Nonlinear Analysis: Modelling and Control, Online First, 1-19 \@ng:%%
https://doi.org/10.15388/namc.2026.31.44762 S PGl %, | Vilnius
P & z . | University
% & | Press
%‘?/n\s u\\\i@

Observer-based distributed optimization for linear
multiagent systems with external disturbances™

Xuening Xu®®, Zhiyong Yu®®, Haijun Jiang® "

#College of Mathematics and System Science,
Xinjiang University,

Urumgi 830017, China

yzygsts@163.com

P School of Mathematical Sciences,
Xinjiang Normal University,
Urumgqi 830017, China

Received: April 29, 2025 / Revised: October 1, 2025 / Published online: January 7, 2026

Abstract. This paper addresses the distributed optimization problem in linear multiagent systems
(MASSs) under external disturbances. Firstly, an observation system is designed by utilizing the
output values of agents, which can eliminate external disturbances of system. Secondly, an event-
triggered control algorithm is proposed through the gradient information of local cost functions,
and its convergence is rigorously established using the Lyapunov stability and looped functional
theory. This novel event-triggered protocol incorporates dwell time within the threshold function,
effectively eliminating Zeno behavior. By leveraging the looped functional technique, more relaxed
conditions are derived for solving the distributed optimization problem. Finally, the validity and
feasibility of the proposed protocol are substantiated through numerical simulation.

Keywords: external disturbances, multiagent system, distributed optimization, looped functional
method.

1 Introduction

The distributed optimization of MASs has aroused considerable attention in the recent
decade due to its broad applications, including but not limited to smart microgrids [26],
economic dispatch [24], and so on. The primary goal of solving the distributed optimiza-
tion problems is to develop appropriate algorithms that ensure the global objective func-
tion is minimized. The distributed control methods, leveraging the entirety of available
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computational power, are more practical compared to conventional centralized control
techniques.

Research on distributed optimization algorithms can be broadly categorized into dis-
crete and continuous forms. Discrete distributed optimization algorithms have been pre-
sented in [7, 10, 17]. However, in practical applications such as autonomous underwater
vehicles, UAVs, and manipulators, the dynamic behaviors of these systems are contin-
uous. Consequently, lots of continuous distributed optimization algorithms have been
proposed in [5, 16, 21]. It is noteworthy that these algorithms primarily address single-
integrator dynamical systems. Given that many practical dynamical models cannot be
accurately described by integral systems, general linear dynamical systems have gained
significant attention in distributed cooperative control.

Recently, distributed optimization in linear MASs has yielded promising results. For
example, the gradient descent method has been employed to solve unconstrained op-
timization problems in [3, 4]. Additionally, the Lagrange multiplier method has been
utilized to address the distributed optimization problems for linear systems subject to
equality constraints in [19, 28]. However, when designing distributed optimization al-
gorithms for MASs, practical challenges such as external disturbances, communication
delays, packet loss, and other unforeseen faults may arise. Consequently, various studies
[11,12,15,25] have examined distributed optimization problems under various real-world
scenarios.

It is important to note that the above research primarily focuses on continuous com-
munication among MASs for information transmission, which can result in unnecessary
communication overhead. To address this issue, the event-triggered mechanism [8, 9,
27] has proven to be an effective approach for reducing communication costs, and it
has garnered significant attention from researchers. To solve the distributed optimization
problem, very recently, some distributed event-triggered optimization algorithms have
been developed. In [18], a novel event-triggered mechanism was proposed to address the
consensus problem in MASs, and it introduced a dwell time to effectively prevent Zeno
behavior. The distributed algorithm was designed for resource allocation problems via
event-triggered communication [13]. Specifically, the event-triggered zero-gradient-sum
distributed optimization algorithms were introduced to tackle various convex distributed
optimization problems in [22,30].

Motivated by the above analysis, the goal of this paper is to design the distributed
optimization algorithm for large-scale linear MASs with external disturbances via the
event-triggered mechanism. The following difficulties and challenges may be encoun-
tered: 1. Develop a estimator to eliminate external disturbances. Meanwhile, a reasonable
control protocol is established based on this observation value. 2. Design a suitable event-
triggered control protocol such that (a) the states of agents realize the consensus under the
external disturbances; (b) after MASs achieve the consensus, the state of MASs is able
to achieve the optimal solution. Our main contributions can be summarized in three key
aspects.

