
intricate properties [3, 12, 14, 17-19, 25]. Thus, the dynamic analysis of fractional-order
systems is of great significance, and some excellent results have been reported [2, 12,22].
In recent years, some scholars have recommended fractional calculus into neural networks
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(NNs) to form fractional-order NNs (FONNs) and discussed the dynamics of FONNs
[3,18,25].

However, it is worth noting that parameters may not always be compatible in the actual
implementation of synchronization. Consequently, the synchronization error cannot tend
to zero as time passes, that is, the synchronization error is unable to be eliminated, and
complete synchronization cannot be achieved in the presence of parameter mismatches.
Hence, under such circumstances, it is necessary for us to analyze the bound of the
synchronization error and know how to control it within a small range to realize the quasi-
synchronization. Recently, the issue of quasi-synchronization has garnered considerable
attention, and numerous significant findings have been reported in the literature [7,23].

We known that most practical applications of neural networks are related to com-
plex signals, which cannot be solved by real-valued neural networks (RVNNSs), however,
complex-valued neural networks (CVNNS5) can be used to solve such problems [21]. So,
the investigations into the dynamical characteristics of CVNNs have become more and
more important in both theory and application fields [11,24]. In additions, time delays
are usually encountered in the study of linear and nonlinear systems of various real-world
applications such as engineering, biological, and economical systems [10, 24]. Hence,
many researchers have focused their attention and much interest to extensively look into
the dynamical properties of CVNNs with time delays.

To the best of our knowledge, most excellent results of FONNs were established on
the premise of Lipschitz-continuous activations. However, considering the limited channel
bandwidth and the external interference, it is unrealistic to realize continuous signal out-
put and information communication between neurons. Discontinuous activation functions
are necessary to be introduced into FONNSs. In fact, discontinuous activations have been
proved really useful as an ideal model of activations with very-high gain, and such models
have been frequently applied to solve constrained optimization problems via a sliding
mode approach [4,9]. Then more and more researchers pay more attentions to studying
neural networks with discontinuous activations, e.g., [8, 16], because the fractional-order
models can describe the systems more precisely than the integer-order models in practice.
Therefore, it is necessary to consider discontinuous activations in the dynamic analysis of
FONN:Ss. In [7], the authors are concerned with fractional-order discontinuous complex-
valued neural networks. However, time delays were not considered in their models.

Introduced in the early 1970s, dissipativity is a fundamental attribute of dynamical
systems. The concept of dissipativity expands upon the idea of a Lyapunov function and
has a broader applicability. It has been employed in diverse fields such as stability theory,
chaos and synchronization theory, system norm estimation, and robust control. Currently,
compared to the research on the dissipativity analysis of integer-order neural networks,
few authors have discussed the dissipativity of FOCVNNs [5-7,23].

Motivated by the above discussions, in this paper, we introduce a class of FOCVNNs
with time delays and discontinuous activations. The contributions of this paper are as
follows.

(i) A novel lemma is established by constructing a suitable fractional differential
inequality. Our conclusions improve some results of the literature [7]. The ad-
vantage of the proposed lemma is that it can directly deal with the delayed terms.
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(i1) Based on the above inequality, nonsmooth analysis, differential inclusion theory,
and fractional Lyapunov stability theory, some sufficient criteria of the dissipa-
tivity and quasi-Mittag-Leffler synchronization for FOCVNNSs are obtained.

(iii)) FOCVNNs with time delays and discontinuous activations are investigated by
using Lyapunov direct method rather than real decomposition method.

(iv) The error bound of quasi-Mittag-Leffler synchronization is estimated without
reference to the initial values. So the results in this paper are less conservative
and more general.

Notations. Throughout this paper, let R, C stand for the real number set and the complex
number set, respectively. R™ denotes the set of n-dimensional Euclidean space, and C"
denotes the set of n-dimensional complex space. 7 is the conjugate of x = a +ib € C,
where i = /-1 is the imaginary unit. “a.a”” implies “almost all”. For vector x =
(21,%2,...,2,) € C" the norm ||z||ls = (31, #4]*)/2 = (1, 2:7;)'/? is defined.
C"([to, +00), C) is a set composed of all continuous and n-order differentiable functions
from [tg, +00) into C. K (M) denotes the closure of the convex hull of set M. Define
[G(z(t))||F = sup,ec(a()) IV]2 for the differential inclusion CDga(t) € K(x(t)).

This paper is organized as follows. In Section 2, some preliminaries are introduced,
model formulation are presented. Our main results are presented in Section 3. In Section 4,
two examples are given to show the rationality of theoretical results.

2 Preliminaries and system description

In this section, we introduce some necessary knowledge with respect to fractional calcu-
lation and establish a pivotal inequality, which will be useful in proving our main result.

2.1 Preliminaries

Definition 1. (See [14,17].) For a function f(¢) : [tg, +00) — C, the Caputo fractional-
order integral of f(¢) with order & > 0 can be defined as

t
0= gt fie-o

where I'(+) is the Gamma function.

