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Abstract. In this manuscript, we propose the notion of a strong extended s-suprametric space,
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coupling causes nonlinearity, resulting in a separate boundary value issue influenced by radiation
effects within the satellites.
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1 Introduction

Fixed point theory finds applications in numerous fields, namely variational inequalities,
initial and boundary value problems of differential equations, financial mathematics, biol-
ogy, computer science, physics, and others domains. In recent years, the fixed point theory
has witnessed extensive development [22]. After the revolutionary contribution of Banach
[5] to fixed point theory, multiple pioneers proceeded to advance the field, extending its
applications and theoretical foundations. Among these researchers is Kuratowski [12],
who has made substantial contributions to developing the theory and investigating its
applications in partnership with Banach. Their teamwork set the framework for subse-
quent advances in fixed point theory. Furthermore, the seminal works of Saks [17] and
Rozenblyum [16] added to the field’s richness, providing novel insights and increasing
our understanding of fixed point occurrences. Rozenblyum’s improvements to the theory
of multivalued mappings and Saks’ explorations into the topological features of fixed
point sets were crucial in modelling the environment of fixed point theory. Together
with Banach, these forefathers opened the path for the considerable study and various
applications that characterize the current state of fixed point theory [18, 19].

In the realm of metric spaces, significant contributions were made in the late 20th
and early 21st centuries, which expanded the foundational understanding of these mathe-
matical structures. Initially, the concept of b-metric spaces was introduced by Bakhtin in
1989 [4], followed by an influential work by Czerwik in 1993 [9], both of whom laid the
groundwork for this field of study. Building upon their seminal contributions, Kamran in
2017 [11] advanced this area of research by introducing the notion of extended b-metric
spaces, thereby broadening the scope and applicability of b-metric space theory. In 2018,
Maliki [14] pioneered the concept of controlled metric-type spaces and unveiled several
fixed point theorems within these frameworks. In his seminal work, Maliki articulated the
definition of a controlled metric-type space as a set endowed with a control function that
quantifies the distance between any two points. This function is mandated to fulfil specific
criteria, thereby extending the classical attributes of a metric space. Subsequently, Abdel-
jawad [1] expanded upon Maliki’s foundation by incorporating an additional function
into the concept of the triangular inequality, leading to the evolution of double controlled
metric type spaces, and delved into the existence and uniqueness of fixed point theorems
therein. For foundational insights into fixed point theory, researchers are directed to
consult [2, 3, 13, 21, 24].

In 2022, Berzig’s research [6] proposed primary concepts for suprametric spaces,
building the foundations for subsequent investigation. The research provides preliminary
information about the features and applications of suprametric spaces. Looking further,
in 2023, Berzig [8] investigated the study of nonlinear contractions inside the context
of b-suprametric spaces. The findings, presented in an arXiv preprint demonstrated the
complexities of nonlinear contractions in this particular suprametric setting. Concurrently,
in 2023, Panda et al. [15] made significant contributions, broadening the breadth of
suprametric spaces. Their cooperative determination proposed the notion of extended
suprametric spaces and built links with Stone-type theorems, expanding the theoretical
framework. In the subsequent year, Berzig [7] kept going to advance his argument
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by demonstrating fixed point results in generalized suprametric spaces. The research
shed new light on the presence of fixed points in the setting of generalized suprametric
spaces. This study timeline highlights the dynamic development and ongoing advances in
investigating suprametric realms.

Motivated by the literature mentioned above and keeping in view the applications of
suprametric spaces, in this article, we launch the notion of a strong extended s-suprametric
space; the study intends to overcome limitations in standard suprametric spaces, high-
lighting open and closed ball topologies. Dealing with crucial features like existence
and uniqueness employing the Banach fixed point theorem, this study presents an il-
lustrative example emphasizing the more accurate achievement of the strong extended
s-suprametric space. It also applies to real-world problems, such as a boundary value
problem with spreading chemical material and nonlinear issues in satellite web coupling.
This research advances our understanding of suprametric spaces and provides a flexible
structure for various mathematical and scientific contexts.

For the continuation of our research, it is crucial to revisit and underscore a number
of fundamental definitions.

Definition 1. Let Λs : Ω ×Ω → [0,∞) be a mapping defined on a nonempty set Ω that
satisfies:

(i) Λs(}, ℘) = 0⇔ }1 = }2,
(ii) Λs(}, ℘) = Λs(℘, })

for all }, ℘ ∈ Ω. Then (Ω,Λs) is referred to as a semimetric space.

Definition 2. (See [6].) Let (Ω,Λs) be a semimetric space that satisfies

Λs(}, `) 6 Λs(}, ℘) + Λs(℘, `) + αΛs(}, ℘)Λs(℘, `),

where α > 0. Then the pair (Ω,Λs) is called a suprametric space.

