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Abstract. This article is the second part of a survey dedicated to M -matrices and the application
of the finite difference method to elliptic problems with nonlocal boundary conditions. Here, we
examine cases in which the matrix of the resulting system of linear equations is an M -matrix. Here,
we address the discrete Sturm-Liouville problem with nonlocal boundary conditions, describing
its spectrum in one-dimensional case. This enables us to determine the values of the nonlocality
parameters for which the finite difference scheme is represented by an M -matrix.
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1 Introduction

Mathematical models based on differential equations with various types of nonlocal bound-
ary conditions (NBCs) have been intensely studied in the fields of differential equation

theory and numerical analysis [2,3,12,24,25,48]. The application of numerical methods

to problems involving NBCs results in non-symmetric, non-self-adjoint operators and

matrices [17,37].

M -matrices appear in many mathematical models, including those in engineering,
mathematical economics, optimization theory, probability theory, statistics, and many
other fields [5]. Professor Mifodijus Sapagovas is one of the researchers who uses M -ma-
trix theory to study the properties of finite difference schemes (FDS) for problems with
(NBCs) [11]. More information about M -matrices and FDS for problems with NBCs
can be found in the first part of this survey [10]. There, we use a method based on regular
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splitting to provide necessary and sufficient conditions for finding the spectrum radius of
a special matrix [4, Cor. 6.17]. Here, we use a different approach. We solve the discrete
Sturm-Liouville problem (dSLP) to find the spectrum [29, 35, 38]. We conclude that the
matrix of our problem is an M -matrix if the real parts of all the eigenvalues are positive
[34, Thm. 2.1].

Our survey paper focuses on the study of the one-dimensional discrete Sturm—Liouville
problem with nonlocal boundary conditions in relation to M-matrix theory. Section 2
briefly presents the main properties of M -matrices and their relation to other types of
matrices. Section 3 discusses the algebraic eigenvalue problem. Section 4 introduces the
finite difference method for the Sturm—Liouville problem, grids, grid functions, and grid
operators. Section 5 describes the general solution to the Sturm—Liouville equation using
Chebyshev polynomials. A large part of the section is devoted to solutions in trigonomet-
ric form. Section 6 discusses natural boundary conditions. The natural approximation
of derivatives is presented. Section 7 considers examples of discrete Sturm—Liouville
problems with nonlocal boundary conditions and uses the obtained results to determine
whether the corresponding matrix is an M -matrix.

2 Notation. M-matrices

We will begin with the common notation, general concepts, and statements of matrix
theory that will be used throughout this paper.

We denote C* := {z € C: Rez > 0}. We denote the set of all n x m complex
(or real) matrices A = (a;;), a;; € C (or a;; € R) as C"*™ (or R"*™). To denote
a row of a matrix, we often use the superscript A = (a;) We will consider matrices
v=(v1,...,0,)" € R =R"(orv = (v!,...,0")7)as vectors. We denote a matrix
(or vector) consisting only of zeros by O (or 0) and the identity matrix by I. If necessary
for clarity, the dimension of these vectors or the identity matrix is indicated by subscripts.

In this article, we consider real matrices A € R"*™. We use the notation A < B
(or A < B)if A,B € R and a;; < b;; (or a;; < byy) for all 4, j. Following
traditional notation, we will write A > 0 (or A > 0) instead of A > O (or A > O) for
a nonnegative (or positive) matrices and vectors.

The set of all eigenvalues Aq, ..., A, of a matrix A € C™*" (spectrum of a matrix) is
denoted by o(A). The spectral radius of A is p(A) := max;—1,...n |\

Theorem 1. (See [54, Thm. 1.21], [4, Thm. 4.9].) If A € C™*" is strictly diagonally
dominant or irreducibly diagonally dominant, then A is nonsingular. If, in addition, its
diagonal entries are positive, i.e., a;; > 0, then Re \; > 0 for all eigenvalues \; of A.

Thus, if Theorem 1 holds (in the case a;; > 0), then o(A) C C*.

The term M -matrix was first introduced by Ostrowski [31] in reference to the work of
Herman Minkowski [28]. In this paper, Minkowski proved that for a matrix A € R™*",
under the conditions a;; < 0, ¢ # j, and Z?Zl a;; > 0,4 = 1,...,n, the inequality
det A > 0 holds. The second condition is the strict diagonal dominance condition.

Ostrowski used the weaker condition a;; < 0,4 # j.
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2.1 M-matrices

Definition 1 [Z-matrix]. A matrix A € R™*™ is a Z-matrix if it satisfies the condition
a;; < 0,1 # 3.
We denote a class of square Z-matrices as Z,, 1= {A € R"*™: a;; <0, i # j}.

Definition 2 [Monotone matrix]. A matrix A € R™*" is called monotone if it is non-
singular and A-1>0.

Definition 3 [M-matrix]. A matrix A € R"*" is an M -matrix if:

(i) the off-diagonal entries are nonpositive, a;; < 0,9 7# j;
(i) A is nonsingular, and A~ > 0.

Lemma 1. (See [34, Thm. 2.1].) Let A € Z, and a;; > 0,1 =1,...,n, then each of the
following statements is equivalent to “Matrix A is an M-matrix”:

(i) A is monotone. That is, A~ exists, and A=* > 0or Av > 0 implies v > 0;
(i) Re A(A) > 0, where \(A) is the eigenvalue of matrix A, i.e., o(A) C Ct.

2.2 Linear systems

In [10], we considered FDSs for one- and two-dimensional Poisson equations with bound-
ary conditions (BCs), writing them as linear systems in the form

AiUi +AbUb — Fi, Ai c Rnxn7 Ab c }Rnxm7 (1)
Ub — BbUb + BiUi + Fb, Bi c IRan7 Bb c Rmxm’ (2)

where Eq. (1) is a discretization of Poisson’s equation at the inner nodes, U', F! € R"*1,
and Eq. (2) is a discretization of the BCs at the boundary nodes, UP, F> ¢ R™*1,
Equation (2) is equivalent to

AbiUi + AbbUb — Fb,
where AP* = —B'! and APP =1 — Bb.

If APP is an M -matrix and both AP! < 0 and AP < 0, then the equation for the inner
nodes is [10]

AU'=F, A=A _-C, C=A"(A"")"AY >0

If we use matrices BP and B! instead of B” and B! in (2), then we can calculate the
matrices A = —Bi, AP* =T — BP, C = AP(APP)~1 AP and A = Al — C.