Definition 2. (See [14,17].) For a function f(t) € C"([tg, +00), C), the Caputo fractional-
order derivative of f(t) with order n — 1 < a < n is given by

O B 0
tct;Dt f(t) - F(’I’L _ a) / (t _ S)a—n-‘rl ds,
to

where t > t, and n is a positive integer.
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Definition 3. (See [14,17].) The one-parameter and two-parameter Mittag-Leffler func-
tions are defined as

400 k +o0 k
z z
Ea = T/ 7., 1\ Ea. = T/ 1. 2\
() ,;) T(ak+1) 8(2) kzzo T(ak + )
where z € C,and o > 0,3 > 0.
The Laplace transform of two-parameter Mittag-Leffler function is
s B

1/«
. Re(s) > |A|7/.

L{(t = 10)" ™ Ea g (—A(t — to)*) } =

Particularly, when 8 = 1, E, 1(2) = Eu(2).

Lemma 1. (See [13].) Let t > to, then E,(o(t — t9)®) is monotonically nonincreasing,
and 0 < Ey(o(t —t9)*) < 1foro < 0.

Lemma 2. (See [27].) For any continuous and analytic function g(t) € C and any
complex number 6,

D¢ (9(t) = 0) (g(t) — 0)
< (g9(t) —0) £ Dgg(t) + (9(t) — 0) £DPg(t), 0<a<l1.

Lemma 3. (See [26].) For any two complex numbers & and 1 and any real constant ¢ > 0,
the following inequality holds:

&N+ E&n < 6+ %nﬁ-

Lemma 4. (See [1].) Given a, 8 € [0,1) and ¢ > 0, there exists a positive constant
¢ := c(w, B, e) such that the following is true: if u(t) : J C R — R satisfies

f(t) = t%u(t) € Lo 10c(d)

and

u(t) < at™? + b/(t — 1) %u(r)dr, a.a. tel\{0},
0

where a and b are positive constants, then
u(t) < at™? (14 ebtt e TOR@D) a0t € I\ {0},
where p(a,b) == (T'(1 — a)b)/ (=), m(E) is the Lebesgue measure of set E, and
Lo 10¢(U) = {f(a:) f(z) is Lebesgue-measurable on set U, and for an arbitrary

bounded closed set K C U, inf sup |f(x)| < +oo}.
ECK, mE=0 :EGK\]E
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Lemma 5. Ler v(t) € C([to — 7, +0), [0, +00)) be a differential positive function such
that

EDgo(t) < —av(t) + arv'/2(t) + bu(t — 1) + b2 (t - 7) + ¢ (1)
foranya >1+4b, t > tg > 0, and nonnegative constants ay, b, b1, c. Then

(2 4+b)(a—1—b)" Vet —ty)* ¢ (2a2 4+ 107 +¢)
0 < {5 T(a) o (e
a%—l—%b%—&-c

an[(alb)(tto)a]}+2 T

2

where 0 < o < 1, § = maxyepy—r, 0] [V(t)], and 0 < 7 < (a — 1 — b)~le,

Proof. From (1) we have

1 1 1 1
tCODf‘v(t) < —(a - 2)U(t) + (2 + b)v(t —7)+ 5&% + ibf +ec.

Then there exists a nonnegative function w(t) satisfying

1 1 1 1
1 CDEV(t) + w(t) = — (a - 2)v(t) + (2 + b)v(t —-7)+ ia? + ibf +c.
According to the Laplace transform,

50(s) — 5% Lu(to) +w(s) = — < - ;)ms) ; (; n b>£{v(t )

a2 +1bt+c

)

+oo 5 to
L{v(t—7)} = / e u(t —7)dt = e *t(s) + e / e So(t) dt,
to to—T

where L{v(t)} = v(s), L{w(t)} = w(s).
Then one has

(% + (a— 1= b)]v(s) = [sal + <; + b> (a—1-— b)l/a]g — W(s)

1.2 112
§a1+§b1+c
S )

where

to
(a—1—b)~Yog —e" / e Stu(t) dt]

to—T

e (30) @memuta + - ato)].

W(s) = w(s) + (; + b)

https://www.journals.vu.lt/nonlinear-analysis
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Note that 7 satisfies the known condition, then we have
to

(a—1—b)~Yog —e™sm / e to(t)dt > 0.

to—T
Then
O e U (Ut T S 10
s+ (a—1-0) s+ (a—1-0)
(30f + 5t +0)s”"
s*4+(a—1-0)

By the inverse Laplace transform of the above equation

Mﬂ<{(;+Qm—1—m*mu—mw*EW4—m—1—m@—mw]

2
X Bqa41]|—(a—1=0b)(t —t9)*] fort > t,. 3)

+ Eo[—(a—1—=1b)(t —t)°] }5 + <1a§ + %b? + c) (t —to)*

On the one hand, we derive from the definition of Mittag-Leffler function that

1 1
(2a§ + §b§ + c) (t — to)*Ea,at1[—(a —1=b)(t — t)°]

+<x>
1 a—1—b)(t—t0)a]k
_ b2 a
<2 1+ +C) kzzo I(ak+a+1)
_zai+5h +CZ [—(a—1—0b)(t —to)*]*
a—1-b &~ I'ak+1)
la2+lb2+c 1.2 1b2+0
2%1 T 3% « 3071 +
=—=——=- F.|-(a—1- — £ - = - 4
T Palmla—1-0)(t—t0)] + 2 —F— )
On the other hand, it follows from Lemma 1 that
(a—1-b)"Yt —tg)*  Ega[—(a—1-b)(t —ty)°]
—1—b) Vot —tg)2?
INGY)
forallt > tg
Substituting (4) and (5) into (3), we obtain that (2) is valid. O

