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Abstract. In this paper, we study the existence of positive solutions for a new class of double-
phase Dirichlet fractional differential equations with singular and superlinear terms. By applying the
Nehari manifold method we show that for all small values of the parameter 7 > 0, the considered
equation has at least two positive solutions.
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1 Introduction and motivation

In this paper, we study the existence of solutions to the following singular double-phase
fractional problem:
a,Bip —w r—1 —
L7 = (§)¢™7 +7¢ in £2:= (0,T) x (0,7),

P,
=0 ond2, )
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where T" > 0, and Lg"ﬁ ¥ ¢ is the double-phase fractional differential operator defined by
o,f3; «, P o, 55 =2 N, B
Lp76,w¢ = ;DT/B ¢(|©O+ﬂ w¢‘17 ©0+ﬂ w¢)
a,B; a,B; —25a.B;

_ @Tﬁ P (ﬁ(€)|90+ﬁ 1/)¢|q ©0+ﬁ ¢¢)
withl<g<p<r<pl0<w<l7>0,ac(0,1),8€l0,1],p: =2p/(2 — ap),
and ap < 2. Also, D55 (.) and @8‘;5 () denote, respectively, the 1-Hilfer fractional
differential operators of order 0 < v < 1 and type 0 < 8 < 1. In addition, the weight
Kk : £2 — R, is assumed to be essentially bounded.

The energy functional £2-5% H;’;’B ¥ (£2) — R corresponding to problem (P,) is
given by

. 1y os 1 b
et (9) = |05 ol + = [ w5 ol ag
0

1 .
-2 [a@le T ag - Tjol; forano e MA@,
2

Furthermore, we say that ¢ € ’H;‘*ﬁ”p(()) is a weak positive solution of (P;) if
$(&) = 0fora.a. £ € 2 ¢ #0and

/\538f“"¢>\p‘2®§f;¢¢@5‘f””hdf+/ﬁ(é)\338;5;%\q‘%gf;%@g‘f?whdf
0 7

- /a(g)qs—thngT/(b’“—lhdg forall g € HSP¥ (02).
2

02

Let p € (1,00). The p-Laplace operator, A, is defined as follows:
Apu = div(|VuP~2Vu). )

It is clear that if p = 2, then (2) reduces to the Laplacian. In terms of applications, the
Laplace operator (i.e., p = 2) is well suited to the study of the problems with isotropic
structure. Unlike the Laplace operator, the p-Laplacian is a nonlinear and nonhomoge-
neous operator, which can be applied to the study of non-Newtonian fluids, nonlinear
elasticity theory, oil production, etc.; see [6, 11, 13,20,27,28].

In order to provide effective mathematical modeling for the study of strongly anisotropic
materials, in the 1980s, Zhikov [34] introduced a class of nonhomogeneous and nonlinear
differential operators with nonbalance growth (which is called by double-phase opera-
tors), i.e.,

u A qu = div(|[VulP 7 Vu + a(z)|[Vu|!*Vu), 3)

where l < p<g< N,N >2,0 C RY is a bounded domain with Lipschitz bound-
ary, and a : 2 — [0,00) is Lipschitz continuous. In recent years, problems involving
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differential operators (3) have gained dramatic development in the study of the existence
and multiplicity of solutions via the application of variational methods; see, e.g., [3,4,7,
18,19,23]. We mention some excellent work on double-phase problems. Colombo and
Mingione [8, 9] considered the integral functional driven by the double-phase differential
operator (3)

/ (IVul? + a(z)|Vu|?) dz

e’
and discussed the regularity (including L and Holder continuity) of such operators. In
2018, Liu and Dai [17] proved the existence and multiplicity of solutions for the following
double-phase problem:

—div(|VulP?Vu + a(z)|Vu|!*Vu) = f(z,u) in 2,

4
u=0 ondf2, @

where £2 C RY is a bounded domain with Lipschitz boundary, N > 2,1 < p,q < N.
Motivated by problem (4), Gasiniski—-Winkert [12] investigated the existence and unique-
ness of the solution for the following double-phase problem with convection term:

—div(|VulP7*Vu + p(2)|Vu|"*Vu) = f(z,u, Vu) in 2,
uw=0 ondf?2,

where 1 < p < ¢ < N, i : 2 — [0,00) is supposed to be Lipschitz-continuous, and
f: 2 xR xRN — Ris a Carathéodory function (i.e., = — f(z,s,) is measurable
for all (s,¢) € R x RY, and (s,¢&) — f(x,s,£) is continuous for a.a. x € §2). Mean-
while, Papageorgiou et al. [21] used variational methods along with truncation techniques
to prove the existence of positive solutions for a class of double-phase problems with
singular term. For more details on the research in this direction, we can refer to Liu—Dai
[17], Gasinski-Winkert [12], Papageorgiou—Repovs—Vetro [21], Le [15], Arora—Fiscella—
Mukherjee—Winkert [2] and Faria—Miyagaki—Motreanu [10], Zeng—Rédulescu [33], and
the references therein.

On the other hand, the study of fractional operators has grown considerably in recent
years; see [29-31]. This is because it has been used to describe complicated phenom-
ena as diverse as the Lévy diffusion process, flame propagation, continuum mechanics,
population dynamics studies, and even game theory; see Applebaum [1], Vazquez [32],
Servadei—Valdinoci [24,25], lannizzoto—Pereira—Squassina [14], and the references there-
in. We highlight some representative work: Bouabdallah et al. [5] used the Nehari man-
ifold approach and fibre maps to prove a multiplicity result for fractional p-Laplace
equations; Sun [26] considered a complex differential equation with variable exponents
p-Laplace differential operator and used a fixed point argument and the extension theory
of Mawhin’s coincidence theory to show the existence of solutions of the differential
equation.

The following are important features of problem (P ):

(i) The weight «(-), which is discontinuous and not bounded by zero, leads to the
invalidity of Lieberman’s theory of global regularity [16] and Pucci’s nonlinear
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strong maximum principle [22] for (P;). Therefore, to overcome such difficulties,
our idea is to use the Nehari manifold method.

(ii) The reaction term of (P, ) is combined with a singular term and a (p—1)-superlinear
parametric perturbation.

(iii) The energy functional £#% is not C'' due to the presence of the singular term
a(€)¢~ 7. This means that the variational method cannot be applied directly.

(iv) (P,) is a generalized double-phase problem, which contains a large class of pos-
sible special cases. On the other hand, it should be mentioned that ¢ (t) = log, (t)
with 0 < a < 1 cannot be used to obtain the results discussed in this paper since
¥ (t) = log,(t) is a nonincreasing function and contradicts the conditions of the
function % as presented in Section 2.

In this paper, we assume that

(Qx) k€ L*(2) and k(€) > 0 fora.a. £ € §2;
(Qu) a€ L>(N2)and a(§) > 0fora.a. £ € 2,and a # 0.

In the next sections, we will discuss some critical properties of the energy functional
£28%(.) and the Nehari manifold Z,; see below. Then we will prove the main result of
this paper, which is given by the following theorem.

Theorem 1. If hypotheses (Q..) and (Q) hold, then there exists 7; > 0 such that for
all 7 € (0,75], (Pr) has at least two positive solutions ¢*,v* € ’H;"ﬁ“/’(ﬁ) such that

E2PW() < 0 < E2FW (v,

2 Fractional operators and variational setting

We use the symbol £ ({2) to represent Lebesgue’s function space

LP(02) = {qﬁ : 2 — R is measurable ‘ /|¢|p d¢ < +oo}.
2

It is clear that £ (§2) endowed with the norm ||¢|| = ([, |¢|P d¢ )%, becomes a reflexive
and separable Banach space.