Lemma 2. (See [10, Lemma 6].) Let 0 g Bb~ Bb and AP are the M -matrices. Then
AP is an M-matrix, and 0 < (APP)~1 < (APP)~1 If, additionally, 0 < B! < B' and
A is an M-matrix, then A is an M-matrix, and 0 < A~* < A~L.

https://www.journals.vu.lt/nonlinear-analysis
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3 Algebraic Sturm-Liouville problem

We consider the algebraic Sturm-Liouville Problem (aSLP) for problem (1)—(2):

AU + APUP = \U', (3)

U" =B"U" + B'U. @)
Equation (4) is equivalent to

APU + APPUP = 0. (5)

The parameter ) is an eigenvalue of this aSLP if nontrivial solution U= (U, UP)"#£0
exists. We rewrite Eq. (3) as
AU = —A°UP, Al = AT )L,

Then there exists the system of m linearly independent solutions £y, = {E;(}\),...,
E,,(\)}. If det Al # 0, then the system & is the basis of the set of the solutions. Let us
define the matrix

Ef(\) o En(N)
E)\:(El()\)7~~7Em(>\)>:
EPt™(\) .- Entm())
Then we have
U= (U, U’ Zlel —E\V, Vi=('.. "), (6)
We can rewrite the BCs (5) as
B (bl b, |
BU=0, B=| ---|=|- - - ::(Abl’Abb>7 (7)
B™ L T,
where B! = (b, ... bl ) e RWX(mHm) p =1 'm
If det APP =£ 0, then this aSLP is equivalent to the problem
AU + AU" =0,
AU+ UP =0, A= (APD)TIAM
Eliminating U® gives
AU'=0, A=A, -C, C=A"(A")""A",
i.e., an Algebraic Eigenvalue Problem (AEP)
U' =)\U!, A:=A-CeR™™, (8)

This proves the following lemma.

Lemma 3. If det AP® £ 0, then ) is the eigenvalue of the algebraic Sturm—Liouville
problem (3)—(4) if and only if \ is the eigenvalue of the algebraic eigenvalue problem (8).

Nonlinear Anal. Model. Control, 30(4):704-731, 2025
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Nontrivial solutions of AEP exist if det Ay = 0. The roots of the latter equation are
the eigenvalues A\;, & = 1,...,n, of both the AEP and the SLP. Therefore, for each A,
we obtain the homogeneous linear equation

AU = )\ U

A nontrivial solution of this equation is the eigenvector U*! for problem (8). Therefore,
the discrete SLP has the same eigenvalue \j; as the AEP. The corresponding eigenvector
is Uk — (Uk’i, —AnUk’i)T,

If system &, is known, then the BCs (7) can be used to find the eigenvalues and
eigenvectors. Substituting expression (6) into (7) yields the homogeneous linear system

H\, V=0, H),:= BE,\ERmxm. )]

If det Hy = 0, then a nontrivial solution of (9) exists, and the set of roots of the charac-
teristic equation (CE) forms the spectrum of the aSLP. In the case Ay belongs to the aSLP
spectrum, then we can find nontrivial solutions V* of the equation Hy, V = 0.

Consider the matrices H := Hj,, E := E,, and the vectors E; := E;()\;), where
E; = E; (Ag). If rank H = r < m, then renumbering the rows and columns of matrix H
yields

B R Rl e B
H=|h - h by - W, N )
L R L
where hi = B'E; = 3" b E!. Let us denote
TR My B
H=. . ], ®\m=[-- - .,
R s Wi,y - R
B hlyy ... hl
A=) 'mr=| .. .. ,
WL

Vr:(vl,...,vr), Vp:(vrﬂ,...,vm),
E = (Ey,...,E,), EP = (E;t1,...,En).

The first r equations of the system HV = 0 give V' = —HVP and
U=EV=EV +E'V’ = (EP—E'H)VP = ) (El - ZEJLZS).
l=r+1 s=1
Thus, an eigenvalue A = X\, has m —r eigenvectors (geometric multiplicity ya (Ax) =
m-—r: B =E.;—->"_, Esh; ., 1 = 1,...,m — r. If the algebraic multiplicity
A (Ag) > m — r, then generalized eigenvectors exist.

https://www.journals.vu.lt/nonlinear-analysis
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Example 1 [m = 2]. Form = 2, wehave £ = {E;(\;), E2(A\g)}. Ifrank Hy, = r =0,
then there are two linearly independent eigenvectors U; = E;(\g) and Uy = Eg(Ag)
for the eigenvalue \y.

Suppose rank Hy, = r = 1. Let us denote [36,52]

D[¢] = (D[E]7) = (DIE], ..., D[E]"?),

where
. |Et Ei |Ei EJ ; , T
iy 1 2| 1 1 J— 1j n+2,j )
In the case r = 1 (h} # 0), the eigenvalue A\ = ), has single eigenvector U € R("+2)x1.
U/ = —h{(E} — E{h}) = hyE{ — hiE} = = b} (E{E} — ESE])
i ) | i=1
= - b D[€]7 = -B'DIE).
i=1
The matrix D[] is skew-symmetric. Therefore,
U=D[¢|B;, B,=(B')". (10)

In the case hi # 0, equality (10) holds, too. If h} = hl = 0, then the eigenvector
U = D[€]By, where By = (B2) T,

Corollary 1. In the case m = 2, the eigenvalue A\ = A\, has the following eigenvectors:

U; ~E;, Uz;~Ey forrankH,, =0, (11
U ~ D[€]B; ~ D[£]By  for rankH,, = 1. (12)

4 Finite difference method for Sturm-Liouville problem
Let us consider one-dimensional SLP with two additional (boundary) conditions

" =Xu, xe€0=10,1, (13)
b (u) =0, b%(u) = 0, (14)

where equalities b' and b? describe additional (boundary) conditions.

In the domain 2 = [0, 1], we introduce the grid @} := {t;: t; =i-h,i=0,...,N}
and a subgrid w} := {t;, i = 1,..., N — 1} with uniform steps h = [/N, 0 < N € N.
We can extend the grid w]’ to the grid 2" := {t;, i = —1,0,..., N, N + 1} or to the
grid Z" := {t;: t; = ih, i € Z}, which will be used for periodic problems. We use the
standard ordering of the nodes of the grid Z" (£2"), i.e., t; < t; 1.

Nonlinear Anal. Model. Control, 30(4):704-731, 2025
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We will use the trapezoidal approximation for the integrals in the BCs

N-1 l
V,U] := (VoUp + VNUN)S + Z ViU;h =~ /U(x)u(x) de, UV e Rgg7

i=1 0

and the grid operators 52,6, § for the grid functions

U1 —2U; + Ui & Uiy1 — U1

52U; = 2 oU; i = ————

U h? ’ U 2h ’
5U; = Uit1 + Uit1 t; € 7M.

