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Abstract. In ocean physics, an essential mathematical framework for examining the dynamic
behavior of waves is the (3 + 1)-dimensional generalized shallow-water wave equation. This
approach is driven by the growing need to incorporate nonlinear and anomalous behaviors in
shallow-water wave propagation into more realistic mathematical models. This motivation is a key
consideration for improving coastal hazard prediction, mitigating tsunami impacts, optimizing
renewable energy extraction, and deepening our understanding of complex coastal processes. In this
paper, exact solutions of the fractional generalized shallow-water wave equation are constructed
using two alternative methods: the extended modified auxiliary equation mapping method and
the F-expansion approach. The extended modified auxiliary equation mapping method yielded
nineteen exact solutions across two main sets, while the F-expansion method produced solutions
for seventeen different cases. To visualize these, 2D and 3D graphical representations have been
generated for several solutions using fractional parameter values α ∈ (0, 1], including sample
values such as 0.2, 0.5, 0.7, and 0.78, to illustrate how the order of the derivative affects the
soliton profile. The results show that decreasing α leads to broader and smoother soliton structures.
Finally, the modulation instability of the governing model is also investigated, confirming that the
established results are stable.

Keywords: the extended modified auxiliary equation mapping method, the F-expansion method,
M -truncated derivative, β-derivative, shallow-water wave equation, modulation instability.

1 Introduction

Nonlinear evolution equations (NLEEs) occupy an important place in mathematical phys-
ics and differential equations. They model the evolution of systems over time and describe
nonlinear behaviors. Fields such as elasticity theory, wave motion, fluid dynamics, ther-
modynamics, biological systems, and certain chemical processes require their solutions.
The development of nonlinear equations accelerated with the discovery of soliton theory,
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and in the 1960s, the Korteweg–de Vries (KdV) equation became a key example. In re-
cent years, shallow-water wave equations have received considerable attention, modeling
situations where water depth is much smaller than the wavelength of surface disturbances.
These equations are often fully integrable and admit solitary and cnoidal wave solutions.

In order to investigate a variety of exact and explicit solutions, numerous schemes
have been established. These include, for example, the (G′/G, 1/G)-expansion method
[20], the Bernoulli subequation function method [3], the Jacobi elliptic function expansion
method [1], the unified auxiliary equation method [2], the improved tan(φ/2)-expansion
method [19], and so on. Each of these analytical methods has demonstrated efficacy
in obtaining precise solutions for nonlinear evolution equations with diverse structural
attributes. Several studies in the literature have demonstrated the applicability, reliabil-
ity, and efficiency of various methods in capturing the intricate behaviors of nonlinear
physical systems [18, 25, 27].

Fractional-order derivatives are a mathematical generalization of the derivative that
allows for derivatives of functions of any real or complex order. This method often reveals
finer details of a function. Although the first theories of fractional derivatives were devel-
oped in the 19th century, there has been significant progress in recent years. These deriva-
tives are used to model complex behavior in various systems. Some examples are the
Riemann–Liouville [21], Caputo derivative [5], Gerasimov–Caputo [11], and Atangana–
Baleanu derivatives [6]. These operators offer a flexible mathematical framework for
studying memory and genetic characteristics in complex systems.

Nonlinear (2 + 1)- and (3 + 1)-dimensional equations explain real aspects of science,
technology, oceanography, atmosphere, and engineering. Physical space-time models
are realistically represented by (3 + 1)-dimensional systems, which motivates the study
of higher-dimensional, especially integrable, models. Solving these equations accurately
plays a major role in comprehending different aspects of nonlinear scientific processes,
both qualitative and quantitative. The (2 + 1)-dimensional shallow-water wave equations
[10, 29] are given as

uyt + uxxxy − 3uxxuy − 3uxuxy = 0, (1)
uxt + uxxxy − 2uxxuy − 4uxuxy = 0, (2)

where u = u(x, y, t). In the case of x = y, both equations (1) and (2) are reduced to the
potential KdV equation. In [10,28,29], the following (3 + 1)-dimensional shallow-water
wave equations are considered:

uyzt + uxxxyz − 6uxuxyz − 6uxzuxy = 0, (3)
uxzt + uxxxyz − 2(uxxuyz + uyuxxz)

− 4(uxuxzy + uxzuxy) = 0, (4)

where u = u(x, y, z, t). For x = y = z, Eqs. (3) and (4) reduce to the potential KdV
equation. The extended shallow-water wave equation in (3+1) dimension reads as [7,30]

wxzt + wxxxyz − 2(wxxwyz + wywxxz)

− 4(wxwxyz + wxzwxy) + βwxyz = 0, (5)
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where w = w(x, y, z, t), and β is constant. The extended shallow-water wave equation
generalizes the classical form and is often used to model wave propagation with more
general nonlinearities than the KdV equation. In many real-world systems, memory and
hereditary effects described by fractional derivatives are significant, especially in porous
layers, viscoelastic fluids, and plasmas [17]. Employing fractional derivatives (e.g., β and
M-truncated types) provides a flexible framework to capture these effects with variations
in amplitude, steepness, and dispersion reflecting realistic wave behavior in complex
media. Such models are relevant not only for coastal and ocean engineering but also for
nonlinear optics, where similar equations describe pulse propagation in optical fibers and
photonic lattices [17]. In this context, treating Eq. (5) as a time-fractional equation aids in
understanding its dynamics. In this work, the following fractional version of Eq. (5) will
be discussed:

Dα
t wxz + wxxxyz − 2(wxxwyz + wywxxz)

− 4(wxwxyz + wxzwxy) + βwxyz = 0, (6)

where spatial variations are denoted by x, y, and z, the temporal evolution of the wave
by t, while β is constant, and α is an order of the fractional derivative. The fractional
derivative (Dα

t ), which satisfies the requirements for both integer- and fractional-order
derivatives, is taken into consideration here. In ocean physics, a central motivation for
this study is the need to develop more realistic mathematical models that capture the non-
linear and anomalous behaviors observed in shallow-water wave dynamics. The (3 + 1)-
dimensional generalized shallow-water wave equation provides a powerful framework
for analyzing such complex wave phenomena. By advancing our understanding of these
dynamics, this approach contributes to critical applications such as enhancing coastal
hazard prediction, mitigating the effects of tsunamis, optimizing the design of renewable
energy systems, and uncovering the intricacies of nearshore and coastal processes.