Let0 <a<land0 < B < 1. Set A =1 x Iy with I; = (0, L] and I5 = (0,77,
where T', L are two positive constants. Let ¢(-) be an increasing and positive function
on I and have a continuous derivative ¢)’'(-) on I. Furthermore, let ¢,1) € C™(A) be
two functions such that ¢ is increasing and ¢’ (&2) # 0 for all & € I5. The left- and
right-sided ¢-Hilfer fractional partial derivatives of ¢ € AC™(A) of order « and type 3
are defined by (see, e.g., [31])

. —a 1 0 —B)(1-a
DGV p(&, &) = T~ (m@ a@)l& D= e, &)

and

‘ o) 0 —B)(1—a),1
D5 p(&r, &) = 17T (z@%)ﬁ; P06, 6)
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for &, € I and & € I, where I’ ¢(§1,§2) and I Y (&1, &) are the left- and right-
sided ¥-Riemann—Liouville fractlonal integrals of ¢ € Z1(A) of order « given by (see,
e.g., [31])

&2
109 6(6, &) = ﬁ / (&) - $(5)" " 6(&1, 5) ds

and
o, 1 f az—1
1506 ) = 1o / ((s) — (€)™ ple, 5) ds
&2

forall & € I and & € Is.
It is not difficult to see that the following identity holds for the ¥)-Riemann—Liouville
fractional integral:

T

T
O/(Igl¢@(€1,§2))¢(§1,§2)d§2 ZO/W(&,&)W(&)I?}W (%) dés.

On the other hand, if ¢(-) is an increasing and positive monotone function on [0, 7'] such
that ¢’(-) # 0 is continuous on (0, T’), then, with 0 < o < 1and 0 < S < 1,

T

T
0/( ”M) (51,52))615(51,52)(152Zo/@(fla@)w (€2)D ﬁw(%) a2

for any ¢ € ACY(I; x I) and ¢ € C'(I; x I5) satisfying the boundary conditions
¢(0,0) =0 = p(L,T).
The basic function space in this paper is the ¢/-fractional space given by

HOPV(02) = {p € 27(2): [R5 Y 9| € 2P(02)}
with the norm

o1l = ol

Proposition 1. The spaces .£?(§2) and ’Hg’ﬁ ¥ (£2) are separable and reflexive Banach
spaces. Moreover, C§°(£2) is dense in H3"%¥ (12).

s ) = [|0ll2r () + ["Dg w‘ﬁsz(m‘

Furthermore, for any 7 > 0, we consider the Nehari manifold associated with (P, ) as
follows:

== {ocrrmiar gl [ welogi e a

- /a<£>|¢>|1*“ de + oI, &+ 0}.
(94
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We also decompose = into three disjoint parts:

[1]

e A e

+atw-1) [ KOO A > 74w - DIl

0

1

=]

~{scz orm- 05,

w1 [ O3] de = rir+ = - Dol
and !

[
ol

{¢eaf(p+w—1H©*“¢M

+atw-1) [ KOl de <+ - Dol

]

3 Main results

In this section, we give a detailed proof of our main theorem, Theorem 1. The strategy is
based on the Nehari manifold and variational techniques.
To do this, we need the following propositions.

Proposition 2. If hypotheses (Q,,) and (Q,) hold, then for all T > 0, the energy functional
EXPY (L), given in (1), is coercive on 2.

Proof. Let ¢ € B, we have
N 1 o b 1 .
el - 1 [ w05 el g+ 1 [ alle = ag
- Q o
+—ll¢ll; =0
T

It follows that

1 1 ;
exov(o) = (-2 )Imeroll+ (- 1) [ elolmer o ac
2

+(r-=22) ([ Ol e

Since ¢ < p < r, so, we apply the Poincaré inequality and the Sobolev embedding
theorem to get

EXP(8) > Ci[[]P — Cal| g™ for some Cy, C > 0.

The latter, combined with p > 1 > 1 — oo, implies that £2%¥|z_ is coercive. O

https://www.journals.vu.lt/nonlinear-analysis
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Set MF := infgy EXFY.
Proposition 3. Under hypotheses (Q,.) and (Q,), if EF # 0, then M < 0.