2 )

These two operators approximate ' (¢) and «/(t) with the order of O(h?).
Later in the paper, we will use the following equalities useful to find generalized
eigenfunctions:

S2(tU); = t;0%(U); + 26U, (15)

S(tU); = t;0(U); + 3U;. (16)

For Neumann or Robin BCs, ghost boundary nodes {_i, tn+1 € Ow, are used
[1, Sect. 3.1.3], [23, Sect. 2.7]. Using the ghost node ¢_; makes ¢y an inner node, and us-

ing the ghost node ¢ 541 makes ¢ an inner node. There are four possible one-dimensional
grids in the domain (? (see Fig. 1(a)):

() w=w, |w|=N-1, 0w = {to.tn}, Dgw = 0;
() w=wl+{tn}, |wl=N, 0%={to,tns1}, Ogw = {tny1};
(i) w={to} +wl, |wl=N, 00=/{t_1,tn}, Ogw = {t_1};
(v) w=a" |w=N+1, 0w ={t_1,tn4+1}, Ogw={t_1,tn41}

We now define n = |w|, Opw = w \ Wi, dw = 0w \ Dyw = T \ w, ¥ = w + dw = W,
w = w ~+ Jw. Thus, using the grid w (with ghost nodes), cases (2)—(4) have two boundary
points and become similar to case (1).

We consider one-dimensional dSLP

—8%U; = \U;, t; € w, (17)
B(U)= > bui+ Y v+ Y v+ Y b
tiwa t; EOpw t; 0w t;€0gw
=D WU+ Y WU =) bU;=0, =12 (18)
ticw t; EOw t; €W

on the grid @.

https://www.journals.vu.lt/nonlinear-analysis
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Qh + b
i tg=0 b tnor by =1 tvn P =0 @ tyoy ty =1
@ o . o M o —o—e—Q n=N-1
B P B Ph 1\35 % B B P B
(i) o—e—e—eo—e—o o (if) o—e o—e—1 n=N
A on B L » B P Ph
(iii) o > o) (iil) o—e ® O n=N
g a B oo nom o P}
(i) 5o - (V) 5—e—o—o—o 8 aoysi
I B P P P P
ecw O0edw Uedw ecuw! oelw De Juw
(a) with the ghost nodes (b) without the ghost nodes

Figure 1. One-dimensional grids w, 0w, Ogw, w?, Onw; O - ghost nodes, O — nodes for the natural derivative,
O —nodes not used by the natural derivative.

Remark 1. If eigenvalues \; and eigenfunctions U*(t;) = U*(j/N), t; = hj, h =
N~1, for dSLP in the case 2; = [0,1] (I = 1) are found, then for £2 = [0,1], ; = hj,
h; = IN 1, the eigenvalues and eigenfunctions are as follows:

e = B2 = 172, Ub(r) = UF (jv) - U’“(Tl")-
As aresult, only the case of [ = 1 with h = N~! can be considered.

Equations (17) can be written in the matrix form (3), where

2 -1 L0
) ) ) 0 0
i -1 2 . nxn b __ T J _ < nx2
A_ﬁ . . € R, A__ﬁ']’ J=|: | eR™".
. .. 71 OO
-1 2 0 1

5 Discrete Sturm-Liouville equation and Chebyshev polynomials

The discrete Sturm-Liouville Equation (dSLE)
—8%U; = \U;, t; e Zh,
can be written in the form [8]

Ah?
Ujt1 —22U;+U;—1 =0, 221—7. (19)

Equation (19) for j € Z and its solutions have been studied for z € R [38]. The general
solution of this equation is given by

Uj = c'Tj(z) + CQTj,l(z)h, JjEZ,

where

2+V2 1) + (2 —V22 1)
7y(2) = | Sl Y jez

Nonlinear Anal. Model. Control, 30(4):704-731, 2025


https://doi.org/10.15388/namc.2025.30.42210

712 V. Biida et al.

are the Chebyshev polynomials of the first kind of degree 7,

f( ) (Z+~/z2—1)j+1—(z— 22_1)1’4—1
() = ’
! 2v22 — 1

are the Chebyshev polynomial of the second kind of degree j in z. The Chebyshev

polynomials can be further extended to (or initially defined as) polynomials of a complex
variable z [26,46]. These Chebyshev polynomials are solutions to two Cauchy problems:

J €L,

Tj+1 - QZT’j + Tj—l = O7 TQ = 1, T1 =z, (20)
Tjy1 —22T;+T;_1 =0, T_1=0  Ty=1. Q21
The recurrence equations (20)—(21) allow us to find the Chebyshev polynomials 77 (z)
and T+ (z) forall j € Z.
Chebyshev polynomials (73,, T;,, n > 0) can be represented explicitly as the corre-
sponding determinants of the tridiagonal matrices of size n x n [26]:
2z —1 2z —1
-1 2z -1 -1 2z -1
T.(z) = , To(z) := . (22)
-1 2z -1 -1 2z -1

Note that the corresponding matrices are M -matrices for z > 0. _
The roots of T; are z; = cos(n(k +1/2)/j), k = 0,...,j — 1, the roots of T}
are Z; , = cos(mk / (5 + 1)) k=1,...,j. Thus, all roots of the Chebyshev polynomials

belong to (—1,1). If deg Tk > deng (or deg Ty, > degTy), then the similar innequality
holds for the largest root, i.e., Zx.1 > Z;1 (OF 25,0 > 2j,0).
We define the function D[T];;(z2) [36]:

(2) = ~TZ('Z) ~Tj(z) T;i(2) Tj(Z)
D[T]ZJ( ) h Tifl(z) Tj71(z) Tl 1(2) hTJ 1( )

= h(Ty(2)Tj-1(2) = T5(2)Ti-1(2)) = —hTi—j-1(2).
Note that Tj(1) = 1, hT;(1) = t;j 11, Tj(—1) = (—=1)7, hT;(1) = (=1)7t;,. Thus,
D[T]ij(l) =tj—i, D[T]ij(_l) = (_1)1(_1)]ti7j~

Lemma 4. The following property of Chebyshev polynomials is true:

S(hTj—1(2)) = Ty(2), t; € Z".
Proof.  According to [26, Sect. 1.2.2],

- T (2) — T olz
5T 1 (z) = )2 Tj-2(2))

=h7'Ty(2). O

https://www.journals.vu.lt/nonlinear-analysis
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The values of the Chebyshev polynomials T; = 5 (hZIN’j_l) and hYN’j_l form a funda-
mental system of solutions 7, = {T(z), T(2)} of the homogeneous equation (19), where
T(z) :={T}(2), j € Z}, T(2) = {hTj-1(2), j € Z}.

