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Abstract. In this paper, we study the existence of positive solutions for a new class of double-
phase Dirichlet fractional differential equations with singular and superlinear terms. By applying the
Nehari manifold method we show that for all small values of the parameter τ > 0, the considered
equation has at least two positive solutions.
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1 Introduction and motivation

In this paper, we study the existence of solutions to the following singular double-phase
fractional problem:

Lα,β;ψp φ = (ξ)φ−$ + τφr−1 in Ω := (0, T )× (0, T ),

φ = 0 on ∂Ω,
(Pτ )
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2 S. Zeng et al.

where T > 0, and Lα,β;ψp φ is the double-phase fractional differential operator defined by

Lα,β;ψp φ := Dα,β;ψ
T

(∣∣Dα,β;ψ
0+ φ

∣∣p−2Dα,β;ψ
0+ φ

)
−Dα,β;ψ

T

(
κ(ξ)

∣∣Dα,β;ψ
0+ φ

∣∣q−2Dα,β;ψ
0+ φ

)
with 1 < q < p < r < p∗α, 0 < $ < 1, τ > 0, α ∈ (0, 1), β ∈ [0, 1], p∗α = 2p/(2− αp),
and αp < 2. Also, Dα,β;ψ

T (·) and Dα,β;ψ
0+ (·) denote, respectively, the ψ-Hilfer fractional

differential operators of order 0 < α < 1 and type 0 6 β 6 1. In addition, the weight
κ : Ω → R+ is assumed to be essentially bounded.

The energy functional Eα,β;ψτ : Hα,β;ψp (Ω) → R corresponding to problem (Pτ ) is
given by

Eα,β;ψτ (φ) =
1

p

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+
1

q

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

− 1

1−$

∫
Ω

a(ξ)|φ|1−$ dξ − τ

r
‖φ‖rr for all φ ∈ Hα,β;ψp (Ω). (1)

Furthermore, we say that φ ∈ Hα,β;ψp (Ω) is a weak positive solution of (Pτ ) if
φ(ξ) > 0 for a.a. ξ ∈ Ω φ 6= 0 and∫

Ω

|Dα,β;ψ
0+ φ|p−2Dα,β;ψ

0+ φDα,β;ψ
0+ hdξ +

∫
Ω

κ(ξ)|Dα,β;ψ
0+ φ|q−2Dα,β;ψ

0+ φDα,β;ψ
0+ hdξ

=

∫
Ω

a(ξ)φ−$hdξ + τ

∫
Ω

φr−1hdξ for all φ ∈ Hα,β;ψp (Ω).

Let p ∈ (1,∞). The p-Laplace operator, ∆p, is defined as follows:

∆pu = div
(
|∇u|p−2∇u

)
. (2)

It is clear that if p = 2, then (2) reduces to the Laplacian. In terms of applications, the
Laplace operator (i.e., p = 2) is well suited to the study of the problems with isotropic
structure. Unlike the Laplace operator, the p-Laplacian is a nonlinear and nonhomoge-
neous operator, which can be applied to the study of non-Newtonian fluids, nonlinear
elasticity theory, oil production, etc.; see [6, 11, 13, 20, 27, 28].

In order to provide effective mathematical modeling for the study of strongly anisotropic
materials, in the 1980s, Zhikov [34] introduced a class of nonhomogeneous and nonlinear
differential operators with nonbalance growth (which is called by double-phase opera-
tors), i.e.,

u 7→ ∆(p,q)u := div
(
|∇u|p−2∇u+ a(x)|∇u|q−2∇u

)
, (3)

where 1 < p < q < N , N > 2, Ω ⊂ RN is a bounded domain with Lipschitz bound-
ary, and a : Ω → [0,∞) is Lipschitz continuous. In recent years, problems involving
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A class of nonlinear double-phase Dirichlet fractional differential equations 3

differential operators (3) have gained dramatic development in the study of the existence
and multiplicity of solutions via the application of variational methods; see, e.g., [3, 4, 7,
18, 19, 23]. We mention some excellent work on double-phase problems. Colombo and
Mingione [8, 9] considered the integral functional driven by the double-phase differential
operator (3) ∫

Ω

(
|∇u|p + a(x)

∣∣∇u|q)dx

and discussed the regularity (including L∞ and Hölder continuity) of such operators. In
2018, Liu and Dai [17] proved the existence and multiplicity of solutions for the following
double-phase problem:

−div
(
|∇u|p−2∇u+ a(x)|∇u|q−2∇u

)
= f(x, u) in Ω,

u = 0 on ∂Ω,
(4)

where Ω ⊂ RN is a bounded domain with Lipschitz boundary, N > 2, 1 < p, q < N .
Motivated by problem (4), Gasiński–Winkert [12] investigated the existence and unique-
ness of the solution for the following double-phase problem with convection term:

−div
(
|∇u|p−2∇u+ µ(x)|∇u|q−2∇u

)
= f(x, u,∇u) in Ω,

u = 0 on ∂Ω,

where 1 < p < q < N , µ : Ω → [0,∞) is supposed to be Lipschitz-continuous, and
f : Ω × R × RN → R is a Carathéodory function (i.e., x 7→ f(x, s, ξ) is measurable
for all (s, ξ) ∈ R × RN , and (s, ξ) 7→ f(x, s, ξ) is continuous for a.a. x ∈ Ω). Mean-
while, Papageorgiou et al. [21] used variational methods along with truncation techniques
to prove the existence of positive solutions for a class of double-phase problems with
singular term. For more details on the research in this direction, we can refer to Liu–Dai
[17], Gasiński–Winkert [12], Papageorgiou–Repovš–Vetro [21], Le [15], Arora–Fiscella–
Mukherjee–Winkert [2] and Faria–Miyagaki–Motreanu [10], Zeng–Rădulescu [33], and
the references therein.