Definition 3. (See [8].) If a semimetric space links with

Λs(}, `) 6 b
[
Λs(}, ℘) + Λs(℘, `)

]
+ αΛs(}, ℘)Λs(℘, `),

where α > 0 and b > 1, then pair (Ω,Λs) is known as a b-suprametric space.

Definition 4. (See [15].) If for all }, `, ℘ ∈ Ω, the inequality

Λs(}, `) 6 Λs(}, ℘) + Λs(℘, `) + α(}, `)Λs(}, ℘)Λs(℘, `)

holds, then the pair (Ω,Λs) is called an extended suprametric space.

2 Strong extended s-uprametric spaces

This section discusses the idea of strong extended s-suprametric spaces.
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Definition 5. Let α : Ω × Ω → [1,+∞) and Λs : Ω × Ω → [0,+∞) be a pair of
mappings on a nonempty set Ω with s > 1 that satisfies

(i) Λs(}, ℘) = 0 if and only if } = ℘,
(ii) Λs(}, ℘) = Λs(℘, }),

(iii) Λs(}, `) 6 sΛs(}, ℘) + Λs(℘, `) + α(}, `)Λs(}, ℘)Λs(℘, `),

third property can also be used as

(iv) Λs(}, `) 6 Λs(}, ℘) + sΛs(℘, `) + α(}, `)Λs(}, ℘)Λs(℘, `)

for all }, ℘, ` ∈ Ω. Then (Ω,Λs) is called a strong extended s-suprametric space.

Example 1. Assume that α : Ω × Ω → [1,∞) is defined by α(}, ℘) = e}+℘ and also
Λs : Ω×Ω → [0,∞) is defined by Λs(}, ℘) = (}−℘)2, where Ω consists set of natural
numbers. Then (Ω,Λs) is said to be a strong extended s-suprametric space with s > 1.

Proof. Properties (i) and (ii) are obvious. For (iii), we have

Λs(}, `) = (}− `)2 = (}− ℘+ ℘− `)2

= (}− ℘)2 + (℘− `)2 + 2(}− `)(}− `)
6 (}− ℘)2 + (℘− `)2 + 2(}− ℘)2(℘− `)2

< s(}− ℘)2 + (℘− `)2 + e}+`(}− ℘)2(℘− `)2.

This can also be expressed as follows:

Λs(}, `) < (}− ℘)2 + s(℘− `)2 + e}+`(}− ℘)2(℘− `)2.

Therefore, we obtain the resulting expression:

Λs(}, `) 6 Λs(}, ℘) + sΛs(℘, `) + α(}, `)Λs(}, ℘)Λs(℘, `)

for all }, ℘, ` ∈ Ω, so the pair (Ω,Λs) is a strong extended s-suprametric space.

Remark 1. If we set s = 1, the strong extended s-suprametric space reduces to an
extended s-suprametric space, as defined in [15]. Furthermore, if s = 1 and α(}, `) =
α > 0, the strong extended s-suprametric space simplifies to a standard suprametric
space, as discussed in [6].

Definition 6. Let (Ω,Λs) be a strong extended s-suprametric space.

(i) {}n}n∈N converges to some } in Ω if for each positive ε, there is some positive
Nε such that Λs(}n, }) < ε for each n > Nε, which can be expressed as
limn→∞ }n = }.

(ii) The sequence {}n}n∈N is said to be a Cauchy sequence if for every ε > 0,
Λs(}n, }m) < ε for all m,n > Nε, where Nε ∈ N.

(iii) (Ω,Λs) is known as complete if every Cauchy sequence is convergent in Ω.
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Remark 2. Let (Ω,Λs) be a strong extended s-suprametric space.

(i) Every convergent sequence has a unique limit if Λs is continuous.
(ii) If a complete strong extended s-suprametric space with {}n}n∈N is a Cauchy

sequence, then there exists

}∗ ∈ Ω =⇒ lim
n→∞

Λs(}n, }) = 0,

and every subsequence {}nk
}k∈N converges to }∗.

Definition 7. Let (Ω,Λs) be a strong extended s-suprametric space with center at a ∈ Ω
and radius r > 0. Then the open ball is defined as

B(a, r) =
{
} ∈ Ω: Λs(a, }) < r

}
,

and closed ball as
B[a, r] =

{
} ∈ Ω: Λs(a, }) 6 r

}
.

Proposition 1. Let (Ω,Λs) be a strong extended s-suprametric space. Then:

(i) every open ball is an open set,
(ii) every closed ball is a closed set.

Proof. For (i), let a ∈ Ω and r > 0. For ℘ ∈ B(a, r), assume that

r1 =
r − Λs(℘, a)

s+ α(}, a)Λs(℘, a)
,

and if } ∈ B(℘, r1),

Λs(}, a) 6 sΛs(}, ℘) + Λs(℘, a) + α(}, a)Λs(}, ℘)Λs(℘, a)
< sr1 + Λs(℘, a) + α(}, a)r1Λs(℘, a) < r.