While the current study focuses on traveling and solitary wave solutions of the (3+1)-
dimensional fractional derivative model, other nonlinear wave structures, such as lump
and rogue waves, have attracted attention due to their unique physical relevance. Lump
solutions are localized in all spatial directions and describe multidimensional wave pat-
terns [16], while rogue waves are transient, large-amplitude events often modeled through
rational solutions. Several recent works have explored these structures in fractional and
higher-dimensional nonlinear evolution equations [8, 9, 15]. Although our analysis does
not include them, future studies could extend our methodologies to investigate lump or
rogue wave dynamics within the fractional framework.

Traveling wave solutions of nonlinear differential equations can be obtained using
various methods, including the extended modified auxiliary equation mapping method.
This approach enhances solution finding by allowing diverse algorithms and more general
auxiliary equations to be incorporated into the analytical process. It systematically pro-
duces solutions for solitons, kinks, pulse-type and periodic waves, making it a versatile
tool for modeling nonlinear phenomena [24].

Additionally, the F-expansion method effectively obtains a wide variety of accu-
rate traveling wave solutions for NLEEs. Key advantages of the F-expansion method
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include structural simplicity, ease of application to many types of nonlinear equations,
and the ability to produce a wide family of solutions, including symmetric structures. The
method’s success with soliton solutions makes it practically applicable in disciplines such
as mathematical physics, engineering, and biology. The method offers a strong, flexible
alternative in terms of solution diversity. Furthermore, these methods are well suited for
symbolic computations using algebraic software tools such as Maple and Mathematica.
Their algorithmic structure reduces the likelihood of human error, especially when dealing
with complex expressions.

It is imperative to note that the reduced computational time and efficiency of our tech-
niques are fundamental factors in elucidating their simplicity, reliability, accuracy, and
ease of use. Although the methods used in this study yield a wide range of exact traveling
wave solutions, they are limited by their dependency on specific ansatz forms and may not
capture all possible solution behaviors, especially in more complex or multiscale settings.

The paper is divided into distinct sections. In Section 2, we provide some basic
definitions of fractional calculus. In Section 3, we describe the governing system from
a mathematical perspective. In Section 4, we give the brief descriptions of the F-expansion
and the extended modified auxiliary equation mapping methods. In Section 5, we present
the applications of the aforementioned techniques to get soliton solutions. In Section 6,
we describe some gained results by 2D, 3D, and contour plots, and we looked at how
to interpret the graphs and make the required comparisons. In Section 7, we determine
stability analysis for the stationary solutions of (5). In the last section, we present the
conclusion.

2 Basic definitions of calculus

In this section, the definitions of theM -truncated fractional derivative and the β-fractional
derivative, along with some of their properties, are presented.

2.1 M -truncated fractional operator

Definition 1. Suppose that
f(t) : [0,∞)→ R

and 0 < α < 1, then M -truncated derivative of f of order α is defined by [13, 26]

Dα,θ
M f(t) = lim

τ→0

f(t+ iEθ(τt
1−α))− f(t)

τ
, θ > 0,

for t > 0. Here iEθ(z) =
∑i
j=0 z

j/Γ(θj + 1), θ > 0, and z ∈ C is truncated Mittag-
Leffler function of one parameter [26].

Theorem 1. If f is a α-order differentiable function with α in (0, 1] and θ > 0 at t0 > 0,
then f is continuous at t0.

Theorem 2. If α ∈ (0, 1], θ > 0, k, l ∈ R, and f and h are α-differentiable at t > 0,
then:

Nonlinear Anal. Model. Control, 31(1):68–92, 2026

https://doi.org/10.15388/namc.2026.31.44130


72 E. Ünal Yılmaz, Y. Sağlam Özkan

(i) Dα,θ
M (kf(t) + lh(t)) = kDα,θ

M (f(t)) + lDα,θ
M (h(t));

(ii) Dα,θ
M (f(t), h(t)) = f(t)Dα,θ

M (h(t)) + h(t)Dα,θ
M (f(t));

(iii) Dα,θ
M (f(t)/h(t)) = (h(t)Dα,θ

M (f(t))− f(t)Dα,θ
M (h(t)))/(h(t))2;

(iv) Dα,θ
M (τ) = 0, where τ is a constant;

(v) If f(t) is differentiable, then Dα,θ
M (f(t)) = (t1−α/Γ(θ + 1) df(t)/dt.

2.2 β-fractional operator

Definition 2. The β-derivative [4, 22] of a function f(χ) of fractional order α is defined
as

A
0D

α
ψ

(
f(χ)

)
= lim
ε→0

f(ψ + ε(ψ + 1
Γ(α) ))− f(χ)

ε
.

In addition, the following are some of this operator’s known properties.

Theorem 3. If 0 < α 6 1, m,n ∈ R, and f and h are the functions of order α at χ > 0
given point, then:

(i) A
0 D

α
χ(mf(χ) + nh(χ)) = mA

0 D
α
χ(f(χ)) + nA0 D

α
χ(h(χ));

(ii) A
0 D

α
χ(τ) = 0, where τ is constant;

(iii) A
0 D

α
χ(h(χ) ∗ f(χ)) = h(χ)A0 D

α
χ(f(χ)) + f(χ)A0 D

α
χ(h(χ));

(iv) A
0 D

α
χ(g(φ)/h(χ)) = φdg(φ)/dφ;

(v) A
0 D

α
χ(f(χ)/h(χ)) = (h(χ)A0 D

α
χ(f(χ))− f(χ)A0 D

α
χ(h(χ)))/h2(χ).