On the other hand, the study of fractional operators has grown considerably in recent
years; see [29–31]. This is because it has been used to describe complicated phenom-
ena as diverse as the Lévy diffusion process, flame propagation, continuum mechanics,
population dynamics studies, and even game theory; see Applebaum [1], Vazquez [32],
Servadei–Valdinoci [24,25], Iannizzoto–Pereira–Squassina [14], and the references there-
in. We highlight some representative work: Bouabdallah et al. [5] used the Nehari man-
ifold approach and fibre maps to prove a multiplicity result for fractional p-Laplace
equations; Sun [26] considered a complex differential equation with variable exponents
p-Laplace differential operator and used a fixed point argument and the extension theory
of Mawhin’s coincidence theory to show the existence of solutions of the differential
equation.

The following are important features of problem (Pτ ):

(i) The weight κ(·), which is discontinuous and not bounded by zero, leads to the
invalidity of Lieberman’s theory of global regularity [16] and Pucci’s nonlinear
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strong maximum principle [22] for (Pτ ). Therefore, to overcome such difficulties,
our idea is to use the Nehari manifold method.

(ii) The reaction term of (Pτ ) is combined with a singular term and a (p−1)-superlinear
parametric perturbation.

(iii) The energy functional Eα,β;ψτ is not C1 due to the presence of the singular term
a(ξ)φ−$. This means that the variational method cannot be applied directly.

(iv) (Pτ ) is a generalized double-phase problem, which contains a large class of pos-
sible special cases. On the other hand, it should be mentioned that ψ(t) = loga(t)
with 0 < a < 1 cannot be used to obtain the results discussed in this paper since
ψ(t) = loga(t) is a nonincreasing function and contradicts the conditions of the
function ψ as presented in Section 2.

In this paper, we assume that

(Qκ) κ ∈ L∞(Ω) and κ(ξ) > 0 for a.a. ξ ∈ Ω;
(Qa) a ∈ L∞(Ω) and a(ξ) > 0 for a.a. ξ ∈ Ω, and a 6= 0.

In the next sections, we will discuss some critical properties of the energy functional
Eα,β;ψτ (·) and the Nehari manifold Ξτ ; see below. Then we will prove the main result of
this paper, which is given by the following theorem.

Theorem 1. If hypotheses (Qκ) and (Qa) hold, then there exists τ̂∗0 > 0 such that for
all τ ∈ (0, τ̂∗0 ], (Pτ ) has at least two positive solutions φ∗, v∗ ∈ Hα,β;ψp (Ω) such that
Eα,β;ψτ (φ∗) < 0 < Eα,β;ψτ (v∗).

2 Fractional operators and variational setting

We use the symbol L p(Ω) to represent Lebesgue’s function space

L p(Ω) =

{
φ : Ω → R is measurable

∣∣∣ ∫
Ω

|φ|p dξ < +∞
}
.

It is clear that L p(Ω) endowed with the norm ‖φ‖ = (
∫
Ω
|φ|p dξ)

1
p , becomes a reflexive

and separable Banach space.
Let 0 < α 6 1 and 0 6 β 6 1. Set Λ = I1 × I2 with I1 = (0, L] and I2 = (0, T ],

where T , L are two positive constants. Let ψ(·) be an increasing and positive function
on I2 and have a continuous derivative ψ′(·) on I2. Furthermore, let φ, ψ ∈ Cn(Λ) be
two functions such that ψ is increasing and ψ′(ξ2) 6= 0 for all ξ2 ∈ I2. The left- and
right-sided ψ-Hilfer fractional partial derivatives of φ ∈ ACn(Λ) of order α and type β
are defined by (see, e.g., [31])

Dα,β;ψ
0+ φ(ξ1, ξ2) = I

β(1−α),ψ
0+

(
1

ψ′(ξ2)

∂

∂ξ2

)
I
(1−β)(1−α),ψ
0+ φ(ξ1, ξ2)

and

Dα,β;ψ
T φ(ξ1, ξ2) = I

β(1−α),ψ
T

(
− 1

ψ′(ξ2)

∂

∂ξ2

)
I
(1−β)(1−α),ψ
T φ(ξ1, ξ2)
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for ξ1 ∈ I1 and ξ2 ∈ I2, where Iα,ψ0+ φ(ξ1, ξ2) and Iα,ψT φ(ξ1, ξ2) are the left- and right-
sided ψ-Riemann–Liouville fractional integrals of φ ∈ L 1(Λ) of order α given by (see,
e.g., [31])

