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Abstract. Nonlinear system is one of the main research objects in cybernetics, and it is the main
theme of cybernetics in the 21st century. Recently, the control of the reaction—diffusion equation
has been widely studied, but the nonlinear reaction—diffusion equation has been rarely studied.
This paper will take the Chafee—Infante equation as an example, and the null controllability of this
equation will be shown. We consider the null controllability for Chafee—Infante equation with point
actuations subject to a known constant delay. The point measurements can be sampled in time and
transmitted through a communication network with a time-varying delay. We design an observer for
the future value of the state in order to compensate the input delay, then we ensure that the estimation
error vanishes exponentially with a desired decay rate by using a time-varying observer gain. By
constructing Lyapunov—Krasovskii functional and combining linear matrix inequalities (LIMs), we
obtain the convergence conditions. We design the boundary controller and the point controller, and
we conclude that both controllers can ensure the exponential stability of the closed-loop system
with an arbitrary decay rate, which is smaller than that of the observers estimation error. At last,
numerical example is given.

Keywords: Chafee—Infante reaction—diffusion equation, point control, boundary control, input
delay.

1 Introduction

In recent years, a lot of research has been done on the soliton and exact solutions of
Chafee—Infante equation, which is helpful to apply the reaction—diffusion equation to
solve related practical problems. However, there are not many studies on the stability of
the Chafee—Infante system, and there are two main ways to stabilize the Chafee—Infante
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system: one is to stabilize the Chafee—Infante system through noise [18], and the other is
to use feedback control to stabilize the Chafee—Infante system [24]. Due to the limitations
of the current stabilization methods, this paper continues the study of the stability of the
Chafee—Infante system.

Recently, one important class of partial differential equations (PDEs) were studied
under continuous-time measurements in [1, 19, 29], as well further extended to discrete-
time measurements for both static [5,10,26] and dynamic feedback [12]. Through a series
of research, an observer, which could predict the future value of the state, was proposed
to compensate the input delay [3]. In order to improve the exponential convergence under
delayed measurements, a time-varying injection gain was brought in an observer [4].

In [13], introducing a constant input delay can be compensated by representing it as
a PDE-PDE cascade in a reaction—diffusion system, which is analysed using the backstep-
ping transformation [14]. While it is difficult to combine with data sampling. Qualitative
stability for sampled-data infinite-dimensional systems in general form was studied by
many authors; see [15-17]. When the given PDEs are not stable, many researchers dis-
cussed how to design a sampled-data control of parabolic PDEs by Lyapunov—Krasovskii
functionals to gain LMI-based quantitative stability conditions [2, 25, 27]. It should be
point out that above control is proposed by an unbounded operator, whether this direct
Lyapunov—Krasovskii functionals can be extended to state-feedback boundary or point
control has not been solved. In [28], qualitative stability results are obtained for observer-
based design for delayed boundary and in-domain point control. The above methods can
solve the problem of delay in linear systems, but cannot solve the influencing factors of
nonlinearity.

The main difference from [28] is that the Chafee—Infante reaction—diffusion equation
is a nonlinear reaction—diffusion equation, and Selivanov and Fridman considered the
linear case. We generalize their results to nonlinear case.

In the present work, point actuation subject to a constant delay is proposed to stabilize
Chafee—Infante reaction—diffusion equation under boundary conditions. The boundary
control and the point control strategy for Chafee—Infante reaction—diffusion equation are
given in Sections 2 and 3, respectively. Numerical example is presented in Section 4.

