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Abstract. This paper studies the global asymptotic synchronization (GAS) and global exponential
synchronization (GES) problems of a class of quaternion-valued bidirectional associative memory
neural networks (QVBAMNNs) with time-varying delays. Based on the matrix measure approach
and Halanay inequality, sufficient conditions for GAS of unbounded time-varying delay system and
GES of bounded time-varying delay system were established. Different from existing methods,
this approach does not require the construction of Lyapunov functions and obtains the criteria
for system synchronization expressed in terms of norms and measures. Finally, the validity of the
proposed theoretical results and the feasibility of the control strategy are verified through numerical
simulations.
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1 Introduction

Bidirectional associative memory (BAM), as a crucial associative memory model, ex-
hibits significant value in pattern recognition, image processing, and data compression
[9,16,22–24]. Compared with traditional unidirectional networks, BAM achieves pattern
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storage and retrieval through a two-layer feedback neural network structure. The core
feature of this algorithm lies in establishing a bidirectional mapping relationship between
the input pattern and the output pattern. Even in the presence of noise interference or
incomplete input data, the system can still accurately restore the original storage pattern.
Moreover, in practical applications, BAM neural networks are often affected by time
delays, which may arise from signal transmission delays, communication delays between
neurons, or hardware limitations [18, 19, 26, 27]. This time-delay characteristic may not
only trigger oscillatory behaviors in the nervous system but also exert a significant influ-
ence on its information processing capabilities. Consequently, the dynamical analysis of
time-delay BAM neural networks has received extensive attention.

Quaternions, as hypercomplex numbers, possess a unique noncommutative algebraic
structure. By introducing quaternion algebra into neural networks, which can more effec-
tively process multichannel data such as three-dimensional spatial rotations and color im-
ages. This overcomes the limitations of traditional real-valued neural networks (RVNNs)
in representing high-dimensional features and modeling intrinsic geometric relationships.
Studies have shown that QVNN has significant advantages in computer vision, three-
dimensional pose estimation, and signal processing [4, 5, 17]. By integrating quaternion
algebra into the BAM network, the QVBAMNNs model not only retains the bidirectional
associative memory capability but also significantly enhances its capacity for represent-
ing high-dimensional data, making it well-suited for multimodal information processing.
However, due to the complexity of the double-layer structure of the BAM model, the
study of the dynamic characteristics of QVBAMNNs faces significant challenges. Current
research primarily focuses on stability analysis [14,20,29,30], while research on dynamic
behavior synchronization control is relatively scarce and needs further improvement.

Synchronization, as a fundamental characteristic of complex dynamical systems, plays
a vital role in neural network studies, reflecting both cooperative neuron interactions and
system stability. The synchronization process involves complex nonlinear dynamics that
increase computational demands and pose theoretical challenges. When accounting for
practical factors like time-varying delays and stochastic disturbances, synchronization
behaviors become even more intricate. Consequently, investigating synchronization phe-
nomenon in time-delay neural networks is of great significance. Recent studies have
explored various synchronization types including exponential synchronization [2, 25],
projected synchronization [12], and finite-time synchronization [3, 15] through intermit-
tent, event-triggered, and adaptive control methods.

In recent years, the matrix measure approach has gained widespread popularity in
the analysis of neural network dynamics due to its unique advantages [7, 8, 10]. The
matrix measure approach has the following advantages: (i) eliminating complex Lyapunov
function construction and intricate integration calculations; (ii) providing more accurate,
less conservative results through sign-sensitivity compared to matrix norms; (iii) offering
flexible numerical ranges for processing mixed weight matrices. This method has been
successfully applied to various synchronization problems, including quasisynchronization
in delayed coupled networks [7], projection quasisynchronization in complex-valued net-
works with proportional delays [10], and synchronization in fractional-order delayed
networks [8]. To the best of our knowledge, the synchronization problem of QVBAMNNs
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with time-varying delays has not been explored through the matrix measure approach,
thus this work is considered both necessary and valuable.

Based on the aforementioned considerations, this paper investigates GAS and GES for
a class of QVBAMNNs with time-varying delays. The main contributions of this article
are as follows:

(i) Using quaternion decomposition, the system is transformed into an equivalent real-
valued form, which enables the classical matrix measure and Halanay inequality to
be reapplied within the real number domain. Sufficient conditions are established
for GAS with unbounded delays and GES with bounded delays.

(ii) A global synchronization method without the need to construct a Lyapunov func-
tion was adopted. By analyzing the error system and designing feedback con-
trollers, concise synchronization criteria are derived, avoiding complex quaternion-
domain constructions and simplifying the analysis.

(iii) Based on the matrix measure approach, the controller gain matrix does not need
to be symmetric, nor does it need to be positive definite or negative definite. The
final obtained synchronization conditions are presented in the form of norms and
metrics, and are independent of the delay, which is more verifiable and concise
than those from traditional methods.

The remainder of the paper is organized as follows. Section 2 presents the necessary
lemmas, assumptions, and model descriptions. Section 3 establishes sufficient conditions
for global synchronization of QVBAMNNs using the matrix measure and Halanay in-
equality. Section 4 provides two numerical examples supporting the theoretical results.
Section 5 concludes the paper.

Notations. This paper uses R, Rn, Rn×n, Q, Qn, Qn×n to represent the real numbers,
n-dimensional real vectors, n × n real matrices, quaternions, n-dimensional quaternion
vectors, and n × n quaternion matrices, respectively. Furthermore, XT represents the
transpose of matrix X .

2 Preliminaries

Quaternions are a type of hypercomplex numbers that generalize complex numbers. A qua-
ternion ℵ ∈ Q can be expressed as ℵ = ℵR+ℵI i+ℵJ j+ℵKk, where ℵR,ℵI ,ℵJ ,ℵK ∈ R,
the imaginary units i, j, and k comply with Hamilton’s multiplication rules, which are
defined as follows: i2 = j2 = k2 = −1, jk = −kj = i, ki = −ik = j, ij = −ji = k. The
modulus of the quaternion ℵ: |ℵ| =

√
ℵℵ∗ =

√
(ℵR)2 + (ℵI)2 + (ℵJ)2 + (ℵK)2. For

the quaternions ℵ = ℵR + ℵI i + ℵJ j + ℵKk and = = =R + =I i + =J j + =Kk, their
addition rule is as follows:

ℵ+ = =
(
ℵR + =R

)
+
(
ℵI + =I

)
i +
(
ℵJ + =J

)
j +
(
ℵK + =K

)
k.