Therefore, B(℘, r1) ⊆ B(a, r), and B(a, r) is open.
For (ii), assume that a ∈ Ω, r > 0, and choose a sequence {}n}n∈N in B[a, r]

converging to some } with respect to Λs such that

Λs(a, }) 6 Λs(a, }n) + sΛs(}n, }) + α(a, })Λs(a, }n)Λs(}n, })
6 r +

(
s+ α(a, })r

)
Λs(}n, }).

Taking the limit as n→∞, we obtain } ∈ B[a, r], which means that B[a, r] is closed.

Proposition 2. For a strong extended s-suprametric space (Ω,Λs), the family of open
balls forms a base of topology on Ω.

Proof. Suppose u ∈ B(}, ε),B(℘, ε′), and also determine r > 0 such that

r +
(
s+ rα(}, v)

)
Λs(}, u) < ε

and
r +

(
s+ rα(℘, v)

)
Λs(℘, u) < ε′.

https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


Fundamental contractions in suprametric spaces 165

Therefore, by identifying a point v ∈ B(u, r), we achieve

Λs(}, v) 6 sΛs(}, u) + Λs(u, v) + α(}, v)Λs(}, u)Λs(u, v)
<
(
s+ rα(}, v)

)
Λs(}, u) + r < ε.

Likewise, we receive

Λs(℘, v) 6 sΛs(℘, u) + Λs(u, v) + α(℘, v)Λs(℘, u)Λs(u, v)

<
(
s+ rα(℘, v)

)
Λs(℘, u) + r < ε′,

which implies B(u, r) ⊂ B(}, ε)∩B(℘, ε′). By means of [10, Lemma 1.4.7], we note that
every } ∈ Ω is also in B(}, τ) for some τ > 0.

3 Convergence results

This section discusses the existence and uniqueness of fixed points in a strongly extended
s-suprametric space through Banach and Kannan contraction.

Theorem 1. Let P : Ω → Ω be a continuous mapping on a complete strong extended
s-suprametric space (Ω,Λs), then:

(i) There exists β ∈ [0, 1) such that

Λs(P},P℘) 6 βΛs(}, ℘) (1)

for all }, ℘ ∈ Ω with the iterative sequence }n = P}n−1, n ∈ N, where }0 ∈ Ω.
(ii) Ω has a unique fixed point in (Ω,Λs).

Proof. Construct a sequence }n = P}n−1 for all n ∈ N, and let }0 ∈ Ω be arbitrary. In
case β = 0, then it is trivial that P has a fixed point because P is a continuous mapping.
For 0 < β < 1, we define Λs = {Λs(},P}), } ∈ Ω} and put r = inf Λs. Assuming that
r > 0 and 0 < β < 1, we have r/β > r which means that }p ∈ Ω is such that

Λs(}p,P}p) <
r

β
.

Then we obtain

Λs
(
P}p,P2}p

)
6 βΛs(}p,P}p) < r,

which is a contradiction and implies r = 0. Then there exists a sequence {}n}n∈N ∈ Ω
such that limn→∞ Λs(}n,P}n) = 0. Therefore, for all ε > 0, there exists λ ∈ N such
that for all n > λ, we obtain

Λs(}n, }n+1) < ε. (2)

Now, it is necessary to present that {}n}n}n∈N is a Cauchy sequence. Using (2) and for
a, b such that a > b > λ, we get

Λs(}a, }b) 6 Λs(}a, }a+1) + sΛs(}a+1, }b)
+ α(}a, }b)Λs(}a, }a+1)Λs(}a+1, }b)
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6 βa−λΛs(}λ, }λ+1) + sΛs(}a+1, }b)
+ α(}a, }b)βa−λΛs(}λ, }λ+1)Λs(}a+1, }b)

6 βa−λε+ sΛs(}a+1, }b) + α(}a, }b)βa−λεΛs(}a+1, }b)
= βa−λε+

[
s+ α(}a, }b)βa−λε

]
Λs(}a+1, }b). (3)

Similarly, we achieve

Λs(}a+1, }b) 6 Λs(}a+1, }a+2) + sΛs(}a+2, }b)
+ α(}a+1, }b)Λs(}a+1, }a+2)Λs(}a+2, }b)

6 βa−λ+1Λs(}λ+1, }λ+2) + sΛs(}a+2, }b)
+ α(}a+1, }b)βa−λ+1Λs(}λ+1, }λ+2)Λs(}a+2, }b)

6 βa−λ+1ε+ sΛs(}a+2, }b) + α(}a+1, }b)βa−λ+1εΛs(}a+2, }b)
= βa−λ+1ε+

[
s+ α(}a+1, }b)βa−λ+1ε

]
Λs(}a+2, }b). (4)

From (3) and (4) we obtain

Λs(}a, }b) 6 βa−λε+
[
s+ α(}a, }b)βa−λε

]
Λs(}a+1, }b)