(1) Unlike previous works [14,29], we introduce a distributed observer based on
the system’s state outputs, enabling us to design an effective distributed control

https://www.journals.vu.lt/nonlinear-analysis


https://www.journals.vu.lt/nonlinear-analysis

Observer-based distributed optimization for linear multiagent systems 3

protocol using these observations. This approach is particularly valuable when
the system’s state is not readily available. Therefore, our proposed distributed
control protocol can be viewed as a generalization of existing results.

(i1) In [23,31], the authors delved into continuous distributed optimization problems
for single- or double-integral dynamical MASs. In contrast, this paper extends
the scope by considering the distributed optimization problem for general linear
MASs. An event-triggered control mechanism is developed to optimize commu-
nication costs, and the dwell time 7" is introduced into the event trigger condition
to effectively exclude Zeno behavior.

(iii) A looped functional method is introduced to analyze the stability of linear MASs,
effectively overcoming the limitations of Lyapunov—Krasovskii functional. This
approach eliminates the need for derivatives of Lyapunov functions to be strictly
negative, indicating that stability can be achieved under less conservative condi-
tions by employing the looped functional method.

The subsequent sections of this study are delineated as follows. Section 2 provides the
fundamental preliminaries. Our primary results are presented in Section 3. The feasibility
is verified by applying an example in Section 4. Finally, we give the conclusions and
outline potential future directions.

Notations. Let R™ and N denote the sets of n-dimensional vectors and natural numbers,
respectively. The notation 1,, (or 0,,) represents n X 1 column vector with all elements
set to 1 (or 0), and I,, signifies n-dimensional identity matrix. For any matrix A, AT
represents its transpose, and ® is the Kronecker product. If square matrix A > 0, then A is
a positive definite matrix, otherwise, A is a seminegative definite matrix. A~1 denotes its
inverse, and sym(A) = A+AT. x indicates a symmetric term in a symmetric matrix. The
smallest and largest eigenvalues of matrix A are represented by Apmin(A) and Apax(A),
respectively. For vectors 21, xo, ..., Ty, col(z1,2o,...,2y) = [21 7, 22T, ... 2, |7
Let ||-|| denotes the 2-norm of a matrix, and the gradient of a function f is indicated by

2 Preliminaries

Consider a network graph G = (V, R, A) with N agents, where V' = {1,2,..., N} and
N C V x V represent the nonempty node set and edge set, respectively. The weighted
adjacency matrix is denoted by A = [a;;] € RY*YN with a;; = 0, a;; > 0 if and only
if (j,4) € R, otherwise, a;; = 0. A path between nodes ¢ and j is a vertex sequence
of different edges that connect distinct nodes from ¢ to j. The neighbor set of node ¢ is
defined as N; = {j € V | (4,¢) € R}. The graph is undirected and connected if there
exists a path between any two nodes. Furthermore, the Laplacian matrix is denoted as
L= UU] S RNXN, where l“ = ngzl Q5 and lii = —Q45 for ¢ # j
Consider a linear MAS governed by IV agents with the following dynamics:
@i(t) = Fai(t) + Bui(t) + 2d;(1),

yilt) = Cuilt), i=1,2...,N, M

Nonlinear Anal. Model. Control, 31(Online First):1-19, 2026


https://doi.org/10.15388/namc.2026.31.44762

4 X. Xu et al.

where x;(t) € R™ and y;(¢) € R" denote the state and output of the ith agent, u;(t) € R™
represents the control input. &7 € R"*", B € R"*™, ¢ € R™"™, and 2 € R"** are
constant matrices in which (&7, %) is stabilizable, (Z,.”) and (<7, %) are observable.
Suppose that the disturbance d;(t) € R*® is generated by an external system (d;(t) =
Ld;i(t), . € R®*®) and is matched, then there exists a matrix .# € R"™** satisfying
D=RBF.

Furthermore, we present a distributed optimization problem as follows:

N
min F(z) = Z fi(z)) st (L®I,)x =0, 2)

i=1
where © = col(z1,xa,...,2N), fi(z;) and F(zx) are local cost function of agent ¢ and

global objective function, respectively.