The multiplication between them is defined by Hamilton’s multiplication rules as

ℵ= =
(
ℵR=R − ℵI=I − ℵJ=J − ℵK=K

)
+
(
ℵR=I + ℵI=R + ℵJ=K − ℵK=J

)
i

+
(
ℵR=J − ℵI=K + ℵJ=R + ℵK=I)j +

(
ℵR=K + ℵI=J − ℵJ=I + ℵK=R

)
k.
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In this paper, we consider a class of QVBAMNNs described by the following delay
differential equations:

ẋi(t) = −cixi(t) +

n∑
j=1

nijfj
(
yj(t)

)
+

n∑
j=1

mijfj
(
yj
(
t− δj(t)

))
+ hi, i = 1, 2, . . . ,m,

ẏj(t) = −djyj(t) +
m∑
i=1

qjigi
(
xi(t)

)
+

m∑
i=1

pjigi
(
xi
(
t− τi(t)

))
+ zj , j = 1, 2, . . . , n.

(1)

System (1) can be rewritten in the form of the following vector matrix:

ẋ(t) = −Cx(t) +Nf
(
y(t)

)
+Mf

(
y
(
t− δ(t)

))
+H,

ẏ(t) = −Dy(t) +Qg
(
x(t)

)
+ Pg

(
x
(
t− τ(t)

))
+ Z.

(2)

Model (1) is made up of two neural fields Fx and Fy , where x(t) = (x1(t), x2(t),
. . . , xn(t))T and y(t) = (y1(t), y2(t), . . . , ym(t))T are the state vectors in Fx and the
jth neuron in Fy , respectively. C = diag{c1, c2, . . . , cn}, D = diag{d1, d2, . . . , dm}
are self-connection positive definite diagonal weight matrices, N = (nij)n×m ∈ Qn×m,
M = (mij)n×m ∈ Qn×m, Q = (qji)m×n ∈ Qm×n, P = (pji)m×n ∈ Qm×n are the
interconnection weight matrices. f(y(t)) = (f1(y1(t)), f2(y2(t)), . . . , fm(ym(t)))T and
g(x(t)) = (g1(x1(t)), g2(x2(t)), . . . , gn(xn(t)))T are activation functions. δ(t) and τ(t)
are the corresponding time-varying delays. H and Z are the external input vector.

The initial value condition for system (1) is

xi(s1) = φi(s1), s1 ∈
[
t0 − τ(t), t0

]
, i = 1, 2, . . . ,m,

φi(s1) = φRi (s1) + φIi (s1)i + φJi (s1)j + φKi (s1)k,

yj(s2) = ϕj(s2), s2 ∈
[
t0 − δ(t), t0

]
, j = 1, 2, . . . , n,

ϕj(s2) = ϕRj (s2) + ϕIj (s2)i + ϕJj (s2)j + ϕKj (s2)k.

The state vector in (1) consists of quaternions denoted respectively

xi(t) = xRi (t) + xIi (t)i + xJi (t)j + xKi (t)k,

yj(t) = yRj (t) + yIj (t)i + yJj (t)j + yKj (t)k.

Similarly, the activation functions f(·) and g(·) can be expressed as respectively

fj(t) = fRj (t) + f Ij (t)i+ fJj (t)j + fKj (t)k,

gi(t) = gRi (t) + gIi (t)i+ gJi (t)j + gKi (t)k,

where fθ(·) = (fθ1 (·), fθ2 (·), . . . , fθn(·))T, gθ(·) = (gθ1(·), gθ2(·), . . . , gθm(·))T, fθj (·) :

R→ R, gθi (·) : R→ R for i = 1, 2, . . . ,m, j = 1, 2, . . . , n, θ = R, I, J,K.
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The response system of QVBAMNN (2) is taken as

u̇(t) = −Cu(t) +Nf
(
v(t)

)
+Mf

(
v
(
t− δ(t)

))
+H + λ(t),

v̇(t) = −Dv(t) +Qg
(
u(t)

)
+ Pg

(
u
(
t− τ(t)

))
+ Z + π(t),

(3)

where λ(t), π(t) are the control input to be designed. The initial conditions of are given
by

u(s) = φ̃(s), s ∈
[
t0 − τ(t), t0

]
,

φ̃(s) = φ̃R(s) + φ̃I(s)i + φ̃J(s)j + φ̃K(s)k,

y(s) = ϕ̃(s), s ∈
[
t0 − δ(t), t0

]
,

ϕ̃(s) = ϕ̃R(s) + ϕ̃I(s)i + ϕ̃J(s)j + ϕ̃K(s)k.

Here the synchronization errors between the drive system (2) and the response sys-
tem (3) are defined as

ε(t) = x(t)− u(t), e(t) = y(t)− v(t).

Then we obtain the error dynamics of (2) and the response system (3) with the fol-
lowing vector matrix form:

ε̇(t) = −Cε(t) +Nf
(
e(t)

)
+Mf

(
e
(
t− δ(t)

))
+ λ(t),

ė(t) = −De(t) +Qg
(
ε(t)

)
+ Pg

(
ε
(
t− τ(t)

))
+ π(t),

(4)

where f(e(t)) = f(y(t)) − f(v(t)), f(e(t − δ(t))) = f(y(t − δ(t))) − f(v(t − δ(t))),
g(ε(t)) = g(x(t))− g(u(t)), and g(ε(t− τ(t))) = g(x(t− τ(t)))− g(u(t− τ(t))).

Using Hamilton’s principle, the QVBAMNN (4) is decomposed into the following
eight real-valued systems:

ε̇R(t) = −CεR(t)

+
(
NRfR

(
eR(t)

)
−N If I

(
eI(t)

)
−NJfJ

(
eJ(t)

)
−NKfK

(
eK(t)

))
+
(
MRfR

(
eR
(
t− δ(t)

))
−M If I

(
eI
(
t− δ(t)

))
−MJfJ

(
eJ
(
t− δ(t)

))
−MKfK

(
eK
(
t− δ(t)

)))
+ λR(t), (5)

ε̇I(t) = −CεI(t)
+
(
NRf I

(
eI(t)

)
+N IfR

(
eR(t)

)
+NJfK

(
eK(t)

)
−NKfJ

(
eJ(t)

))
+
(
MRf I

(
eI
(
t− δ(t)

))
+M IfR

(
eR
(
t− δ(t)

))
+MJfK

(
eK
(
t− δ(t)

))
−MKfJ

(
eJ
(
t− δ(t)

)))
+ λI(t), (6)

ε̇J(t) = −CεJ(t)

+
(
NRfJ

(
eJ(t)

)
+NJfR

(
eR(t)

)
−N IfK

(
eK(t)

)
+NKf I

(
eI(t)

))
+
(
MRfJ

(
eJ
(
t− δ(t)

))
+MJfR

(
eR
(
t− δ(t)

))
−M IfK

(
eK
(
t− δ(t)

))
+MKf I

(
eI
(
t− δ(t)

)))
+ λJ(t), (7)
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ε̇K(t) = −CεK(t)

