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Abstract. In this paper, we deal with the relative controllability of linear and nonlinear damped
fractional differential system with distributed delays and impulses. The sufficient and necessary
conditions for the relative controllability of the linear system under consideration are given by
using the controllability Gramian matrix. We also prove a sufficient condition on the nonlinear term
to ensure that the above system is relative controllable. Two instances are provided to verify that
our theoretical results are accurate.

Keywords: relative controllability, fractional calculus, distributed delays, impulses, Mittag-Leffler
function.

1 Introduction

Fractional differential equations (FDEs) have emerged as a fundamental mathematical
tool for modeling hereditary phenomena across physical and engineering systems with
theoretical foundations rigorously established in the seminal works of Oldham and Spanier
[22] on fractional calculus, followed by comprehensive developments in solution exis-
tence theory by Kilbas et al. [11], numerical analysis frameworks by Diethelm [8], and
systematic methodologies by Zhou et al. [28]. The controllability problem originating
from Kalman’s classical theory has been substantially extended to FDE contexts through
three dominant methodological branches: (i) Gramian matrix techniques pioneered by
Balachandran and Kokila [6] for single-delay systems and later generalized to multi-
ple delays [5], (ii) fixed-point theorem approaches initiated by Li et al. [15] for pure-
delay systems and subsequently refined for Riemann—Liouville [17] and Mittag-Leffler
(M-L) function-based [27] formulations, and (iii) adjoint operator methods developed by
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Wang et al. [26] for stochastic systems and conformable derivatives [16]. In [4], authors
study the controllability of fractional damped systems (FDS) in finite-dimensional space
using the M-L matrix function in conjunction with an iteration technique. Liu et al. [18],
consider the fractional Caputo derivative of any order with the difference that Schaefer’s
fixed point theorem is used to introduce controllability results. Sathiyaraj et al. [23]
used M-L matrix function, controllability Gramian matrix, and fixed point technique to
establish complete controllability.

Time delay is an inescapable concept in real life research, which often appears in
various systems such as chemical processes, biomedical systems, etc. In some other
systems, distributed delays exist in the control, therefore it is necessary to study the
dynamic systems involving distributed delays [12, 25], and distributed delays systems
have a wide range of applications [1, 24]. In [3, 7], Balachandran consider the relative
controllability of FDE with distributed delays in control. Arthi investiges the controllabil-
ity results of FDDS with distributed delays in [2]. On the other hand, amid the research
on natural disasters, biotechnology, and economics, FDE with impulses are becoming
more and more important. In many systems, due to rapid changes at one point in time,
the duration is so short compared to the total exposure time that it can be considered
as impulses. Kumar et al. [13] considered the investigation of fractional damped system
with impulses. Recent advances in fractional controllability have further refined Gramian
matrix techniques, while novel treatments of impulsive effects and distributed delays
provide enhanced frameworks for coupled dynamics like those considered here.

Previous studies on fractional-order controllability have mainly focused on systems
with delays [4] or impulses [13]. However, in practical systems such as chemical reactors
(due to distributed delays caused by material transfer) and neural regulatory systems (af-
fected by sudden energy injections as impulses), both of these effects exist simultaneously.
This coupling presents unique challenges. Recent advances in fractional-order control
systems have yielded significant progress in several directions: 1-Caputo derivatives offer
new control paradigms for time-delay systems [19], Gramian matrix methods address
complex Langevin system dynamics [14], Hilfer derivatives extend control theory un-
der integral boundary conditions [9], and nonlocal techniques advance impulsive control
[20]. However, these approaches remain limited in handling coupled distributed delay-
damping-impulse systems, which constitutes the key innovation of our study. Conse-
quently, this paper aims to explore these outcomes.

The structure of this paper is as follows: Section 2 introduces several key concepts and
notations. In Section 3, we derive the solution expressions for both linear and semilinear
systems. Section 4 focuses on establishing the relative controllability of linear FDS. In
Section 5, we develop criteria for the relative controllability of semilinear FDS. Finally,
Section 6 provides two illustrative examples.

2 Preliminaries

In this section, serval basic concepts and lemmas are presented that are used throughout
this study.
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Definition 1. (See [6].) The fractional derivative of order & (0 < n < a < n + 1) in the
Caputo sense for a function ¥ : RT™ — R is defined as

p

(n-l—l
o X (s)
“Dx(p) = NCp— /

0

where I is the Gamma function.