Remark 1. When b = b; = 0, Lemma 5 degenerates to Lemma 5 in [7]. With the
help of Lemma 5, the delay term can be dealt with directly, instead of applying the
fractional Razumikhin theorem in [15,22]. So, Lemma 5 can be used as a new fractional-
order differential inequality to deal with FOCVNNs with time delays and discontinuous
activation functions.
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2.2 System description

In this paper, we consider the following FOCVNNS as the drive system:

gD?%’(t) = —d;z;(t) + Z aij fi(x;(t)) + Z bijg; (x;(t — 7)) + L(t), (6)

Jj=1
where ¢ = 1,2,...,n, and n is the number of units in neural networks, ¢ > 3 > 0,
tC;DO‘ denotes the Caputo fractional derivative of order o, and 0 < a < 1 z(t) =
(z1(t),...,zn(t))T € C™ is the vector of neuron states; d; > 0; a;j,b;; € C are

constants, which represent the neuron interconnection weight and the delayed neuron
interconnection weight, respectively; I;(¢) € C denotes the external input, |;(t)| < I;.
xi(s) = @i(s) € C([to — T, to],C) is the initial condition of system (6), where
C([to — T, to], C) is Banach space of all continuous functions, and time delay 7 > 0;
fi(z;(t)),9;(x;(t — 7)) : C — C are vector-valued activation functions.

The functions f;(-) and g;(-) are required to satisfy the following assumptions:

(H1) The activation function f; (and g;) is continuous and have at most a finite
number of jump discontinuities p; (and g;) in every bounded interval. Moreover,
there exist finite right and left limits f;(p;") (and g;(0; )), respectively.

(H2) For all j = 1,2,...,n, suppose there exist constants I}, G;,L; > 0
Mj > 0 such that for all ¢;(t) € K[f;(z;(t))], r;(t) € K[f;(y;(t))], ¢;(t
Klgj(z;(1))], () € K(g;(y;(t))], the following holds:

and
) €

sup|Lj(t —lij |\ j{:z:j(t)fyj(t)|+Lj;
sup | (t) — K5(t)| < Gjla;(t) —y; (1)] + M.

Definition 4. FOCVNNS (6) is said to be dissipative if there exist a compact set {2 C C"
and T > 0 such that for all zg € C”, z(¢,t0,20) C 2 whent > to + T and z(t, tg, 20)
denotes the solution of FOCVNNSs from initial state zy and initial time ¢y. In this case,
2 is called a globally attractive set.

Remark 2. In FOCVNNs (6), complex-valued activation functions are assumed to be
discontinuous and satisfy a growth condition, which include the continuous activation
functions as a special case when L; = M; = 0 of assumption (H2).

Notice that assumption (H1) is satisfied, that is, there exist discontinuous activations
fjand g; ( = 1,2,...,n), system (6) exhibits discontinuities, and as a result, a classical
solution does not exist. In this context, we examine the solutions of the system within the
Filippov framework. According to the conclusion about the existence of Filippov solution
in [8], we know that the solution z(t) of system (6) with initial condition exists.

We refer to (6) as the drive system, and the corresponding response system is

Dy (t) = —diyi(t Zawfj y; (t +megg Y (t=7)) + Li(t) + ui(t), (7)

j=1

where u;(t) is the control input.

https://www.journals.vu.lt/nonlinear-analysis
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In this paper, we choose the linear controller to deal with our system:
ui(t) = —k; (yi(t) — J?i(t)), k; € C. (8)

We apply the theories of differential inclusions and set-valued maps [8] to deal with
above systems (6) and (7). From (6)

CDpai(t) € ~diait +zam (s ()] + Dby [ gt = )]
+ L(t) " ©)

fora.a.t > to. By the measurable selection theorem, if x;(¢) is a solution of FOCVNNS (9),
then there exist measurable functions ;(t) € K[f;(x;(t))], n;(t) € Klgj(x;(t))] such
that

CDfwi(t) = —diwi(t) + Y ayv;(t +wam )+ Li(t). (10)

Similarly, from (7) we have

tC;Df‘yi(t) € —diyi(t) + Zau f] 71 ))] + Zbin[gj (yj(t - 7'))]
+ I;(t) + uz(t), " (11

n

EDfyi(t) = —diyi(t) + Z aiv;(t) + Z bigmi(t — 1) + Li(t) + ui(t) (12)
fora.a. t > to, and there exist v} (t) € K[f;(y;(t))], n;(t) € Kg;(y;(?)]-

3 Main results

3.1 Ecxistence of Filippov solutions

In this section, we prove that under some conditions, there exists solution for FOCV-
NNs (6) in the sense of Filippov.

Theorem 1. Suppose that assumptions (H1) and (H2) hold, then there exists at least
one solution x(t) with initial condition x(s) = ¢(s)(s € [to — T, to]) of system (6) on
[t(], +OO)

Proof. The local existence of a solution x(t) of system (6) can be guaranteed in [8], so
we obtain that system (6) with initial condition z(s) = ¢(s)(s € [to — T, to]) has at
least a local solution z(t) defined on a maximal interval [to,T") for T > to. Next, we

investigate whether it exists at least one solution of system (6) on [tg, +00).
For simplicity, we denote G(z(t)) = (G1(z(t)), G2(x(t)), ..., G, (z(t)))" and

Gl(ac(t)) —l—Za” f] x;( ))] —l—Zbin[gj(xj(t—T))] + I;().