+
(
NRfK

(
eK(t)

)
+NKfR

(
eR(t)

)
−NJf I

(
eI(t)

)
+N IfJ

(
eJ(t)

))
+
(
MRfK

(
eK
(
t− δ(t)

))
+MKfR

(
eR
(
t− δ(t)

))
−MJf I

(
eI
(
t− δ(t)

))
+M IfJ

(
eJ
(
t− δ(t)

)))
+ λK(t), (8)

ėR(t) = −DeR(t)

+
(
QRgR

(
εR(t)

)
−QIgI

(
εI(t)

)
−QJgJ

(
εJ(t)

)
−QKgK

(
εK(t)

))
+
(
PRgR

(
εR
(
t− τ(t)

))
− P IgI

(
εI
(
t− τ(t)

))
− P JgJ

(
εJ
(
t− τ(t)

))
− PKgK

(
εK
(
t− τ(t)

)))
+ πR(t), (9)

ėI(t) = −DeI(t)
+
(
QRgI

(
εI(t)

)
+QIgR

(
εR(t)

)
+QJgK

(
εK(t)

)
−QKgJ

(
εJ(t)

))
+
(
PRgI

(
εI
(
t− τ(t)

))
+ P IgR

(
εR
(
t− τ(t)

))
+ P JgK

(
εK
(
t− τ(t)

))
− PKgJ

(
εJ
(
t− τ(t)

)))
+ πI(t), (10)

ėJ(t) = −DeJ(t)

+
(
QRgJ

(
εJ(t)

)
+QJgR

(
εR(t)

)
−QIgK

(
εK(t)

)
+QKgI

(
εI(t)

))
+
(
PRgJ

(
εJ
(
t− τ(t)

))
+ P JgR

(
εR
(
t− τ(t)

))
− P IgK

(
εK
(
t− τ(t)

))
+ PKgI

(
εI
(
t− τ(t)

)))
+ πJ(t), (11)

ėK(t) = −DeK(t)

+
(
QRgK

(
εK(t)

)
+QKgR

(
εR(t)

)
−QJgI

(
εI(t)

)
+QIgJ

(
εJ(t)

))
+
(
PRgK

(
εK
(
t− τ(t)

))
+ PKgR

(
εR
(
t− τ(t)

))
− P JgI

(
εI
(
t− τ(t)

))
+ P IgJ

(
εJ
(
t− τ(t)

)))
+ πK(t). (12)

where εθ(t) = xθ(t) − uθ(t), eθ(t) = yθ(t) − vθ(t), fθ(e(t)) = fθ(x(t)) − fθ(u(t)),
gθ(ε(t)) = gθ(y(t)) − gθ(v(t)), fθ(e(t − δ(t))) = fθ(x(t − δ(t))) − fθ(u(t − δ(t))),
gθ(ε(t− τ(t))) = gθ(y(t− τ(t)))− gθ(v(t− τ(t))) (θ = R, I, J,K).

Assumption 1. The activation functions fθj (·), gθi (·) (i = 1, 2, . . . ,m, j = 1, 2, . . . , n,
θ = R, I, J,K), where fj(x) = fRj (xR) + f Ij (xI)i + fJj (xJ)j + fKj (xK)k, gi(x) =

gRi (xR) + gIi (xI)i + gJi (xJ)j + gKi (xK)k, satisfy the following Lipschitz criteria for
every a, b ∈ R:∥∥fθj (a)− fθj (b)

∥∥
ϕ
6 lθj‖a− b‖ϕ,

∥∥gθi (a)− gθi (b)
∥∥
ϕ
6 ηθi ‖a− b‖ϕ,

where lθj , η
θ
i > 0 are real constants, and ϕ = 1, 2,∞.

Assumption 2. Assume that the time delays in system (2) satisfy 0 6 δ(t), τ(t) and the
following conditions:

lim
t→∞

(
t− δ(t)

)
= +∞, lim

t→∞

(
t− τ(t)

)
= +∞.
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Assumption 3. Assume that the time delays in system (2) satisfy the following condi-
tions:

0 6 δ(t) 6 δ, 0 6 τ(t) 6 τ.

Definition 1. The drive system (2) and the response system (3) are said to be globally
asymptotically synchronized if

lim
t→∞

(∥∥xθ(t)− uθ(t)∥∥
ϕ

+
∥∥yθ(t)− vθ(t)∥∥

ϕ

)
= 0,

where θ = R, I, J,K and ϕ = 1, 2,∞.

Definition 2. The drive system (2) and the response system (3) are said to be exponen-
tially synchronized if there exist constants k > 1 and λ > 0 such that∑
θ∈{R,I,J,K}

(∥∥xθ(t)− uθ(t)∥∥
ϕ

+
∥∥yθ(t)− vθ(t)∥∥

ϕ

)
6 k sup

t0−σ6t6t0

( ∑
θ∈{R,I,J,K}

(∥∥φθ(s)− φ̃θ(s)∥∥
ϕ

+
∥∥ϕθ(s)− ϕ̃θ(s)∥∥

ϕ

))
e−λ(t−t0)

under the condition t > t0, where ϕ = 1, 2,∞.

Definition 3. (See [13].) The matrix measure of a real square matrix A = (aij)n×n is as
follows:

µp(A) = lim
α→0+

‖I + αA‖ϕ − 1

α
,

where ‖·‖ϕ is an induced matrix norm on Rn×n, I is the identity matrix, and ϕ = 1, 2,∞.

When the matrix norm ‖A‖1 = maxj
∑n
i=1 |aij |, ‖A‖2 =

√
λmax(ATA), ‖A‖∞ =

maxi
∑n
j=1 |aij |, we can obtain the matrix measure

µ1(A) =

{
max
j
ajj +

n∑
i=1, i 6=j

|aij |

}
, µ2(A) =

1

2
λmax

(
AT +A

)
,

µ∞(A) = max
i

{
aii +

n∑
j=1, j 6=i

aij |

}
.

Remark 1. A comparison of the definitions and properties of matrix norms and matrix
measures reveals significant differences between the two. Matrix norms always yield non-
negative values and satisfy ‖ − A‖ϕ = ‖A‖ϕ, meaning they are insensitive to the sign of
a matrix. In contrast, the matrix measure µω(A) can take on either positive or negative
values, and generally satisfies µω(A) 6= µω(−A). This sign sensitivity endows the matrix
measure with stronger adaptability in the synchronization analysis of systems, enabling it
to yield more precise synchronization criteria.

The following lemmas are necessary for the main results.
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Lemma 1. (See [11].) Let ξ(t) > 0 be a continuous function defined for t ∈ R that
satisfies

ξ̇(t) 6 −αξ(t) + β sup
t−δ(t)6s6t

ξ(s), t > t0,

where α and β are constants satisfying α > β > 0, and the time-varying δ(t) > 0
satisfies limt→∞(t− δ(t)) = +∞. Then

lim
t→∞

ξ(t) = 0.