The definition of its Laplace transform is given as
L{x(p); (s)} = G(s)
L{D*x}(s) = s*G(s) — in(0+)sa_i_1.
In particular, if 0 < as < 1, then
L{D*2x}(s) = s™2G(s) — s~ x(07),
andif 1 < a7 < 2, then
L{D* x}(s) = s*G(s) — s* ~1x(07) — s* 7 2x/(0T).

Definition 2. (See [6].) Defines the M-L function with two parameters as

o'} k
r
Ea ax\T) = = 0417062>()7’I€((:.
1y ( ) kz I (:Z{JOé] +042)

In the special case g = 1, we have

0417 ZF ka1+1 ag >0,
N & )\k ark
a1<)\7“ ):I;F(kal+l) Oé1>0 reC

The Laplace transform of the M-L function is

a1 — Q2
™ By (£ mp™) } o) = e
For an n X n matrix A, we define
a1,a2 g ]{3041 —+ 042
and
1 SO{1—O¢2
L4677 By on (£A6™)}() = Sy g
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3 The solution of systems

First, we consider the solutions of damped FDS with distributed delays

0
Dy (p) — ACD2 y(p) = /ng(m Quip+¢), p=0, 0
—0

x(0) =x0, X'(0)=x1, ulp)=wp(p), —-0<p<O,

where 0 < as < 1 < a3 < 2, x € R™ is a state vector. Assume that ¢ > 0 is the
time delay and u(p) € R™ is a control vector, A is n X n constant matrices, B(p, <) is
an n X m dimensional and continuous from in p for fixed ¢ and is of bounded variation
in ¢ on (—0,0), @ is a negative constant. “D* and “D*? denote the Caputo fractional
derivatives of order 1 < a3 < 2 and 0 < ay < 1, respectively. We make the follow-
ing assumptions in order to establish the main conclusion of this article: the maps I; :
Ji x R" = R", ¢ =1,2,...,m, are continuous, and there exist positive constants such
that ||7; (x(p:)) — Li(y(pi))|| < Lillx — yl|- Also, there exist positive constants K; such
that || I;(x(p))|| < K; forall p € J.

Lemma 1. Assume that 0 < as < 1, 1 < aq < 2. Then the solution of system (1) has
the form

X(p) = X0 + PEay—as,2(Ap™ ") x1

P 0
+ /(p - 3)a171Ea1—(¥2,a1 (A(p - S)aliaz) [/ng(S,§)U(S + C) dS.
—0

0

Proof. 'We consider the equation
0
D x(p) = AD*x(p) = [ dBpulp+)
-0

By applying the Laplace transformation to both sides of the above equation, we obtain

s L]x(5)] — 5y — 5421 — 522 AL[x(5)] + As™>xg

9

0
=L l d;B(s,)u(s+5¢)
/

then

sa17a271 SOQ*OLQ*Q 871

L[x(s)] = T AN T T AN T s — A N0

5792
L A

+ sa—a] — A

0
/d<B(s7 Su(s+¢)
e
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Taking inverse Laplace transform on both sides and employing M-L function, we have

X(P) = X0 + PEay—as,2(Ap™ ™) xa
P 0
+ /(p — 5)0‘1_1Ea1_az,a1 (A(p — 8)0‘1_a2) [/ng(s,g)u(s +¢)|ds. O
0 )

Then we consider the solutions of damped FDS with distributed delays and impulses
as given by

“D* x(p) — A°D**x(p)

0
= [ABEuo e ped =0T fprpnpih
-6
Ax(pi) = x(p7) = x(p7) = Li(x(p)), i=1,2,... .k,
X(0)=x0, X'(0)=x1, ulp)=wlp), —0<p<O,
where f : J x R" — R™,
) = i ; )= 1 ;
X(p) = lim x(pite),  x(pi) = lim x(pi+¢)
represent the right and left limits of x(p) at the discontinuity points p = p;,
pic1 <is < p;, 1=1,2,... k.
Lemma 2. The solution of system (2) is given by
X0 + PEas—as,2(Ap™ ) x1
[0 B ] —« 0
+ fop(p_s) ! lEalfaz,al(A(p_S) ! 2)[f_a d:B(s, T)u(s+7)] ds,
p € (0,p1],
X0 + PEay—az, 2(Ap™ ™) x1 + I (x(p1 ) .
) = I =) By (A=) ) [, dB (s, Julse)]ds,

p € (p1, p2l,

X0 + PEay—az, 2(Ap172)x1 + 30 Lilx(p7)