Proof. For any ¢ € EF, one has

+ +w—1 o
rloll; <« S Z ool + 2 [woloptela
10}

By the fact Ef C E,, we get

1
——/ (Ol = de =~ =05 ol - —— [ wlO05 ot ae

9]

(6)
Because of ¢ < p < r, it follows from (5) and (6) that

£x5(0) = T3 o],

1 By 1149 _z T_L l1—-w
+q! Qo5 ol ag - Thol; - 1 [a(@ioP—ag

(o]

1 a, 1 a,
= (5 - 12z Ios el + (5 - 12 ) [ e alrac
(9
1 1\, .0
wr( 2o - )il

<{(p+w—1) (p—i-w—l)(r—i—w—l]H@aﬁw(pr

P B an— y oG

_(CH—w—l) (g+w—-1)(r+w-1) . B L1
+{ q(1 — ) + (Terl)(r(lw))}/ ’;DM ¢‘ d¢

pt+w—-1/(1 o,
(>H© o

l-w r
g+w—1/1 1
+1<— = (©)]25 0| dg
-w \r ¢
o
< 0.
This means that £2:%% (¢) < 0 for all ¢ € =7, so, we get MF < 0. O

Proposition 4. If hypotheses (Q,;) and (Q,) hold, then there exists T* > 0 such that
B0 =0forall T € (0,7%).

Nonlinear Anal. Model. Control, 30(4):685-703, 2025
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Proof. To argue by contradiction, suppose Z? # (). So, for each ¢ € E?, we have

(p+@ - 1|57 + (a4 + =~ 1) / w(E)|D5 | de
(93
= r(r+@—1)||¢| )

Also, it holds
(r+ - )]0 9|7
+or+m-1) [ ROl g~ (r+ - 1) [a(©lo] = g
i) o
=7(r+w—1)|¢l ®)
Using (7) and (8), one has

(=PI 0|2+ - ) [ w05 |" ag
0

— (@ - 1) [a(©)lol = d.
7
This means that ||¢||? < Cs||¢|| for some C3 > 0, namely,
lglP~ < Cs. ©)

Applying (7) and the Sobolev embedding theorem, we get
lo|l? < 7C4||@||" for some Cy > 0.

1\ 77
— < .
(5&) <ol

Letting 7 — 07 yields ||¢|| — +oc. This contradicts with (9). Therefore, we conclude
that there exists 7* > 0 such that 0 = () for all 7 € (0, 7*). O

Hence,

Let¢ € Hg"ﬁ;w(ﬁ) be fixed. We also consider the functional é¢ : (0,00) — R given
by

Oy(t) = " | D5 o) — = /a(§)|¢|1—w d¢ forall ¢ > 0.
o
Since r — p < r + w — 1, so, it is not difficult to see that there exists fo > ( such that

Oy (to) = max ().
So, we have é:# (to) = 0, which means that

(p =)t~ O5L |l + (r + w — i / a(§)|g[' " dg = 0.
2

https://www.journals.vu.lt/nonlinear-analysis
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This gives

0 —

fo = <<r+w—1 Joa(©)l9l' wdé)w B
( )||@°‘W¢||p
Therefore, we have
((r = )12 gl|p) 7=
((r+@—1) [, al&)|g]'~= de)7

(- )HQC”ﬂ%IIP)F*“’I [ a0
(r 4+ = 1) [pal©)lol = ) 7= )

O(to) = = 1251,

(r — ) DS g T
(4@ =0 fpal®or- = dg) et
(r — p)FEEt Do g7 o
(r+ @ — 1) [, a(€)|g] = de) 7ot
p(r+w—1)

r+w—1 __ = s
_p+w—1< r—p )pw_l 1257 llp" ="
r—p r+w-—1 fg )| wdg)ﬁ,ﬂ T

Let S be the best Sobolev constant that satisfies the inequality

<257 Il

Also, by Holder inequality, we obtain

/ a(©)|6["= d¢ < Cs

n

for some C'5 > 0.

On the other hand, using inequalities (10), (11) and r < p,, it follows that

Oy (to) — 7l|¢|I"

b —1 p(r+g:1)
. p+w—1< r—p )p+w I ||©04/31/1¢”pp+ T 7_||¢Hr
- T
r—p r+w-—1 fQ &)|o|1- wdf)ww T
r+w (r+w= (r+w—1)
p+w—1 r—0p Piw}S%*“'l( )p"wl -
> — 7058
r—p r+w-—1 (Cs )p Tt 2
= [C7 — 7C4] for some Cg, C7 > 0.

This indicates that, independently of ¢, there exists 7* € (0, 7*) such that

O4(to) — 7||6|Im >0 forall 7 € (0,7%).