Lemma 2. (See [11].) Consider the nonnegative continuous function Φ(t), which is
defined on [t0 − σ(t), +∞]. Assume that there exist constants k1 > k2 > 0 such that for
t > t0,

D+
(
Φ(t)

)
6 −k1Φ(t) + k2Φ̄(t),

where Φ̄(t) , supt−t06m6t Φ(m). Then the inequality

Φ(t) 6 Φ̄(t)e−q(t−t0), t > t0,

holds. Here q > 0 denotes the unique solution of q = k1 − k2eqσ , and D+Φ(t) is defined
as

D+Φ(t) = lim
α→0

Φ(t+ α)− Φ(t)

α
.

Lemma 3. (See [6].) The matrix measure µϕ(·) defined in Definition 3 has the following
properties:

(i) −‖A‖ϕ 6 µϕ(A) 6 ‖A‖ϕ for all A ∈ Rn×n;
(ii) µϕ(αA) = αµϕ(A) for all α > 0 and all A ∈ Rn×n;

(iii) µϕ(A+B) 6 µϕ(A) + µϕ(B) for all A,B ∈ Rn×n.

3 Main results

The control input vectors are designed as

λθ(t) = ωεθ(t), πθ(t) = ω̃eθ(t), θ = R, I, J,K, (13)

where λθ(t) = [λθ1(t), λθ2(t), . . . , λθi (t)]
T, πθ(t) = [πθ1(t), πθ2(t), . . . , πθj (t)]

T,

ω =

ω11 · · · ω1i

...
. . .

...
ωi1 · · · ωii

 and ω̃ =

ω̃11 · · · ω̃1j

...
. . .

...
ω̃j1 · · · ω̃jj


are controller gain matrices.

Theorem 1. Under Assumptions 1 and 2, if controller gain matrices satisfy

0 6 2 max(L̄M̃ , Γ̄ P̃ ) < −max
(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)
, (14)

then the QVBAMNN (3) will be GAS with the response system (2).
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https://www.journals.vu.lt/nonlinear-analysis


Synchronization of QVBAMNNs with time-varying delays 9

Proof. Let us define

L
(
ε(t), e(t)

)
= L

(
ε(t)

)
+ L

(
e(t)

)
,

where

L
(
ε(t)) =

∥∥εR(t)
∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ
,

L
(
e(t)

)
=
∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ
.

Based on the Dini derivative and the Taylor theorem of Peano’s reminder, we can calculate
the derivative of L(ε(t), e(t)) as follows:

D+L
(
ε(t), e(t)

)
= lim
α→0+

[
‖εR(t+α)‖ϕ + ‖εI(t+α)‖ϕ + ‖εJ(t+α)‖ϕ + ‖εK(t+α)‖ϕ

α

+
‖eR(t+ α)‖ϕ + ‖eI(t+ α)‖ϕ + ‖eJ(t+ α)‖ϕ + ‖eK(t+ α)‖ϕ

α

− ‖ε
R(t)‖ϕ + ‖εI(t)‖ϕ + ‖εJ(t)‖ϕ + ‖εK(t)‖ϕ

α

−
‖eR(t)‖ϕ + ‖eI(t)‖ϕ + ‖eJ(t)‖ϕ + ‖eK(t)‖ϕ

α

]
= lim
α→0+

[‖εR(t) + αε̇R(t) + φ(α)‖ϕ + ‖εI(t) + αε̇I(t) + φ(α)‖ϕ
α

+
‖εJ(t) + αε̇J(t) + φ(α)‖ϕ + ‖εK(t) + αε̇K(t) + φ(α)‖ϕ

α

+
‖eR(t) + αėR(t) + φ(α)‖ϕ + ‖eI(t) + αėI(t) + φ(α)‖ϕ

α

+
‖eJ(t) + αėJ(t) + φ(α)‖ϕ + ‖eK(t) + αėK(t) + φ(α)‖ϕ

α

− ‖ε
R(t)‖ϕ + ‖εI(t)‖ϕ + ‖εJ(t)‖ϕ + ‖εK(t)‖ϕ

α

−
‖eR(t)‖ϕ + ‖eI(t)‖ϕ + ‖eJ(t)‖ϕ + ‖eK(t)‖ϕ

α

]
.

Now from (5)–(12) and (13) we get

lim
α→0+

‖εR(t) + αε̇R(t) + φ(α)‖ϕ − ‖εR(t)‖ϕ
α

= lim
α→0+

[
1

α

(∥∥εR(t) + α
(
−CεR(t) +

(
NRfR

(
eR(t)

)
−N If I

(
eI(t)

)
−NJfJ

(
eJ(t)

)
−NKfK

(
eK(t)

))
+
(
MRfR

(
eR
(
t− δ(t)

))
−M If I

(
eI
(
t− δ(t)

))
−MJfJ

(
eJ
(
t− δ(t)

))
−MKfK

(
eK
(
t− δ(t)

)))
+ λR(t)

)
+ φ(α)‖ϕ −

∥∥εR(t)
∥∥
ϕ

)]
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6 lim
α→0+

[‖I + α(ω − C)‖ϕ − 1

α
‖εR(t)‖ϕ +

∥∥NR
∥∥
ϕ

∥∥fR(eR(t)
)∥∥
ϕ

+
∥∥N I

∥∥
ϕ

∥∥f I(eI(t))∥∥
ϕ

+
∥∥NJ

∥∥
ϕ

∥∥fJ(eJ(t)
)∥∥
ϕ

+
∥∥NK

∥∥
ϕ

∥∥fK(eK(t)
)∥∥
ϕ

+
∥∥MR

∥∥
ϕ

∥∥fR(eR(t− δ(t)))∥∥
ϕ

+
∥∥M I

∥∥
ϕ

∥∥f I(eI(t− δ(t)))∥∥
ϕ

+
∥∥MJ

∥∥
ϕ

∥∥fJ(eJ(t− δ(t)))∥∥
ϕ

+
∥∥MK

∥∥
ϕ

∥∥fK(eK(t− δ(t)))∥∥
ϕ

]
. (15)

Using Assumption 1, we have∥∥fR(eR(t)
)∥∥
ϕ
6 lR

(∥∥eR(t)
∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
. (16)

Similarly, one can obtain that∥∥f I(eI(t))∥∥
ϕ
6 lI

(∥∥eR(t)
∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
,∥∥fJ(eJ(t)

)∥∥
ϕ
6 lJ

(∥∥eR(t)
∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
,∥∥fK(eK(t)