Taking ε = (χ+ 1/Γ(α))1−αc, ε→ 0 as c→ 0, then we have

A
0 D

α
χ

(
f(χ)

)
=

(
χ+

1

Γ(α)

)1−α
df(χ)

dχ
, ζ =

λ

α

(
χ+

1

Γ(α)

)α
,

where the constant is denoted by λ.

3 Fractional governing equation

In this section, the time-fractional extended shallow-water wave equation (6), which will
be discussed, will be reduced to an ordinary differential equation (ODE) using the defi-
nitions and properties of the introduced fractional derivative operators. For this purpose,
two different traveling wave transformations will be employed.

(i) The following is the expression of the considered equation using theM -truncated
fractional operator:

Dα,γ
M,twxz + wxxxyz − 2(wxxwyz + wywxxz)

− 4(wxwxyz + wxzwxy) + βwxyz = 0. (7)
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(ii) For the β-derivative, we have
A
0 D

α
t wxz + wxxxyz − 2(wxxwyz + wywxxz)

− 4(wxwxyz + wxzwxy) + βwxyz = 0. (8)

Assume the following wave transformation in Eqs. (7) and (8):

w(x, y, z, t) = u(ξ).

w(x, y, z, t) is the wave form of the solitons in this case. The variable representing the
wave, designated as ξ, is defined as follows:

(i) For M -truncated fractional derivative,

ξ = kx+ ly + nz − δΓ(1 + γ)

α
tα. (9)

(ii) For β fractional derivative,

ξ = kx+ ly + nz −
δ(t+ 1

Γ(α) )α

α
. (10)

Substituting Eqs. (9) and (10) in Eqs. (7) and (8) results in the subsequent equation

lk2u′′′ − 3lk(u′)2 + (−δ + βl)u′ = 0. (11)

If u′ = v, then u′′ = v′ and u′′′ = v′′, and (11) turns to be

lk2v′′ − 3lkv2 + (−δ + βl)v = 0, (12)

where (·)′ = d/dξ(·).

4 Methodologies

The following section outlines the principal components of two widely-appreciated and
efficacious methodologies for resolving the aforementioned equation. To this end, we
take into account the following partial differential equation (PDE)

Ω(ν, νt, νx, νtt, νtt, . . . ) = 0, (13)

where Ω and its corresponding derivatives form a component of the dependent function
ν = ν(x, t). The travelling wave transformation is given by the following equation:

ν = ν(ξ), ξ = k(x− ct),

where k and c are constants. Substituting the aforementioned expression into the Eq. (13),
we obtain an ODE

Λ(ν, ν′, ν′′, . . . ) = 0, (14)

where (·)′ indicates the derivatives with respect to the independent variable ξ. The fol-
lowing algorithm outlines the general procedure for obtaining exact solutions of nonlinear
evolution-type PDEs using analytical techniques.
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Algorithm 1. Exact solution algorithm for nonlinear evolution equations.

1: Identify the target PDE: Begin with the nonlinear evolution equation to be solved.
2: Apply a traveling wave transformation: Introduce a new variable to reduce the PDE to an ODE.
3: Reduce the PDE to an ODE: Substitute the wave variable and convert the PDE into an ODE for u(x, t) =
U(ξ).

4: Propose a suitable ansatz: Depending on the chosen method, propose an appropriate functional form.
5: Substitute the ansatz into the ODE: Compute all necessary derivatives of the ansatz and substitute them

into the ODE.
6: Collect terms and construct an algebraic system: Collect coefficients of functionally independent terms

and equate each to zero to form a system of algebraic equations.
7: Solve the algebraic system: Solve the system to determine the unknown parameters using symbolic

computation software (e.g., Maple, Mathematica).
8: Construct the exact solution: Substitute the obtained constants back into the ansatz to get the final solution

in the form u(x, t) = U(ξ).
9: Analyze and classify the solution: Interpret the solution in terms of physical or mathematical

characteristics.

4.1 The extended modified auxiliary equation mapping method

The main steps of the extended modified auxiliary equation mapping method used in our
paper can be considered as an improvement of that obtained in [23], which are described
as follows:

Step 1. We assume that Eq. (14) has the solution of the form

ν(ξ) =

m∑
j=0

ajF j(ξ)+

−m∑
j=−1

b−jF j(ξ)+

m∑
j=2

cjF j−2(ξ)F ′(ξ)+

m∑
j=1

dj

(
F ′(ξ)
F(ξ)

)j
, (15)

where F (ξ) satisfies the ODE

F ′2 =

(
dF

dξ

)2

= µ1F2(ξ) + µ2F3(ξ) + µ3F4(ξ), (16)

where aj , bj , cj , dj and µ1, µ2, µ3 are the coefficients to be determined later. m is
a positive integer.

Step 2. The integer m is determined by balancing the highest-order derivative term
with the highest-order nonlinear term in the reduced ODE.

Step 3. After plugging Eq. (15) with Eq. (16) into ODE and equating coefficients
of various powers of F j(F ′)k (k = 0, 1; j = 0, 1, 2, . . . ,m), the system of algebraic
equations is obtained.

Step 4. Subsequently, the utilization of a mathematical solver such as Maple, Math-
ematica, or Matlab will facilitate the identification of additional values for the constants,
namely aj , bj , cj , dj .