Jj=1

Nonlinear Anal. Model. Control, 30(4):660-684, 2025
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Next, we will prove that for the differential inclusion § D'z (t) € G(x(t)), there exists at
least one solution z () with initial condition z(s) = (s)(s € [to — T, to]) on [tg, +00).

For z(t) € C™, there exists some w(t) € G(x(t)), which is equivalent to w; €
G;(z(t)) ¢ = 1,2,...,n). By the measurable selection theorem, then there exist mea-
surable functions y; € K[f;(z;(¢))] and n; € K[g,(x;(t))] such that

w; = —d;wi(t) + Zaij% )+ wa% )+ 1i(1) (13)
=1

foraa.t >ty,1=1,2,...,n
Then, basing on (13), we have

G (=®)]]
= sup [wl2< sup =l
weG(z(t)) weG(x(t))
< sup Z{d i )\+Z|az'j|!%'(t)|+Z|bw||m'(t—T>!+Iz}o (14)
z(t)eC ;54 j=1 j=1

According to assumption (H2), for all v;(t) € K[f;(x;(t))], v;(t) € K[f;(z;(to))],
n;(t) € Klg;(x;(t))], n;(t) € K[gj(z;(to))], the following inequalities hold:

|73

)| < Fjlai(8)] + Fjlaj(to)] + Ly + |75 (t)]; s
|77J (t—7) | <

Gj|.’L'j(t — T)| + Gj|1‘j(t(])| + Mj + |77;(t)|
From (14) and (15) we obtain

G (@)l

< (f;lel?cnz{d it !+Z|am (B3| (&) + Fylaj (to)] + L + [ (1))
i=1

+Z|bij|(Gj’ij(f—T)l+Gj\93j(t0)\+Mj+\77§(t)|)+fi}
< S)UI?C Z(d +ZI%ZIIF>I% ’+Z<Z|bji||ai|>|xi(t_7')|
RIS i=1 j=1

+Z{Zaw| (Lj + |7 (@)] + 1Fjl |5 (t0)])

+Z|bij|(Mj + |5 ()] + 1G5 |5 (to)]) +L}. (16)
j=1

https://www.journals.vu.lt/nonlinear-analysis
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For t € [tg, +00), we have

‘xi(t —7’)| < sup |xz(s)‘ < sup |xz(s)| + sup ‘ml(s)|
to—T<s<t to—T<s<to to<s<t

= [i(s)] + |as(8)]- (17)
Based on (17), inequality (16) can be turned into the following inequality:

|G =®)]
< sup Z (d +Z‘aﬂ||F|+Z|b]ZHG |>|xz

z(t)eCn
+ Z { > lagg| (L + v )] + | Ejl|2;(to)])
i=1 Uj=1

+ > [big | (M + [ (1)) + 1G5 |2 (t0)]) + D 1b5:llGal | i ()] + Ii} (18)
i=1

j=1
‘We denote
P= e ) G+§J%WHQJMWQ 0, p= i

q=Z{ZmM%HﬂMﬂmmwm

i=1 j=1

) il (M + [ (0)] + 1G5l |2 (ko) |) + D 1bjillGil |i(s)| + Ii} >0,
Jj=1 j=1

then

|G (=) ]|, < plZ!x O] +a <pvola®), +a=pllz@®)]], + -

When fix w(t) € C, thaac( ) = w(t), taking fractional integral on both sides of
above equation, we have
1 t
t) =x(t —— [ (t = h)w(h)dh.
o(t) = alto) + g7 [ (t=Hy=(h)
to

Then
t

1 1
I, = Il + gy [ ¢ =m0 )l an

to
t

1
<llatto)l,+ g [ = Gl +a)an. o)

to

Nonlinear Anal. Model. Control, 30(4):660-684, 2025


https://doi.org/10.15388/namc.2025.30.42006

670 L. Wang, G. Xu

Let S(t) = pllz()l2 + g, from (19)

t

5(0) < pllatto)l, + 0+ s /(t Ry S()|| d. (20)

to

where a = p||x(to)|l2+¢ > 0,b = p/T'(«) > 0. By applying Lemma 4, given @ € (0, 1),
B =0, and € > 0, there exists a positive constant ¢ := ¢(«, 3, €) such that

S(t) < (p||z(to)]], + a) (1 + F?J;tae<1+€>“<1“7p/r<a)>t>, Q21

u(l ~a, Ffa)) = (F(l —(1- a))(];))l/a — pl/e,

So, (21) can be converted to the following inequality:

where

CPp o c)pl/
S(t) < (pl|lzto)||, + a) (1 * eyt o(1+e)p t>'

Based on above inequality, we can express z(t) as

S(t) — 1/a
l=®)]], = (Lq < =@, + (ll=(to)]], + q)%a)tae“”)p "L @)

Suppose that there exists £y < 77 < +o00 such that the maximal interval of existence
of the solution x(t) is [to, T ), then

28], < [lz(to)]|, + (pla(to)2 + q)ﬁTfe“*@p“ﬂ. (23)