Iα,ψ0+ φ(ξ1, ξ2) =
1

Γ(α)

ξ2∫
0

(
ψ(ξ2)− ψ(s)

)α−1
φ(ξ1, s) ds

and

Iα,ψT φ(ξ1, ξ2) =
1

Γ(α)

T∫
ξ2

(
ψ(s)− ψ(ξ2)

)α2−1
φ(ξ1, s) ds

for all ξ1 ∈ I1 and ξ2 ∈ I2.
It is not difficult to see that the following identity holds for the ψ-Riemann–Liouville

fractional integral:

T∫
0

(
Iα;ψ0+ ϕ(ξ1, ξ2)

)
φ(ξ1, ξ2) dξ2 =

T∫
0

ϕ(ξ1, ξ2)ψ′(ξ2)Iα;ψT

(
φ(ξ1, ξ2)

ψ′(ξ2)

)
dξ2.

On the other hand, if ψ(·) is an increasing and positive monotone function on [0, T ] such
that ψ′(·) 6= 0 is continuous on (0, T ), then, with 0 < α 6 1 and 0 6 β 6 1,

T∫
0

(
Dα,β;ψ
θ ϕ(ξ1, ξ2)

)
φ(ξ1, ξ2) dξ2 =

T∫
0

ϕ(ξ1, ξ2)ψ′(ξ2)Dα,β;ψ
T

(
φ(ξ1, ξ2)

ψ′(ξ2)

)
dξ2

for any ϕ ∈ AC1(I1 × I2) and φ ∈ C1(I1 × I2) satisfying the boundary conditions
ϕ(0, 0) = 0 = ϕ(L, T ).

The basic function space in this paper is the ψ-fractional space given by

Hα,β;ψp (Ω) =
{
φ ∈ L p(Ω):

∣∣HDα,β;ψ
0+ φ

∣∣ ∈ L p(Ω)
}

with the norm

‖φ‖ = ‖φ‖Hα,β;ψp (Ω) = ‖φ‖L p(Ω) +
∥∥HDα,β;ψ

0+ φ
∥∥

L p(Ω)
.

Proposition 1. The spaces L p(Ω) and Hα,β;ψp (Ω) are separable and reflexive Banach
spaces. Moreover, C∞0 (Ω) is dense inHα,β;ψp (Ω).

Furthermore, for any τ > 0, we consider the Nehari manifold associated with (Pτ ) as
follows:

Ξτ =

{
φ ∈ Hα,β;ψp (Ω):

∥∥Dα,β;ψ
0+ φ

∥∥p
p

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

=

∫
Ω

a(ξ)|φ|1−$ dξ + τ‖φ‖rr, φ 6= 0

}
.
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We also decompose Ξτ into three disjoint parts:

Ξ+
τ =

{
φ ∈ Ξτ : (p+$ − 1)

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ > τ(r +$ − 1)‖φ‖rr

}
,

Ξ0
τ =

{
φ ∈ Ξτ : (p+$ − 1)

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ = τ(r +$ − 1)‖φ‖rr

}
,

and

Ξ−τ =

{
φ ∈ Ξτ : (p+$ − 1)

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ < τ(r +$ − 1)‖φ‖rr

}
.

3 Main results

In this section, we give a detailed proof of our main theorem, Theorem 1. The strategy is
based on the Nehari manifold and variational techniques.

To do this, we need the following propositions.

Proposition 2. If hypotheses (Qκ) and (Qa) hold, then for all τ > 0, the energy functional
Eα,β;ψτ (·), given in (1), is coercive on Ξτ .

Proof. Let φ ∈ Ξτ , we have

−1

r

∥∥Dα,β;ψ
0+ φ

∥∥p
p
− 1

r

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ +

1

r

∫
Ω

a(ξ)|φ|1−$ dξ

+
τ

r
‖φ‖rr = 0.

It follows that

Eα,β;ψτ (φ) =

(
1

p
− 1

r

)∥∥Dα,β;ψ
0+ φ

∥∥p
p

+

(
1

q
− 1

r

)∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

+

(
1

r
− 1

1−$

)∫
Ω

a(ξ)|φ|1−$ dξ.

Since q < p < r, so, we apply the Poincaré inequality and the Sobolev embedding
theorem to get

Eα,β;ψτ (φ) > C1‖φ‖p − C2‖φ‖1−$ for some C1, C2 > 0.

The latter, combined with p > 1 > 1−$, implies that Eα,β;ψτ |Ξτ is coercive.
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Set M+
τ := infΞ+

τ
Eα,β;ψτ .

Proposition 3. Under hypotheses (Qκ) and (Qa), if Ξ+
τ 6= ∅, then M+

τ < 0.