)∥∥
ϕ
6 lK

(∥∥eR(t)
∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
, (17)∥∥fR(eR(t− δ(t))∥∥

ϕ
6 lR

(∥∥eR(t− δ(t)
)∥∥
ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ

+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)
,∥∥f I(eI(t− δ(t)))∥∥

ϕ
6 lI

(∥∥eR(t− δ(t))∥∥
ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ

+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)
,∥∥fJ(eJ(t− δ(t)))‖ϕ 6 lJ

(∥∥eR(t− δ(t))∥∥
ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ

+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)
,∥∥fK(eK(t− δ(t)))∥∥

ϕ
6 lK

(∥∥eR(t− δ(t))∥∥
ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ

+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)
. (18)

For function gθ(·), the following inequalities hold:∥∥gR(εR(t)
)∥∥
ϕ
6 ηR

(∥∥εR(t)
∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
,∥∥gI(εI(t))∥∥

ϕ
6 ηI

(∥∥εR(t)
∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
,∥∥gJ(εJ(t)

)∥∥
ϕ
6 ηJ

(∥∥εR(t)
∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
,∥∥gK(εK(t)

)∥∥
ϕ
6 ηK

(∥∥εR(t)
∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
,∥∥gR(εR(t− τ(t)

))∥∥
ϕ
6 ηR

(
‖εR

(
t− τ(t)

)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

),∥∥gI(εI(t− τ(t)
))
‖
ϕ
6 ηI

(∥∥εR(t− τ(t)
)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)
,
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∥∥gJ(εJ(t− τ(t)
))∥∥

ϕ
6 ηJ

(∥∥εR(t− τ(t)
)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)
,∥∥gK(εK(t− τ(t)

))∥∥
ϕ
6 ηK

(∥∥εR(t− τ(t)
)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)
‖
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)
.

By substituting (16)–(18) into inequality (15), we obtain

lim
α→0+

‖εR(t) + αε̇R(t) + φ(α)‖ϕ −
∥∥εR(t)

∥∥
ϕ

α

6 lim
α→0+

[‖I + α(ω − C)‖ϕ − 1

α

∥∥εR(t)
∥∥
ϕ

+
∥∥NR

∥∥
ϕ

(
lR
(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ

+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

))
+
∥∥N I

∥∥
ϕ

(
lI
(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

))
+
∥∥NJ

∥∥
ϕ

(
lJ
(∥∥eR(t)‖

ϕ
+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

))
+
∥∥NK

∥∥
ϕ

(
lK
(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

))
+
∥∥MR‖

ϕ

(
lR
(∥∥eR(t− δ(t))∥∥

ϕ
+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ

+
∥∥eK(t− δ(t))∥∥

ϕ

))
+
∥∥M I

∥∥
ϕ

(
lI
(∥∥eR(t− δ(t))∥∥

ϕ
+
∥∥eI(t− δ(t))∥∥

ϕ

+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

))
+
∥∥MJ‖ϕ

(
lJ
(∥∥eR(t− δ(t))∥∥

ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

))
+
∥∥MK

∥∥
ϕ

(
lK
(∥∥eR(t− δ(t))∥∥

ϕ
+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ

+
∥∥eK(t− δ(t))∥∥

ϕ

))]
= lim
α→0+

[
‖I + α(ω − C)‖ϕ − 1

α

∥∥εR(t)
∥∥
ϕ

+
(∥∥NR

∥∥
ϕ
lR +

∥∥N I
∥∥
ϕ
lI

+
∥∥NJ

∥∥
ϕ
lJ +

∥∥NK
∥∥
ϕ
lK
)(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
+
(∥∥MR

∥∥
ϕ
lR +

∥∥M I
∥∥
ϕ
lI +

∥∥MJ
∥∥
ϕ
lJ +

∥∥MK
∥∥
ϕ
lK
)(∥∥eR(t− δ(t))∥∥

ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)]
. (19)

Likewise, we have

lim
α→0+

‖εI(t) + αε̇I(t) + φ(α)‖ϕ −
∥∥εI(t)∥∥

ϕ

α

6 lim
α→0+

[‖I + α(ω − C)‖ϕ − 1

α

∥∥εI(t)∥∥
ϕ

+
(∥∥NR

∥∥
ϕ
lI +

∥∥N I‖ϕlR

+
∥∥NJ

∥∥
ϕ
lK +

∥∥NK‖ϕlJ
)(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
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+
(∥∥MR

∥∥
ϕ
lI +

∥∥M I
∥∥
ϕ
lR +

∥∥MJ
∥∥
ϕ
lK +

∥∥MK
∥∥
ϕ
lJ
)(∥∥eR(t− δ(t))∥∥

ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)]
, (20)

lim
α→0+

‖εJ(t) + αε̇J(t) + φ(α)‖ϕ −
∥∥εJ(t)

∥∥
ϕ

α

6 lim
α→0+

[‖I + α(ω − C)‖ϕ − 1

α

∥∥εJ(t)
∥∥
ϕ

+
(∥∥NR

∥∥
ϕ
lJ +

∥∥NJ
∥∥
ϕ
lR

+
∥∥N I

∥∥
ϕ
lK +

∥∥NK
∥∥
ϕ
lI
)(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
+
(∥∥MR

∥∥
ϕ
lJ +

∥∥MJ
∥∥
ϕ
lR +

∥∥M I
∥∥
ϕ
lK +

∥∥MK
∥∥
ϕ
lI
)(∥∥eR(t− δ(t))∥∥

ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)]
, (21)

lim
α→0+

‖εK(t) + αε̇K(t) + φ(α)‖ϕ −
∥∥εK(t)

∥∥
ϕ

α

6 lim
α→0+

[‖I + α(ω − C)‖ϕ − 1

α

∥∥εK(t)
∥∥
ϕ

+
(∥∥NR

∥∥
ϕ
lK +

∥∥NK
∥∥
ϕ
lR

+
∥∥NJ

∥∥
ϕ
lI +

∥∥N I
∥∥
ϕ
lJ
)(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
+
(∥∥MR

∥∥
ϕ
lK +

∥∥MK
∥∥
ϕ
lR +

∥∥MJ
∥∥
ϕ
lI +

∥∥M I
∥∥
ϕ
lJ
)(∥∥eR(t− δ(t))∥∥

ϕ

+
∥∥eI(t− δ(t))∥∥

ϕ
+ ‖eJ

(
t− δ(t)

)∥∥
ϕ

+
∥∥eK(t− δ(t))∥∥

ϕ

)]
. (22)

Similarly, for state vector e(t), we can get

lim
α→0+

‖eR(t) + αėR(t) + φ(α)‖ϕ −
∥∥eR(t)