6 βa−λε+
[
s+ α(}a, }b)βa−λε

]
×
(
βa−λ+1ε+

[
s+ α(}a+1, }b)βa−λ+1ε

]
Λs(}a+2, }b)

)
6 βa−λε+

[
s+ α(}a, }b)βa−λε

]
×
(
βa−λ+1ε+ sΛs(}a+2, }b) + βa−λ+1εα(}a+1, }b)Λs(}a+2, }b)

)
= εβa−λ+sεβa−λ+1+s2Λs(}a+2, }b)+sεβa−λ+1α(}a+1, }b)Λs(}a+2, }b)
+ ε2βa−λβa−λ+1α(}a, }b) + sεβa−λα(}a, }b)Λs(}a+2, }b)
+ ε2βa−λβa−λ+1α(}a, }b)α(}a+1, }b)Λs(}a+2, }b)

= εβa−λ + εβa−λ+1
(
s+ εβa−λα(}a, }b)

)
+ s2Λs(}a+2, }b)

+ sεβa−λ+1α(}a+1, }b)Λs(}a+2, }b) + sεβa−λα(}a, }b)Λs(}a+2, }b)
+ ε2βa−λβa−λ+1α(}a, }b)α(}a+1, }b)Λs(}a+2, }b)

= εβa−λ + εβa−λ+1
(
s+ εβa−λα(}a, }b)

)
+
[(
s+ εβa−λα(}a, }b)

)
(s+ εβa−λ+1α(}a+1, }b)

)]
Λs(}a+2, }b).

Continue the similar process using (3) and (4) until we achieve

Λs(}a, }b) 6 εβa−λ
b−a−1∑
i=0

βi
i−1∏
j=0

[
s+ εβa−λ+jα(}a+j , }b)

]
,

where β ∈ [0, 1), so

Λs(}a, }b) 6 εβa−λ
b−a−1∑
i=0

βi
i−1∏
j=0

[
s+ εβjα(}a+j , }b)

]
. (5)
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Assume that

Qi = βi
i−1∏
j=0

[
s+ εβjα(}a+j , }b)

]
. (6)

Through the ratio test (6), we obtain

lim
i→∞

∣∣∣∣Qi+1

Qi

∣∣∣∣ < 1

due to β ∈ [0, 1). As a and b approach infinity, inequality (5) becomes

lim
a,b→∞

Λs(}a, }b) = 0,

which implies that the sequence {}n}n∈N is a Cauchy sequence. Since the strong extended
s-suprametric space is complete, by the completeness of Ω, it follows that }n → } ∈ Ω.
Using Remark 2 and inequality (1), we obtain

Λs(P}nk
,P}) 6 βΛs(}nk

, }),

also taking k →∞, we achieve that } = P}.
Uniqueness. Assume that there are two distinct fixed points of the mapping P such

that }a 6= }b. Then we have

Λs(}a, }b) = Λs(P}a,P}b)
6 βΛs(}a, }b),

1 6 β,

which is a contradiction. Hence, P admits a unique fixed point in (Ω,Λs).

Example 2. Let Ω = {1/2, 1/3, 1/4, 1/5} with Λs : Ω ×Ω → R defined as

Λs(}, ℘) =

{
0 if } = ℘,

|}− ℘|2 if } 6= ℘,

and α : Ω × Ω → [1,∞) defined as α(}, ℘) = e}+℘. Now, we will find the value of s
for strong extended s-suprametric space:

Λs

(
1

2
,
1

5

)
6 sΛs

(
1

2
,
1

3

)
+ Λs

(
1

3
,
1

5

)
+ e1/2+1/5Λs

(
1

2
,
1

3

)
, Λs

(
1

3
,
1

5

)
,

0.09 6 s · 0.028 + 0.0178 + 2.01 · 0.028 · 0.0178,
2.54 6 s.

Evidently, (Ω,Λs) is a strong extended s-suprametric space for s > 2.54. Define a map-
ping P : Ω → Ω as

P} =

{
1
4 if x ∈ { 14 ,

1
5},

1
5 if x ∈ { 12 ,

1
3}.
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Case 1. For } = 1/5 and ℘ = 1/2, we achieve

Λs

(
P 1

5
,P 1

2

)
6 βΛs

(
1

5
,
1

2

)
,

0.0025 6 β · 0.09.

Case 2. If } = 1/5 and ℘ = 1/3, we achieve

Λs

(
P 1

5
,P 1

3

)
6 βΛs

(
1

5
,
1

3

)
,

0.0025 6 β · 0.0178.

For β > 0.14, both cases are satisfied. Therefore, all the criteria of Theorem 1 are
provided, and 1/4 is the unique fixed point of the mapping P .