Remark 1. In [31] and [23], the authors considered the distributed optimization problem
of the simple first-order integrator system, highlighting its limitations in practical appli-
cations. From the perspective of the system model, this paper addresses the distributed
optimization problem of linear systems subject to external disturbances. Furthermore, in
contrast to traditional pure optimization problems, this study explores optimization issues
in MASs using a distributed strategy, significantly improving robustness and applicability.

The aim of this study is to devise an appropriate controller for linear MAS (1), ensur-
ing that all agents’ states converge to the optimal solution of the distributed optimization
problem in (2). To achieve this goal, specific assumptions are required concerning the
management of linear MAS (1) and their communication topology.

Assumption 1. The topological graph G is undirected and connected.

Assumption 2. For each agent i € V, the local cost function f;(-) is differentiable and
w;-strongly convex with w; > 0. Furthermore, the gradient V f;(+) satisfies m;-Lipschitz
with constant m; > 0, i.e., |V f;i(x) — Vfi(y)]] < my;|lx —y| forall z,y € R™.

Assumption 3. The eigenvalues of the matrix .%” have negative real parts.

Remark 2. Assumptions 2 and 3 are commonly utilized in studies such as [14] and [31].
Assumption 2 guarantees the existence and uniqueness of the optimal solution to the dis-
tributed optimization problem (2). Assumption 3 is often applied to disturbance rejection
and output regulation. While practical applications involve both matched and unmatched
external disturbances, this study focuses exclusively on matched disturbances. Future
work will explore more general disturbance scenarios such as plant-model mismatch,
transient disturbances, and so on.

Lemma 1. (See [6]). If the matrix pair (.7, 9) is observable, then (<7, J) is observable,
where of = (9% 2)) and J = [I 0]. Further, there exists a matrix & > 0 with
appropriate dimension such that

Pod+dTP—2JT]<0.
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Lemma 2. (See [2]). For a matrix R = (}}% g;) < 0, the following conditions are

equivalent:

() R3 <0, Ry — RyR;'R] < 0;
(i) Ry <0, R3 — RJR; 'Ry < 0.

Lemma 3. (See [1].) Consider the differential equation as follows:
Z=h(z1), 3)

where h : R™ x R — R" is a nonlinear function, and z = 0 is an equilibrium point of
Eq. (3). If there exists a continuous radially unbounded function V' : R" — R, which
satisfies V(z) = 0 z = 0and V(z) < 0in R\ {0}, then z = 0 is asymptotically
stable.

3 Main results

In this section, we establish an event-triggered algorithm with a sequence of triggered
instants given by 0 = t§ < t§ < th < --- < t! < ---, where limj_,oo t, = +o00. The
controller of agent i will be activated only at prescribed instants ¢, k € N, which are
determined by predefined conditions. To proceed, an observation system is reconstructed
for the linear MAS (1) based on the event-triggered instant

3i(t) = A i(t) + Bui(t) + Dd;(t) + 9 (yi(t) — (1))

N
+ONG Y s (yi(t) — vi(th) — 9 (th) + 95 (1)
A A ! N . . . . (4)
dilt) = Sdi®) + 018 Y iy (wi(th) — v () = 3a(8h) + 9 (81)),

Gi(t) = Cis(t),

where 2;(t) € R™, §;(t) € R", and d;(t) € R* represent the observations of ;(t), y;(t),
and d;(t), respectively. y;(t%), §;(t:) represent the output state, and output observation
state at the kth trigger instant of agent ¢, respectively. Here b is a positive real constant, and
¢ € R™*" is an undetermined feedback matrix. The control protocol u;(t) is designed as
follows:

ul(t) = —Q%TVfi (.f?l(t)) - e%/i‘l(t) - ydl(t)
N
=Y ai (35 (t) = 5 ()] VL€ [t ), )

where o > 0 is constant. I7 is a feedback matrix, and ¢ is a constant gain matrix with
suitable dimension such that &/ — 2% is Hurwitz stable. Let e} (t) = x;(t) — 2:(¢),
e(t) = d;(t) —di(t), e;(t) = col(el(t),e2(t)),i = 1,2,..., N.In combination with (1),