Remark 2. As multiplier h — 0, the fundamental system of solutions of the difference
equation converges to the fundamental system of solutions of the differential equation
—u'" = Au [8]:

{T3(2) 1T (2)} = {8 (T (), W T3 (2)} — {C°s<wqt>, (qqt)}

_ { d sin(mqt) sin(ﬂqt)}7 A= (r).

dt =mq = mq

The general solution of difference equation (19) can be written in the matrix form:

U =10'T(z) +*T(z) =T.V, T,= (T(2), ’f(z)), V = (v, UQ)T , o (23)

1

where v, v? are two arbitrary constants. We define

1 N() - Tz T T\ s
E. = (T Tb) (hTo( ) e hfn_l(z) hf_l(z) hTN_l(Z)) SR

Equation (9) becomes M,V = 0, where M, = BE, = APPT® + APITi. A nontrivial
solution of this equation exists if det M, = 0.

5.1 Domain Cfl‘

Since A = 2h=2(1 — z), then in the case z = cos(mgh), the formula
4 omgh 2

h2 n 2 h2 (
defines bijection A": C! — Cy = C = {\ = Re A 4 Im M} (see Fig. 2), where C} :=
{g=24+yu 0<x=Reqg< N,y=ImgeR; ifx=00orx = N, theny > 0} [6,8].

A= M) = 1 —cos(mqh)), q€ (CZ7

q

S|

Figure 2. Domain (CZ; O — ramification points ¢ = 0, N, O — branch points A = 0, 4N2.

Nonlinear Anal. Model. Control, 30(4):704-731, 2025
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ImA

2N?
—K%A'EI-&I'EEI-E

Figure 3. Images of lines ReA = ¢, k = 1,...,7,in (CZ: c1 <0,c0=0,0<c3 < 2N2 ¢4 = 2N?2,
2N? < c5 < 4N2?,c6 = 4N2, c7 > 4N?2.

We use notation R := {¢ =1y: y > 0} U{g=a: 2 € [0, N]}U{q = N +y: y > 0}.
Note, if ¢ € R”, then A € R. The points A = 0and A = 4N 2 are the second-order Branch
Points (BP) of the mapping A\ = \"(q).

Remark 3. Suppose, b = \"(a), a = 0, N, is the second-order BP of the mapping A =
A'(g). Consider two functions f()\) and g(q) = f(A"(g)). If function f(\) = f(b) +
J/(B)(A—b)+O((A—b)?), then g(q) = F(5)— (~1)\*/N 72 /(1) (g — )2 + O((g—a)").
Thus, if the function f has simple zero at the point A = b, then function g has double zero
at the point ¢ = a (if the function f has a zero of order k at the point A = b, then the
function ¢ has zero of order 2k at the point ¢ = a, k € N).

Horizontal lines y = Im ¢ = b are mapped to ellipses (see Fig. 2)

(1—ReX-h2/2)?  (ImA-h2/2)?
cosh? (mbh) sinh®(wbh)

If b = 0, the ellipse becomes a segment [0, 4N2]. Vertical lines z = Re ¢ = a are mapped
to hyperbolas

(1-ReX-h?/2)>  (ImA-h%/2)> )
cos?(mwah) sin?(rah)

Ifa = 0 (y € [0, +00)), a branch of the hyperbola becomes a segment (—o0, 0]; if a = N
(y € [0,+00)), a branch of the hyperbola becomes asegment [4N?, +o0); if a = N/2,
the whole hyperbola becomes a line Re A = 2N2.

Now consider the inverse mapping ¢ = ¢"(\) and the vertical lines Re A = c. Images
of these lines are shown in Fig. 3 and are defined by the equation

T = (y) = arccos((1 — hW//Q;;)/ cosh(n-yh)).

The function (.. is even and is monotonic on the intervals (—oo, 0), (0, +00). If ¢ < 0
(or ¢ > 4N?), then there exists y. > 0 (J. > 0) such that p.(y.) = 0 (¢c(Fe) = N),
if 0 < ¢ < 4N?2, then there exists . = ©.(0) € [0, N]. The point y.2 corresponds
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(a) D} (o)D", Dha>0

Figure 4. Domains D}, D" , D}.

to the eigenvalue A = ¢ < 0, the point NV + g2 corresponds to the positive eigenvalue
A = ¢ > 4N?, the point x. corresponds to the eigenvalue A = ¢ € [0,4N?].

If A € C, is an eigenvalue of dSLP (17)—(18), then the corresponding value of ¢ € (CZ
is called an Eigenvalue Point (EP).

For M-matrices, all EPs belong to DY := {q € (Cg: ReX > 0} (see Fig. 4(a)).
Additionally, for a > 0, we define two domains D" := {q € (CZ: Re) > a}, D', =
{q € Cl: ReX > —a} (see Fig. 4(b), the case a < 2N?).

We denoted by 02 (A) the image of the spectrum of the matrix A in CZ, that is,
N(oh(A)) = o (A).

q

Lemma 5. A matrix A spectrum o(A) C C* if and only ifag(A) C Db. If, in addition,
A € Z,, then A is an M-matrix.

Proof. Tt follows from Lemma 1(ii). O]

Lemma 6. If o' (Ay) C D' C C}" and o2 (A,) C D' Cl2, then o(Ay) +
O'(AQ) c CH.

Proof. If ¢ € D, gy € D", then Re \; =Re A(q1) > a >0, Re Ay = Re A(q2) > —ov.
Therefore, Re(A; + A2) > 0. O

We will rewrite dSLE (19) using the parameter ¢ € (CZ instead of A € C,. Since
z = cos(mwqh), Eq. (19) becomes [8]

Uj—1 —2cos(nqh)U; + Uj1 =0, t; €Z", qeCh. (24)
We have a new basis function instead of Chebyshev polynomials:

E;(q) = Tj(2(q)) = cos(mqt;),
E;(q) = hTj_1(2(q)) = hm, t; ez"
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and & = {E(q), E(q)} is the fundamental system of solutions of homogeneous equa-

tion (24), where E(q) = (E;(q), t; € Z"), E(q) = (E;(q), t; € Z"). Therefore,

sin (mq(t; — t;))

D[€)ij(q) = —h Sn(egh) tit; € 7" (25)

Lemma 7. The following equalities hold:
0Ei(q) = —h~?sin®(rqh)Ei(q), 0Ei(q) = Ei(q), t; €Z", (26)
0°Ei(q) = —AEi(q), 0°Ei(q) = —AEi(q), ti€Z" 27)

Proof. Using definitions of the grid operators, we get:

Ei11(q) — Ei—1(q)  cos(mq(t; + h)) — cos(mwq(t; — h))