Proof. For any φ ∈ Ξ+
τ , one has

τ‖φ‖rr <
p+$ − 1

r +$ − 1

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+
q +$ − 1

r +$ − 1

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ. (5)

By the fact Ξ+
τ ⊂ Ξτ , we get

− 1

1−$

∫
Ω

a(ξ)|φ|1−$ dξ = − 1

1−$
‖Dα,β;ψ

0+ φ‖pp −
1

1−$

∫
Ω

κ(ξ)|Dα,β;ψ
0+ φ|q dξ

+
τ

1−$
‖φ‖rr. (6)

Because of q < p < r, it follows from (5) and (6) that

Eα,β;ψτ (φ) =
1

p

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+
1

q

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ − τ

r
‖φ‖rr −

1

1−$

∫
Ω

a(ξ)|φ|1−$ dξ

=

(
1

p
− 1

1−$

)∥∥Dα,β;ψ
0+ φ

∥∥p
p

+

(
1

q
− 1

1−$

)∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

+ τ

(
1

1−$
− 1

r

)
‖φ‖rr

6

[
− (p+$ − 1)

p(1−$)
+

(p+$ − 1)(r +$ − 1)

(r +$ − 1)(r(1−$))

]∥∥Dα,β;ψ
0+ φ

∥∥p
p

+

[
− (q +$ − 1)

q(1−$)
+

(q +$ − 1)(r +$ − 1)

(r +$ − 1)(r(1−$))

] ∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

=
p+$ − 1

1−$

(
1

r
− 1

p

)∥∥Dα,β;ψ
0+ φ

∥∥p
p

+
q +$ − 1

1−$

(
1

r
− 1

q

)∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

< 0.

This means that Eα,β;ψτ (φ) < 0 for all φ ∈ Ξ+
τ , so, we get M+

τ < 0.

Proposition 4. If hypotheses (Qκ) and (Qa) hold, then there exists τ∗ > 0 such that
Ξ0
τ = ∅ for all τ ∈ (0, τ∗).
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Proof. To argue by contradiction, suppose Ξ0
τ 6= ∅. So, for each φ ∈ Ξ0

τ , we have

(p+$ − 1)
∥∥Dα,β;ψ

0+ φ
∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

= τ(r +$ − 1)‖φ‖rr. (7)

Also, it holds

(r +$ − 1)
∥∥Dα,β;ψ

0+ φ
∥∥p
p

+ (r +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ − (r +$ − 1)

∫
Ω

a(ξ)|φ|1−$ dξ

= τ(r +$ − 1)‖φ‖rr. (8)

Using (7) and (8), one has

(r − p)
∥∥Dα,β;ψ

0+ φ
∥∥p
p

+ (r − q)
∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

= (r +$ − 1)

∫
Ω

a(ξ)|φ|1−$ dξ.

This means that ‖φ‖p 6 C3‖φ‖ for some C3 > 0, namely,

‖φ‖p−1 6 C3. (9)

Applying (7) and the Sobolev embedding theorem, we get

‖φ‖p 6 τC4‖φ‖r for some C4 > 0.

Hence, (
1

τC4

) 1
r−p

6 ‖φ‖.

Letting τ → 0+ yields ‖φ‖ → +∞. This contradicts with (9). Therefore, we conclude
that there exists τ∗ > 0 such that Ξ0

τ = ∅ for all τ ∈ (0, τ∗).

Let φ ∈ Hα,β;ψp (Ω) be fixed. We also consider the functional Θ̂φ : (0,∞)→ R given
by

Θ̂φ(t) = tp−r
∥∥Dα,β;ψ

0+ φ
∥∥p
p
− t−r−$+1

∫
Ω

a(ξ)|φ|1−$ dξ for all t > 0.

Since r − p < r +$ − 1, so, it is not difficult to see that there exists t̂0 > 0 such that

Θ̂φ(t̂0) = max
t>0

Θ̂φ(t).

So, we have Θ̂′φ(t̂0) = 0, which means that

(p− r)t̂p−r−10

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+ (r +$ − 1)t̂−r−$0

∫
Ω

a(ξ)|φ|1−$ dξ = 0.

https://www.journals.vu.lt/nonlinear-analysis
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A class of nonlinear double-phase Dirichlet fractional differential equations 9

This gives

t̂0 =

(
(r +$ − 1)

∫
Ω
a(ξ)|φ|1−$ dξ

(r − p)‖Dα,β;ψ
0+ φ‖pp

) 1
p+$−1

.

Therefore, we have

Θ̂φ(t̂0) =
((r − p)‖Dα,β;ψ

0+ φ‖pp)
r−p

p+$−1

((r +$ − 1)
∫
Ω
a(ξ)|φ|1−$ dξ)

r−p
p+$−1

∥∥Dα,β;ψ
0+ φ

∥∥p
p

−
((r − p)‖Dα,β;ψ

0+ φ‖pp)
r−p

p+$−1

((r +$ − 1)
∫
Ω
a(ξ)|φ|1−$ dξ)

r−p
p+$−1

∫
Ω

a(ξ)|φ|1−$ dξ

=
(r − p)

r−p
p+$−1 ‖Dα,β;ψ

0+ φ‖
p(r+$−1)
p+$−1

p

((r +$ − 1)
∫
Ω
a(ξ)|φ|1−$ dξ)

r−p
p+$−1

−
(r − p)

r+$−1
p+$−1 ‖Dα,β;ψ

0+ φ‖
p(r+$−1)
p+$−1

p

((r +$ − 1)
∫
Ω
a(ξ)|φ|1−$ dξ)

r−p
p+$−1

=
p+$ − 1

r − p

(
r − p

r +$ − 1

) r+$−1
p+$−1 ‖Dα,β;ψ

0+ φ‖
p(r+$−1)
p+$−1

p

(
∫
Ω
a(ξ)|φ|1−$ dξ)

r−p
p+$−1

.