2 Boundary control
We consider the following system governed by the reaction—diffusion PDE:

2e(2,t) = Zgo(x, 1) + az(x,t) — 2°(x,t),
dpz(0,) + (1 — dy)2,(0,) = 0, (1)
drz(1,t) + (1 —dgr)z.(1,t) = u(t — r),
where z : [0, 1] x [0,00) — R is the state, a is the reaction coefficient, u is the boundary
control, and > 0 is a known constant delay. Each of the constants dr,, dr € {0, 1} spec-

ifies either the Dirichlet or the Neumann boundary condition. If the reaction coefficient a
is large enough and u(t) = 0, the system will be unstable.
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For boundary control with the input delay, the robustness analysis is more difficult
than distributed control; see [8] and [25]. In order to show this, assume that d;, = dr = 1
in (1), then it can be obtained that the backstepping transformation contributes to the
target system with the boundary delay [14, Chap. 4]

Wi (2, t) = Wee (2, 1),

w(0,0)=0,  w(l,f)=- / 11, 9) [w(y,t) — w(y, t — )] dy,
0

where [ is the kernel of the inverse transformation. In the case of boundary delay, we find
that an appropriate Lyapunov functional for delay-dependent stability is a difficult prob-
lem, and Lyapunov-based ISS analysis in the case of boundary disturbances is problematic
because the disturbance is multiplied by an unbounded operator [11]. We compensate the
input delay by using an appropriate observer in order to avoid these difficulties.

Inspired by [28], we suppose that N in-domain sensors provide point measurements
of the state sampled in time and transmitted through a network with a time-varying delay.
Thus, the values z(x;, s ) are available at time ¢, where

0L <2<+~ <y <1,

0=s9<s1<--+, Spy1—Sk<h, lim s; =00, )
k—o00

th =58k + M e €[0,00m]  te < g

2.1 Observer/predictor construction

In order to estimate the future value of the state £(z,t) ~ z(x, t + ), we construct the
following observer:

2(x,t) = Zpu(,t) + a2(z, t) — 23 (2, t) + Le~ 0 (tHr=sk)

N
X ;@(z) [é(xl, sp—1) — z(xy, sk)}, t € [tg,tkr1), k € Z, 3)

dps(0,8) + (1 —dp)2a(0,t) =0,  dr2(1,t) + (1 — dr)2a(1,t) = u(t),
2(,t) =0, t<to.

By shifting system (1) in time by r and introducing a correction term, observer (3) is
available. The time-varying injection gain Le~®0(t**"=5k) ensures the observation error
decays with the rate o [4]. The following shape functions b; € LQ(O, 1) are similar to

those introduced in [8]:
1 T € Qz
bi — ) ’ 4

where {§2;}1_, is a partition of [0, 1] such that z; € {2;.
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According to (1), (3), if u(t) = 0 for ¢ < tg, the observation/prediction error z(x, t) =
Z(x, t —r) — z(z,t) will satisfy

Zi(x,t) = Zgo(x,t) + aZ(z, 1)
— z(z,t) [22(33, t—r)+ 2(x, t —r)z(x,t) + zQ(x,t)}, teo, to+r).

Let

Blx,t) = 2% (x, t —r) + 2(x, t — r)z(x,t) + 22(z,t) >0, 5)
thus,

Zex(2,t) + (a—B(z, 1)) 2(x, 1), tel0,to+7),
Zi(z,t) = § Zez(z, ) + (a—B(=, 1)) 2(x, t)

+Le0(t=or) SN bi(2)2 (i, 5k), tE [th+ 7, thpr +7), K EZ, (6)
drz(0,t) 4+ (1 — dr)z.(0,t) = 0, drz(1,t) + (1 —dr)z.(1,t) = 0,
z(-,0) = —z(-,0).

Studying the well-posedness of (6) for the initial conditions z(-,0) € X, where
X ={we H'(0,1): dyw(0) =0, dgw(l) =0}

is the state space with the H'-norm, system (6) can be shown as follows:

COFAW =50, teltetr b+ ke, v

: {0, telo, to+r),
where ((t) = z(+,t), and
A:D(A) — L*0,1), Aw=—w"— (a— B)w,

is a linear operator on the Hilbert space

D(A) = {w € H?*(0,1): drw(0) + (1 — dr)w'(0) =0,
drw(1) + (1 — dgr)w'(1) = 0}

with the inner product (u, v) p(a)y = (Au, Av)2. The functions f, € L2(tg+r, tgpy1+7;
L?(0,1)) are defined by

A strong solution of (7) on [0, 7] is a function
¢ e L*(0,T;D(A)) nC([0,T]; X) (8)

such that ¢ € L2(0,T; L(0,1)), and (7) holds almost everywhere on [0, T.