Step 5. By putting all constant value into Eq. (15), all of the required solutions of the
equation under consideration are obtained.
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4.2 The F-expansion method

The main steps of the F-expansion method used in our paper can be considered as an
improvement of that obtained in [12], which are described as follows:

Step 1. Let Eq. (14) have the solution of the form

ν(ξ) =

s∑
i=0

aiF
i(ξ), (17)

where ai are constants, and s is a positive integer that can be calculated by balancing
principle. The auxiliary equation that follows is satisfied by F (ζ):

F ′(ξ) =
√
PF 4(ξ) +QF 2(ξ) +R, (18)

where the constants P , Q, and R are determined later. The following equations are
available for Eq. (18):

F ′′ = 2PF 3 +QF, F ′′′ = (6PF 2 +Q)F ′, . . . , (19)

which will be used later on.
Step 2. Using computer programming, an algebraic system of equations can be de-

rived by substituting (17) into (14), together with (18) (and (19)), then collecting coeffi-
cients of like terms of the form F i(F ′)j , where j = 0, 1, . . . , i = 0, 1, 2, . . . .

Step 3. Each of these coefficients is set equal to zero, resulting in a system of equa-
tions. By solving this system, the coefficients ai for i = 0, 1, . . . , s are determined.

Step 4. Substituting these coefficients back into (17) then yields the exponential and
periodic solutions. (18) holds with

F (ξ,m) = sn(ξ,m), P = 1, Q = −1−m2, R = 1, (201)

F (ξ,m) = cn(ξ,m), P = −m2, Q = 2m2 − 1, R = −m2 + 1, (202)

F (ξ,m) = ns(ξ,m), P = 1, Q = −m2 − 1, R = m2, (203)

F (ξ,m) = cs(ξ,m), P = 1, Q = 2−m2, R = 1−m2, (204)

F (ξ,m) = ns(ξ,m)± cs(ξ,m), P =
1

4
, Q =

1

2
−m2, R =

1

4
, (205)

F (ξ,m) =
sn(ξ,m)

1± cn(ξ,m)
, P =

1

4
, Q =

1

2
−m2, R =

1

4
, (206)

F (ξ,m) =
m(sn(ξ,m))2 − 1

B(m(sn(ξ,m))2 + 1)
, P = −(m2 + 2m+ 1)B2,

Q = 2m2 + 2, R =
2m−m2 − 1

B2
, (207)

F (ξ,m) = dc(ξ,m), P = 1, Q = −1−m2, R = m2, (208)

F (ξ,m) = sc(ξ,m), P = −m2 + 1, Q = 2−m2, R = 1, (209)
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F (ξ,m) = nc(ξ,m)± sc(ξ,m),

P =
1−m2

4
, Q =

m2 + 1

2
, R =

1−m2

4
, (2010)

F (ξ,m) =
cn(ξ,m)

1± sn(ξ,m)
,

P =
1−m2

4
, Q =

m2 + 1

2
, R =

1−m2

4
, (2011)

F (ξ,m) =

√
C2m2+B2−C2

C2m2+B2 + cn(ξ,m)

B sn(ξ,m) + C dn(ξ,m)
,

P =
C2m2 +B2

4
, Q =

1

2
−m2, R =

1

4C2m2 + 4B2
, (2012)

F (ξ,m) =

√
−C2m2+B2+C2

C2+B2 + dn(ξ,m)

B sn(ξ,m) + C cn(ξ,m)
,

P =
C2 +B2

4
, Q =

1

2
m2 − 1, R =

m4

4C2 + 4B2
. (2013)

5 Method applications

The extended modified auxiliary equation mapping approach and theF -expansion method
will be used to analyze the solutions of Eq. (11) (and (12)) in this section.

5.1 The extended modified auxiliary equation mapping method

The extended modified auxiliary equation mapping method will be used in this section to
derive and investigate the traveling wave solutions for the targeted model. After balancing
u′′ with (u′)2, we find that m = 1 in Eq. (11). Substituting m = 1 into Eq. (15) yields
the following result:

u(ξ) = a0 + a1F (ξ) +
b1
F (ξ)

+ d1

d
dξF (ξ)

F (ξ)
.

It can be concluded from the steps outlined in Section 4.1 that the following results are
obtained:

• Set 1: δ = l(k2µ2
2 + 4βµ3)/(4µ3), a0 = a0, a1 = 0, b1 = 0, d1 = 2k,

µ1 = µ2
2/(4µ3).

Therefore, we have the following solutions for Set 1:

w1(x, y, z, t) =
(4kΥ + 3a0) cosh(Υξ)− sinh(Υξ)(4kΥ − a0)

sinh(Υξ) + 3 cosh(Υξ)
, (21)

where Υ =
√
µ2

2/µ3/4, µ3 > 0, ξ is given in Eqs. (9) and (10);
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w2(x, y, z, t) =
(−4kΥ + a0) cosh(Υξ) + sinh(Υξ)(4kΥ + 3a0)

cosh(Υξ) + 3 sinh(Υξ)
, (22)

where Υ =
√
µ2

2/µ3/4, µ3 > 0, ξ is given in Eqs. (9) and (10);

w3(x, y, z, t)

= − (8kΥ − 2a0)(cosh2(Υξ)) + 2 sinh(Υξ)(4kΥ − a0) cosh(Υξ)− 4kΥ

2 cosh(Υξ)(sinh(Υξ) + cosh(Υξ))
,

where Υ =
√
µ2

2/µ3/4, µ3 > 0, ξ is given in Eqs. (9) and (10);

w4(x, y, z, t) = −
(
(8kΥ − 2a0)

(
cosh2(Υξ)

)
+ 2a0 − 4kΥ

+ 2 sinh(Υξ)(4kΥ − a0) cosh(Υξ)
)

×
(
2 sinh(Υξ)

(
sinh(Υξ) + cosh(Υξ)

))−1
,

where Υ =
√
µ2

2/µ3/4, µ3 > 0, ξ is given in Eqs. (9) and (10);

w5(x, y, z, t) = −
((

8
√
−µ2

2kΥ + 2a0µ2

)(
cos2(Υξ)