Nonlinear Anal. Model. Control, 30(4):685-703, 2025
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Proposition 5. If hypotheses (Q,) and (Q,) hold, then there exists 7* € (0, 7*) such that
for every 7 € (0,7%), we can find ¢* € EF with ¢*(£) > 0 for a.a. £ € 2 such that
S}‘j‘ﬁ"w((ﬁ*) =M+ < 0.

Proof. Let ¢ € H5-P*(12) be fixed and consider the map O : (0, +00) — R given by

Ou(t) =t [| DG ||} + 207 / w(©)[D5 0" de
2

— et /a(§)|¢|1_w d¢ forallt > 0.
Q

Remember that r — p < r — q¢ < r + w — 1, and we can find ¢y > 0 such that
Op(to) = max Oy(t).
Obviously, we have O4(t) > é¢(t) for all ¢ > 0. So, from inequality (12) we can take
7* € (0,7*) such that
Ou(to) — 7lloll; >0 forallT € (0,7).
So, there are t1,t2 > 0 with t; < ty < to such that
Oy (t1) = 7|ll; = Oy(ta) and Oy(tz) <0 < O(t1). (13)

This indicates that t;¢ € EF and to¢ € E7. So, for all 7 € (0,7*), we have EF # (),
while Eg = (J; see Proposition 4.
Let {¢n}n>1 C EF be a minimizing sequence of M} := info+ £V, ie.,

EXPY(p,) = ME asn — oo.
Using Proposition 2 and &} C =E,, we have that {¢,, },>1 C 7—[;‘*5?’/’(9) is bounded.
Then, without loss of generality, there exists ¢* € H9#*¥(£2) such that
¢ — ¢" onHIPV(R) and ¢, = ¢" inL7(N2).
Let Oy and t; < to be as in (13) with ¢ = ¢*. Then we have t1¢* € E.
Claim 1. ¢, — ¢* on 1P (2) as n — oc.

If the statement is not true, then we can assume that ¢,, - ¢* in Hg’ﬁ ‘w(ﬁ). Hence,

liminf [ D676, | > [|D5:7 6" |7, (14)

n—oo 0

For any fixed ¢ € Hg’ﬁ?¢(0), let us consider the fibering function p: (0,00) — R
defined by
po(t) = E2P% () forallt > 0.

https://www.journals.vu.lt/nonlinear-analysis
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Using (13) and (14), we get

11m1nfu¢ (t1) fhmmf [tp 1H©O‘ﬁw¢n”§+t({71/ |’Da5¢¢n|2d§

(93
~ % [ @l i ol
0
>t o Z—%ﬂ_l/w y®a6w¢|gdg
(9]
= / a(©)l6" = — 56"
(93
— () = 0. (15)

On the other hand, it follows from (15) that there is ng € N such that
:“:bn (t1) >0 forall n > ny.
Since ¢, € EF C B, and )y (t) =" (Oy,, (t) — 7||¢nll}.), We have
ty, (1) <0 forallt € (0,1) and gy (1) =0.

This implies that ¢; > 1. But from the fact that zij;. (t1) = 0 we can see that pg- is
decreasing in (1,¢1). So, it holds that

EF N (007) < E7(67) < M1,

where the last inequality is given by (14). Note that t;¢* € =} (since . (t1) =
77Oy« (t1) — T||#nl|7) = 0 and ¢, € =), we get

ME < £V (8167) < MY
This leads to a contradiction. Therefore, Claim 1 is valid, and

bn — ¢* in HOPV(2),
lim E27%(¢,) = EXFY(¢*), and E£XF(¢*) =M.

n—o0

Since ¢,, € EF, for all n € N, it follows that

(p+@— 1955l + q+w7U/M0@ﬁw%Vﬁ
02
(r+ @ —1)|nl-

Nonlinear Anal. Model. Control, 30(4):685-703, 2025
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Hence,

(p+w — 1)|| @55

+@+w—n/ma@ww*q
0
(4w — 16| (16)

From (4) we know that E = (). Then (16) is a strict inequality, so, * € ZF. Obviously,
we can replace ¢* by |¢*|, and so, we can say that ¢*(£) > 0 for a.a. £ € (2. O

For any € > 0, let us consider the open ball
B.(0) = {w € Hg’ﬁ;¢(0) || wl < 6}.