Choose sufficiently small constant o > 0 and denote
= = {att) € € oo, < llotto)l, + olotto)l, + ) g5 Tre 7 o

as a bounded domain. Based on continuation theorem [8], each solution x(¢) can be
continued on both sides up to the boundary of the domain =, which contradicts with (23).
Hence, x(t) is bounded for any positive time, and it is defined on [tg, +00). That is, for
FOCVNN:S (6), there exists at least one solution x(¢) with initial condition z(s) = ¢(s)

(s € [to — T, to]) on [tg, +00). O

3.2 Dissipativity of FOCVNNSs with time delays and discontinuous activations

In this section, we will analyze the dissipativity of FOCVNNs (6).

https://www.journals.vu.lt/nonlinear-analysis
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Theorem 2. FOCVNNs (6) is globally dissipative when

A= min {di—l—di—Zaija” Zb”b” Z JF2} >x+1,

1<i<n
=T j=1 j=1

0<T<(A—x—1)"Ye,

Lt rr  \
— . 2
= {x 22 < (min1<i<n{ri}()‘ - X~ 1)) }

is a globally attractive set, where
N
J 2
> G }
T

= max
X= 1<z<n{
j=1

= (n max {7"1})1/2 max {

In addition,

Ty

L (2F,L; 4 2F |m;(to)| + 2Li|7§(t)|)},

-

BN

1<ign 1<i<n

Jj=1
Yz - T 2 /
= (” 1o {”}) max ¢ ) 2 (2GiM; + 2G7 i (to)| + 2Gi[mi (1)) ¢
I ] i
n n ! )

v="> > ri(Fjlz;(to)| + Lj + [vj(t)])

i=1 j=1

+ 501Gl (to)| + My + [ (0)])F + 3 rd?.

=1 j=1 i=1

Proof. Consider the following nonnegative function:

= rwi(t)zi(h), (24)
=1

where r; € R. By means of Lemma 2

WDEV () < i) DR a(t) + 24(t) § D7 (1))

Nx
I M:
I

n n n

ri[—(di+di)zs () ()] +Z Z rilaijai(t)y; (t) +agei(t)y; (1))
i=1 i=1 j=1

+ 30 3 ralbi @yt = 7) + Bty (0= 7))

.
Il

a
<.

i

+ Z ri L)z () + L)z (t)]. (25)
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For all v;(t) € K[f;(x;(t0))], n;(t) € Klg;(z;(to))], we can obtain the following
inequality based on Lemma 3 and assumption (H2):

aija;(8)7; (t) + agwi(t)y; (1)
< aij@ijzi(t)zi(t) + 5 ()7, (t)
< a2 (t)z:(t) (F |xj )| + Fj|xj(t0)| +L; + |7§(t)|)2
< agjtiga (t)wi(t) + Fiag(t)z;(t)
(2F;L; + 2F7 |z (to)| + 2F; |7 (t)]) |, (2)]
(Bl (to)] + Ly + (1)) (26)

n
i

Similarly,

bijai ()n;(t — 7) + bygwi()n; (¢ — 7)

bijbijai(t)w; )+m( )yt —7)

bisbiymi()za(t) + (Gy|w;(t = 7)| + G|z (to)| + My + [ ()])?

bijbiji(t)wi(t )+G?$j( —7)a;(t—7)

+ (2G; M; + 2G5 |z (to) | + 2G; | (8)|) |5 (¢ — )]

+ (Gl (to)| + My + nj(1)])° @7)

b
b

and

L)z (t) + L(0)ai(t) < 2(8)z:() + LOT(E) < 2z (t) + 12, (28)
Submitting (26)—(28) into (25), we have

CDRV(E) <Y ri| = (di+di) + Y (aijag + bighiy) + 1| @i(t)wi(t)

i=1 j=1
+ZZT1FJ295J JrZZnG zj(t—T1)x;(t—T)
i=1 j=1 =1 j=1
+ 30 m(2FL; + 27 [w;(to) | + 2L (1)) |25 (1)]
i=1 j=1
+3 0 i (26 My + 2G3 | (to)| + 2G5 |0} (1)]) |25 (t — 7))
i=1 j=1
+ > > il Eylag(to)] + Ly + [} (0)]
i=1 j=1
+ eri(Gj‘xj(to)‘ + Mj + }n;(t)’)2 + Z’IQIZQ
i=1 j=1 i=1
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S
+
&
|
(]
=
S
Q
gy
_|_
>
S
>
S
|
k)
ﬁj
(V]
—

i=1 j=1
+zn;zn;n(aj]xj(to)] + M+ (1)) (29)
Pl
Let ]
= max { i :—Z 2F;L; + 2F} |xi(to)| + 2Ls|vi(t)|) },
(= max { i:ﬂ (2GiM; + 2G?|x;(to)| + 2Gi (1)) }
= (n 121?5”{”}) 1/2, (=G (n 121?5"{”}) "
From (29)

CD"‘ Z rida;(t zi(t) + Z rixxi(t —7)a;(t —7)

i=1
+ Zﬁm}xi(m + ZTz‘C1|$i(t —7)|+v
i=1 i=1
< - Z ridx; (t)x; (t) + Z rixzi(t — )i (t — 7)
i=1 i=1

n 1/2 n 1/2
+ w1 (nz r?ml(t)xl(t)> +G (nz r2x(t — ) (t — T)) +v
i=1 i=1
— Z ridai(t)z () + Z rixzi(t —T)ax;(t— 1)+ v
i=1 i=1