∥∥
ϕ

α

6 lim
α→0+

[‖I + α(ω̃ −D)‖ϕ − 1

α

∥∥eR(t)
∥∥
ϕ

+
(∥∥QR∥∥

ϕ
ηR +

∥∥QI∥∥
ϕ
ηI

+
∥∥QJ∥∥

ϕ
ηJ +

∥∥QK∥∥
ϕ
ηK
)(∥∥εR(t)

∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
+
(∥∥PR∥∥

ϕ
ηR +

∥∥P I∥∥
ϕ
ηI +

∥∥P J∥∥
ϕ
ηJ +

∥∥PK∥∥
ϕ
ηK
)(∥∥εR(t− τ(t)

)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)]
, (23)

lim
α→0+

‖eI(t) + αėI(t) + φ(α)‖ϕ −
∥∥eI(t)∥∥

ϕ

α

6 lim
α→0+

[‖I + α(ω̃ −D)‖ϕ − 1

α

∥∥eI(t)∥∥
ϕ

+
(∥∥QR∥∥

ϕ
ηI +

∥∥QI∥∥
ϕ
ηR

+
∥∥QJ∥∥

ϕ
ηK +

∥∥QK∥∥
ϕ
ηJ
)(∥∥εR(t)

∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
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+
(∥∥PR∥∥

ϕ
ηI +

∥∥P I∥∥
ϕ
ηR +

∥∥P J∥∥
ϕ
ηK +

∥∥PK∥∥
ϕ
ηJ
)(∥∥εR(t− τ(t)

)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)]
, (24)

lim
α→0+

‖eJ(t) + αėJ(t) + φ(α)‖ϕ −
∥∥eJ(t)

∥∥
ϕ

α

6 lim
α→0+

[‖I + α(ω̃ −D)‖ϕ − 1

α

∥∥eJ(t)
∥∥
ϕ

+
(∥∥QR∥∥

ϕ
ηJ +

∥∥QJ∥∥
ϕ
ηR

+
∥∥QI∥∥

ϕ
ηK +

∥∥QK∥∥
ϕ
ηI
)(∥∥εR(t)

∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
+
(∥∥PR∥∥

ϕ
ηJ +

∥∥P J∥∥
ϕ
ηR +

∥∥P I∥∥
ϕ
ηK +

∥∥PK∥∥
ϕ
ηI
)(∥∥εR(t− τ(t)

)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)]
, (25)

lim
α→0+

‖eK(t) + αėK(t) + φ(α)‖ϕ −
∥∥eK(t)

∥∥
ϕ

α

6 lim
α→0+

[‖I + α(ω̃ −D)‖ϕ − 1

α

∥∥eK(t)
∥∥
ϕ

+
(∥∥QR∥∥

ϕ
ηK +

∥∥QK∥∥
ϕ
ηR

+
∥∥QJ∥∥

ϕ
ηI +

∥∥QI∥∥
ϕ
ηJ
)(∥∥εR(t)

∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
+
(∥∥PR∥∥

ϕ
ηK +

∥∥PK∥∥
ϕ
ηR +

∥∥P J∥∥
ϕ
ηI +

∥∥P I∥∥
ϕ
ηJ
)(∥∥εR(t− τ(t)

)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)]
. (26)

Then using Definition 3 and Lemma 3 and adding (19)–(26) yields

D+L
(
ε(t), e(t)

)
6 µϕ(ω − C)

(∥∥εR(t)
∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
+
(
lR + lI + lJ + lK

)(∥∥NR
∥∥
ϕ

+
∥∥N I

∥∥
ϕ

+
∥∥NJ

∥∥
ϕ

+
∥∥NK

∥∥
ϕ

)
×
(∥∥eR(t)

∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
+
(
lR + lI + lJ + lK

)(∥∥MR
∥∥
ϕ

+
∥∥M I

∥∥
ϕ

+
∥∥MJ

∥∥
ϕ

+
∥∥MK

∥∥
ϕ

)
×
(∥∥eR(t− δ(t))∥∥

ϕ
+
∥∥eI(t− δ(t))∥∥

ϕ
+
∥∥eJ(t− δ(t))∥∥

ϕ
+
∥∥eK(t− δ(t))∥∥

ϕ

)
+ µϕ(ω̃ −D)

(∥∥eR(t)
∥∥
ϕ

+
∥∥eI(t)∥∥

ϕ
+
∥∥eJ(t)

∥∥
ϕ

+
∥∥eK(t)

∥∥
ϕ

)
+
(
ηR + ηI + ηJ + ηK

)(∥∥QR∥∥
ϕ

+
∥∥QI∥∥

ϕ
+
∥∥QJ∥∥

ϕ
+
∥∥QK∥∥

ϕ

)
×
(∥∥εR(t)

∥∥
ϕ

+
∥∥εI(t)∥∥

ϕ
+
∥∥εJ(t)

∥∥
ϕ

+
∥∥εK(t)

∥∥
ϕ

)
+
(
ηR + ηI + ηJ + ηK

)(∥∥PR∥∥
ϕ

+
∥∥P I∥∥

ϕ
+
∥∥P J∥∥

ϕ
+
∥∥PK∥∥

ϕ

)
×
(∥∥εR(t− τ(t)

)∥∥
ϕ

+
∥∥εI(t− τ(t)

)∥∥
ϕ

+
∥∥εJ(t− τ(t)

)∥∥
ϕ

+
∥∥εK(t− τ(t)

)∥∥
ϕ

)
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6 max
(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)(
L
(
ε(t)

)
+ L

(
e(t)

))
+ max

(
L̄M̃ , Γ̄ P̄

)((
L
(
ε
(
t− τ(t)

))
+ L

(
e
(
t− δ(t)

))))
, (27)

where

L̄Ñ =
(
lR + lI + lJ + lK

)(∥∥NR
∥∥
ϕ

+
∥∥N I

∥∥
ϕ

+
∥∥NJ

∥∥
ϕ

+
∥∥NK

∥∥
ϕ

)
,

Γ̄ Q̃ =
(
ηR + ηI + ηJ + ηK

)(∥∥QR∥∥
ϕ

+
∥∥QI∥∥

ϕ
+
∥∥QJ∥∥

ϕ
+
∥∥QK∥∥

ϕ

)
,

L̄M̃ =
(
lR + lI + lJ + lK

)(∥∥MR
∥∥
ϕ

+
∥∥M I

∥∥
ϕ

+
∥∥MJ

∥∥
ϕ

+
∥∥MK

∥∥
ϕ

)
,

Γ̄ P̃ =
(
ηR + ηI + ηJ + ηK

)(∥∥PR∥∥
ϕ

+
∥∥P I∥∥

ϕ
+
∥∥P J∥∥

ϕ
+
∥∥PK∥∥

ϕ

)
.