https://www.journals.vu.lt/nonlinear-analysis
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The eigenfunctions of the Sturm-Liouville operator A form a complete orthonormal
basis of L2(0,1) [20, Thm. 7.5.7]. Thus, in a way similar to that in [23, Thm. 7.7], we
can show that (7) has a unique strong solution on [0, o+ | and on each [ty + 7, tp11 +7]
for the initial conditions ¢(0) € X, ((tx +r) € X. We have the strong solution on [0, c0)
for the initial condition ¢(0) = Z(-,0) € X by taking the endpoint value of the solution
on [tx_1 + 7, tx + 7] as the initial condition for the solution on [t + 7, tx4+1 + 7).

Theorem 1. For positive ag, oy, there are a scalar G and positive scalars S;, R;, p; with
i =1, 2 such that

P <0, a1p2 < 2py, (122 ]%)
with & = {¢;; } being a symmetric matrix made up of
max{dy,dgr}
4 —3drdg ’
$12 =1 —p1 + p2(a + ap), $13 = Rie” ™", $14 = 16 = p1 L,
$o2 = —2p2 + r*Ry + (h + nur )R, $24 = ¢26 = p2L,
¢33 = —(Ry + 51 — Sa)e” ¥ — Rge™ 1™ B34 = Qa5 = (R — Ge™ 1™
¢35 = Ge™ 1M, baa = 2(G — Rp)e” '™ — ay,

041P27T2
4 max; |Qz ‘2 ’

$11 = —Rie” ™"+ 51+ 2p1(a+ ap) + a1 — 7r2(2p1 — aips)

@55 = —(S2 + Ra)e™ MM, Pe6 = —

where Tp; = h 4+ npp + 1. Then system (6) is exponentially stable with the decay rate v,
ie.,

|| HHl = e aOtH )HHl’ t>07 (9)
for some C > 0. In addition,
HJ('7t)HL2 < Cde_QOtHZ('vo)HHU t>07 (10)
for some C, where
N
o(x,t) =Y bi(x)z(zi,t), x€[0,1], t>0. (11)
i=1
Proof. Let ((z,t) = e*'z(x,t). Fort > to + r, due to (6) it implies that
N
Ct = (zw + (a + ap — ,B(l‘,t))c + Lzbz(x)g(xza t— T<t))7 (12)
i=1

dLC(Ovt) + (1 - dL)Cx(Oat) =0, dRC(lvt) + (1 - dR)Cx(lat) =0,

where 7(t) =t —sp, t € [tk + 1y top1 + 1),k €Z,r < 7(t) < Tpr =7+ h + 0.
Construct the Lyapunov—Krasovskii functional

=Vi+Vo+ Vs + Vg, + Vs, + Vg,,

Nonlinear Anal. Model. Control, 31(1):25-44, 2026
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where

10 ¢
Vr, 27"31///e_al(t_s)ﬁf(x,s)dsdedx,
0

1
Vs, = Sg/ e*al(t*S)CQ(x,s) dsdz,
0

t—Tnm
1 —r t
VR, :(h+77M)R2/ / /e*“l“*S)cE(x,s)dsdedx.
0 —7nm t+0

In order to define V¢ on [tg + 17 — Tar, 00), set ((-,t) = ((+,0) for ¢ < 0. Observe that the
functional V; is well-defined and continuous for the strong solution (8). For ¢ > to + r,

1 1 1 1
Vi+aVi ZQ/CCtJqu/Cz, ‘72+Q1V2:2p2/<m4mt+a1p2/<ga
0 0 0 0

1

1
Vsl +a1Vs, =54 /(2 — Sle_a”/Cz(m, t —r)de,
0

0
Vs, + a1 Vs, = Sge*a”/gz(x, t—r)der — Spe” ™ /C2(x,t — 7y ) de.

By making use of Jensen’s inequality ( [9, Prop. B.8]), we have

1 1
VR1 + a1 Vg, =T2R1/C x,t) dac—rRl//e_o‘l (t= S)C (z,s)dsdx
0

0 t—r

2Ry /Ct (z,t)dx — Rie™ " / ¢z, t) — (o, t - 7‘))2 dz.
0 0
Jensen’s inequality and reciprocally convex approach [21, Thm. 1] imply that

T
Ay Ry G\ (A dz,
Ay G Ry/) \ A

https://www.journals.vu.lt/nonlinear-analysis
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where

Ay =((z, t—7) —C(x,t—T(t)), Ay = C(a:, t—T(t)) —C(x, t—TM).