Theorem 2. Let P : Ω → Ω be a continuous mapping on a complete strong extended
s-suprametric space (Ω,Λs), then:

(i) There exist β ∈ [0, 1/2) and s > 1 such that

Λs(P},P℘) 6
β

s

[
Λs(},P}) + Λs(℘,P℘)

]
(7)

for all }, ℘ ∈ Ω with iterative sequence }n = P}n−1, n ∈ N, where }0 ∈ Ω.
(ii) Ω has a unique fixed point.

Proof. Choose arbitrary }0 ∈ X and set up a sequence {}n}n∈N in X such that }n+1 =
Γ}n = Γn0 } for all n ∈ N ∪ {0}. If }n0 = }n0+1 for some n0, then we have }n0 =
Γ}n0

, hence }n0
is a fixed point of Γ . Suppose that }n 6= }n+1 for all n > 0. By using

inequality (7), we obtain that

Λs(}n, }n+1) = Λs(P}n−1,P}n)

6
β

s

[
Λs(}n−1,P}n−1) + Λs(}n,P}n)

]
6

β

s− β
Λs(}n, }n−1).

If we set τ = β/(s− β), where τ ∈ [0, 1/s), then above inequality reduces to

Λs(}n, }n+1) 6 τΛs(}n, }n−1).

Continue this scheme until we obtain

Λs(}n, }n+1) 6 τnΛs(}0, }1). (8)

We need to demonstrate that {}n}n∈N is a Cauchy sequence. Using (8) and for a, b such
that a > b > λ, we derive that

Λs(}a, }b) 6 Λs(}a, }a+1) + sΛs(}a+1, }b)
+ α(}a, }b)Λs(}a, }a+1)Λs(}a+1, }b)

https://www.journals.vu.lt/nonlinear-analysis
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6 τa−λΛs(}λ, }λ+1) + sΛs(}a+1, }b)
+ α(}a, }b)τa−λΛs(}λ, }λ+1)Λs(}a+1, }b)

6 τa−λΛs(}0, }1) + sΛs(}a+1, }b)
+ α(}a, }b)τa−λΛs(}0, }1)Λs(}a+1, }b)

= τa−λΛs(}0, }1) +
[
s+ α(}a, }b)τa−λΛs(}0, }1)

]
× Λs(}a+1, }b). (9)

Similarly, we achieve

Λs(}a+1, }b) 6 Λs(}a+1, }a+2) + sΛs(}a+2, }b)
+ α(}a+1, }b)Λs(}a+1, }a+2)Λs(}a+2, }b)

6 τa−λ+1Λs(}λ+1, }λ+2) + sΛs(}a+2, }b)
+ α(}a+1, }b)τa−λ+1Λs(}λ+1, }λ+2)Λs(}a+2, }b)

6 τa−λ+1Λs(}0, }1) + sΛs(}a+2, }b)
+ α(}a+1, }b)τa−λ+1Λs(}0, }1)Λs(}a+2, }b)

= τa−λ+1Λs(}0, }1) +
[
s+ α(}a+1, }b)τa−λ+1Λs(}0, }1)

]
× Λs(}a+2, }b). (10)

From (3) and (4) we obtain

Λs(}a, }b)
6 τa−λΛs(}0, }1) +

[
s+ α(}a, }b)τa−λΛs(}0, }1)

]
Λs(}a+1, }b)

6 τa−λΛs(}0, }1) +
[
s+ α(}a, }b)τa−λΛs(}0, }1)

]
×
(
τa−λ+1Λs(}0, }1) +

[
s+ α(}a+1, }b)τa−λ+1Λs(}0, }1)

]
Λs(}a+2, }b)

)
6 τa−λΛs(}0, }1) +

[
s+ α(}a, }b)τa−λΛs(}0, }1)

]
×
(
τa−λ+1Λs(}0, }1) + sΛs(}a+2, }b)

+ τa−λ+1Λs(}0, }1)α(}a+1, }b)Λs(}a+2, }b)
)

= Λs(}0, }1)τa−λ + sΛs(}0, }1)τa−λ+1 + s2Λs(}a+2, }b)
+ sΛs(}0, }1)τa−λ+1α(}a+1, }b)Λs(}a+2, }b)

+
(
Λs(}0, }1)

)2
τa−λτa−λ+1α(}a, }b)

+ sΛs(}0, }1)τa−λα(}a, }b)Λs(}a+2, }b)

+
(
Λs(}0, }1)

)2
τa−λτa−λ+1α(}a, }b)α(}a+1, }b)Λs(}a+2, }b)

= Λs(}0, }1)βa−λ + Λs(}0, }1)βa−λ+1
(
s+ Λs(}0, }1)τa−λα(}a, }b)

)
+ s2Λs(}a+2, }b) + sΛs(}0, }1)τa−λ+1α(}a+1, }b)Λs(}a+2, }b)
+ sΛs(}0, }1)τa−λα(}a, }b)Λs(}a+2, }b)

+
(
Λs(}0, }1)

)2
τa−λτa−λ+1α(}a, }b)α(}a+1, }b)Λs(}a+2, }b)
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= Λs(}0, }1)τa−λ + Λs(}0, }1)τa−λ+1
(
s+ Λs(}0, }1)τa−λα(}a, }b)

)
+
[(
s+ Λs(}0, }1)τa−λα(}a, }b)

)(
s+ Λs(}0, }1)τa−λ+1α(}a+1, }b)

)]
× Λs(}a+2, }b).