Define time delay ρ(t) = max(δ(t), τ(t)).
From Assumption 2 we can obtain limt→∞(t− ρ(t)) =∞. Then for (27), we have

D+L
(
ε(t), e(t)

)
6 max

(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)(
L
(
ε(t)

)
+ L

(
e(t)

))
+ max

(
L̄M̃ , Γ̄ P̄

)((
L
(
ε
(
t− τ(t)

)
, e
(
t− τ(t)

))
+ L

(
ε
(
t− δ(t)

)
, e
(
t− δ(t)

))))
6 max

(
µϕ(ω − C) + Γ̄ Q̃, µϕ

(
ω̃ −D

)
+ L̄Ñ

)(
L
(
ε(t)

)
+ L

(
e(t)

))
+ max

(
L̄M̃ , Γ̄ P̄

)(
sup

s∈[t−ρ(t), t]
L
(
ε(s), e(s)

)
+ sup
s∈[t−ρ(t), t]

L
(
ε(s), e(s)

))
= max

(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)(
L
(
ε(t)

)
+ L

(
e(t)

))
+ 2 max

(
L̄M̃ , Γ̄ P̄

)
sup

s∈[t−ρ(t), t]
L
(
ε(s), e(s)

)
.

Let
α = −max

(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)
,

β = 2 max(L̄M̃ , Γ̄ P̃ ).

From condition (14) we have α > β > 0. By Lemma 1, it can be shown that ‖εθ(t)‖ϕ
(θ = R, I, J,K) and ‖eθ(t)‖ϕ(θ = R, I, J,K) converge globally asymptotically to zero,
leading to the conclusion that the master system in (2) and the response system in (3) are
GAS. The proof is complete.

Remark 2. At present, a large number of literatures have utilized the Lyapunov func-
tion method to study the dynamics of neural networks [1, 21, 28]. However, in practical
applications, selecting an appropriate Lyapunov function to prove the stability or syn-
chronization of neural networks is highly challenging and often involves complicated
integral computations. In this paper, we utilize the matrix measure approach and Halanay
inequality approach to analyze the synchronization conditions for QVBAMNNs. The
obtained synchronization results, expressed in terms of norms and measures, are more
concise compared to the matrix-form results derived through Lyapunov function methods.

Remark 3. We know that there is a noncommutative problem with quaternions. To over-
come this problem, the quaternion decomposition strategy was adopted, which decom-
posed the original system into equivalent real-valued subsystems. Although this method
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increased the dimension of the system in a formal sense, it enabled us to avoid the direct
handling difficulties brought about by noncommutativity and ultimately derived easily
verifiable synchronization conditions.

Remark 4. In the analysis of neural network synchronization, the boundedness of time
delay has a decisive influence on the convergence performance of the system. According
to [11], when the delay is unbounded, the generalized Halanay inequality can only guar-
antee the asymptotic synchronization of the system. When the time delay is bounded, the
exponential synchronization of the system can be established based on the Halanay in-
equality. Accordingly, Theorem 1 establishes GAS for QVBAMNN (2) under unbounded
delays, while Assumption 2 provides the bounded delay condition required for GES.

Theorem 2. Under Assumptions 1 and 3, if controller gain matrices satisfy

0 < max(L̄M̃ , Γ̄ P̃ ) < −max
(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)
, (28)

then the QVBAMNN (3) will be GES with the response system (2).

Proof. The proof is similar to that of Theorem 1, except that the scaling of (27) is differ-
ent. Here Lemma 2 is employed to obtain the GES of QVBAMNN (2).

Under Assumption 3, (27) is deflated as follows:

D+L
(
ε(t), e(t)

)
6 max

(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)(
L
(
ε(t)

)
+ L

(
e(t)

))
+ max

(
L̄M̃ , Γ̄ P̃

)((
L
(
ε
(
t− τ(t)

))
+ L

(
e
(
t− δ(t)

))))
6 max

(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)
L
(
ε(t), e(t)

)
+ max(L̄M̃ , Γ̄ P̃ ) sup

t−max(δ,τ)6s6t
L
(
ε(s), e(s)

)
.

Let

k1 = −max
(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + L̄Ñ

)
,

k2 = max(L̄M̃ , Γ̄ P̃ ).

From condition (28) we have k1 > k2 > 0. By Lemma 2, it can be shown that

L
(
ε(t), e(t)

)
6 sup
t0−max(δ,τ)6s6t0

L
(
ε(s), e(s)

)
e−λ(t−t0),

where λ is the unique positive solution of

λ = k1 − k2eλmax(δ,τ)

= −max
(
µϕ(ω − C) + Γ̄ Q̃, µϕ(ω̃ −D) + Γ̄ Ñ

)
−max(L̄M̃ , Γ̄ P̃ )eλmax(δ,τ).

According to Definition 2, we obtain that L(ε(t), e(t)) decays exponentially to zero at
the rate of max(δ, τ). By Lemma 3 it follows that ‖εθ(t)‖ϕ (θ = R, I, J,K) and ‖eθ(t)‖ϕ
(θ = R, I, J,K) converge globally and exponentially to zero, leading to the conclusion
that the master system in (2) is GES with respect to the response system in (3). The proof
is complete.
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4 Numerical examples

Example 1. Consider the master–response systems of 2-D QVBAMNN as

ẋ(t) = −Cx(t) +Nf
(
y(t)

)
+Mf

(
y
(
t− δ(t)

))
+H,

ẏ(t) = −Dy(t) +Qg
(
x(t)

)
+ Pg

(
x
(
t− τ(t)

))
+ Z,

(29)

u̇(t) = −Cu(t) +Nf
(
v(t)

)
+Mf

(
v
(
t− δ(t)

))
+H + λ(t),

v̇(t) = −Dv(t) +Qg
(
u(t)

)
+ Pg

(
u
(
t− τ(t)

))
+ Z + π(t),

(30)

where

C =

[
6.0 0
0 7.0

]
, N =

[
0.6 + 1.0i + 0.3j + 0.2k −2.0− 1.5i− 0.8j− 0.8k
0.2 + 0.5i + 0.2j + 0.3k 0.5 + 0.2i + 0.1j + 0.2k

]
,

D =

[
5.0 0
0 6.0

]
, Q =

[
1.2 + 1.1i + 0.5j + 0.3k −1.2− 1.3i− 1.0j− 1.0k
0.2 + 0.6i + 0.3j + 0.2k 0.3 + 0.2i + 0.1j + 0.3k

]
,

M =

[
0.4− 1.3i + 0.8j + 1.1k 1.2 + 0.3i− 1.5j + 0.6k
1.6− 1.2i + 0.8j + 0.8k 0.5− 0.8i + 1.0j + 1.0k

]
,

P =

[
1.1− 1.6i + 0.7j + 1.3k 1.2 + 1.0i− 1.6j + 0.8k
0.6− 2.2i + 0.7j + 1.1k 0.3− 1.6i + 1.2j + 0.8k