According to the descriptor method [6], (12) implies that
1
2/ Pi¢(@,t) + pai(z, t)] lct(x,t) + Goa(,) + (a+ a0 — Bz, 1))((,1)
0

+LZb (s, t —7(t))

dz,

and its right-hand side will be added to VC Denoting
/f(fE,t):C({E“t)_C(ZE,t), eriv iela"'uNu (13)
and using (4), we have
0= 22/[1%("'}92@:][ G+ Con + (a+ ap — Bx, 1))

1= 10
+ Li(x, t —7(t)) + L¢(z, t — 7(t))] da. (14)

Integrating by parts and considering the boundary conditions with dr,dr € {0,1}, we
have

2p12/§§m = —2]912/C3,

1= 19 1= 19
(15)
QPQZ/CtCJEJK = _2p2/gzt<m = _Vv2
= 1Q 0

Wirtinger’s inequality (see [28]) implies from a1 py < 2p; that

1

1
0 < (2p1 — ape) max{dy,dr} [/Ci(x,t)d YRy 3deR /CQ dx]. (16)
0

0

Denote [zF, 2F) = (2;. Because k(z;,t) = 0 and k,, = —(,,

/sz/anr/Hz 4|~Q 2 /C2 /C2] 4max1|(}\ /CQ.
2 ok ok

Nonlinear Anal. Model. Control, 31(1):25-44, 2026
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Thus, for any as > 0, we have

—ap  sup  V¢(0)
o¢c [t*T}y[ s t]

<~V (t—7(t))

CYQZ/C Jt—1(t Sc—azpzz/C ,t—7(t)) dz

1= 1(2 = 1!2
2 QaP2T
-« T, t— dx — x, t— dzx.
<y [ o t-ri0) 4maxwz/ )
= IQ
Consider the matrix ¥ that coincides with @ except for

2
QP27

Uy = —2(Ry — G)e” ™M™ — Yeg = ———5.
44 (R2 Je a2, 66 Amax; |22

Since ¢ < 0 is astrict inequality, ¥ < 0 holds for large enough as < ;. Adding the
right-hand sides of (14), (16) to V and using (5), (15), we get

Vg +aiVe—ar sup  V¢(0)
9€[t77'1u7t]

max{dy,,d
< |:Rlea1T + 51+ 2p1(atap) + oy — 7 (2p1 —up2) 1 {351:(11]:}} /Cz dz

1 1
+2[1—p1 —l—pg(a—i—ao)] /C(tdx+2Rle_a1T/§§(x, t—r)de
0 0

1 1

—|—2p1L/CC($, t—7(t)) dx+2p1L/Cm(x, t—7(t)dx

0

1
—I—[ 2po + 2Ry + (h +nar) R2 /C dx—|—2p2L/QCw t—T(t))dx
0

+ 2p2L/<t1€($, t—7(t)) dz

1
— [(Rl + Sl — Sz)eialr + RgeialTM] /CQ(IE, t— T) dz
0

1
+2(Ry — G 70”””/{&0 t—r)¢(z, t—7(t)) dx
0

https://www.journals.vu.lt/nonlinear-analysis
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1
+2Ge” "™ /C(Jc, t—r)(z, t — 1) dax