Continue the same process using (9) and (10) until we achieve

Λs(}a, }b) 6 Λs(}0, }1)τa−λ
b−a−1∑
i=0

τ i
i−1∏
j=0

[
s+ Λs(}0, }1)τa−λ+jα(}a+j , }b)

]
,

where τ ∈ [0, 1/s), thus we have

Λs(}a, }b) 6 Λs(}0, }1)τa−λ
b−a−1∑
i=0

τ i
i−1∏
j=0

[
s+ Λs(}0, }1)τ jα(}a+j , }b)

]
. (11)

Assume that

Qi = τ i
i−1∏
j=0

[
s+ Λs(}0, }1)τ jα(}a+j , }b)

]
. (12)

By using ratio test in (12), we achieve

lim
i→∞

∣∣∣∣Qi+1

Qi

∣∣∣∣ < 1 since τ ∈
[
0,

1

s

)
.

Taking lima,b→∞, inequality (11) becomes

lim
a,b→∞

Λs(}a, }b) = 0,

which implies that {}n}n∈N is a Cauchy sequence and given that strong extended s-supra-
metric space is complete.

Uniqueness. Assume that there are two distinct fixed points of the mapping P such
that }a 6= }b. Then we have

Λs(}a, }b) = Λs(P}a,P}b) 6
β

s

[
Λs(}a,P}a) + Λs(}b,P}b)

]
= 0,

which proves that P admits a unique fixed point in (Ω,Λs).

Example 3. Let Ω = {1, 2, 3, 4} with Λs : Ω ×Ω → R is defined as

Λs(}, ℘) =

{
0 if } = ℘,

|}− ℘|3 if } 6= ℘,

and α : Ω × Ω → [1,∞) as α(}, ℘) = e1/(}
2+℘2). Now, we will find the value of s for

strong extended s-suprametric space as

Λs(1, 4) 6 Λs(1, 3) + sΛs(3, 4) + e1/(1+16)Λs(1, 3)Λs(3, 4),

27 6 8 + s · 1 + 1.06059 · 8 · 1,
s > 10.51528.
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Clearly, (Ω,Λs) is a strong extended s-suprametric space for s > 10.52. Define a map-
ping P : Ω → Ω as

P} =

{
1 if } = 4,

2 if } ∈ {2, 3}.

Case 1. For } = 4 and ℘ = 3, we achieve

Λs(P4,P3) 6
β

s

[
Λs(4,P4) + Λs(3,P3)

]
,

1 6
β

10.52
· 28,

1 6 β · 2.6615.

Case 2. If } = 4 and ℘ = 2, we obtain

Λs(P4,P2) 6
β

s

[
Λs(4,P4) + Λs(2,P2)

]
,

1 6
β

10.52
· 27,

1 6 β · 2.5665.

For β = 3959/10000 ∈ [0, 1/2), both cases are satisfied. Therefore, all the criteria of
Theorem 2 are provided and 2 is the unique fixed point of the mapping P .

4 Application to web coupling of satellite

Inspired by the effective application of fixed-point approaches in diverse range of real-
life problems, we solve a satellite web coupling boundary value problem [20] using (1).
A satellite web connection can be visualized as a thin sheet connecting two cylindrical
spacecraft. Radiation from web coupling between two satellites results in a special non-
linear boundary value problem

−d2}
dt2

= µ}4, 0 < t < 1,

}(0) = 0, }(1) = 1,

(13)

where w(t) represents radiations temperature for t ∈ [0, 1], µ = al2K3/(ζb) > 0 is
a positive dimensionless constant, and K is the absolute temperature of both satellites.
While at 0 temperature, the heat is radiated from the surface of the web into space. The
distance between the two satellites is l, the positive constant that a expresses the properties
of radiation on the surface of the web, ζ represents thermal conductivity, b expresses the
thickness and factor 2 due to the radiation from the top and bottom surfaces. The defined
problem has a solution } ∈ Ω = C [[0, 1],R] in the form of integral equation as

}(t) = 1− µ
1∫

0

Ψ(t, ζ)}4(ζ) dζ, t ∈ [0, 1], (14)
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and Ψ(t, ζ) : [0, 1]× R is a continuous Green’s function linked with (13) and given as

Ψ(t, ζ) =

{
t(1− ζ), 0 < t < ζ,

ζ(l − t), ζ < t < 1.