)’
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(4), and (5), one gets

N
.’L‘l(t) = («Qf — %%)l’z(t) + %[K7 F]e,(t) + %H%Z l”i‘J (t}c)
Jj=1
— aBBV [;(2:(t)),
N
.’f?l(t) = (JZ{ — %L%/)i'l(t) + %H%Zl”ﬁj(tk) + g‘ﬁJei(t)
j=1
N
—aBAB NV fi(2:() + bGCT D Lije; (1),
j=1
N
éit) = Aei(t) +bI'GET Y lije; (),
j=1

where I' = col(I'y, Iy) = P~1JT, Furthermore, an orthogonal matrix transformation
and an error difference variable transformation are carried out, respectively. We construct
error variables as follows:

Zi(t) = zi(t ij ; ; j
le o . ©)
. 1
i (t) Z ), Vfi(@i(t) = Vfi(2a(t) — N vaj (2;(1)).

It is noted that the compact forms of (6) are
Bt) = (A @ L)a(t), &)= (A @)1,  Et)= (A @ Lus)E(),
V() = (A @ L)V (i)

where 7 = Iy — (1/N)1y1% with L# = AL = L, and 51y = 0. Combining
these compact forms yields

i(t) = (In ® (o — BA))E() + (5 @ BIEC)E (1) + (In © G )e(t)
—a(ly @ BBV (i(t)) +b(E ® 19ET)e(ty), ©)
et)=(In @ A)et) + b(Z @ I'YET)e(ty),
where Z(ty) = col(&1(t}), #2(t3), ..., 2n(t))) and &(ty) = col(er(ty), e2(t3), .- -,
en(tl)). Define the vector z(t) = col(:%( ),é(t)) € RNCGn+s)  then system (7) can
be represented as following closed-loop system:

#(t) = Az(t) + Bz(t) — aB;V f(Hz(t)), 8)

https://www.journals.vu.lt/nonlinear-analysis
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where
A= IN®(EQ7—¢%{%/) IN®§4<5_J B— ERRBIE b=ZI119¢JT
o 0 IN®A )’ o 0 bDERIYEJ )’
T
Bf<IN®O'9%) ) and H = [In, 0].

Suppose that (;(t) = z;(ti) — 2;(t) is observation error. Then the following generic
threshold function is introduced to determine the sampling instants:

th =min{t >t + T | (F ()QcGi(t) — yui()Q: 'ai(t) > 0}, )]

where T is a dwell time, yq;(t) = col(&;(t), €,:(t)) with &,;(t) = y;(t) — §:(t) denotes
the output error, Q)¢ and Q). are positive definite matrices.

Remark 3. In [20], the MAS was also taken into consideration, but it does not reduce the
communication cost between agents. As observed from the term I7 Ejvzl a;j[g;(th) —
9;(t%)] in protocol (5), the communication frequency has been reduced due to the con-
troller only updating when the event occurs. Hence, this research can be regarded as
an improvement of previous works. Furthermore, it can be observed from the event-
trigger condition (9) that each agent must wait for time units before making the threshold
judgment. As a result, the event-triggered mechanism designed in this paper inherently
prevents Zeno behavior. It is worth noting that due to the introduction of the dwell time 7',
the stability analysis of the system must be conducted in two intervals [t, ¢ + T) and
[t + T, thy)

To ensure a strict decrease in the overall variance of the Lyapunov function during the
dwell time, a looped functional technique is taken into consideration. From a Lyapunov

perspective the basic idea consists in considering a Lyapunov candidate function ¥ (x)
that satisfies the following conditions:

() ¥ (et +T)) < ¥ (a(tr).

(i) ¥ (x(t)) <O0forallt € [ty + T, trt1).
Remark 4. Noteworthy, the application of the looped functional approach has proven
successful in the stability analysis of linear MASs, as documented in [20]. Additionally,
condition (i) does not necessitate strict monotonicity of that ¥ (x(t)) within the interval
[t, tx + T). In other words, it is not required that ¥ (z(t)) < 0 hold throughout this

interval. To meet condition (i), the control signal must remain constant during the interval
[th, te +T).