)
− 4
√
−µ2

2kΥ − 2a0µ2

− 2 sin(Υξ)
(
−4Υµ2k +

√
−µ2

2a0

)
cos(Υξ)

)
×
(
2 sin(Υξ)

(
µ2 sin(Υξ) +

√
−µ2

2 cos(Υξ)
))−1

,

where Υ =
√
−µ2

2/µ3/4, µ1 < 0, µ3 > 0, ξ is given in Eqs. (9) and (10);

w6(x, y, z, t) = −1

2
k

√
µ2

2

µ3
tanh

(
1

4

√
µ2

2

µ3
ξ

)
+ a0 +

1

2
k

√
µ2

2

µ3
,

where µ1 > 0, Λ = 0, ξ is given in Eqs. (9) and (10);

w7(x, y, z, t) = −1

2
k

√
µ2

2

µ3
coth

(
1

4

√
µ2

2

µ3
ξ

)
+ a0 +

1

2
k

√
µ2

2

µ3
,

where µ1 > 0, Λ = 0, ξ is given in Eqs. (9) and (10);

w8(x, y, z, t) = −
− exp{ 1

2

√
µ2

2

µ3
ξ}a0 + exp{ 1

2

√
µ2

2

µ3
ξ}k
√

µ2
2

µ3
+ 2a0µ2

exp{ 1
2

√
µ2

2

µ3
ξ} − 2µ2

,

where µ1 > 0, ξ is given in Eqs. (9) and (10);

w9(x, y, z, t) = −−a0ξ + 2k

ξ
,

where µ1 = 0, µ2 = 0, ξ is given in Eqs. (9) and (10);
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• Set 2: δ = lk2µ1 + βl, a0 = a0, a1 =
√
µ3k, b1 = 0, d1 = k, µ1 = µ1.

Therefore, we have the following solutions for Set 2:

w10(x, y, z, t) =

(
−µ3

(
µ

3/2
1 k − a0µ1

)(
tanh2

(√
µ1ξ

2

))
+
(
k
√
µ1µ

2
2 − 2kµ

3/2
1 µ3 + 2a0µ1µ3

)
tanh

(√
µ1ξ

2

)
+
√
µ3kµ1µ2 sech

(√
µ1ξ

2

)2

− kµ3/2
1 µ3 + a0

(
µ1µ3 − µ2

2

))
×
(
µ1µ3

(
1 + tanh

(√
µ1ξ

2

))2

− µ2
2

)−1

,

where µ1 > 0, ξ is given in Eqs. (9) and (10);

w11(x, y, z, t) =

(
−µ3

(
µ

3/2
1 k − a0µ1

)(
coth2

(√
µ1ξ

2

))
+
(
k
√
µ1µ

2
2 − 2kµ

3/2
1 µ3 + 2a0µ1µ3

)
coth

(√
µ1ξ

2

)
−√µ3 kµ1µ2 csch

(√
µ1ξ

2

)2

− kµ3/2
1 µ3 + a0

(
µ1µ3 − µ2

2

))
×
(
µ1µ3

(
1 + coth

(√
µ1ξ

2

))2

− µ2
2

)−1

,

where µ1 > 0, ξ is given in Eqs. (9) and (10);

w12(x, y, z, t) =
a0(
√
Λ cosh(

√
µ1ξ)− µ2) + 2

√
µ3kµ1 − k

√
µ1 sinh(

√
µ1ξ)
√
Λ

√
Λ cosh(

√
µ1ξ)− µ2

,

where µ1 > 0, Λ > 0, ξ is given in Eqs. (9) and (10);

w13(x, y, z, t)

=
a0

√
Λ cos(

√
−µ1ξ)− a0µ2 + 2

√
µ3kµ1 + k sin(

√
−µ1ξ)

√
−µ1

√
Λ

√
Λ cos(

√
−µ1ξ)− µ2

,

where µ1 < 0, Λ > 0, ξ is given in Eqs. (9) and (10);

w14(x, y, z, t) =
(−2kµ1

√
µ3 + a0µ2) cosh(Υ )− sinh(Υ )

√
µ1(kµ2 − 2a0

√
µ3)

2
√
µ3
√
µ1 sinh(Υ ) + µ2 cosh(Υ )

,

where Υ =
√
µ1 ξ/2, µ1 > 0, µ3 > 0, ξ is given in Eqs. (9) and (10);
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w15(x, y, z, t) =

((
−2k
√
µ3µ1 tan

(√
−µ1ξ

2

)
+
√
−µ1(kµ2 + 2a0

√
µ3)

)
× sin

(√
−µ1ξ

2

)
+ a0µ2 cos

(√
−µ1ξ

2

))
×
(

2
√
µ3

√
−µ1 sin

(√
−µ1ξ

2

)
+ µ2 cos

(√
−µ1ξ

2

))−1

,

where µ1 < 0, Λ > 0, ξ is given in Eqs. (9) and (10);

w16(x, y, z, t) =
(−2kµ1

√
µ3 + a0µ2) sinh(Υ )−√µ1(kµ2 − 2a0

√
µ3) cosh(Υ )

µ2 sinh(Υ ) + 2
√
µ3
√
µ1 cosh(Υ )

,

where Υ =
√
µ1ξ/2, µ1 > 0, µ3 > 0, ξ is given in Eqs. (9) and (10);

w17(x, y, z, t)

=
k(−2µ1

√
µ3 − µ2

√
µ1) tanh(

√
µ1 ξ

2 )− 2k
√
µ3 µ1 + (k

√
µ1 + 2a0)µ2

2µ2
,

where µ1 > 0, Λ = 0, ξ is given in Eqs. (9) and (10);

w18(x, y, z, t)

=
k(−2µ1

√
µ3 − µ2

√
µ1) coth(

√
µ1 ξ

2 )− 2k
√
µ3 µ1 + (k

√
µ1 + 2a0)µ2

2µ2
,

where µ1 > 0, Λ = 0 , ξ is given in Eqs. (9) and (10);

w19(x, y, z, t) =
(
(
√
µ1k − a0) exp{2√µ1ξ}+ (−4k

√
µ3µ1 + 2a0µ2) exp{√µ1ξ}

− k√µ1µ
2
2 + 4kµ

3/2
1 µ3 + 4a0µ1µ3 − a0µ

2
2

)
×
(
− exp{2√µ1ξ}+ 2 exp{√µ1ξ}µ2 + 4µ1µ3 − µ2

2

)−1
,

where µ1 > 0, ξ is given in Eqs. (9) and (10).