’ 1
+ 2Ry — G)e—r /C(:c, t—7(6) e, t— 7o) da
0

+[2(G — Ry)e ™™ — )] /42 (z,t—7(t)) dz

0
1 1

2
—(52+R2)6_Q1TM/C2((E, t—7a)de Ck2?#/&2(% t—7(t)dx

 4max; [£2;]2
0

1
— (1 — max{dL,dR})(2p1 - 041102)/&? dz
0

N
< Z/wT(x,t)!p¢($,t) dz — (1 - max{dL»dR})(2p1 - apo)HCz('ﬂt)Hsz

=1 2,

with ¢ (x,t) = col{(, G, C(z, t —7), {(x,t—7(t)), C((z,t —Tar), r(z,t—7(t))}. Since
¥ < 0and 2p; > aype,

Ve<—aqVi(t)+ag  sup  Ve(0), t=>to+r
96[2&—7'M,t]

Using Halanay inequality [7, Lemma 4.2 ], we obtain

Ve(t) < e a(t—to—7) sup Ve(0), t=to+r, (17)
0€to+r—Tn, to+T]

where @ is the unique positive solution of @ = a; — e,
Fort € [0, to+7), (6) implies (12) with L = 0. Then calculations similar to the above
imply V¢ (t) < 6V (t) for t € [0,to + r) with large enough §. Thus, we get
Ve(t) < etV (0) < ®tIV(0), te 0, to+ 7.
Additionally, we set ((-,¢) = ¢(-,0) for ¢ < 0 and then obtain
Vg(f):VC(O), te [fo-’-T—TM,O].

Thus, it implies that

sup Ve(8) < e0rIV(0) < Oy [, 0 (18)

0€[to+r—7rm, to+T]

Nonlinear Anal. Model. Control, 31(1):25-44, 2026
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for some Cy > 0. Considering that (x,t) = e“'z(z,t), relation (18), together with
(17), allows us derive

e*20¢(}ﬁ

Ve(t)

min{1, ps} ¢

— (262001 5(.,0

26,5 = 7220 |¢( )30 <

< %20t ¢, 0)];

Il )i

for t > 0 with some C > 0. This proves (9).
According to notation (13), b;(x)((z;,t) = b;(x)({(z,t) + k(z,t)) forany = € [0, 1],
and we get

1

1 1 2 2
e2a0t0/02_0/<1 1 x“t)> dx:/(c(a: t) + k(z,t)) (Zb ) dz

0
1 1 )
< 2/,3 + 2/52 < Zmax{l, W}Vc(w < C2|)2(,0)| %
0 0
= G212, 0
for t > 0 with some C,, > 0. (10) is proofed. O]

Using the standard arguments for time-delay systems [7], for any given ag and ap-
propriate L, it is easy to get that the LMIs of Theorem 1 are feasible if the delays r, 1y,
sampling h, and the maximum subdomain length max; |{2;| are small enough.

2.2 Boundary controller synthesis

According to the backstepping transformation in [14, 30], we construct a boundary con-
troller for (1), which is based on the estimation 2,

x

w(z, t) = 2(x,t) — /k:(x,y)é(y,t) dy, (19)

0

where k(x,y) is the solution of

A
drk(xz,0)+ (1 — )ky(x,O) =0
with some \. There exists bounded kernel k(x, y) for any A ( [30, Thm. 2.1]). Let
t)d ifdg =1,
= { o FLDZw 0 dy " 1)
k(1, 1) (1,¢) +f0 )2y, t)dy ifdr =0

https://www.journals.vu.lt/nonlinear-analysis
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for t > to and u(t) = 0 for ¢ < to. According to calculations similar to those in [30,
Chap. 2.2], it is easy to get

(2, t) = Wee(z,1) — (A — a + Bz, t))w(z,t) +v(z, ),

drw(0,t) + (1 — dr)w,(0,¢) =0,

drw(1,t) + (1 —dr)w,(1,t) =0,

w(-tg) =0

(22)

fort > ty, where

x

U(:L’,t) = LeiaO(tJrTiSk) lg(m7 sk) - /k(xay)o—(yv Sk) dy] ) te [tkvtk—i-l)
0

with o(x,t) defined in (11). The well-posedness of (22) also holds. (19) is invertible, so
(3) and (1) have the well-posedness (since z(z,t) = 2(z, t — r) — Z(x, t)).