+ fop(p_s)m_lEm—az, ay (A(p_s)al_%)[f_e ch(37 g)u(s—i—g)] ds,
p € (pis pit]-

Nonlinear Anal. Model. Control, 31(1):93-109, 2026
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Proof. Let0 < as <1< a1 < 2,and let u € Cp([0,T],R™) be the control function.
The state response representation of system (2) can be defined as follows: for p € (0, p1],

X(P) = X0 + PEa; —aq,2(Ap™ ™) x1
0

P
+ /(p —8)" ' Eq, —ay, 00 (Alp— 5)* ) [/ng(s,c)u(s +¢)|ds.
0 o
Take p = p1,
X(p1) = Xo + p1Ea;—az, 2(ApT" " )xa
1 0
+ /(pl_t)al*lEal_az,a1 (A(p1 - s)"‘f%) [/dg»B(s,g)u(s +¢)|ds.
0 0
For t € (p1, p2),
X(p) = x(p1)X0 = P1Ea, s, 2(ApT " )x1
p1 0
_ /(p1 —8)" " Eay—ag, a1 (A(pr — 5)*172) [/ng(s,g)u(s +9)|ds
0 0
+ PEa)—as, 2(Ap™ ™" )x1
o 0
+ /(p —8)" By —ay, a0 (A(p — 5)*17?) [/ng(s,T)u(s +¢)|ds
0 Zo
= xo+ 11(x(p1)) + PBar—as,2(Ap™ ™) xa
o 0
+ /(p — ) By —ag, a0 (A(p — 5)*17?) /ng(s, S)u(s +¢)|ds.
0 )

Then, with p = po,

X(P2) = X0 + p2Ea;—as,2(AP5 ) xa
P2 0
+ /(P2 — S)alflEm*az,al (A(PQ - S)O‘I*OCZ) /qu(s,§)U(S 4 g) ds.
° —0
Fort € (p17P2],
X(p) = X(p;r)xo - pQEa1fa2,2(Ap(2¥1_02)X1
P2 0
_ /(P2 - S)al—lEal—az,a1 (A(PQ - S)a1fa2) [/ch(S, g)u(s + g) ds
’ )

https://www.journals.vu.lt/nonlinear-analysis
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+ pBay—as, 2 (AP ) x1

P 0
+ /(p - S)al—lEal_az,al (A(p — s)m—ag) [/ng(s,g)u(S +¢)|ds
0 Zo
=xo + 11 (x(p1)) + L2(x(p2)) + PEas—as,2(Ap™ ™)X
P 0
+ /(p — t)(“_lEm_O[zﬂc¥1 (A(p — s)(“_(”) /ng(s, S)u(s +¢)|ds.
0 o
Similarly, for p € (ps, pi + 1], =1,2,...,k, x(p) can be written as
k
X(0) = X0+ 0By 2 (AP )1+ 3L (1067)
j=1
P 0
[0 9 By (Al = 9" | [ dB(s.uls +)|ds. O
0 0

4 Linear system

This section focuses on the relative controllability of system (2).

Definition 3. System (2) is said to be relatively controllable on .J if for every set of vectors
X0, X1, X2 € R", there exists a control function u(p) € L?(J,R™) such that the solution
of system (2) satisfies x(T') = xo.

Now, using the asymmetric Fubini theorem to change the order of the integral to the
last term of (3), we get p € (0, p1],

X(p) = X0 + PEay—as,2(Ap™ ™) x1

p 0
+ /(p —8)" " Eay—ag, a1 (A(p — 5)*1 ) /ng(s, Su(s+¢)|ds
0 —6
= X0+ PPay—az,2(Ap™ ) x1
0 0
t[ame| [ o=
-0 T X Eay—ag, a0 (A(p = (s =<))"7)B(s — <, )e(t) dt]

0

/ (p—(s—o)™"

-0 % Eo—ay,on (A(p —(s— g))ou—oc’z) ngp(S -, §)1 u(t) dt.

p
of
0

Nonlinear Anal. Model. Control, 31(1):93-109, 2026
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The state vector of system (2) can be expressed as follows:

X0 + PEa—as, 2(Ap™t~2)xq
2 B[ (0= (5= ) ™ By s e (Alp = (5= 7)1 72)
x B(s — ¢, ¢)p(s) ds]
+ fop[fi)g(p —(s— §))a1_1Ea1_az,a1 (A(p— (s — )M —2)
X dCBp(S =, 9)u(s)ds, pe(0,p],

X0 + PEa;—as, 2(Ap™M ) x1
2 Bl (0 = (5 = )™ ™ By —avp, o (A = (5 = ) 7)
(0 = ) x B(s —¢,¢)¢(s)ds] + I1(x(p1))
S0 = (5 = D)7 By e (Alp = (5= 7)) 72)
x deB,(s —¢, ¢)u(s)ds, p € (p1,p2],
X0 + PBay — g, 2(Ap*1702)y,
L2 ABL (0 = (5 = ) By azn (Alp = (5= €)™ 2)
x B(s — ¢, <)p(s) ds] + X5 Lix(p;))
Sy 12000 = (5 = D)™ 7 By —aup 0 (A = (5 = ) 7*)
x d:B,(s —¢, ¢)u(s)ds, p € (pi;pit1ls

where
B,(s.¢) = {B(s,o, s <p,
0, 5> p.
We define the controllability Gramian matrix
T 0
W= / /(T — (sfg))arlEal_aL ar (A(T — (sfq))arom)B(sfq, ¢)dB,
0 o
0 *
X /(T — (s—<))0‘171EO¢1,a270¢1 (A(T — (5—¢))" " **)B(s—¢,5)dB| ds.

)
Theorem 1. The linear system is controllable on (0,T) if and only if the controllability
Gramian VW = fOT G(T,s)G*(T, s) ds is positive definite for some T > 0.

Proof. We prove the sufficiency. Assume that W is positive definite, it is nonsingular,
and its inverse is well defined. We can define the control function as

g*(Ta P)Wﬁlf; P € (0701]7

G*(T, )W~ HE = Li(x(p1))}, p € (p1, p2l,

u(p) = S

ey

G (T, )W He =S5 Lx(o; )} p € (pis pisal,

https://www.journals.vu.lt/nonlinear-analysis
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where
0

/ (s—9)) 1_1Eo¢1,o¢2,o¢1 (A(T - (s =)™ ")
0 x B(s —¢, ¢)dB.,

E=x2—Xx0— TEa1 —as, 2 (AT )y
0

/dB/ (5= ) By o 00 (A(T = (s =)™ 7%)
¢ xB(s—¢, <)p(s)ds.
If p=T € (0, p1], we get

T
X(T) = X0+ TEa a5, 2 (AT 7%2)x1 + /Q(T, $)G* (T, s)W e ds
0

0 0
(x —1 ap—o
+/ ng/ T B —am o (AT = (s — )™ 7™)
* xB(s—g, g) (s)ds
= X2-
So, by Definition 3 of relative controllability, system is relative controllable on (0,77,

€ (0,p1]. We assume that p € (p;, pitr1], ¢ = 1,2,..., pg. Then, with p = T, and
using Eq. (4), we obtain

X(p) = X0 + PEay—as,2(Ap™ ) x1

k k
+ le (X(Pj_)) +/Q(T, s)G* (T, s)W! <§ — le (x(p?))) ds

/ng/ S*C))O‘lflEal—az,al (A(pi(sig))alfaz)
-0 * xB(s—¢,¢)p(s)ds
= X2-

Thus, system is relative controllable on (0,7, T' € (p;, pi+1]. i = 1,2, ..., p.
Furthermore, we prove the necessity. Suppose the controllability Gramian matrix is
singular. For T € (p;, pi+1], 4 = 1,2, ..., pg, there exists a vector z # 0 such that

ZWz = 2" / G(T,s)G*(T,s)zdt = 0.

Thus
2*G(T,s) = 0.

Nonlinear Anal. Model. Control, 31(1):93-109, 2026
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Then we get for p € T,

z* (T —(s— g))al_lEal_M,a1 (A(T —(s— g))al_o@)B(s —¢,6)=0.