Lemma 4. (See [18].) For 0 < pu; < pgand1 < p, V(x(t)) : R® — R is a differen-
tiable function and satisfies

,u1|x(t)|p < V(z(t) < ,u2|x(t)|p v (t) € R™.

Then the following two statements are equivalent:

Nonlinear Anal. Model. Control, 31(Online First):1-19, 2026
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VT v
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VN( tk+l )

Figure 1. The illustration of Lemma 4.

(i) Forall k € N, the Lyapunov function exhibits a strictly decreasing trend with each
increment, i.e.,

AV =V (tgs1) — V(tr) <O.

(ii) Forallt € [tg,tg+1), there exists a differentiable function W (t) that fulfills the
condition

AW = W(tgq1) — W(tg) =0,
and it satisfies
V() =W(t)+ V(t) <0.

Lemma 4 is clearly illustrated in Fig. 1. As shown in the figure, the established
Lyapunov function does not require strict monotonicity, it only needs to satisfy specific
conditions at the sampling time. Compared to the traditional Lyapunov—Krasovskii func-
tion, this approach effectively relaxes the sufficient conditions for system stability, making
it more suited to practical applications.

Theorem 1. Under Assumptions 1-3, if there exist positive definite matrices Q¢, Qe, Q,
and R, matrices Q1, Q2, X1, Xo, Y1, X14, and Xo, with appropriate dimensions to
satisfy the following inequalities

X1+ T (X + X3) <0, (10)
Y1 —TXs TN X ZbT
. _TR] <0, L o <0 (11

where
21 =sym{t] Qu1 — Nt1a — 11,Qa10
+ (e XT + 03 X5 ) [Avy + Bio — 15 — aByH Huy] } — 11,Q1 012,
o =sym{1] Qiu12 + 13 Qata} + 3 Yius, Ly =13Y 1,
Yo =sym{tf Qo + (1] X1y + 13 X3,) [(A+ B)iy — 1o+ Biy — aByH  14]
+ ’I’ATLL;FHTL4 — L4TL4} — L3TQ¢L3,
Xy = Cat1,

https://www.journals.vu.lt/nonlinear-analysis
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1= [IN(QTH-S) 000]w=I0 In@nts) O 0, t3=1[00 IN(2n+s)]r ta=1[000 Iy
and 115 = L1 — Lo, then the linear MAS (1) with controller (5) can converge to the optimal
solution of problem (2).

Proof. Firstly, the stability of system (8) is discussed in the dwell time interval [t tx+7).
We choose the Lyapunov function V(2(t)) = 2T (¢)Qz(¢) with Q@ > 0 and define
Zi(1(t)) = 2(tg + 7(t)) = 2(t) with 7(¢) € [0,T"). Then

Zi(1(t)) = AZi(7(t)) + BZ%(0) — aByV f(H 25, (1(t)))- (12)
Furthermore, we have
V(2(t) =V (2Zi(t(t)) = 2" (r(1))QZx(1(1)), 7(t) €[0,T).
Inspired by [18], we design the following looped functional:
W (r(t), 2i)
— (T = 7(1)) (23 (7(1)) — 22(0)) " [Q1 (23 (7(1)) — Zk(0)) + 2Q2.2(0)]

()

+ (T - T(t))T(t)%kT(O)Y%k(O) — (T - T(t)) / ,%}kT(s)Yl %k(s) ds

It can be founded that W (0, 2%) = W (T, Zi.) = 0. Now, we define V (7(t), Z.) =
V(Zik(1(t))) + W(r(t), Z%), and it is easy to conclude that

V(r(t), Zi)
= (T - 7)) 5 (1)) Vi Ze (7(1) +2Q1 (2 (7(1)) — 2%(0)) + 2Q225(0)]
(t)

N

+22;5 (7)) Q Zi (7( /%kT VY1 2 (s) ds
— (2i(r() = 2i(0)) [Q1(Zi(7(1)) = Zi(0)) +2Q2 2 (0)]
+ (T—2T(t)) T(0)Y 2%(0). (13)

To show that V(r(t), 2x) < 0, the augmented vector ¢ (7(t)) = col(Zi(7(t)),
21(0), Zr(1(t)), Vf(7(t))) is constructed in which Vf(7(t)) = V.f(H 25(7(t))) for
any matrix with appropriate dimensions X; and X5. The following zero equation can be
generated through the coupling relation between the components of ¢x(7(t)) and
Eq. (12):