Let S be the best Sobolev constant that satisfies the inequality

S‖φ‖pp∗α 6
∥∥Dα,β;ψ

0+ φ
∥∥p
p
. (10)

Also, by Hölder inequality, we obtain∫
Ω

a(ξ)|φ|1−$ dξ 6 C5‖φ‖1−$p∗α
for some C5 > 0. (11)

On the other hand, using inequalities (10), (11) and r < p∗α, it follows that

Θ̂φ(t̂0)− τ‖φ‖rr

=
p+$ − 1

r − p

(
r − p

r +$ − 1

) r+$−1
p+$−1 ‖Dα,β;ψ

0+ φ‖
p(r+$−1)
p+$−1

p

(
∫
Ω
a(ξ)|φ|1−$ dξ)

r−p
p+$−1

− τ‖φ‖rr

>
p+$ − 1

r − p

(
r − p

r +$ − 1

) r+$−1
p+$−1 S

p(r+$−1
p+$−1 (‖φ‖pp∗α)

p(r+$−1)
p+$−1

(C5‖φ‖1−$p∗α
)

r−p
p+$−1

− τC6‖φ‖rp∗α

= [C7 − τC6]‖φ‖rp∗α for some C6, C7 > 0.

This indicates that, independently of φ, there exists τ̂∗ ∈ (0, τ∗) such that

Θ̂φ(t̂0)− τ‖φ‖rr > 0 for all τ ∈ (0, τ̂∗). (12)
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Proposition 5. If hypotheses (Qκ) and (Qa) hold, then there exists τ̂∗ ∈ (0, τ∗) such that
for every τ ∈ (0, τ̂∗), we can find φ∗ ∈ Ξ+

τ with φ∗(ξ) > 0 for a.a. ξ ∈ Ω such that
Eα,β;ψp (φ∗) = M+

τ < 0.

Proof. Let φ ∈ Hα,β;ψp (Ω) be fixed and consider the map Θφ : (0,+∞)→ R given by

Θφ(t) = tp−r
∥∥Dα,β;ψ

0+ φ
∥∥p
p

+ tq−r
∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

− t−r−$+1

∫
Ω

a(ξ)|φ|1−$ dξ for all t > 0.

Remember that r − p < r − q < r +$ − 1, and we can find t0 > 0 such that

Θφ(t0) = max
t>0

Θφ(t).

Obviously, we have Θφ(t) > Θ̂φ(t) for all t > 0. So, from inequality (12) we can take
τ̂∗ ∈ (0, τ∗) such that

Θφ(t0)− τ‖φ‖rr > 0 for all τ ∈ (0, τ̂∗).

So, there are t1, t2 > 0 with t1 < t0 < t2 such that

Θφ(t1) = τ‖φ‖rr = Θφ(t2) and Θ′φ(t2) < 0 < Θ′φ(t1). (13)

This indicates that t1φ ∈ Ξ+
τ and t2φ ∈ Ξ−τ . So, for all τ ∈ (0, τ∗), we have Ξ±τ 6= ∅,

while Ξ0
τ = ∅; see Proposition 4.

Let {φn}n>1 ⊆ Ξ+
τ be a minimizing sequence of M+

τ := infΞ+
τ
Eα,β;ψτ , i.e.,

Eα,β;ψτ (φn)→M+
τ as n→∞.

Using Proposition 2 and Ξ+
τ ⊆ Ξτ , we have that {φn}n>1 ⊆ Hα,β;ψp (Ω) is bounded.

Then, without loss of generality, there exists φ∗ ∈ Hα,β;ψp (Ω) such that

φn ⇀ φ∗ onHα,β;ψp (Ω) and φn → φ∗ in L r(Ω).

Let Θφ∗ and t1 < t0 be as in (13) with φ = φ∗. Then we have t1φ∗ ∈ Ξ+
τ .

Claim 1. φn → φ∗ onHα,β;ψp (Ω) as n→∞.

If the statement is not true, then we can assume that φn 9 φ∗ inHα,β;ψp (Ω). Hence,

lim inf
n→∞

∥∥Dα,β;ψ
0+ φn

∥∥p
p
>
∥∥Dα,β;ψ

0+ φ∗
∥∥p
p
. (14)

For any fixed φ ∈ Hα,β;ψp (Ω), let us consider the fibering function µφ : (0,∞) → R
defined by

µφ(t) = Eα,β;ψτ (tφ) for all t > 0.
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Using (13) and (14), we get

lim inf
n→∞

µ′φn(t1) = lim inf
n→∞

[
tp−11

∥∥Dα,β;ψ
0+ φn

∥∥p
p

+ tq−11

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φn
∣∣q
q

dξ

− t−$1

∫
Ω

a(ξ)|φn|1−$ − τtr−11 ‖φn‖rr
]

> tp−11

∥∥Dα,β;ψ
0+ φ∗

∥∥p
p

+ tq−11

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ∗
∣∣q
q

dξ

− t−$1

∫
Ω

a(ξ)|φ∗|1−$ − τtr−11 ‖φ∗‖rr

= µ′φ∗(t1) = 0. (15)

On the other hand, it follows from (15) that there is n0 ∈ N such that

µ′φn(t1) > 0 for all n > n0.