Lemma 1. If hypotheses (Qy) and (Q,) hold and ¢ € E £ then there exists ¢ > 0 and
a continuous function f : B.(0) — Ry such that 3(0 ) = 1 and B(w)(¢ +w) € EF for
allw € B:(0).

Proof. We will only prove the case w € E because the same arguments can be used to
prove the case ¢ € E.
Consider the functional £ : H3"%% (£2) x R — R given by

E(w,t) = "= DG (¢ + w) ! 4 14t / (©)]D5:7 (¢ +w)| " de
i0)

- /a(g)\qs +w['FdE =t ¢+ w|; forallw € HY PV (12).
2

Since Ej C &, we have £(0, 1) = 0. Furthermore, for any fixed ¢ € Ej, we have
wmn=@+w—mm$WwM+m+w—U/d@@ﬁ”&ﬁ%

0
—7(r+w—1)]|¢*||; > 0.

We are now able to use the implicit function theorem to find € > 0 and a continuous
function 8 : B:(0) — R such that

B(0) =1, Bw)(w+¢)eE, forallw e B.(0).
Furthermore, we can make € > 0 small enough so that
B(w)(w + ¢) € EF forall w € B.(0).
This completes the proof of the lemma. O

Proposition 6. If hypotheses (Q,,) and (Q,) hold, T € (0,7*], and h € Hg’ﬁ’?w(ﬁ), then
we can find b > 0 such that E3P¥ (¢*) < 5P+ (¢* + th) for all t € [0, b].

https://www.journals.vu.lt/nonlinear-analysis
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Proof. Consider the function 7, : [0,00) — R given by
m(t) = (p— D)||D5 ¥ ¢" + 1207 n|?

+(g- 1)//€(€)|©8‘f""¢* +10577h|" dg
2

+w / al©)|¢" + th'== d¢ — r(r — 1)]|" + thl].. (17)
(9}

Due to ¢* € EF C E, (see (5)), we have
©)l" '™ d¢ = w||Dg o7 + ©)lo"|7de —rwlo*l;  (18)
w [ a(€ w0+¢pwn§ & — Tl
19 o)
and
== DRG]

gt —1) / w(6)|| D2

]

Yde —7(r + w —1)||¢*|| > 0. (19)

Taking into account (17)—(19), this implies 7, (0) > 0. We can also use the continuity
of gy, to find by > 0 such that

np(t) >0 forallt € [0, bo).
By (1) we can find v(t) > 0 for ¢ € [0, by] such that
v(t)(¢* +th) € EF, wv(t) =1 ast—0". (20)
Therefore, we derive
ME = E2PY(¢%) < EXPY (v(t)(¢*th)) forallt € [0,bo).

Hence, we concluded that M < E2FY(¢*) < EXF¥ (¢* + th) for all t € [0,b] with
0 < b < bg; see (20). O

Proposition 7. If hypotheses (Q) and (Q,) hold and T € (0,7*), then ¢* is a weak
solution of problem (P..).

Proof. Let ¢ € Hg"ﬂ % (£2), and let b > 0 be the constant given in Proposition 6. For
0 < t < b, using Proposition 6, we get

0 < EXPY(¢* +th) — EXPY (¢").
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This implies that
o [ el (e = < o) dg
-—w
Q2

(1957 6" + 052 ~ [0

1
< “I1,)
1 o,f3; * a,fB; a, 55 *
Ty U R(E) (1957 8" + 155 h" — D5V |") d
2
T * r T
= (Il + ehll7 = llII7)-

If we divide the above inequality by ¢ > 0 and let t = 0T, we get

/ a(£)[67| " hde

2
o, f3; *|P 2 a,B; * a,ﬁ;
< / |©O, ’wd) | Z)C’ wd) 3)0 whdf

@B 1[92, 85 4%y, B5 P —
+/}®Of% "0 ©0+Bwhd§ff/(¢) Lhde.
2

2

The arbitrariness of h € 137 (£2) shows that for all h € H3F¥(42),

/ a(€)|6"| "= hde

19
_ / |®g_;_ﬁ;w¢* |p72©8£_;_5;¢¢*©(0¥f§¢h d¢
+ [opver 2 e g nag - (o) he,
19 o)
Therefore, ¢* is a weak solution of (P,) for 7 € (0,7*). O

Following Propositions 5 and 7, we have the following result, which shows the exis-
tence of a positive solution of (P;) for 7 € (0,7%).