Theorem 2. If the assumptions of Theorem 1 hold and

max{db dR}7T2

A> . - 23
Gt T 3ddn + (23)

with o, > 0, the solutions of system (22) will satisfy
||w("t)||H1 < Cwefmin{ao,ac}tnz( O)HHl’ t>to (24)

with some Cy, > 0.
Proof. At first, we cconsider V,, = V,,, + V,,, with

1 1
Vi, = /wQ(ﬂc,t) dz, Vi, = /wi(m,t) dz.
0 0

By taking the derivative of above, we get

1 1 1
/wwm— A—a+ Bz, t) /w2+2/wv.
0 0

Integration by parts combined with Young’s inequality yields the following result:

1 1 1 1 1
1
2/wwm:—2/w§, 2/wv<2,u/w2+2—/v2
0 0 0 0 Mo

with an arbitrary ;1 > 0. By using (5), we get

Nonlinear Anal. Model. Control, 31(1):25-44, 2026
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Employing integration by parts, we obtain
1 1
sz = Q/wcvwwt = _Q/wwwwt
0 0

1 1
-2 wim+2(/\—a—|—ﬁ(x,t))/wmw—Q/wmv.
0 0

o _

we get

Summing up the above inequalities, for any i > 0, it follows that

Ve + 20V < =214+ X —a — ao)lwg |7, — 20X — a — ae — p)||wl|Z,

1
+ i-i-l /v2
2u 2 '

0

Condition (23) implies 1 + XA — a — o, > 0. Applying

_ max{dL, dR}7T2

2
ST

—llwellZ, <

and (23), for small enough ¢ > 0, we have

1
. 1 1
w<*2cu} a a 2-
Vi aV+<2M+2>/v
0

k(z,y) is bounded, so there is Cy > 0 such that
1
/ V(2 1) di < Cye2200=0)[o(- 5|12, < CyC2e=200t]|2(-, 0)|[%,.
0
Summing up above inequalities, we get that

. ]- ]- — Q0 2
Vio(t) < —200Vi () + (2u + Q)Cvcf}e 220 |2(, 0)|[ -

https://www.journals.vu.lt/nonlinear-analysis
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If o # o, the comparison principle implies (24) (note that V,,(¢g) = 0). If (23) holds
for . = «p, then for slightly larger o, > «., implying (24) for «., it is still true. O

Corollary 1. Assuming that Theorem 1 holds, system (1) with the decay rate min{ag, o }
will be exponentially stabilized by observer-based boundary controller (3), (20), (21) with
A satisfying (23), i.e.,

—min{ao,ac}tHZ( t 2 0 (25)

1= D)l < Cse M

with some C, > 0.

Proof. Because of transformation (19), there exists an inverse bounded in H' norm [30],
and there is a constant C' such that

2Bl < ot

for t > tg. Because of z(z,t) = Z(x, t — r) — Z(x,t), relation (26), together with (9),
implies (25). O

< GCyemnteoactt| (., 0) o

HHl HHl

3 Point control

Using the Dirac delta function, we study the point control and consider the system gov-

erned by
M

2(x,t) = 2pe (2, 1) + az(x, t) — 23(x,t) + Zé(x —Z;)u;(t —r),

j=1
drz(0,t) + (1 = dr)z:(0,t) =0, @7
dRZ(l,t) + (1 - dR)Zz(l,t) = 0,

where z : [0,1] x [0,00) — R is the state, () is the Dirac delta function representing the
point actuation, r > 0 is a known constant delay, and u; are the control signals applied at
0< 2 <Ze <---<Zp < 1. Note that z; = 0 or z; = 1 model boundary actuation.
Each of the constants dy,dr € {0,1} specifies either the Dirichlet or the Nuemann
boundary condition (if d;, = 1, then Z; # 0;if dg = 1 then T # 1).

Following Section 3, the values of z(x;, si) are available for observation at time ¢,
where x;, s, and tj, satisfy (2). We note that x;, Z; are not related, namely, it is not
necessary to collocate the sensors and actuators.