22 (r0)XT + 2T ((1) X3) Xosk (7(1)) = 0, (14)

Nonlinear Anal. Model. Control, 31(Online First):1-19, 2026
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where Xo = [A B —In(2n4s) —aBy]. Subsequently, incorporating Eq. (14) into (13),
we obtain

V(r(t), Zk)
=221 (7(1) Q2 (7(1)) + (T — 7(t ) (@)
x [YiZi(7(t)) +2Q1 (2% (7(1)) — 23(0)) + 2Q223(0)]
— (2 (7(t)) = 23(0 ))T[Q1(3ﬁ(7( )) — 25(0)) +2Q2 25x(0)]
+ (T —27(1)) Z;X(0)Y 25.(0) + Z;F (7(t) XJ) Xosk (7(2))
T(t)
- / D (s)Y1 Zi(s)ds + 220 (+() X

Notably, it is found in [20] that
)
/ 2 (8)Y1 Zi(s) ds > 26T (r(0)) N (22 (7(0)) — 23(0)
' — () (1) NETIN TG (7(0).

Furthermore, we have

V(r(t), Z3)
<2257 (7(6) Q2 (7 () + (T — ) F(r(t))
[Ylﬁbrk (t)) +2Q1 (Zk (7 (¢ ) (0)) +2Q225(0)]

= (Zi(r () ~ 2i0) " [@1 (2 (+( )) 2i(0)) +2Q223,(0)]
=26 (T(O) N (2 ( () = 2i(0))
+2 25 (rOXT) + ZF () X)) Xosk (7(1))
+ (T =2r(1) 235 (0)Y 2(0) + 7(t)s (r(O)) NRTINT G (r(1)). (15
Carrying out some algebraic operations, (15) can be rewritten as
V(r(t), Zi) < ST (r()) [£1 + (T = 7(£)) s
+ (T —27(t)) Z5 + () NRT'NT i ((1)), (16)

where the definition of X'}, Y5, and Y5 has been given in Theorem 1.
Notice that the right side of (16) is affine with respect to 7(¢). Let us substitute 7(¢) =
0 and 7(¢) = T into (16), this leads to the following conditions:

2+ T(EQ + 23) <0,
X —TYs+TNR'NT <. (17)

https://www.journals.vu.lt/nonlinear-analysis
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Applying Lemma 1 to (17) yields conditions (11), ensuring that ‘L/(T(t), Z1) < 0 for all
7(t) € [0,T] and

=V(Zi(T)) = V(2x(0)) + W(T, Z%) — W(0, 2%)

Since W (0, 2%) = W(T, Z%) = 0, one may conclude that

Secondly, we consider the stability condition for ¢ € [ty + T tx+1). Based on {(t) =
2(tr) — z(t), system (8) is reformulated as follows:

2(t) = (A+ B)z(t) + B((t) — aByVf(Hz(t)).

From Assumption 2 )
IVF@E0)|° < mi™ )V (#(0).

where 7 = max{my, ma,...,my}. For any 6 > 0, the above inequality is also equiva-
lent to

< omaT(t )Vf(f(t)) — 6Vfr(§(t))vf(§:(t)).
Therefore,
2mzT () HTV f(Hz(t)) — 2V T (Hz(t))Vf(Hz(t)) < 0.
Supposing that
(1) =V(2) = g(Ct),ya(t)) + 202" (HTV f(Ha(1))
—2VfT(H=(t))Vf(Hz(t)),
if we ensure #/(t) < 0, then
V(2) < g(¢(t),ya(t)) — 2z (HTV f(H(t))

+2V [T (Hz(t))Vf(Hz(t))
<0

forany ¢ € [ty + T, tyy1) by the event-triggered condition (9). - -
Constructing a vector (t) =col(z(t), 2(t), ((t), Vf(t)), where V f(t) =V f(Hz(t)),
so we can rephrase # (t) as
W (t) = gT(t){sym{erQLg ] H 1 — LIL4}
—13Qets +11 €1 Q. Canr }< (1)

Nonlinear Anal. Model. Control, 31(Online First):1-19, 2026
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Similar to (14), the following zero equation can be generated for any matrices X;, and
X5, with appropriate dimensions:

2(zT () XT, + 2T (1) X3,) Xoas(t) = 0,
where Xo, = [A+ B —In(2n+s) B —aBy]. The zero equation can be added to #/(t),
we can deduce that
W (t) =< () {sym{e] Qua + i H 1y — 1 1
+ (0 Xy + 12 Xog) Xoa } — 13 Qcts + 11 Cf Q7 ' Catr Js(1)
=M ()(Za + 2y Q Zb)s(t).