Proposition 8. If hypotheses (Q,) and (Q,) hold and T € (0,7*), then problem (P;)
admits a positive solution ¢* € H PV (§2) such that £5-P (¢*) < 0 and ¢*(£) > 0 for
aa £ €, 9" #0.

The next proposition gives the existence of the second positive solution to (P;) when
7 > 0is small. This solution belongs to = .

https://www.journals.vu.lt/nonlinear-analysis
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Proposition 9. If hypotheses (Q,.) and (Q,) hold, then we can find 7o* > 0 such that for
all T € (0,7y"), functional £ is nonnegative on 2.

Proof. Let ¢ € E, then one has

@+w—1mqﬁwwﬁ+@+w—D/F®W¢ﬁww%m
2
<7(r+w= -1l

The continuity of the embedding 7—[;}’5 Y(02) = £L7(2) implies

(p+w—1Csl|¢||? < 7(r+w —1)||¢|; for some Cs > 0,

i.e.,

{(p—f—w— 1)Cs

pte V%™ <ol e

Suppose that the conclusion of this proposition is not true. Then we can find ¢ € =
such that £45¥(¢) < 0. Hence,

1 &, 05 1 @, B3 1 —w

Clogrely s [l vol a - = [alol = ag
. 2 £2

= el <. (22)

Keeping in mind ¢ € &, namely,

o570l = [a@lo~=dg+ rlol - [w@ler Vol ae @23)

2 2

we use (22) and (23) to obtain

1 1 1 1 .
-] o@er=a+ |22 [u@logivelac
2 2

p w

+T(1—1)wu<o
p T

1 1 -1
7-( _ > ol < %angb\\}fw for some Cy > 0.
p p(l — @)

This implies

Recall that ¢ < p < r, this leads to

(p+w—1)reg

r+w—1
lollr 7=~ < r—p)i-m)
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Hence,
1
Il < C’lo(f)”ﬂ;—l for some Cg > 0. (24)
T

Using inequalities (24) and (21), we have
1\ 77 1\ 7=t 1)Cg\ =7
C11 <) < Cho () with Cq; = ((pw_)g) > 0.
T T r+w-—1

But the facts 1 < p < rand w € (0, 1) imply that
012 < Tﬁi”‘*ﬁ —0

as 7 — 0% with Cj2 = Cy1/Co. This generates a contradiction. So, we can find
70" € (0,7*] such that £ |5 > 0 forall 7 € (0,7"]. O

Proposition 10. If hypotheses (Q,) and (Qg) hold and T € (0,7y"), then there exists
v* € B withv* > 0 such that

M, = inf £V = £XFV (v™).

Proof. The reasoning is similar to the proof of Proposition 5. If {v,}n>1 C B is
a minimizing sequence of M = infg- £28¥ | then by Proposition 2 we have that
{vn}n>1 C HGP(£2) is bounded. So, we can assume that for some v* € HG PV (42),
v, = v* in Hg,ﬁ;w((z) and v, —»v* inL"(2) asn — oco.
Using the same idea as in the proof of Proposition 5, we can find ¢y < to such that

O..(t2) <0 and O,.(t2) = 7||v*| (25)

(see (13)), where ty > 0 is the maximizer of @,«. Furthermore, we argue as in the proof
of Proposition 8 and use inequality (25) to obtain that v* € Z7, v* > 0 and M. =

T

EQB (%), O

Proposition 11. If hypotheses (Q,) and (Q,) hold and 7 € (0,7*), then v* is a weak
solution of problem (P..).

Following the above results, we are now in a position to give the proof of Theorem 1.

Proof of Theorem 1. The desired results can be obtained directly by using Propositions 8
and 11. O
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