We construct an observer, which is similar to (3), to estimate the future value of the
state Z2(z,t) = z(x, t + 1),

M
24(2,t) = Zag(2,1) + a2(x,t) — 25(x,t) + > 6z — Z;)u;(t) + Lem0lFr—se)
j=1
X Zb Eag, sp—1) — z(xi,sk)], t € [tg,ter1), k €Z, 28)

dLi(O,t)-l-(l—dL)Zm(O,t) =0, dRﬁ(].,t) (1 —dR) (]. t) 0,
2<~,t) =0, t<t
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with the shape functions b; € L? (0,1) in (4). The control signals are as follows:
Uj(t):—Kjé(i'],t), ]:1,,M (29)

According to (27)-(29), the observation/prediction error z(z,t) = 2(x, t — r) — z(z,t)
satisfies (6). As a result, (9), (10) are established under the assumptions of Theorem 1.

Because the solutions of (28), (29) should be understood in the weak sense, we define
the state space as follows:

X ={we H'(0,1): dpw(0) =0, dgw(1) =0}

with the H!-norm. Let X* be its dual space. A weak solution of (28), (29) on [to, T is
a function

£ € L2(to, T; X) N C([to, T); L*(0,1)) (30)
such that 2, € L?(ty,T; X*) and
1 1 1
d [,
&/Z(&WP / (& t)pe(&)dE+ (a— B /
0 0 0
o 1
Z +/g 31)
J=1 0

for any ¢ € X and almost all ¢ € [to, T, where g € L{° (o, T; L(0,1)) is as follows:

g(&,1) = Lemeoltr=sw) Zb Hwis), € [thsths):

Since Z is the strong solution of (6), g is a well-defined inhomogeneity.

By the integration by parts, condition (31) is motivated. According to the standard
Galerkin approximation procedure [22], we can obtain that (28), (29) has a unique weak
solution on [tg, o) for any initial conditions 2(-,t9) € L?(0,1), including 2(-, o) = 0
required in (28).

Theorem 3. Under the assumptions of Theorem 1, if

2 2
™ R|2 s

m . — 32

2(a+ ae) nax |AJ RS 1 (32)

L2
2(a+ac)j=1{1’§§M\Aj] .

where {AJL, Af‘} is a partition of [0,1], then the solutions of system (28) under the
controllers (29) with

2

[2(a + )| A, 57] if1AF| =0,
K; € { [2(a+ 00)|Af|, ] iflAL =0,  (33)

2(a + ac)(|AF] 4 |AR)), [%(Iﬂlﬂ + |A1§{|] otherwise
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satisfy

Ce™ min{ag,ac}t ||Z( 0

t>to, (34

= < M

with some C' > 0.

Proof. We consider the Lyapunov functional V= f 22(x,t) dz, which is well-defined
and continuous for the weak solution (30). Applying (31) with ¢ (§) = £(¢,¢) and taking

the derivative of V along (28), (29), we get

1

1 M 1
2/3+2a7 xt/2 2> K, +2/2@,
0 0

0 J=1

where
oz, t) = Le™ =g (2 51), ¢ € [tr, tasr),

o is defined in (11). By using (5) and (33), for € > 0, we have
2(a — B(z,t) + ac + e)(’AJL‘ + ’Aﬂ)
<2a+act+e)(|AF| +|AF])) < K;, j=1,...,M.

Young’s inequality implies that

1 1
/2@ 26/2+i/@
2
0 0

Therefore, it implies that

1

1 M 1
1
V+20¢cV§—2/22+2(a+ac+e)/22—QZKj22(:Ej, +2—/ 02
0 0 = 0

Let |A]L||Af| # 0. According to Proposition 2 (with v = 2 for simplicity), for any
€ (0,1), we have

_2Kj22(‘fj7t) = _Q:Ll’jK"%Q(jjat) - 2(1 - )K’QQ(@%"')