Since φn ∈ Ξ+
τ ⊆ Ξτ and µ′φn(t) = tr−1(Θφn(t)− τ‖φn‖rr), we have

µ′φn(t) < 0 for all t ∈ (0, 1) and µ′φn(1) = 0.

This implies that t1 > 1. But from the fact that µ′φ∗(t1) = 0 we can see that µφ∗ is
decreasing in (1, t1). So, it holds that

Eα,β;ψτ (t1φ
∗) 6 Eα,β;ψτ (φ∗) <M+

τ ,

where the last inequality is given by (14). Note that t1φ∗ ∈ Ξ+
τ (since µ′φ∗(t1) =

tr−11 (Θφ∗(t1)− τ‖φn‖rr) = 0 and φ∗ ∈ Ξτ ), we get

M+
τ 6 Eα,β;ψτ (t1φ

∗) <M+
τ .

This leads to a contradiction. Therefore, Claim 1 is valid, and

φn → φ∗ in Hα,β;ψp (Ω),

lim
n→∞

Eα,β;ψτ (φn) = Eα,β;ψτ (φ∗), and Eα,β;ψτ (φ∗) = M+
τ .

Since φn ∈ Ξ+
τ , for all n ∈ N, it follows that

(p+$ − 1)
∥∥Dα,β;ψ

0+ φn
∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φn
∣∣q dξ

> τ(r +$ − 1)‖φn‖rr.
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Hence,

(p+$ − 1)
∥∥Dα,β;ψ

0+ φ∗
∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ∗
∣∣q dξ

> τ(r +$ − 1)‖φ∗‖rr. (16)

From (4) we know that Ξ0
τ = ∅. Then (16) is a strict inequality, so, φ∗ ∈ Ξ+

τ . Obviously,
we can replace φ∗ by |φ∗|, and so, we can say that φ∗(ξ) > 0 for a.a. ξ ∈ Ω.

For any ε > 0, let us consider the open ball

Bε(0) =
{
w ∈ Hα,β;ψp (Ω)

∥∥ w‖ < ε
}
.

Lemma 1. If hypotheses (Qκ) and (Qa) hold and φ ∈ Ξ±τ , then there exists ε > 0 and
a continuous function β̃ : Bε(0) → R+ such that β̃(0) = 1 and β̃(w)(φ + w) ∈ Ξ+

τ for
all w ∈ Bε(0).

Proof. We will only prove the case w ∈ Ξ+
τ because the same arguments can be used to

prove the case φ ∈ Ξ−τ .
Consider the functional E : Hα,β;ψp (Ω)× R→ R given by

E(w, t) = tp+$−1
∥∥Dα,β;ψ

0+ (φ+ w)
∥∥p
p

+ tq+$−1
∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ (φ+ w)
∣∣q dξ

−
∫
Ω

a(ξ)|φ+ w|1−$ dξ − τtr+$−1‖φ+ w‖rr for all w ∈ Hα,β;ψp (Ω).

Since Ξ+
τ ⊆ Ξ, we have E(0, 1) = 0. Furthermore, for any fixed φ ∈ Ξ+

τ , we have

E ′t(0, 1) = (p+$ − 1)
∥∥Dα,β;ψ

0+ φ∗
∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ∗
∣∣q dξ

− τ(r +$ − 1)‖φ∗‖rr > 0.

We are now able to use the implicit function theorem to find ε > 0 and a continuous
function β̃ : Bε(0)→ R+ such that

β̃(0) = 1, β̃(w)(w + φ) ∈ Ξτ for all w ∈ Bε(0).

Furthermore, we can make ε > 0 small enough so that

β̃(w)(w + φ) ∈ Ξ+
τ for all w ∈ Bε(0).

This completes the proof of the lemma.