Nonlinear Anal. Model. Control, 30(4):660-684, 2025


https://doi.org/10.15388/namc.2025.30.42006

674 L. Wang, G. Xu

n 1/2
1/2
o1 (n max {r:}) (Z riz; <t>xi<t>>

" 1/2
+G (n ax {rl}> i ( Z rizi(t — 7)x;(t — T))
SIS i=1
= AV({#) +xV(E—7)+pVY2(t) + VY2t - 1) + 0. (30)

Since A > x + 1 and x, i, (,v > 0, the following inequality can be obtained with the
help of Lemma 5:

1r\<nilgn{ﬁ} z; xi(t)wi(t)
1=

12412,
V(0 < B[~ x - e —10)°] (¢~ 2520

A—x—1
LG XD ) T G by G1)
I'(a) A—x—-1"
where § = maxet, —r, 1] [T(t)].
Then
ool < {EeE QXD ) (33
2 minl@-gn{m} A — X — 1
N (5 + )\ —x — )Yt —tg)* ¢
ming <;<n{r; }I'(a)
2 C2 1/2
: % + 5 +v } (32)
ming<icn{riJ(A — x — 1)

Then, by using the monotonicity of (t — to)*~! and Lemma 1,

W2 2 1/2
LS +u
1. ¢ < 2 2 .
im sup [[(2)]l (mmlw{mw S 1>>

Therefore, for any sufficiently small number € > 0, there is 7" > 0 so that

2
B + ¢ + v 1/2
z(t)||, < - - 2 ) +e
=@l (mlnlgign{’ri}(A -x-1)
Therefor, for g € C”, there exists T' > 0 such that x(¢, tg, o) C {2, which implies
that system (6) is dissipative. ]

The conditions of Theorem 2 can be simplified when r; = 1, the following result is
derived.
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Corollary 1. FOCVNNs (6) is globally dissipative when

Besides,

10,72 2 1/2

A—x1—1
is a globally attractive set, where

n

X1 = max E G? 5,
1<isn | 4 7
J:

p' = v/n max {Z (2FiLi + 2Fi2’$i(t0)| + 2Li"y£(t)’)},

n
2
+ (Gjlzi(to)] + My + (D))" + > 17
i i=1
When the activation functions f;, g; are Lipschitz-continuous, assumption (H2) can
be replaced by the following condition.
(H3) Forall j =1,2,...,n, suppose there exist constants F};, G; > 0 such that
| fi(@1) = fi(22)| < Fjlay — x| Va0 € C
|gj(x1) —gj(xg)’ < Gjlzy — 22| Vai,20 € C.
Corollary 2. FOCVNN s (6) is global asymptotically stable if assumption (H3) holds and

n n n
. = — 7 Tj 2
A2 121£n{di +di — Z;aijaij - z;bijbij -3 e } > X2,
j= ji=

j=1""

= - i 2 -1/«
X2 121%)(”{2(”@)}7 0<7< (A2 —x2)” /™

j=1

Proof. Assume that x(t) = (z1(t),22(t),...,2,(t))" and §(t) = (G1(t),72(t), ...,
Un(t))T are any two solutions of system (6) with the different initial condition x;(s) =
©0i(s) (s € [to — 7, to]), Gi(s) = ¢i(s) (s € [to — 7, to]) fori = 1,...,n.
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Denote z;(t) = y;(t) — x;(t), and we have

(D7) = —diz(t) + 3 i (£5(50) = fi(20))
+ 2 big (95 (U5t = 7)) = 95 (25t = 7)))-

n

Let us construct the function V'(¢) = > 7, 7:2i(t)2;(t), then

BDEV (1) < Zn: ri(2i(8) D7 2 (t) + 2i(t) (D7 2 (1))

j=1
n o n o n g
= - Z T <dz + dz - Z (aijaij + bubu) Z ,’,,ZF?) 1(t)zz(t)
=1 j=1 j=1
+33r(262)ate - a7
i=1 j=1 i

< *)\QV(t) + XQV(t — 7').

Obviously, similar to Theorem 2, ||z(t)||2 = ||g(t) — z(t)|]2 — 0 (¢ = +00) when
pu = ¢ = v = 0, and the solution of system (6) is globally asymptotically stable. In
addition, the existence and uniqueness of equilibrium point for system (6) can be proved
by contraction mapping principle. Thus, all the solutions of system (6) converge to the
unique equilibrium point. O

3.3 Quasi-Mittag-Leffler synchronization

Define e;(t) = y;(t) — x;(t) as the synchronization error, from systems (6) and (7), we
obtain the error system

EDfe(t) = —(d; + ki)es(t) + Z aij (75 () — ;1))

+ ) bi(ni (t—7) =it — 7)) (33)
j=1

fora.a. t > tg.

Theorem 3. System (6) and (7) are quasi-Mittag-Leffler synchronization with control-
ler (8) if

n

= mi d; S w S b T 2
Az = 1I<n111£n di+d; + ki + ki — Zaij(lij - Z;bijbij — Z T—ZF7 > 1+ ys,
j:

j=1 j=1

0<T<()\3—X3—1)_1/a.
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Moreover, the error bound is

( 3h3 + 563 +vs 12
) b

limsup ||e(t)]|, < miny<<n{ri}(As —1 — x3

t——+oo

where

n n n
X3 = max {Z:}Gf}, V3:ZZ7‘¢(L?+MJ-2),
j:l 1 .