0E;(q) = =
0Ei(q) T T
_ sin(wqt;) sin(mgh)
= - ,
5Ei(g) = Eit1(q) — Ei-1(q) _ sin(mq(t; + b)) —sin(mwq(t; — h))
’ 2h 2sin(mwgh)
= cos(mqt;),
52Ey(q) = cos(mq(t; + h)) + cos(z;](ti — h)) — 2cos(mqt;)
2 — 2cos(mgh
= —% cos(mqt;),
52Ei(q) _ sin(mq(t; + h)) + sm'(wq(ti — h)) — 2sin(wqt;)
hsin(mgh)
_ 2 —2cos(mgh) sin(mqt;) 0
h sin(mwqh)
Corollary 2. At the nodes to = 0 and ty = 1 the following is true:
Eo=1, Ey = cos(mq), 5Ey =0, 3En— fw, (28)
Bo—o0, By=!09  5Em 4 §Ey = cos(q). (29)
sin(mwgh)

The general solution of difference equation (24) is given by [8]

U=v'E(g) + v’E(q) =E,V, E, = (E(¢),E(9)), V=", 30)

and
T
E — (El Eb)T _ ?1 (Q) e ?n(Q) QO(Q) @N(Q) c R(n+2)><2
o Ei(g) -+ En(e) Eolg) En(q) ’
T T
B Cos(zrqil)) e cos(zrqfn)) Eb — 1 CQS((ﬂ'(]?
= sin(mqty sin(mqty, , = sin(mq
¢ h sin(mqh) h sin(mwgh) I 0 h’sin(ﬂ'qh)

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

M -matrices and one-dimensional discrete SLPs with NBCs 717

We rewrite Eq. (9) as
M,V =0, M, =BE,=A"E}+A"E].

Nontrivial solution of this equation exists if det M[; = 0. Roots of it are the EPs
qc (CZ. If gy, is an EP, then we can find a nontrivial solution V* of the equation MV = 0,

where M = M,,, and obtain the eigenfunction U* = E,, V¥, corresponding to the
eigenvalue
4 h
A= 5 sin’ ”q; . G1)

Remark 4. In the case {2 = [0, ], the eigenvalues are given by:

= i sin® mqih = i sin® Tk _ —4N2 sin® L
h? 21 h? 2N 2 2N’

Ak

Remark 5. IfEP ¢ = 0 or ¢ = N, i.e., if the eigenvalues are A\ = 0 or A = 4N?2, then to
find eigenfunctions, we must use expression (23) with z = £1:

U; = vt +02tj, SUj =02 forz=1,
Uj =o' (=1 +0*(=1)7" Y, 0U; = (—1)7v? forz = —1,

where t; € . The reason is that, when calculating the rank of M, = BE_, the algebraic
multiplicity of an eigenvalue must be taken into account (see Remark 3).

6 Natural boundary conditions

Classical BCs for differential SLE (13) can be of Dirichlet, Neumann or Robin type. The
latter two types use the value of the derivative at the endpoint of the interval. To approx-
imate with second-order accuracy, the standard method is to use ghost nodes (see (18)).
Thus, we obtain two equations for U; at the nodes in w that use ghost nodes. For example,
for the Neumann condition u'(0) = 0 we have the equation U_; = U;. This equation can
be written in the form (5) with a nonzero matrix B

If the node t; = 0 (t; = 1) is the inner node, then we have the equation U_; =
22Uy — Uy (Un41 = 22Un — Un—1) [8]. Therefore, in these cases we get the following
approximations of the first order derivative:

Uy -U_1 U —2Up S Unt1—Un-1 2Unv —Un—y

o0Uy = o7 = 3 , 0Un 57 = h . (32)
Using the variable ¢ € (Cg or A instead of z, we get
5Up — U; — cosh(wqh)Uo’ 5Ux = cos (th)TiLN - UN,l; (33)
- — h - —Un- h
5U0:w+w05l’ 5UN:w7)\UN§. (34)
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Corollary 3.
_ Ui - U - Un —Un_
6U0:%, 5UN:% forA=0,z=1,¢q=0,
- Ui+ U - U, Un_
6U0:%, 6UN:—% for \=AN?, z = —1, g= N.

Formulas (32)—(34) are said to be natural approximations of the first-order derivative
[8, 38]. Note that these approximations do not include ghost nodes. BCs that use such
discrete approximations of the derivatives are called natural BCs. They contain the eigen-
parameter ¢ (or A, or z). Although they are defined at the inner nodes, we traditionally
call them BCs for ¢; € O,w (see Fig. 1(b)). Discrete SLPs with an eigenparameter in BCs
were studied in [15, 16]. The differential SLP with an eigenparameter in BCs was studied
in [14,20].

Discrete SLP (17)—(18) can be rewritten as (equivalent) system

—52Ui =\U;, t;€ wf, (35)
B(U):= Y WU+ Y WU+ > bU;=0, 1=12  (36)
tlewth’ ti EOnw t; EOw
U_1=22U0,—-U; iftye a,bw, (37)
UN+1 =2z2Un —Un_q1 ifty € an, (38)

where coefficients bé depend on Z)i, and bﬁ», t; € Owy, depend on A. Such a dSLP is defined
on the grid w.

Lemma 8. The dSLP (17)—(18) is equivalent to the dSLP (35)—(38).

Remark 6. Problem (35)-(36) is dSLP on @ with an eigenparameter A in BCs, which
can be solved separately from (37)—(38). Then we use (37)—(38) to find U_; or Un 1. On
the other hand, Eqgs. (37)—(38) have the form (35), and, for simplicity, we write them as
a single equation —§2U; = \U;, t; € w = wl + O,,w, keeping in mind that for t; € 9,,w,
(37)—(38) hold.

7 Discrete Sturm-Liouville problems with nonlocal boundary
conditions

In this section, we will present several dSLPs with NBCs to demonstrate the diversity of
the spectrum and find expressions for discrete eigenfunctions. We will begin with classical
periodic BCs, which are the oldest example of NBCs [13, 14].

Problem 1. Consider one-dimensional dSLP with periodic BCs [38, Chap. 1, Sect. 1.5.4]
on the grid w:

—0%U; = \U;, t € w=w +{tn}, (39)
Uy =Uy, 6Uy=6Uy. (40)

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

M -matrices and one-dimensional discrete SLPs with NBCs 719

Tmg ch Img ch
Regq Regq
N

(a) Nisodd (N =7) (b) N iseven (N = 8)

Figure 5. EPs for SLP (39)-(40); O — RP, o._ simple EP at RP, @ — double EP.