5.2 The F-expansion method

In this section, the amplitude of the traveling wave is analytically solved using the F-ex-
pansion method. After balancing v′′ with v2, we get s = 2 in Eq. (12). Substituting s = 2
into Eq. (17) gives us the following result:

v(ξ) = a0 + a1F (ξ) + a2F
2(ξ). (23)

By substituting Eq. (23) with Eqs. (18) and (19) into Eq. (12), we obtain the following
solution set:

• Set 1:
a0 = 2

(
Q

3
+

√
−3PR+Q2

3

)
k, a1 = 0, a2 = 2Pk,

δ = 4Qk2l − 12

(
Q

3
+

√
−3PR+Q2

3

)
k2l + βl.

(24)
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Plugging Eq. (24) with Eq. (20) into Eq. (23) causes to following cases. In all of the
following cases, ξ is given in Eqs. (9) and (10), and c1 is an arbitrary constant.

Case 1. Choosing (201), in the limited case when m → 1, we obtain the soliton-like
solution

w20(x, y, z, t) = k

(
−2 tanh(ξ)− ln

(
tanh(ξ)−1

)
+ln

(
tanh(ξ)+1

)
− 2ξ

3

)
+c1. (25)

Case 2. Choosing (202), in the limited case when m → 1, we obtain the soliton-like
solution

w21(x, y, z, t) = −6k sinh(ξ)− 4k(ξ) cosh(ξ)− 3c1 cosh(ξ)

3 cosh(ξ)
.

Case 3. Choosing (203), we obtain the following soliton-like solutions: in the limited
case when m→ 1,

w22,1(x, y, z, t) = k

(
−2 coth(ξ)− ln

(
coth(ξ)− 1

)
+ ln

(
coth(ξ) + 1

)
− 2ξ

3

)
+ c1;

in the limited case when m→ 0,

w22,2(x, y, z, t) =
−2k cos(ξ) + c1 sin(ξ)

sin(ξ)
. (26)

Case 4. Choosing (204), we obtain the following soliton-like solutions: in the limited
case when m→ 1,

w23,1(x, y, z, t) = −2k coth(ξ) +
4kξ

3
+ c1; (27)

in the limited case when m→ 0,

w23,2(x, y, z, t) = − 2k

tan(ξ)
+ c1.

Case 5. Choosing (205) with F (ξ,m) = ns(ξ,m)+cs(ξ,m), we obtain the following
soliton-like solutions: in the limited case when m→ 1,

w24,1(x, y, z, t) =
k(− ln(tanh( ξ2 )− 1) + ln(tanh( ξ2 ) + 1)− 2

tanh( ξ
2 )
− ξ

3 )

2
+ c1;

in the limited case when m→ 0,

w24,2(x, y, z, t) = − k

tan( ξ2 )
+ c1.
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Case 6. Choosing (205) with F (ξ,m) = ns(ξ,m)−cs(ξ,m), we obtain the following
soliton-like solutions: in the limited case when m→ 1, solutions

w25,1(x, y, z, t) =
k(−2 tanh( ξ2 )− ln(tanh( ξ2 )− 1) + ln(tanh( ξ2 ) + 1)− ξ

3 )

2
+ c1;

in the limited case when m→ 0,

w25,2(x, y, z, t) = k tan

(
ξ

2

)
+ c1.

Case 7. Choosing (206) with F (ξ,m) = sn(ξ,m)/(1 + cn(ξ,m)), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w26,1(x, y, z, t) = −
k(−3 tanh( ξ2 )− ln(tanh( ξ2 )− 1) + ln(tanh( ξ2 ) + 1))

3
+ c1;

in the limited case when m→ 0,

w26,2(x, y, z, t) = k tan

(
ξ

2

)
+ c1.

Case 8. Choosing (206) with F (ξ,m) = sn(ξ,m)/(1 − cn(ξ,m)), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w27,1(x, y, z, t) =
k(ln(tanh( ξ2 ) + 1)− 3

tanh( ξ
2 )
− ln(tanh( ξ2 )− 1))

3
+ c1;

in the limited case when m→ 0,

w27,2(x, y, z, t) = − k

tan( ξ2 )
+ c1.

Case 9. Choosing (207), we obtain the following soliton-like solutions: in the limited
case when m→ 1,

w28,1(x, y, z, t) =
4k(−3 tanh(2ξ)− ln(tanh(2ξ)− 1) + ln(tanh(2ξ) + 1))

3
+ c1;

in the limited case when m→ 0,

w28,2(x, y, z, t) = c1.

Case 10. Choosing (208) with F (ξ,m) = sn(ξ,m)/(1 − cn(ξ,m)), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w29,1(x, y, z, t) =
4kξ

3
+ c1;
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in the limited case when m→ 0,

w29,2(x, y, z, t) = 2k tan(ξ) + c1.

Case 11. Choosing (209), we obtain the following soliton-like solutions: in the limited
case when m→ 1,

w30,1(x, y, z, t) =
4kξ

3
+ c1;

in the limited case when m→ 0,

w30,2(x, y, z, t) = 2k tan(ξ)− 2k arctan(tan(ξ)) + 2k(ξ) + c1.