Define a strong extended s-suprametric space on Ω = C [I,R], where Λs : Ω × Ω →
[0,∞) as

Λs
(
}(t), ℘(t)

)
= sup
t∈[0,1]

∣∣}(t)− ℘(t)∣∣2.
Let α : Ω ×Ω → [1,∞) defined as

α
(
}(t), ℘(t)

)
= e}+℘+2

for all }, ℘ ∈ Ω and t ∈ [0, 1]. Clearly, (Ω,Λs) is complete strong extended s-suprametric
space for s > 3. Let Θ : Ω → Ω be a mapping defined as follows:

Θ}(t) = }(t) = 1− µ
1∫

0

Ψ(t, ζ)}4(ζ) dζ

for t ∈ [0, 1]. Then } is a unique solution of (14) if and only if it is a fixed point of Θ.
Next theorem provides us with sufficient condition for the existence and uniqueness of
the solution of problem (13).

Theorem 3. Let Θ : Ω → Ω be a mapping defined on a complete strong extended
s-suprametric space that provides∣∣}(t)− ℘(t)∣∣2 > 0 =⇒

∣∣(}2(t) + ℘2(t)
)((

}(t) + ℘(t)
))∣∣ 6 k

µ2
,

where k ∈ [0, 4). Then the boundary value problem (13) related to satellite web coupling
admits a unique solution.

Proof. Define Θ : Ω → Ω as∣∣Θ}(t)−Θ℘(t)
∣∣2

=

∣∣∣∣∣1− µ
1∫

0

Ψ(t, ζ)}4(t) dζ − 1 + µ

1∫
0

Ψ(t, ζ)℘4(t) dζ

∣∣∣∣∣
2

= µ2

1∫
0

∣∣Ψ(t, ζ)(}4(t)− ℘4(t)
)∣∣2 dζ

= µ2

1∫
0

∣∣Ψ(t, ζ)((}2(t) + ℘2(t)
)(
}(t) + ℘(t)

))(
}(t)− ℘(t)

)∣∣2 dζ
https://www.journals.vu.lt/nonlinear-analysis
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6 µ2
∣∣((}2(t) + ℘2(t)

)(
}(t) + ℘(t)

))∣∣2∣∣}(t)− ℘(t)∣∣2( 1∫
0

Ψ(t, ζ) dζ

)2

6 µ2

(
k

µ2

)∣∣}(t)− ℘(t)∣∣2( 1∫
0

Ψ(t, ζ) dζ

)2

= k
∣∣}(t)− ℘(t)∣∣2( 1∫

0

Ψ(t, ζ) dζ

)2

.

Now, we calculate the Green’s function

1∫
0

Ψ(t, w) dζ =

t∫
0

t(1− ζ) dζ +
1∫
t

ζ(l − t) dζ =
t2 − t+ 1

2
.

Therefore, after taking supremum on both sides, the above expression becomes

sup
t∈[0,1]

∣∣Θ}(t)−Θ℘(t)
∣∣2 6 k sup

t∈[0,1]

∣∣}(t)− ℘(t)∣∣2( sup
t∈[0,1]

t2 − t+ 1

2

)2

,

Λs(Θ}, Θ℘) 6 βΛs(}, ℘),

where k ∈ [0, 4) and β = k/4 ∈ [0, 1). Hence, all the conditions of Theorem 1 are
satisfied, and Θ admits a unique fixed point. Therefore problem (13) of satellite web
coupling has a unique solution.

5 Application to chemical sciences

Imagine that a diffusing chemical is positioned in an absorbent material within parallel
walls with δ1, δ2 being the specified concentrations at the walls. Additionally, let Ω(t) be
the supplied raw density, and let Θ(t) be the recognized absorbing coefficient. Follow-
ing the aforementioned hypothesis, the concentration }(t) of the substance governs the
following boundary value problem

−}′′ +Θ(t), } = Ω(t),

}(0) = δ1, }(1) = δ2.
(15)

The defined problem has a solution } ∈ Ω = C [[0, 1],R] in the form of the integral
equation as

}(t) = δ1 + (δ2 − δ1)t+
1∫

0

Ψ(t, ζ)
(
Ω(t)−Θ(t)}(t)

)
dζ, t ∈ [0, 1], (16)
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and Ψ(t, ζ) : [0, 1]× R is a continuous Green’s function given as

Ψ(t, ζ) =

{
ζ(1− t), 0 6 ζ 6 t,

t(1− ζ), t 6 ζ 6 1.