We can rewrite this dSLP on the grid @ with a single ghost node ¢y 1 and two BCs:

—52Ui =AU;, ti€ew,n=N, 41
Up = Un, Uny1="Us. (42)

For SLP (41)—(42), the matrix A of AEP (8) belongs to Z,,, and

A=— e R, (43)

For the problem with periodic BCs B® = O,

bb _ bi _ i i_ (00 - 0 1 2xn
APP — T, A_B,B_(lou_ooeR .
Then we have
B_<—1 0 -~ 0 0 0 1>6R :
E (COS(Tth) -+ cos(mg) 1 cos(mq(l+ h))>—r
q = sin(mq) sin(mwq(1+h))
h T hsin(ﬂ'qh) 0 h sin(mwqh)
Thus, .
M 1 — cos(mq) _h;;n((fgqu)
qa— _ sin(mq(1+h))
cos (mq(1 + h)) — cos(mgh) h=mGan —h
and
N _ sin(ngq)
det M, = h 1 COSW) sin(rah) | = 2h(cos(mq) — 1) = —4hsin® 2.
—sin(mq) sin(wgh) cos(mq) — 1 2

We find EPs g o= q 2k+1= 2k, k = 0,...,| N/2]. Double EP g o = ¢ coincides
with the Ramification P oint (RP) ¢ = 0 (see Fig.5) and c orresponds t o t he simple
eigenvalue \; = 0. We assume that the point g; = 0 is the simple eigenvalue point,
i.e., go ~ q1. The same situation is true for even N. Since qn 11 ~ qn, then gy = N is
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a simple EP (see Fig. 5(b)). Finally, for any N, there are exactly N EPs ¢x, k =1,..., N
(taking multiplicity into account), and the corresponding eigenvalues are given by (31).
Note that M, = O for all k. Therefore, for double EPs gai, = gar+1 = 2k € (0, N), the
eigenfunctions form a two-dimensional space:

4 .
Aok 2k+1 = 2 sin®(rkh), Uj2k = cos(2mkt;), szlHl =sin(27kt;), t; €w.

The eigenvalue A\; = 0 is simple with only one corresponding eigenfunction. Since
A = 0 is BP, the matrix M, = O is not useful for finding this eigenfunction (see
Remark 5). Instead, we use the matrix

0 -1
M, = (0 1), rankM, =1,

to get v> = 0, i.e., U = 1. For the simple eigenvalue Ay = 4N? (N is even), we have
U JN = (—1)7. Note that this problem has a zero eigenvalue.

Corollary 4. The matrix (43) is not an M-matrix.

Problem 2. Let us consider one-dimensional dSLP with two NBCs [10,30,40-42] on the
gridw = w + dw = wﬁ, w=wl, 0w = {ty,tn},n = N — 1, without ghost nodes:

—8%U; = \U;, t; € w, (44)
UO = [Oé, U]7 UN = [67(]}7 (45)
where « := (g, ...,an), 8 := (Bo,--.,Bn), U are functions on the grid @. Notation

[, U] and [B, U] is approximation of integrals fol a(z)u(x)dz and fol B(z)u(x)dx by
trapezoidal rule.
For SLP (44)—(45), the matrix A in AEP (8) is given by [10,41]:

2-d4 —l—dy - —dpy  —dn
-1 2 -1
1
A=qg ER™™  (46)
-1 2 —1
7[31 762 -1 *5n—1 2*571
(Abb)*l _ An  an _ (d7'(1-Bnh/2)  dlanh/2
Bo  ao d="Boh/2 d=1(1—agh/2)) "
~ . d—1h2
&; = a;hfy + Bihan = a;d " h + gz (;Z 5
P > 1 o; Qg d—1h?
Bi = Bihao + a;ihPBo = Bid " h+| ' . i=1,...,n,
Bi Bo| 2

where d = det(APP) = 1 — (ag + Bn)h/2 + (aoByn — anBo)h? /4.
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Consider the grid functions
cos(mqt)|; = cos(mqt;), sin(mq(t — a)) fl =sin(mq(t; — a)), t €w.
Therefore,

B 1 — [a, cos(mqt)] — [, sin(mqt)]h/ sin(mqh)
Ma = (cos(w) — (8, cos(mqt)] (sin(mq) — B, sin(rqt)])h/ sin(wqm)

and CE for ¢ € C} is

sin(rq) [a sin(mq(t — 1))] - { 5 sin(wqt)]

sin(wqh) sin(wqh) " sin(wqh)
sin(mwqt)
o, cos(mqt Qa, =
[ (mqt)] [ ZIIIIII((:;Z?))] —0. (47)
[8, cos(mqt)]  [B, Sin(wqh)}
Example 2. If a; = 0, 8; = 0, then CE is sin(7q)/ sin(wgh) = 0. In this case, the roots
of this equation are gy, = k, k = 1, ..., n. Therefore, eigenvalues and eigenfunctions are
as follows:
4 kh
A = 72 sin? WT, Uj]-C =sin(nkt;), tjew, k=1,...,n

We see that o(A) C [4h~2sin?(7h/2),4h =2 sin? (7 (N — 1)h)/2)] C (0,4h2).

Example 3. If a; = 7y, B; = 71, then the determinant in (47) is equal to zero. Addition-
ally, from [6,30] we have

. B . _ sin®(mq/2) cos(mqh/2)
—[1,sin(mq(t — 1))] = [1,sin(rqt)] = h Sn(rqh/2)
Thus, CE in this case is
P(q)(P(q)y = Z(q)) =0, (48)
where
v=ntn o Plo= 22?35:;%/22))’ 20 = CZZ?;ZCZ//QQ))'

The equation P(q) = 0 has roots (Constant Eigenvalue Points (CEP) [10, 53]) qo, =
cor =2k, k =1,...,|[n/2]. If v # 2h~!, then vy-values of the Characteristic Function
(CF) [10,53]

_ Z(q) _ tan(mqh/2) cos(mq/2)
P(g)  h/2 sin(mq/2)
give EPs qak—1 = qox—1(7), k =1,..., K, K = | N/2], that depend on the parameter -y.

Graphs of real CFs (restrlctlon of CF on the Rh) are shown in Fig. 6. The CEP are the
poles pr, = qor = 2k, k = , K, of the CF. If N is even, then pxy1 = N is

(49)
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o Y
2n2

< IR

e T e R
(a) N is odd (b) N is even

Figure 6. Real CFs (49) and EPs qg; @ — CEP ¢, = ¢, - large positive EP g1 = N + y12, A1 > 4N2,
@ —negative EP ¢1 = y12, A1 < 0, ® —positive EP g = zp, Ax € (0, 4N2).

also a pole. There is at least one EP between two poles. Thus, there are at least N — 2
real eigenvalues \,, = A\'(qx) € (0,4N?), k = 2,...,n. The remaining eigenvalue
A1 € (0,4N?) fory < 2; Ay = 0fory = 2; \; < 0for2 < v < 2h™1; A\ > O for
v > 2h~! (if N is even, then \; > 4N?; if N is odd, then \; > 4N? for v < 2h2,
A1 = 4N? for v = 2h=2; Ay € (An,4N?) for v > 2h~2). If ¥ = 2h ™1, then there are
only N — 2 positive eigenvalues Mo, ..., A, € (0,4N?). The corresponding eigenvalue
points are g, . .., g, and g; = oo [30].