According to condition (10), we can get that #/(¢) < 0. Further, through the above
analysis, V(z) < Oforall t € [ty + T, tpt1).

Next, we will demonstrate that the average consensus value is the optimal solution of
the global objective function F'(x). Let 2* = (1/N) Z;V:l x;(t) be an optimal solution

to the optimization problem (2). Since all agents achieve the same state, thus one obtains
that e;(¢) = 0 and Zjvzl l;j&;(t — 7(t)) = 0. Furthermore, we have

o v
=5 Z(;z% BA )a;(t Z (—aB"™V f;(z;1))
N
= (o — BA )z Z (—aZ™V f;(2i(t))). (18)

Based on Eq. (18), it is readily seen that

A0, @i(t) = Na*(t)
dt
= (1y ® In)@(t) — Na* (1)
=(IN® L) [(In® (o — BX))x(t) + (In @ B[H, F])e(t)
+ (L@ BOE)L(t —7(t)) — a(ly @ BB )V f(z(t))]
~ N(o — BH )" (t) + a1y ® BBT)Vf(x(t))

(o — BH) (Zm )).

Because  — %% is Hurwitz stable, then (& — B4 )\TW +W (o — B#) + 21, <0,
where matrix ¥ > 0. Let us select Lyapunov function

N T N
= (Zx,(t) - Nx*(t)) W(le(t) - Nx*(t)).
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We compute the derivative of V' as follows:

V(t) = (in(t) - Nx*(t)) 5’(2%(1&) - Ncc*(t))

N 2

Z x;(t) — Nz*(t)

i=1

<=2 <0,

where
S = (o - BAH)W+ (oA — BX)).

Then one has

N

. 1 .

)Eﬁloml(t) =~ E lzvj(t) =", O
=

Remark 5. Note that the construction of the looped functional W (7(t), Z}) does not
necessarily require positive definiteness, which represents an improvement over the clas-
sical Lyapunov—Krasovskii functional approach. In Theorem 1, it is rigorously proven
that the MAS (1) asymptotically converges to the optimal value of the optimization prob-
lem (2) under the event-triggered mechanism (9) with the dwell time 7'. Furthermore,
compared to the traditional event-triggered control strategy, which requires the exclu-
sion of Zeno behavior, this paper automatically eliminates Zeno behavior by introducing
a dwell time 7" into the event-triggered mechanism.

4 Simulation example

Consider the linear MAS (1) consisting of four agents under the network topology shown
in Fig. 2. The selection of all matrices is provided as follows:

=fia] ] e[

7=l =3 )

/

Figure 2. The topology graph.
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Based on the matrix provided above, we can calculate ¥ = B.% = [(1) 8] . By solving
LMIs in (10)—(11) and considering the above parameters, the corresponding solutions are

I=1, # =1[82412831], ¥=[312",
0.0203 0 0 0
p_| 0 0023 0 0
] o 0  15.0183 0.0963
0 0 0.0963  19.0083

The local cost functions are given as follows:
fl(xu,xlg) = le%l + 011’%2 + 2.@111’%2 + 0.11’11 + 0.2%12 + 01,
fg(l‘gl, l‘gg) = 0.1.13%1 + Oll‘§2 + 2.%2133%2 4 0.2291 + 0.3292 + 0.2,
f3(l‘31, {1132) = 0.1%%1 + 0.1:L‘§2 + 2.%311‘3)2 4+ 0.3z31 + 0.4232 + 0.3,
f4(I41, 1742) == 01564211 + 011‘4212 + 2I41$Z2 + 0.41’41 + 0.51342 + 0.4.