1<i<
Sesn i=1 j=1
1/2 n r
w3 = (n max {r,»}) max E —=2F;L; ¢,
1<ign 1<isn | ' 15
1/2 n 7
(3= (n max {rl}) max E —2G;M; .
1<ign 1<i<n | 4 1 T
]:

Proof. Define the following nonnegative function:

Vi(t)= Z riei(t)ei(t), (34)
=1
where r; € R. By virtue of Lemma 2, we can get

IDeV(t) <) ri(ei(t) D ei(t) + ei(t) £ De;(t))

ri[—(di + di + ki + Fi)es (t)eq ()]

s. N_
I M: I M:
—_ —

n

rilaijei(t) (i(t) — ;X)) + age(t) (v (t) — v} (1))

+
v

&
Il
-
<.
Il
—

g [bijei(t) (77j (t—1)— W;‘(t - T))

+
Ms

+ bijei(t) (n; (t — ) —mj(t —7))]. (35)

=17

According to Lemma 3 and assumption (H2),

o> rilase®) () =75 (0) + @gea(t) ({0 = 7;(1)]
i=1j=1
<D Y rilaagest)end) + (v () = 75 (1) (3 (8) =} (0))]

i=1 j=1
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ZZT’L az]amez 6z (F |e] | + Lj)Q]
=1 j=1

= ZZH laijaizei(t)ei(t) + Fiej(t)e;(t) + 2F; Ly e;(t)| + L] (36)
i=1 j—1

Similarly, we have

> rilbigei® (ni(t = 7) = mi(t = 7)) +bigeilt) (n; (¢ = 7) = 15 = 7)]

—7) =it = 7)) (n;(t — 7) =t — 7))]

VA
<
!
—
S
<
<
=p
N
<
D
N
~~
=~
N
D
—
~
N
—~
=
—
~

i=1 j=1
<30 nifbisbiei®e®) + (Gylng(t = )| + M;)’]
i=1 j=1
=D > rilbisbigei(t)ei(t) + Giny(t — m)n;(t —7)
i=1 j=1
426G, My [y (¢ — )] + M2]. @

From (35), (36), and (37) we have
LDV (1)

r; [—(dz + CTZ + ki + E)ei (t)m]

N

1
n

+ 3 > rilay@eie®) + Fle;(t)e; () + 2F; L e; (1)] + L]

1j=1

3

i

3

+ Z Zn [bibije(t)es(t) + Giny(t—7)n; (t—7) + 2G; Mj|n;(t — 7)| + M; |

i=1j

=1
—|—ZZT1(:}2G1MZ>‘€1@—7)|+ZZT1(L5+MJ2) (38)

Let
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From (38) we have

LDV ()
< - Z ridse; (t)e; (t) + megei(t —T)ei(t —71)
z:nl . i=1
+ ZMMH%(L‘)‘ + ZTiC:'z‘ei(t - 7’)| + 3
i=1 i=1

< - Z ridzei(t)ei(t) + Z rixsei(t —T)ei(t —7)
i=1 i=1

n 1/2 n 1/2
+ (an?ei(t)ei(t)> + ¢4 <an?ei(t—7)ei(t—T)> + vs.
i=1

i=1
Denote
, 1/2 , 1/2
f3 = fu (n e gn{n}) ;o GB=G (n lrgggxn{n}) :
The following inequality is given from (39):
DRV () < =XV () + X3V (t —7) + ps V2 () + GV (t — 1) + vs.

Since A3 > (1 + x3) and x3, ps, (3, v3 > 0, according to Lemma 5, we have

min {r;} Z € (t)?(t)
j=1

1<i<n
< V()
< (2 +x3)(As — 1 — x3) "M/t —to)271¢
N (c)
12, 102
3H3 + 3G + s o
ST T (A — 1 — xa)(t— ¢
# (e B E g - 1 xa)le - 10)]
LMt et
Ag—1-x3 '

where £ = max;e[t,—r, to]-

Then
He(t)H < (% + X3)(>\3 -1- X3)71/a(t - tO)ailf
2 ming gi<n{ri }(a)
e I
minigi<n{ri}(As — 1 — x3)
i
minygi<n{ri}(As — 1 — x3)
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Similarly deal with (32),

1/2
%M§+%C§+V3 /
) 9

tim sup [ly(#) = #(2)[|, = Tmsup [le(t)], < (mmlggn{mmg —

which implies that systems (6) and (7) are quasi-Mittag-Leffler synchronized. O

Remark 3. In Theorem 3, the sufficient conditions are only related to the parameters
of the system and the controller. In particular, the error bounds of quasi-Mittag-Leffler
synchronization have nothing with initial values. No matter what the initial values of the
drive-response systems (6) and (7) are, the upper bound of the synchronization error can
be obtained by adjusting the controller parameters. This not only provides a research
framework for synchronization, but also extends earlier findings in fractional-order sys-
tems [6,7]. Thus, our results are less conservative and can be considered a meaningful
extension of previous synchronization work.

Let r; = 1 in Theorem 3, we can obtain the following corollary.