We can consider the case vy = 0, since the CE (48) depend on v = ~y + 71. The
spectrum for such dSLP was studied in [6,30] (see [44,45,49] for the differential SLP).

All eigenvalues in this example are simple, the eigenfunctions are linearly independent
and form an eigenbasis {U!, ..., U"} (except for the case of v = 2/h, where there are
N — 2 eigenfunctions {U?, ..., U"}). These eigenfunctions can be expressed by means
of (12) (see (25), too):

U* ~ DIE]B,, Uf = sin(ﬂqk(—tj)) - [1,sin(7qu(t - tj))], tj € W,
or

U”* ~ DI£]Ba, UJ’»C = sin(qu(l - tj)) - M [1,Sin(7qu(t - tj))}, t; €W,
in the case A\, # 0,4N2 (gr. # 0,N), and U ~ D[T|B; ~ D[T]B; (see Remark 5
and [30]):

U]-lz%-’-(l—’yo)tj, tjew, )\1:0,

Uj = (=17 (v~ (o+m)t;), t;€w, M =4N? Nisodd,

For this example the entries of the matrix A (see (46)) are as follows: &; = Yod~th,
Bi = v1d th,d =1—~h/2. If v € (—00,2) U (2h™1, +00), then all eigenvalues are
positive. If 0 < v < 2h~1, then the matrix A belongs to Z,,.

Thus, using Lemma 1 (see (ii)) and Lemma 2 we prove the next lemma.

Lemma 9. (See [10, Lemma 7].) If 0 < «; < 70, 0 < B; < 71, and vo + v1 < 2, then
the matrix A for problem (44)—(45) is an M -matrix.
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Problem 3. Consider Eq. (44) with two Bitsadze—Samarskii BCs [9,47] on the grid w =
WwHow=w",w= Wi, 0w = {to,tn}, n = N — 1, without ghost nodes:

UO :IYOUS()? S0 S {]-a"'an}a UN:"YIUSU S1 S {1,...,TL}, (50)
and fo = soh = SoN_l, gl =s1h= SlN_l.

Remark 7. If o; = v98;5,h ™, B; = 710is,h ™1, then the BCs (50) are the special case
of BCs (45). In this case [a, U] = vUs,, [8,U] = 11Us,.

The SLP (44), (50) has the matrix (46), where &; = Y0dis,» Bl = v16;s,. In the case
of BCs (50), the matrix

B 1 — 7y cos(mg&p) —vo sin(mwgéo)h/ sin(mqh)
Ma = (cos@rq) — 1 cos(ragy)  (sin(mg) — v sin(rg€1))h/ sin(wqm) ’

and CE for q € (CZ is

sin(mq) B sin(7rq(1—§0))7 B sin(wq§1)7 N cos(mqép) Ssi;((:tﬁu)) -
sin(mqh) sin(mqh) " sin(mqh) cos(mqéy) % o=
Example 4. If v = 0,71 = 7, & = &, then the CE is
sin(rg) _ sin(rgé) 1)

sin(mgh)  sin(mqh) 7

Equation (51) was studied in [8, 32, 33,43, 50, 51, 53]. Complex eigenvalues exist for
|v| > 1 only. According to Lemma 9, the condition 0 < vy < 2h holds. However, the real
parts of the eigenvalues are positive for a large interval of v [10, Lemma 8, Remark 5].

Problem 4. Consider the following discrete SLP: Eq. (44) with two BCs of the Samarskii—
Tonkin type [21,22,47] on the grid w:

—0%U; = \U;, ;€ w = {to} +uwh, (52)
oUy =0, Un =~Up. (53)

The following dSLP on the grid w with the ghost node ¢_; is equivalent to the previous
problem:

—0%U; = \U;, ticw={to}+wl, n=N, (54)
U_1="0, Un =~Uo. (55)
For SLP (54)—(55), the matrix A = of AEP (8) becomes [10]
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(a) N iseven (N = 8) (b) Nisodd (N =17) (c) Spectrum Curves (N = 7)

Figure 7. (a), (b) Real CFs (58) and real EPs; (c) EPs in the cases cosh(my1) = |v1], 71 < —1, and
cosh(my2) = 2 > 1, O — complex EP.

The matrix (56) is the special case of the matrix (46) with &; = 99, Bz = v0;1, 1 =
1,...,n.

_From the first BC U = 0 and from equalities (28)—(29) it follows that 0 = 6Uy =
v'6Ey + v20Ey = v2. Therefore, solutions of Eq. (52) with the first BC are of the form

U; = v'E; = v' cos(nqt;), t; €w. (57)
Then from BC Uy = Uy and (28) we get v! cos(mq) = v'y. Thus, CE and CF are
cos(mq) =7, ~(q) = cos(mq), qeC}. (58)

The roots gy, of this CE are EPs, and \j, = 4/h? sin2(7quh), k=1,..., N, are eigenval-
ues of dSLP:

(i) If |y| < 1, then all eigenvalues are simple and positive, g = (—1)* arcsiny/7+
(k—1/2).

(i) If v = —1, then all eigenvalues are positive, §; = qo—1 = qo = 2l — 1,
l=1,...,L,where L = N/2foreven N; L = (N —1)/2forodd N; gy = N
for odd N (in the case gy = N, there is a simple EP, the other EPs are double).

(i) fy=1,theng; =0,§ = qoy = qo41 =21, 1=1,...,L, L = |(N - 1)/2],
gy = N for even N (in the case ¢ = 0 or gy = N, we have simple EPs, the
other EPs are double).

@v) If v < —1,then qo;_1,921 = ¢ £y, l = 1,..., L foreven N; qgo;_1 = qo1 =
g £w,l =1,...,L(q are defined in (ii)); gv = N + 2y for odd N (positive
eigenvalue), cosh(my) = |7|.

(v) If v > 1, then qo1,q2141 = ¢ £y, I = 1,...,L ( are defined in (iii));
gn = N + 1y for even N (positive eigenvalue), and g; = 2y for all N (negative
eigenvalue), cosh(my) = .

Complex EPs belong to Spectrum Curves (see Fig. 7(c)). The definition of spectrum
curves and examples are given in [6-8, 53]. If we compare placement of the spectrum
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curves (see Fig. 7(c)) in the domain D(’} (see Fig. 4(a)), we see that the EP ¢; leaves the
domain Dg first because all complex EPs are xj £ yi2 with the same y;, for a fixed v
(Iv] > 1). The graphs of the real CFs (see Figs. 7(a)-7(b)) show that v = 1 is such
a value.

If v € [-1,1), then all eigenvalues of the matrix (56) are positive. If v > 0, then this
matrix belongs to Z,,. Thus, using Lemma 1 (see (ii)), we proved the following lemma.