Consider xp = x1 = 0 and xyo = 2. The system is relative controllable, there exists
a control function u(p) on T that steers the response from 0 to xo = z at p = T'. Thus,

X2 =%

0
- [ aB,
-

0

[0 6= )™ B (Al 5 9)™ )

x B(s —¢, ¢)p(s) ds]

P 0
+O/ _/e(p_(s_g))al_lEalaQ’al(A(p_(S—g))al_QZ)

x B(s — ¢, ¢)dB¢|u(s) ds.

Multiplying both side by z*, we obtain z*z = 0, which implies z = 0, a contradiction.
Therefore, without loss of generality, we conclude that WV is nonsingular. O

S Semilinear system

Consider the semilinear fractional damped system of the form

p) = A°D*x(p)

x(
0
/ng u(p+<)+g(p x(p),ulp)), pel0,TI\{p1,p2,--., P} )

—6
Ax(pi) = x(pF) = x(07) = L(x(p)), i=1,2,....ps,
x(0)=x0, X' (0)=x1, ulp)=¢(p), 0<p<O0.

The solution of the corresponding linear system is obtained by using the formula, which
is given by

X(p) = X0 + PEay—as,2(Ap™ ) x1
P 0

4 [0 9" B (Al = 9 ) [ [ ABs.uts +)

—0

ds

0
+ /(p - S)alilEOtl*afz,al (A(p - 5)alia2)g(say(s)vv(s)) ds.
0

https://www.journals.vu.lt/nonlinear-analysis
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Theorem 2. Suppose there exists a continuous function f that satisfies the condition

lim lg(p, x,w)]
ul—oo |X,ul

=0

uniformly in p € [0,T), and let system (2) be relatively controllable. Then system (5) is
relatively controllable on [0, T).

Proof. Assume that system (2) is relatively controllable and x¢, x1,x2 € R™. Let I
denote the Banach space of continuous functions (x, «) : [0, 7] x [0, T] — R™ x R™ with
the norm defined by

[0¢ )| = Il + Il

where

Il = sup[x(p)|,  llull = suplu(p)| forp € [0,T].

Define a continuous operator ¥ : 3 — I3 by

V(y,v) = (x,u),
where
ulp) = W= 1{X2 = X0 = =1L (X(P})) = TBay—as, 2 (AT ™) x4
0
‘/dB< / S—g alflEal_a%al(A(T_(t_T))alfozz)
xB(s—¢, ¢)p(s)| ds
[ 9 B (AT = 9 ) 5:9(9).0(5) dt}

0

and

xX(p) = X0 + PEay—as,2(Ap™ ) x1
0

/ng(s, Su(s +)

—6

+ [ (p— S)M_lEm—az,m (A(p - 5)a1_a2) ds

+ (P - S)alilEOélfoézyal (A(p - 8)0417012)9(3’2/(8)’,0(8)) ds.

O\b o\b

Nonlinear Anal. Model. Control, 31(1):93-109, 2026
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For simplification, take

)

—|—TECYl oz, 2 (AT‘“*"‘?)Xl

0
/ (5= 7)™ B o (AT = (5= )" ™)

T

dB.

GQZ‘

k
- | bt

0
{
x B(s —, c)gp(s)] ds||,

az = sup ||Ea,—ay e (AT —5)M7*)]], ay =
s€[0,T] s€[0,7]

a= max {T||G(T,p)[|,1},

by = 4ar | W (Ix2] + [xol + a1 + a2), by = 4(a1 + az),

c1 = dazas T |I/V71 |a1_1, Cco = 4a3T°‘loz1_17

b = max{acy, c2}, ¢ = max{aby, b2}, sup |g| :sup{’g(s,y,v)’}.
We have

St~
e

lu(p)| < ||G(T, p)H|W‘1!{|Xz| + [xol + a1 + a2 + )1~ az sup g dt}

< a4’W_1|(|X2| + [xol + a1 + a2) + HQ(T,p H‘W 1’(0,3Ta1 Lsup lg])

<Oy S
—+—5
1 1 up |g

and

P
IX(p)| < Ixol 4+ a1 + asT* a  sup|g] +/||Q(T, s)|||u(s)| ds

b b c
2+(1+1mw0+@WWTMW|

! 4 4
<o+ Sswlgl
<5+ 5suwlgl.