Proposition 6. If hypotheses (Qκ) and (Qa) hold, τ ∈ (0, τ̂∗], and h ∈ Hα,β,;ψp (Ω), then
we can find b > 0 such that Eα,β,;ψp (φ∗) 6 Eα,β,;ψp (φ∗ + th) for all t ∈ [0, b].
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Proof. Consider the function ηh : [0,∞)→ R given by

ηh(t) = (p− 1)
∥∥Dα,β;ψ

0+ φ∗ + tDα,β;ψ
0+ h

∥∥p
p

+ (q − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ∗ + tDα,β;ψ
0+ h

∣∣q dξ

+$

∫
Ω

a(ξ)|φ∗ + th|1−$ dξ − τ(r − 1)‖φ∗ + th‖rr. (17)

Due to φ∗ ∈ Ξ+
τ ⊆ Ξτ (see (5)), we have

$

∫
Ω

a(ξ)|φ∗|1−$ dξ = $
∥∥Dα,β;ψ

0+ φ∗
∥∥p
p

+$

∫
Ω

κ(ξ)|φ∗|q dξ − τ$‖φ∗‖rr (18)

and

(p+$ − 1)
∥∥Dα,β;ψ

0+ φ∗
∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∥∥Dα,β;ψ

0+ φ∗
∥∥q dξ − τ(r +$ − 1)‖φ∗‖ > 0. (19)

Taking into account (17)–(19), this implies ηh(0) > 0. We can also use the continuity
of ηh to find b0 > 0 such that

ηh(t) > 0 for all t ∈ [0, b0].

By (1) we can find ν(t) > 0 for t ∈ [0, b0] such that

ν(t)(φ∗ + th) ∈ Ξ+
τ , ν(t)→ 1 as t→ 0+. (20)

Therefore, we derive

M+
τ = Eα,β;ψτ (φ∗) 6 Eα,β;ψτ

(
ν(t)(φ∗th)

)
for all t ∈ [0, b0].

Hence, we concluded that M+
τ 6 Eα,β;ψτ (φ∗) 6 Eα,β;ψτ (φ∗ + th) for all t ∈ [0, b] with

0 < b 6 b0; see (20).

Proposition 7. If hypotheses (Qκ) and (Qa) hold and τ ∈ (0, τ̂∗), then φ∗ is a weak
solution of problem (Pτ ).

Proof. Let φ ∈ Hα,β;ψp (Ω), and let b > 0 be the constant given in Proposition 6. For
0 6 t 6 b, using Proposition 6, we get

0 6 Eα,β;ψτ (φ∗ + th)− Eα,β;ψτ (φ∗).
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This implies that

1

1−$

∫
Ω

a(ξ)
(
|φ∗ + th|1−$ − |φ∗|1−$

)
dξ

6
1

p

(∥∥Dα,β;ψ
0+ φ∗ + tDα,β;ψ

0+ h
∥∥p
p
−
∥∥Dα,β;ψ

0+ φ∗
∥∥p
p

)
+

1

q

[ ∫
Ω

κ(ξ)
(∣∣Dα,β;ψ

0+ φ∗ + tDα,β;ψ
0+ h

∣∣q − ∣∣Dα,β;ψ
0+ φ∗

∣∣q)dξ

]
− τ

r

(
‖φ∗ + th‖rr − ‖φ‖rr

)
.

If we divide the above inequality by t > 0 and let t = 0+, we get∫
Ω

a(ξ)|φ∗|−$hdξ

6
∫
Ω

∣∣Dα,β;ψ
0+ φ∗

∣∣p−2Dα,β;ψ
0+ φ∗Dα,β;ψ

0+ hdξ

+

∫
Ω

∣∣Dα,β;ψ
0+ φ∗

∣∣q−2Dα,β;ψ
0+ φ∗Dα,β;ψ

0+ hdξ − τ
∫
Ω

(φ∗)r−1hdξ.

The arbitrariness of h ∈ Hα,β;ψp (Ω) shows that for all h ∈ Hα,β;ψp (Ω),∫
Ω

a(ξ)|φ∗|−$hdξ

=

∫
Ω

|Dα,β;ψ
0+ φ∗|p−2Dα,β;ψ

0+ φ∗Dα,β;ψ
0+ hdξ

+

∫
Ω

|Dα,β;ψ
0+ φ∗|q−2 Dα,β;ψ

0+ φ∗ Dα,β;ψ
0+ hdξ − τ

∫
Ω

(φ∗)r−1hdξ.

Therefore, φ∗ is a weak solution of (Pτ ) for τ ∈ (0, τ̂∗).

Following Propositions 5 and 7, we have the following result, which shows the exis-
tence of a positive solution of (Pτ ) for τ ∈ (0, τ̂∗).

Proposition 8. If hypotheses (Qκ) and (Qa) hold and τ ∈ (0, τ̂∗), then problem (Pτ )
admits a positive solution φ∗ ∈ Hα,β;ψp (Ω) such that Eα,β;ψp (φ∗) < 0 and φ∗(ξ) > 0 for
a.a. ξ ∈ Ω, φ∗ 6= 0.

The next proposition gives the existence of the second positive solution to (Pτ ) when
τ > 0 is small. This solution belongs to Ξ−τ .
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Proposition 9. If hypotheses (Qκ) and (Qa) hold, then we can find τ̂0
∗ > 0 such that for

all τ ∈ (0, τ̂0
∗], functional Eα,β;ψτ is nonnegative on Ξ−τ .

Proof. Let φ ∈ Ξ−τ , then one has

(p+$ − 1)
∥∥Dα,β;ψ

0+ φ
∥∥p
p

+ (q +$ − 1)

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

< τ(r +$ − 1)‖φ‖rr.