Based on Theorem 1, the distributed optimization problem (2) is addressed by appro-
priately selecting parameters o = 18, b = 10 via event-triggered control algorithm (5).
The theoretical analysis suggests that the state trajectories of MASs will converge towards
the average value of the initial states x1(0) = [5 8|T, z2(0) = [-3 —5]T, 23(0) =
[3 5], 24(0) = [-5 —8]T, the state trajectories of Z;(t) and ¥;(t) under the event-
triggered algorithm (9) with 7' = 0.2 are illustrated in Figs. 3—4. Under the threshold
parameter Q¢ = [5 0;0 5] and Q. = 1, the control input u;(¢) and the event-triggered
instants graph can be obtained as shown in Fig. 5. Further, the trajectory graph of the
objective function is obtained, as shown in Fig. 6.

From Figs. 3—4 it can be observed that the state error of each agent gradually con-
verges to zero, demonstrating that under the proposed control protocol (5), each com-
ponent of the system successfully converges to its corresponding average state. Figure 5
shows the graph of control input w;(¢) and the event-triggered instants. Additionally, as
seen in Fig. 6, the states of all agents stabilize over time with the optimal values of the
global objective functions reaching 0.815. To further investigate the effect of increas-
ing the dwell time T in the event-triggered mechanism (9), we analyze the variation in
triggered instants by adjusting the dwell time. Without loss of generality, keeping other
parameters and initial conditions constant, simulations were conducted for 7' = 0.15 and
T = 0.35 with the corresponding results presented in Figs. 7-14.

From the figures below it can be observed that as the dwell time 7" decreases from 0.2
to 0.15, the number of triggered instants increases, indicating a rise in the communication
frequency between agents in the MASs. In contrast, when the dwell time is increased to
0.35, the number of event triggers decreases significantly, while the system remains stable.
A detailed comparison of the number of event triggers is presented in Fig. 15, where it is
clearly observed that as the dwell time increases, the communication frequency between
agents decreases. Therefore, appropriately increasing the dwell time 7' can help reduce
communication frequency. However, it is important to note that the dwell time cannot
be increased indefinitely, as a larger dwell time may prevent the trigger protocol from
meeting its threshold conditions, thereby compromising its control effectiveness.
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Figure 3. The trajectory of Z;1 (t) and Z;1(t).  Figure 4. The trajectories of Z;2(¢) and Z;2(t).
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Figure 5. The control input u;(¢) and triggered Figure 6. The diagrams of f;(z;(t)) and
instants. F(z(t)).
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Figure 7. The trajectory of Z;1 (t) and z;1 (t).  Figure 8. The trajectories of Z;2(¢) and Z;2 ().
. T =0.15 T=0.15
3 20 ; ; ‘ ‘ 1000 : S : : _?218;
o s — fo(x(t
40 ! 800 J(e(®)
=200 — () —w() 600 "W — )
Foa00 ‘ ‘ L w0 —wn) s ,
0 10 20 Time(s) 3o 40 50 75’400 15 20 25 1
4—s - , 7200 ]
=]
o
2 o .
§ 2F C®® ®®
Wb e * % agent1 © agent2 -200 ]

o agent3 © agent4 400

0 5 10 Time(s) 15 20 25 0 5 10 1gimelspg 25 30 35
Figure 9. The control input u;(¢) and triggered Figure 10. The diagrams of f;(x;(¢)) and

instants. F(x(t)).
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Figure 11. The trajectory of Z;1 () and ;1 (t).  Figure 12. The trajectories of Z;2(t) and ;2 ().
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Figure 13. The control input u;(¢) and triggered  Figure 14. The diagrams of f;(z;(¢t)) and
instants. F(x(t)).
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Figure 15. The comparison graph of the number of triggered-instants.

5 Conclusion

This paper has discussed the distributed optimization problem of linear MASs with ex-
ternal disturbances over undirected networks. A new observation system was established
to avoid the use of state information. Moreover, by utilizing the observation information,
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a distributed event-triggered control protocol was designed, enabling all agents to achieve
state consensus and reach the optimal value of the objective function.

In this paper, we only considered the asymptotic-time distributed optimization prob-

lem for global objective functions. Further work will focus on the prescribed-time dis-
tributed optimization problem.
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