Corollary 3. Based on controller (8), system (6) and (7) are quasi-Mittag-Leffler syn-
chronization if assumptions (H1) and (H2) hold and

di+ji+ki+E—Zaij@—zbij@—2ﬂ2

j=1 j=1 j=1

A4 = min > 1+ x4,

1<ign

0 <7< (M — x4 — 1)~ Moreover, the error bound is

1,2, 1,2 1/2
. ohy+ 56+
lim sup [[e(1)]], < <2A_21_) ’
t—+o00 (A4 X4)

where

411'21212(”{2(;2} u4\/>1m7,a<xn{22FL }
44_f133<xn{22GM} V4ZZZ(L§+M§).

i=1 j=1

Remark 4. Note that in [3, 20, 23], the authors studied the dynamic behaviors of
FOCVNNSs by dividing the complex-valued systems into their real parts and imaginary
parts. Unlike those methods, in this paper, we deal with such system as a compact entirety
without any decomposition in complex domain, which better reflects the characteristics of
complex-valued systems, this makes our method more efficient and compact. If assume
that the imaginary part of FOCVNNSs (6) is zero, then FOCVNNs (6) can be deduced
to fractional-order RVNNSs with discontinuous activation functions, the results for such
system in [5] could be extended to the complex domain. Li et al. [15] investigated quasi-
projective synchronization of FOCVNNs, whose activation functions have not only the
bounded modulus, but also satisfy Lipschitz condition. However, such conditions are not
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needed and our activation functions are discontinuous, and the Lipschitz-continuous acti-
vation functions can be as a special case when L; = 0 and M; = 0 of assumption (H2).
In [7], the authors investigated global Mittag-Leffler synchronization of FONNS, note that
time delay is not considered in their model. Thus our results extent and complement the
existing literature [5,7, 15], to some extent, and achieve a valuable improvement.

When the activation functions satisfy assumption (H3), the globally Mittag-Leffler
synchronization result is given as special case of Theorem 3.

Corollary 4. System (6) and (7) are globally Mittag-Leffler synchronization with the
controller (8) if assumption (H3) holds and

n

1<i<n

> 14+ xs,

j=1 j=1 j=1
0<7< (s —x5— 1)V,

where

n
r
X5 = max E LG25.
Iisn | i
=

4 Numerical simulations
In this section, we give two numerical examples to show the effectiveness of our main
results.

Example 1. Consider the two-dimensional FOCVNNSs (6) with time delays and discon-
tinuous activations, where

A_ (05+i03 —05+i05 H_(T 0
“\22+i07 05+i02 ) —\o 7)°

B— 0.441i1.5 —-0.5+1l.5 7= 0.6 —i0.4
~\05-10.8 03+1i0.6 )’ - \-0.5+1i0.3)”

o = 0.9, 7 = 0.1, the discontinuous activation function is taken as
fi (xj(t)) =g, (x](t)) = tanh (:cf(t)) +0.05 sign(mf(t))
+ i[sin(xj(t)) + 0.05 sign (m§ )]

Then from assumption (H2) we have F; = G; = land L; = M; = 0.1 for j = 1,2.
From Corollary 1 A\; = 5.04, ' = 1.8278, (/! = 2.8825, x1 = 1,11, = 8.2524,0 < 7 =
0.1< (A —x1—1)~Y*=0.2907, and

2P+
/\1 — X1 — 1

1/2
S]]z < ( ) < 2.1519.

Thus, the attractive set is 2 = {z: ||S]]2 < 2.1519}.
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Example 2. Consider the two-dimensional FOCVNNSs (6) with time delays and discon-
tinuous activations, where

A (005+i0.3 0.5+i0.1 H_ (30
01407 05+i02)° —\o 3)°

B 0.6 +10.5 0.9+1i0.5 - 0.6 —i0.4
~\0.5-10.8 0.9+1i0.6)" ~\0.5+1i0.3)”

a = 0.96, 7 = 0.01, the discontinuous activation function is taken as
fi(z;(t) = tanh(xf(t)) +0.3 Sign(mf(t)) + i[tanh (:v§ (t) +0.2 sign(le-(t))] )
gj(z;(t)) = sin(zF(t)) + 0.3sign (2 (t)) +i[sin(z (1)) + 0.2sign (] (¢))].
Then from assumption (H2) we have F; = 1, L; = 0.6, G; = 1, and M; = 0.4 for
7 = 1,2. Choose the control gains k1 = 11+1i, ko = 8+1i. Under the control scheme (8),

we can obtain Ay = 17.15, g = 1.69705, (4 = 0.2828, x4 = 1, vy = 1.0417,0 < 7 =
001 < (M —x1— 1)_1/0‘ = 0.0589. From Corollary 3 the error is bounded:

limsup [le]l < S+ )+ (5(1.6975 +0.2828%) +1.0417)
trros |0 At—xa—1 1715—-1—-1
= 0.4080.

Systems (6) and (7) are quasi-Mittag-Leffler synchronization.

5 Conclusions and future works

In this paper, the authors have considered the global dissipativity and quasi-Mittag-Leffler
synchronization of FOCVNNs with time delays and discontinuous activations. Some new
sufficient conditions are obtained with the use differential inclusions. Moreover, without
decomposing the system into two real-valued systems, we utilize a novel fractional-
order inequality to derive criteria that ensure dissipativity and quasi-Mittag-Leffler syn-
chronization of FOCVNNs. Two numerical examples are presented to demonstrate the
effectiveness and usefulness of our main results. In future work, we aim to analyze diverse
synchronization behaviors of FOCVNNSs through the design of various control strategies
and to explore their applications in pattern recognition and signal processing.
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