Therefore, ¥ maps 3(r) into itself. To demonstrate that the operator ¥ possesses a fixed
point within 3(r), we will leverage the Arzela—Ascoli theorem, which establishes the
complete continuity of ¥. Additionally, we will prove the fact that the continuity of f
directly implies the continuity of W. Because 3(r) is closed, bounded, and convex, the
Schauder fixed-point theorem guarantees that 3 has a fixed point (y, v) € B(r) such that
B(y,v) = (y,v) = (x,u). Hence, the control function u(p) steers the system from the
initial complete state x (1") to x2 on T'. The system is relatively controllable on [0, 7]. [

https://www.journals.vu.lt/nonlinear-analysis
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6 Example

Two examples are presented to demonstrate the relative controllability based on the pro-
posed criteria.

Example 1. Consider the following linear damped fractional system with distributed de-
lay and impulse for 0 < ao <1 < a3 < 2:

0
“D*'x(p) — A“D**x(p) = /dTB(p, Sulp+¢) pel0,3] -1,
- (6)
Ax(pi) = x(pF) = x(p;) = Li(x(pi)), i=1,
x(0)=x0, X (0)=x1, ulp)=elp), —-0<p<O0.
Let

as(B0) e (Gl e () ),

The M-L matrix function is given by

co  (—1)'p co  (—1)tp2tDe

E (Apa) _ ZL=0 T'(2ca+p) ZL=0 T'(2t+1)a+p)
o, 00 (_1)Lp(2L+1)a 0 (_1)Lp2m
- ZL:O T'(2c+1)a+p) ZL:O T'(2ca+p)

Then

S0, G Topt s DT opt)
Ey15(A(T = p) = B P v

o] oo (—=1)(T—p)%
- ZLZO (2.+2.5) ZL:O { F()QL(JrQ.g)

and
P 2 v 2041)
Yo RS- Xk, CHGES

Ei15(A(T—(p—0))) = o (—1)L((T—+<p—)c><m+1> e (—1>L((TJ—r(p—)<>2L

=m0 @t D TR
Further,

0.5 o Cl CQ
(T—(p—5)) "Er,15(A(T—-(p—¢))) = (—Cs 04) ,

where

Cl = C4 — i (_I)L(T — (p _ §)2L+0,5

— I'(2¢+1.5)
o N ED(T = (p— o)
C=0Cs= ; T(2 +2.5)
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Then
G(T,p) = / (T — (s — g))O'SELl 5(A(T —(s— g)))B(s —¢,¢)dB¢
_ ( P(s) Q(S)>
-Q(s) P(s))’
where
0
P(s) = / [Cy cos(T + <) — Cysin(T +¢)] ds,
K
Q(s) = / [C3cos(T + <) + Cysin(T +¢)] ds.

We get the controllability matrix

T TP QWY (PE) Q)Y
s S s S
W= T,8)G"(T,s)ds = >0
O/ GG T ) ds / (Tt 50) (G 30)
forany T' > 0, the matrix is positive define. Then the linear system is relative controllable.

Example 2. The problem of nonlinear fractional damped differential system is as follows:

0
- / AB(.Julp+ )+ 9(px(p)u(p). o€ OTN {propncihe

0
Ax(pi) = x(p) — x(p;7) = Li(x(pi)

) i:1327"'apk7
x(0) =x0, X'(0)=x1, ulp)=e(p), —0<p<O0,

where oy = 1.5, aps = 0.5,

a=(f) me(Gh)e meo-(Caml ).

and

1+x;(p)

1

a(p.x(p)) = <Ji§8§ﬁ§> :
1+x3(p)

It is easy to prove that g(x) is continuous on R?, satisfying the conditions in Theorem 2,
so the nonlinear system is relatively controllable.
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7 Conclusions

This study focuses on the controllability criterion of fractional damped differential sys-
tems incorporating distributed delays and impulses, encompassing both linear and non-
linear systems. Initially, the solutions for both linear and nonlinear systems are derived
through the application of the Laplace transform and its inverse. Using the controllability
matrix and fixed-point techniques, the controllability of the considered system is estab-
lished under certain assumptions. Additionally, two numerical examples are presented
at the conclusion of this study to illustrate and validate the derived theoretical frame-
work. Future work could extend this study in two directions: (i) incorporating -Hilfer
derivatives [21] into stochastic control to generalize the current deterministic framework;
(ii) applying delayed Mittag-Leffler function perturbations [10] to enhance the analysis of
impulse response.
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