M]K ,\2 8‘AL‘
T, Tk

(1— )K . 8|AF| [,
—71; 32+(1—Hj)Kj72j 22,
|Aj ‘ 0
AR AR
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which contributes to

v <Y BATN [, ¥ BARI [
V420,V <Y (=24 K= /mZ =24 (1= ) K — /Zx
=t AL J=1 AR
M
+Z(2(a+ac+e)— 724)/52
j=1 J L
Aj
; (- K 1
My j 22 <2
+Z(2(a+ac+6)—|Aé|j>/z +Z/U )
j=1 J ? 0
According to (32) and (33), Proposition 3 with
2
_ L — T
a=2(a+a.+eAy, a—@7
2
_ R 7_ T
b=2(a+a.+ €A}, b*4AR

ensures the existence of 11; € (0, 1) such that

If |AJL| = 0 (with p; = 0) or |A§?'| = 0 (with p; = 1), then the calculations will be
similar. Applying the definition of v,

1
/172 < L2€—2a0(t+7‘—5k)HO—(.’Sk)Hi2 < e_QQOtCHZ(VO)Hip
0

with C' = L?e~2%0"(C2, Thus, we have
2 N C 2
—2apt
V < —2a.V +e 7% —ZEHZ(~,O)HH1.

If . # v, the comparison principle implies (34) (note that V(to) = 0). If the conditions
of Theorem 3 are satisfied for o, = «y, they will be true for slightly larger o/, > «.,
implying (34) for a.. O

Corollary 2. Assuming that Theorem 1 and (32) are satisfied, system (27) with the decay

rate min{ v, o } will be exponentially stabilized by observer-based point controller (28),
(29), (33), i.e.,

HZ('7t)||L2 < Cze_ min{ao,ac}tHZ(_70)||H“ t = 07

with some C, > 0.

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Null controllability of Chafee—Infante equation under discrete-time point measurements 41

4 Numerical example

Consider system (1) and choose a = 10, r = 0.05, di, = 1, dr = 0. We find that it is
unstable when u (¢ — r) = 0. Let the following assumption holds:

e There exist N = 10 in-domain sensors transmitting point measurements at x; =
(2¢—1)/(2N),i=1,..., N, with the sampling period h = 0.01 and time-varying
network delay 1, < nas = 0.01, and the conditions of Theorem 1 are satisfied with
L= —].0, Qo = 05, o] = 1.

Then observer (3) will be able to predict the future state, which converges with the rate «.
By taking o, = 0.5, we obtain the boundary controller (21) with

A (VA1 —¢?)
k(]-v]-) - 57 kz(]-vy) - )‘y 1—y2 )
where A = a + ag — 72/(4+ 72) + 1075, and I is the modified Bessel function.
Corollary 1 makes exponential stability of the system with the decay rate min ag, e =
0.5 come true.
The numerical simulations are chosen as z(z,0) = 5sin(wz/2), and 7, € [0.01] are
randomly selected such that ¢;, < t;41. The results are presented in Fig. 1.

Consider system (27) and observe (28) similar to above. Setting (29) at £; = 0.25,
T = 0.75 and choosing the partition of [0, 1] to be uniform, i.e., Al = Af = 0.25 for
7 = 1,2, conditions (32) will be satisfied with o, = 0.5. Then Corollary 2 makes the
exponential stability of the closed-loop system (27)—(29) come true with

w2 1 1
Ki=——+— ) =222, j=1,2
I 4<|Af|+|A§|) R

The numerical simulations are chosen as z(z,0) = 5sin(7z/2), and 7, € [0.01] are
randomly selected such that ¢;, < t4;. The results are presented in Fig. 2.

(a) State z(z, 1) (b) Estimation/prediction 2(z, t)

Figure 1. Boundary control.
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L
0 o

(a) State z(z, t)
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e 0
os\\ _— % 8

~
0 0

(b) Estimation/prediction Z(z, t)

Figure 2. Point control.

5 Conclusion

Delayed boundary and in-domain point controllers for Chafee—Infante equation under
the discrete-time point measurements are designed by using observers that estimate the
future value of the state. LMlI-based conditions are provided for the number of point
measurements and the maximum delays and time-sampling intervals that preserve the
stability of the closed-loop system. For the future research, the result may be extended to
time-varying delays.
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