Case 12. Choosing (2010) with F (ξ,m) = nc(ξ,m) + sc(ξ,m), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w31,1(x, y, z, t) =
4kξ

3
+ c1;

in the limited case when m→ 0,

w31,2(x, y, z, t) = k tan(ξ) + c1 + k sec(ξ).

Case 13. Choosing (2010) with F (ξ,m) = nc(ξ,m) − sc(ξ,m), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w32,1(x, y, z, t) =
4kξ

3
+ c1;

in the limited case when m→ 0,

w32,2(x, y, z, t) = k tan(ξ) + c1 + k sec(ξ).

Case 14. Choosing (2011) with F (ξ,m) = cn(ξ,m)/(1 + sn(ξ,m)), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w33,1(x, y, z, t) =
4kξ

3
+ c1;

in the limited case when m→ 0,

w33,2(x, y, z, t) = − 2k

tan( ξ2 ) + 1
+ c1.

Case 15. Choosing (2011) with F (ξ,m) = cn(ξ,m)/(1 − sn(ξ,m)), we obtain the
following soliton-like solutions: in the limited case when m→ 1,

w34,1(x, y, z, t) =
4kξ

3
+ c1;
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in the limited case when m→ 0,

w34,2(x, y, z, t) = − 2k

tan( ξ2 )− 1
+ c1.

Case 16. Choosing (2012), we obtain the following soliton-like solutions: in the
limited case when m→ 1,

w35,1(x, y, z, t)

=

(
−
(√

B2

B2 + C2

(
B2 + C2

)
−B2

)
(6Bk + ΥC)− ΥC2B tanh

(
ξ

2

))
×
(

3

(√
B2

B2 + C2

(
B2 + C2

)
+ tanh

(
ξ

2

)
CB −B2

)
C

)−1

,

where Υ = (ln(tanh(ξ/2) − 1) − ln(tanh(ξ/2) + 1))k − 3c1; and in the limited case
when m→ 0,

w35,2(x, y, z, t) =
−C2 tan( ξ2 )c1 − 2(Bk − c1C

2 )(
√

B2−C2

B2 − 1)B

(− tan( ξ2 )C + (
√

B2−C2

B2 − 1)B)C
,

where ξ is given in Eqs. (9) and (10) and B,C, c1 is an arbitrary constant.
Case 17. Choosing (2013), we obtain the soliton-like solutions: in the limited case

when m → 1, this solution coincides with the one (w35,1) obtained in Case 16, in the
limited case when m→ 0,

w36,2(x, y, z, t) = − 2(B2 + C2)k

B(B tan(ξ) + C)
+ c1,

where ξ is given in Eqs. (9) and (10) and B,C, c1 is an arbitrary constant.

6 Results and discussion

In this study, fractional extended shallow-water wave equations with β and M-truncated
derivative operators are considered. Despite the different wave transformations, both cases
yield the same ODE. All computations and graphical illustrations were carried out and
verified using Maple 2023. In this section, w1(x, y, z, t), w2(x, y, z, t), w22,2(x, y, z, t),
and w23,1(x, y, z, t) solutions in different derivative definitions are considered. Figs. 1–6
provide graphical representations of the fractional operator parameter, allowing for a clear
visualization of its effect at different values.

In Fig. 1, we choose a0 = 1.2, k = 2, l = 2, µ2 = 1, µ3 = 2, n = 1, β = 1, γ = 2.
Figure 1(a) visualizes 3D plot for solution w1(x, y, z, t) with M -truncated derivative,
while Fig. 1(b) demonstrates the graph of w1(x, y, z, t) in the sense of β-derivative with
α = 0.8. The 3D plot ofw1(x, y, z, t) generated by Eq. (21) depicts a kink pattern. A kink
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(a) (b)

(c)

Figure 1. 3D-plot of the solution w1(x, y, z, t) (21) for M -truncated derivative (a) and β-derivative (b) with
α = 0.8. (c) depicts the pictorial representation of w1(x, y, z, t) in 2D-plot using the different definitions of
derivatives.

soliton marks the transition of a wave from one asymptotic state to another, illustrating
its spatial distribution and propagation at a given time. While both solutions are smooth
and soliton-like, the derivative definition mainly alters the steepness and spatial spread,
indicating changes in dispersive properties and energy concentration.

Figure 1(c) shows a direct comparison of the kink soliton profiles obtained using the
M-truncated and β-derivatives for α = 0.8, revealing significant differences in wave
behavior. The soliton profile derived from the M-truncated derivative shows a steeper and
more localized transition, indicating that energy is more strongly confined and spatial
gradients are sharper. On the other hand, the β-derivative generates a wider, more steady
shift, indicating increased dispersive effects and a more spread out energy distribution.
This comparison demonstrates how the choice of fractional derivative formulation af-
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Figure 2. 2D-plots of w1(x, y, z, t) (21) for different derivatives at y = z = 1 and t = 1 for different values
of α.

fects the structural properties of the soliton. It may also have important implications
for modeling physical systems where energy localization or diffusion is critical. The
two-dimensional graphs in Fig. 2 show how the wave profile changes as the α value
for the M -fractional and β derivatives increase for the same parameters as in Fig. 1.
As α decreases from 1 to lower values (e.g., 0.8, 0.5, or 0.2), the slope of the kink
becomes progressively smoother, indicating a broader transition region. In the same
way, as α decreases from 1 to lower values (e.g., 0.7, 0.5, or 0.2), the slope of the
kink becomes smoother. This indicates a broader transition region according to the β-
fractional derivative. A decrease in slope flattens the soliton, reducing the field’s rate
of change and potentially its energy. At α = 0.9, both derivative types yield similar
soliton profiles, indicating physical consistency. The fractional parameter controls the
wave’s dispersive and dissipative properties, enabling modeling of systems with memory
or hereditary effects.