Define a strong extended s-suprametric space on Ω = C [I,R], where Λs : Ω × Ω →
[0,∞), as

Λs
(
}(t), ℘(t)

)
= sup
t∈[0,1]

∣∣}(t)− ℘(t)∣∣2.
Let α : Ω ×Ω → [1,∞) by defined as

α
(
}(t), ℘(t)

)
= e}+℘+2

for all }, ℘ ∈ Ω and t ∈ [0, 1]. Clearly, (Ω,Λs) is a complete strong extended s-
suprametric space for s > 3. Let Θ : Ω → Ω be defined as follows:

Θ}(t) = δ1 + (δ2 − δ1)t+
1∫

0

Ψ(t, ζ)
(
Ω(t)−Θ(t)}(t)

)
dζ

for t ∈ [0, 1]. Then } is a unique solution of (16) iff it is a fixed point of Θ.
The subsequent theorem provides us a sufficient condition for the existence and unique-

ness of solution of problem (15).

Theorem 4. Consider the above mentioned problem (16) and suppose that there exists
a continuous function Θ : I → R such that:

(i) Θ ∈ C [[0, 1],R] is lower solution of (15),

Θ(t) 6 δ1 + (δ2 − δ1)t+
1∫

0

Ψ(t, ζ)
(
Ω(t)−Θ(t)}(t)

)
dζ.

(ii) For any k > 0, we have

inf
06t61

Ψ(t, ζ) > 0, 0 < sup
06t61

Ψ2(t, ζ) <
β

s
∈
[
0,

1

2

)
,

where

Ψ(t, ζ) =
t+ t2 − t3

2
.

(iii) For each t ∈ [0, 1] and }, ℘ ∈ Ω,∣∣Θ}(t)−Θ℘(t)
∣∣ 6 1

k

√∣∣}(t)−Θ}(t)
∣∣2 + ∣∣℘(t)−Θ℘(t)∣∣2.

The concentration of diffusing substance with problem (15) and integral equation (16)
provides a unique solution in Ω.

https://www.journals.vu.lt/nonlinear-analysis

https://www.journals.vu.lt/nonlinear-analysis


Fundamental contractions in suprametric spaces 175

Proof. Define Θ : Ω → Ω as∣∣Θ}(t)−Θ℘(t)
∣∣

=

∣∣∣∣∣
1∫

0

Ψ(t, ζ)
(
Ω(t)−Θ}(t)

)
dζ −

1∫
0

Ψ(t, ζ)
(
Ω(t)−Θ℘(t)

)
dζ

∣∣∣∣∣
6

1∫
0

∣∣Ψ(t, ζ)(Ω(t)−Θ}(t)−
(
Ω(t)−Θ℘(t)

))∣∣ dζ
=

1∫
0

∣∣Ψ(t, ζ)(Θ}(t)−Θ℘(t)
)∣∣ dζ 6

1∫
0

Ψ(t, ζ) dζ
∣∣Θ}(t)−Θ℘(t)

∣∣
6
t+ t2 − t3

2k

√∣∣}(t)−Θ}(t)
∣∣2 + ∣∣℘(t)−Θ℘(t)∣∣2.

From here we express

sup
t∈[0,1]

∣∣Θ}(t)−Θ℘(t)
∣∣2

6

(
sup
t∈[0,1]

t+ t2 − t3

2k

)2(∣∣}(t)−Θ}(t)
∣∣2 + ∣∣℘(t)−Θ℘(t)∣∣2),

sup
t∈[0,1]

∣∣Θ}(t)−Θ℘(t)
∣∣2

6 sup
06t61

(
Ψ2(t, ζ)

)(∣∣}(t)−Θ}(t)
∣∣2 + ∣∣℘(t)−Θ℘(t)∣∣2).

We know that sup06t61 Ψ
2(t, ζ) < 1/2 ∈ [0, 1/2). Therefore, we achieve

Λs(Θ}, Θ℘) 6
β

s

[
Λs(}, Θ}) + Λs(℘,Θ℘)

]
.

Thus, all the conditions of Theorem 2 are satisfied, and Θ has a unique fixed in } ∈ Ω.
Hence, we conclude that the boundary value problem (15) has a unique solution inΩ.

6 Conclusion

This manuscript makes a substantial contribution to the field of metric space theory by
providing the novel concept of a strong extended s-suprametric space that outperforms
both s-suprametric and extended suprametric spaces. Investigating open and closed ball
topologies using this framework improves our understanding of the features of the space.
The analysis of existence and uniqueness, driven by the Banach contraction theorem,
provides a solid theoretical framework. The illustration example illustrates the superior
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properties of the strong extended s-suprametric space over its extended equivalent, of-
fering light on the presence and uniqueness of fixed points. Additionally, the manuscript
employs these findings to boundary value problems involving dispersing chemical com-
pounds and nonlinear satellite web coupling, extending the research’s relevance to real-
world settings. The insights provided here help better understand metric spaces and their
applications in various mathematical situations.

Can the results presented in this article be further developed in the case of multivalued
mappings? Future work can include the extension of the current framework to achieve
generalized results, including on common fixed points and proximal point theorems along
the lines of the approaches described in [23].

Author contributions. All authors have read and approved the published version of the
manuscript.
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