Lemma 10. (See [10, Lemma 9].) If 0 < v < 1, then the matrix (56) is an M -matrix.
The eigenfunctions for dSLP (52)—(53) are (see (57) and Remark 5):
Iy| #1: UF =cos(rqpt;), k=1,...,N;
y=-1:. Ul=1, Ufl_l = cos(mqar—1t;), l=1,... L,
UN = (=1)" forodd N;
y=1: U} =1, Uf“’l = cos(mqary1t;), l=1,...,L,
UN = (=1)" foreven N;

t; € w. Therefore,

M 0 —2h M 0 —2h
a= _ sin(mq) ’ ax — sin(mqy) .
COS(’/T(]) v hsin(ﬂ'qh) § 0 hsin(rqukh)
Since rank M, = 1 in the case of |y| = 1, all of the generalized eigenfunctions are

of rank 2: Ufl, ticw,forEPs ¢ = g, l=1,...,L (g =2l — 1 fory = —1, gy = 21
for v = 1). These eigenfunctions satisfy the equations

y=-1 U, = 29U +UH, = -R?UF,
y=1 Uy — 22U + U, = —h*UZ,
ti € w=wf" + {tn}, za1 = cos(mgarh), with the conditions

Ut =0, UF=~U3"

These generalized eigenfunctions (: = 1,..., N — 1) are
t, ~
U = ———sin(mqot;) ~ t;FEilqe), t;€w@, 1=1,...,L.
Tq21

For the proof, we use formulas (15)—(16) and (26)—(27).

Problem 5. Consider Eq. (44) with two BCs of the Samarskii—Ionkin type [18,19,21,22,
47] on the grid w:

—0%U; = \U;, i €w={to} +wl+{tn}, (59)
Uy =0, SUN = voUp. (60)

Note that if the first BC holds, then (59) for ¢t gis U _1 = — U1, the second BC is S Un=
~h~1U,. Therefore, it is possible to remove node t, from the inner nodes and assign it to
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the boundary nodes:
—0%U; = MU, ti € w=wi' +{tn},
Uy =0, Uy =~vh~ UL
Thus, we have an equivalent dSLP on the grid @ with a single ghost node ¢ 41:

—(52Ui:)\Ui, t; Gw:w?—f—{t]v}, n =N, 61)
Up =0, Uny1=29U1 + Un 1. (62)

For SLP (61)-(62), the matrix A of AEP (8) becomes [10,39]:

The matrix (63) is the special case of the matrix (46) with &; = 0, Bi = 270i1 + i n—1,
1=1,...,n.

_From the first BC Up = 0 and equalities (28)—(30) it follows that 0 = Uy = vIEy +
v?Ey = v'. Therefore, solutions of Eq. (59) with the first BC are of the form

Ui = U2Ei = 1)2]181,1’1(&, t; € W. (64)
sin(wqh)

Then from the BC 6Uy = 76U, and (29) we get v? cos(mq) = v?y. Thus, we have CE
and CF (58) as in the previous problem.
Lemma 11. (See [10, Lemma 9].) If 0 < v < 1, then the matrix (63) is an M -matrix.
The eigenfunctions for dSLP (59)-(60) are (see (64) and Remark 5):
| #1: UF =sin(rqrt;), k=1,...,N;
y=—1: Ul =t;, U '=sin(rgy_1ti), l=1,...,L,
UN = (=1)'t; forodd N;
y=1 U} =t;, U =sin(rgoti), 1=1,...,L,

UN = (~=1)t; foreven N;

t; € w. Therefore,
M, = ! 0
77 \ —2ycos(mgh) — 2sin(mq) sin(rgh) —2h(y — cos(rq)) )’

My, = (—2 cos (W;k(l —h)) 8> .
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Since rank M, = 1 in the case of |y| = 1, all of the generalized eigenfunctions are of
rank 2: U2, t; € w. These eigenfunctions satisfy equations

v=—1 UYLy = 20U + U, :—h2U§l*1,

v=1 U, — 22U + U2, = —n*U2*,
ti € w = {to} + wh, 201 = cos(mga k), with conditions
Ut =0, U3 =~oUZ.
These generalized eigenfunctions (: = 1,..., N — 1) are

t;
Ui2l = ECOS(Wqﬂt) Nt7Ez(Q2l)7 tl va 1:177[’

7.1 The case of more general Sturm-Liouville operator

Consider a matrix
2z -1
-1 2z -1
A(z) = ER™™ 2z €R, (65)
-1 2z -1
-1 2z
for the equation
~Uij1 +22U; —U;_y = h?F;, t;€wl, h=N"1 n=N-1
For example, we obtain such a matrix when considering the difference equation [27]
—0%U; +qU; = F;, q = const,

with Dirichlet BCs Uy = U = 0. In the case of this equation, z = 1 + th/2. If z >0,
then A(z) € Z,. The matrix A(z) =A(1)+2(z—1)I. In Example 2, we find the eigen-
values of the matrix h2A (1), and 0 (A (1)) C [4sin®(7h/2),4).If z > Z, 1 = cos(wh),
then 4sin®(7h/2) + 2(z — 1) > 0, i.e, ReA(A(z)) > 0. Thus, A(2) is an M-matrix
for z > z, 1. Note that z, ; is the rightmost zero of the Chebyshev polynomial T,.

The determinant of matrix (65) is det A = Tn(z) (see (22)), and

Toa(2) Taa(z) - Ti(z)  Tola)
- Th_o(z Ti(z
b o [P A
fn(z)’ _ dz,z—l du di,i—i—l " ?
Ti(z) B T, -2(2)
To(Z) T1 (Z) e Tn_Q(Z) Tn—l(z)
where matrix D(z) = (dlj) is symmetrlc and d =dnd,: = Tn ZT] 1 forj < i If
z > Zpa, thenall Ty (2) >0,k = 0,. Therefore, A~1(z) > 0.

Corollary 5. If z > Z, 1, then A(z) is an M-matrix.
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8 Conclusions

This article studies one-dimensional, discrete Sturm—Liouville problems with nonlocal
boundary conditions. These problems can be transformed into algebraic eigenvalue prob-
lems. If the spectrum of an algebraic eigenvalue problem is found and the real parts of
all the eigenvalues are positive, then the matrix of the linear system is an M -matrix. The
advantage of this method is that it allows us to determine the necessary and sufficient
conditions for a matrix to be an M-matrix. However, the main disadvantage is that non-
local boundary conditions usually depend on several parameters, so finding the spectrum
of such a problem can be very difficult. This paper provides examples of problems for
which all the eigenvalues and eigenfunctions can be found. Additionally, it provides
a thorough review of studies on the eigenvalues of difference problems with nonlocal
boundary conditions.
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