Figure 3 illustrates the visual depiction of w2(x, y, z, t) with M -truncated and β
derivatives stated in Eq. (22), which is a shock wave solution. This figure is plotted
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(a) (b)

(c)

Figure 3. 3D-plot of the solution w2(x, y, z, t) (22) for M−truncated derivative (a) β-derivative (b) with
α = 0.8. (c) depicts the pictorial representation of w2(x, y, z, t) in 2D-plot using the different definitions of
derivatives.

with a0 = 1.9, k = .1, l = 1, µ2 = 1, µ3 = 2, n = 1, α = .8, β = 0.2, γ = 1.
The amplitude and curvature exhibit subtle variations, indicating the mathematical and
physical sensitivity to the fractional derivative employed, yet the general wave form is
unaltered. Figure 3(c) illustrates 2D-plot for solution w2(x, y, z, t) with M -truncated and
β derivative for same values. Although both curves show a similar upward trend, the M-
truncated derivative consistently produces higher values, indicating slightly stronger field
variation or energy concentration.

In Fig. 4, we suppose k = .99, l = −0.1, n = 0.1, β = 1, γ = 1, c1 = 1. Fig. 4(a)
visualizes 3D-plot for w22,2(x, y, z, t) with M -truncated derivative, while Fig. 4(b) im-
ages the graph of w22,2(x, y, z, t) in terms of β-derivative with α = 0.78. Physically,
these features could be singular wave packets or intense concentrated wave energy, which
could resemble wave breaking occurrences or rogue wave creation in nonlinear media. In
Fig. 5, for the same values as in Fig. 4, the 2D-graphs show how the wave profile changes
as the α for the M -fractional and β derivatives increases.
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(a) (b)

Figure 4. 3D-plot of real part of the solution w22,2(x, y, z, t) (26) for M -truncated derivative (a) and β-
derivative (b) with α = 0.78.

Figure 5. 2D-plots of real part of w22,2(x, y, z, t) (26) for different derivatives at y = z = 1 and t = 2 for
different values of α.
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(a) (b)

(c)

Figure 6. 3D-plot of the solution w23,1(x, y, z, t) (27) for M−truncated derivative (a) and β-derivative (b)
with α = 0.25. (c) depicts the pictorial representation of w23,1(x, y, z, t) (27) in 2D-plot using the different
definitions of derivatives.

Figures 6(a) and 6(b) illustrate 3D-plot for solution w23,1(x, y, z, t) withM -truncated
and β derivatives with α = 0.25, β = 2, c1 = 0, γ = 0.2, k = 3, l = 5,
n = −1. These figures show that both the M-truncated and β-derivative formulations
produce smooth, monotonically increasing solutions when α = 0.25. However, a clear
difference is observed in the amplitude and growth rate of the solutions: a consistently
higher profile is led to by the β-derivative compared to the M-truncated derivative. The
2D-plot in Fig. 6(c) shows a steeper slope for the β-derivative solution, indicating faster
variation with respect to x.

For the classical case α = 1 and β = 0, the equation given in (6) was previously
investigated in [30] and [29], where multiple singular and multiple-singular soliton so-
lutions were obtained, respectively. Additionally, exact solutions were derived using the
(G′/G) method in [7] for α = 1. A comparison with these earlier results suggests that the
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findings of the present study offer new insights. The present analysis provides a broader
range of solutions through the use of two fractional derivative operators, offering deeper
insight into solution structures and highlighting the influence of fractional-order dynamics
on system behavior.

7 Modulation instability analysis

Modulation instability (MI) analysis [14] for the stationary solutions of Eq. (5) is ex-
amined in this section of the study under the assumption that Eq. (5) has the following
stationary solution:

h(x, y, z, t) = P0 + vψ(x, y, z, t), (28)

where P0 stands for a steady flow attitude for Eq. (5), and v is arbitrary constant. We
use the principle of linear stability analysis to examine the evolution of the perturbation
φ(x, y, z, t). Substituting Eq. (28) into Eq. (6) and linearizing, we obtain

ψtxz + ψxxxyz + βψxyz = 0. (29)

Suppose solutions of Eq. (29) in the following form:

φ(x, y, z, t) = ei(ax+by+cz−dt), (30)

where d is the frequency of perturbation, and a, b, and c are normalized wave numbers.
Equations (29) and (30) jointly provide d+a2b−βb = 0. Then we can write the following:

d = −a2b+ βb. (31)

The given equation has been subjected to an analysis of stability using the linear stability
approach, and the results show that it is stable Fig. 7.

Figure 7. The modulation instability graphs for b = 2, 3, 5 and β = 0.5 in Eq. (31).
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8 Conclusion

In this work, we have determined the optical solitons of the fractional extended shallow-
water wave equations using β- and M-truncated derivatives. Shallow-water wave equa-
tions are helpful for resembling physical systems because of their often strong structure.
The details of these solutions are obtained by the F -expansion approach and the extended
modified auxiliary equation mapping method. These techniques have been successfully
applied to find new solutions used to create a wide variety of solutions for trigonometric,
hyperbolic, and rational functions. As can be seen in Figs. 1–6, graphical visualizations
clearly demonstrate the influence of the fractional order α and the choice of derivative
operator on wave dynamics. Notably, the M-truncated and β-derivative solutions differ
significantly in terms of steepness, amplitude modulation, and dispersion characteristics.
The linear stability of these solitons was validated using MI analysis (see Fig. 7), which
confirms the robustness of the derived wave structures under small perturbations. Building
on previous studies, including those using classical derivatives, the present results offer
a more comprehensive perspective while remaining consistent with established findings.
These findings highlight the flexibility of the employed methodologies, applicable to
higher-dimensional models and other fractional PDEs in fluid mechanics, nonlinear op-
tics, plasma physics, and geophysical flows. Comparative analysis of different fractional
derivatives further provides insights into modeling accuracy and physical fidelity, en-
abling improved simulation of complex nonlinear phenomena.
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