The continuity of the embeddingHα,β;ψp (Ω) ↪→ L r(Ω) implies

(p+$ − 1)C8‖φ‖pr < τ(r +$ − 1)‖φ‖rr for some C8 > 0,

i.e., [
(p+$ − 1)C8

τ(r +$ − 1)

] 1
r−p

6 ‖φ‖r. (21)

Suppose that the conclusion of this proposition is not true. Then we can find φ ∈ Ξ−τ
such that Eα,β;ψτ (φ) < 0. Hence,

1

p

∥∥Dα,β;ψ
0+ φ

∥∥p
p

+
1

q

∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ − 1

1−$

∫
Ω

a(ξ)|φ|1−$ dξ

− τ

r
‖φ‖rr < 0. (22)

Keeping in mind φ ∈ Ξτ , namely,∥∥Dα,β;ψ
0+ φ

∥∥p
p

=

∫
Ω

a(ξ)|φ|1−$ dξ + τ‖φ‖rr −
∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ, (23)

we use (22) and (23) to obtain[
1

p
− 1

1−$

] ∫
Ω

a(ξ)|φ|1−$ dξ +

[
1

q
− 1

p

] ∫
Ω

κ(ξ)
∣∣Dα,β;ψ

0+ φ
∣∣q dξ

+ τ

(
1

p
− 1

r

)
‖φ‖ < 0.

This implies

τ

(
1

p
− 1

r

)
‖φ‖rr <

p+$ − 1

p(1−$)
C9‖φ‖1−$r for some C9 > 0.

Recall that q < p < r, this leads to

‖φ‖r+$−1r 6
(p+$ − 1)rc9
τ(r − p)(1−$)

.

Nonlinear Anal. Model. Control, 30(Online First):1–19, 2025

https://doi.org/10.15388/namc.2025.30.42116


16 S. Zeng et al.

Hence,

‖φ‖r 6 C10(
1

τ
)

1
r+$−1 for some C10 > 0. (24)

Using inequalities (24) and (21), we have

C11

(
1

τ

) 1
r−p

6 C10

(
1

τ

) 1
r+$−1

with C11 =

(
(p+$ − 1)C8

r +$ − 1

) 1
r−p

> 0.

But the facts 1 < p < r and $ ∈ (0, 1) imply that

C12 6 τ
1
r−p−

1
r+$−1 → 0

as τ → 0+ with C12 = C11/C10. This generates a contradiction. So, we can find
τ̂0
∗ ∈ (0, τ̂∗] such that Eα,β;ψτ |Ξ−

τ
> 0 for all τ ∈ (0, τ̂0

∗].

Proposition 10. If hypotheses (Qκ) and (Qa) hold and τ ∈ (0, τ̂0
∗], then there exists

v∗ ∈ Ξ with v∗ > 0 such that

M−τ = inf
Ξ−
τ

Eα,β;ψτ = Eα,β;ψτ (v∗).

Proof. The reasoning is similar to the proof of Proposition 5. If {vn}n>1 ⊆ Ξ−τ is
a minimizing sequence of M−τ = infΞ−

τ
Eα,β;ψτ , then by Proposition 2 we have that

{vn}n>1 ⊆ Hα,β;ψp (Ω) is bounded. So, we can assume that for some v∗ ∈ Hα,β;ψp (Ω),

vn ⇀ v∗ inHα,β;ψp (Ω) and vn → v∗ in Lr(Ω) as n→∞.

Using the same idea as in the proof of Proposition 5, we can find t0 < t2 such that

Θ′v∗(t2) < 0 and Θ′v∗(t2) = τ‖v∗‖rr (25)

(see (13)), where t0 > 0 is the maximizer of Θv∗ . Furthermore, we argue as in the proof
of Proposition 8 and use inequality (25) to obtain that v∗ ∈ Ξ−τ , v∗ > 0 and M−τ =
Eα,β;ψτ (v∗).

Proposition 11. If hypotheses (Qκ) and (Qa) hold and τ ∈ (0, τ̂∗), then v∗ is a weak
solution of problem (Pτ ).

Following the above results, we are now in a position to give the proof of Theorem 1.

Proof of Theorem 1. The desired results can be obtained directly by using Propositions 8
and 11.
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33. S. Zeng, Y. Bai, N.S. Papageorgiou, V.D. Rădulescu, Double phase implicit obstacle problems
with convection term and multivalued operator, Anal. Appl., Singap., 21(4):1013–1038, 2023,
https://doi.org/10.1142/S0219530523500033.

34. V.V. Zhikov, Averaging of functionals of the calculus of variations and elasticity theory, Math.
USSR, Izv., 29(1):33–66, 1987, 10.1070/IM1987v029n01ABEH000958.

Nonlinear Anal. Model. Control, 30(Online First):1–19, 2025

https://doi.org/10.1080/00036811.2021.1880569
https://doi.org/10.1080/00036811.2021.1880569
https://doi.org/10.3934/dcdss.2014.7.857
https://doi.org/10.3934/dcdss.2014.7.857
https://doi.org/10.1142/S0219530523500033
https://doi.org/10.15388/namc.2025.30.42116

	Introduction and motivation
	Fractional operators and variational setting
	Main results
	References