]
,

H =

[
0.8− 0.3i + 0.5j− 0.8k
−0.5 + 0.7i− 0.9j + 0.3k

]
Z =

[
0.9− 0.5i + 0.6j− 0.6k
−0.6 + 0.6i− 1.0j + 0.2k

]
,

and activation functions are f(y(t)) = tanh(y(t)), g(x(t)) = tanh(x(t)). The initial
value of QVBAMNN (29) is given by x1(0) = 1.5 + 0.5i − 1.2j − 4.0k, y1(0) = 2.2 +
1.2i− 1.1j− 4.2k, x2(0) = 5.0 + 0.3i + 0.6j− 1.4k, y2(0) = 5.5 + 0.1i + 0.2j− 1.6k,
and the initial value of QVBAMNN (30) is given by u1(0) = 5.0 − 2.0i + 3.0j − 4.0k,
v1(0) = 4.8− 2.2i + 4.0j− 3.2k, u2(0) = −3.2 + 4.0i− 5.2j + 1.6k, v2(0) = 1− 2i +
1.5j− 1k, and δ(t) = 0.2

√
t, τ(t) = 0.1

√
t. Control gain matrix ω =

[−125 2
3 −118

]
, ω̃ =[−106 2

1 −105
]
. When norm ϕ = 2, system (29) meets Assumption 1. The other parameters

can be calculated as lθ = ηθ = 1, θ = R, I, J,K, and ‖NR‖2 = 2.04, ‖N I‖2 =
1.73, ‖NJ‖2 = ‖NK‖2 = 0.9, ‖PR‖2 = ‖P I‖2 = ‖P J‖2 = 1.84, ‖PK‖2 = 1.49,
‖MR‖2 = 1.8, ‖M I‖2 = 1.7, ‖MJ‖2 = ‖MK‖2 = 1.2, ‖QR‖2 = 1.49, ‖QI‖2 = 2.8,
‖QJ‖2 = 2.65, ‖QK‖2 = 1.73, µ2(ω − C) ≈ −124, µ2(ω̃ − D) = −109.5. We can
verify thar condition (14) of Theorem 1 is satisfied under the above parameters since

0 6 2 max(L̄M̃ , Γ̄ P̃ ) = 56

< −max
(
µ2(ω − C) + Γ̄ Q̃, µ2(ω̃ −D) + L̄Ñ

)
= 87.22,

i.e., α > β > 0. According to Theorem 1, QVBAMNNs (29) and (30) are GAS. Based
on the data mentioned above, state trajectories of variables xθi (t), uθi (t), yθi (t), vθi (t) (i =
1, 2) of the QVBAMNNs (29) and (30) without controller and with controller are shown in
Figs. 1 and 2, respectively. The results shown in Fig. 1 indicate that without controllers ω
and ω̃, the QVBAMNNs (29) and (30) failed to achieve synchronization. While from the
results in Fig. 2 it can be seen that after introducing thecontrollers, the QVBAMNNs (29)
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(a) (b)

(c) (d)

Figure 1. State trajectories of (29)–(30) without controller for xθi (t), u
θ
i (t), y

θ
i (t), v

θ
i (t).

(a) (b)

(c) (d)

Figure 2. State trajectories of (29)–(30) with controller for xθi (t), u
θ
i (t), y

θ
i (t), v

θ
i (t).
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(a) (b)

(c)

Figure 3. (a)–(b) Synchronization error of QVBAMNN. (c) Synchronization error for norm ϕ = 2.

and (30) achieved synchronization. The synchronization error is depicted in Fig. 3(a)–(b).
Similarly, when ϕ = 2, the error norm is shown in Fig. 3(c).

Example 2. Consider model (29)–(30), as well as the parameters of Example 1. Here we
simply change δ(t) = 0.2

√
t to δ(t) = 0.2sin2t and τ(t) = 0.1

√
t to τ(t) = 0.1sin2t,

thereby converting the unbounded time-varying delay to a bounded time-varying delay.
Controller gain matrix ω =

[−75 2
3 −78

]
, ω̃ =

[−76 2
1 −75

]
. When ϕ = 2, system (29) satis-

fies Assumption 1. The other parameters can be calculated as µ2(ω−C) ≈ −79.8, µ2(ω̃−
D) = −79.5. From Example 1 we know that k1 = −max(µ2(ω−C)+Γ̄ Q̃, µ2(ω̃−D)+
L̄Ñ) = 45.12, and k2 = max(L̄M̃ , Γ̄ P̃ ) = 28, i.e., k1 > k2 > 0, and we have calculated
that q = 2.142 is the unique solution to equation q = 45.12− 28e0.2q . According to The-
orem 2, QVBAMNNs (29) and (30) are GES. State trajectories of variables xθi (t), u

θ
i (t),

yθi (t), vθi (t) (i = 1, 2) without controller and with controller are shown in Figs. 4–5,
respectively. Without controllers ω and ω̃, the system does not synchronize (Fig. 4),
whereas synchronization is achieved once control is applied (Fig. 5). The synchronization
error is shown in Fig. 6(a)–(b), and the error norm for ϕ = 2 is given in Fig. 6(c).

Remark 5. When the norm ϕ = 1, based on Example 1, condition (14) satisfies

0 < 2 max(L̄M̃ , Γ̄ P̃ ) = 70.4

< −max
(
µ1(ω − C) + Γ̄ Q̃, µ1(ω̃ −D) + L̄Ñ

)
= 77.4.

In the case where the norm ϕ =∞, condition (14) satisfies

0 < 2 max(L̄M̃ , Γ̄ P̃ ) = 72.8

< −max
(
µ∞(ω − C) + Γ̄ Q̃, µ∞(ω̃ −D) + L̄Ñ

)
= 80.

Similarly, condition (28) also holds true.
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(a) (b)

(c) (d)

Figure 4. State trajectories of (29)–(30) without controller for xθi (t), u
θ
i (t), y

θ
i (t), v

θ
i (t).

(a) (b)

(c) (d)

Figure 5. State trajectories of (29)–(30) with controller for xθi (t), u
θ
i (t), y

θ
i (t), v

θ
i (t).
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(a) (b)

(c)

Figure 6. (a)–(b) Synchronization error of QVBAMNN. (c) Synchronization error for norm ϕ = 2.

5 Conclusions

This paper investigates the synchronization control problem for QVBAMNNs with time-
varying delays. By decomposing the original system into equivalent RVNNs and design-
ing state feedback controllers, based on both unbounded and bounded time-varying delay,
using matrix measure approach and two forms of Halanay inequalities, sufficient condi-
tions are established to ensure GAS and GES of the system. Finally, numerical simulations
are used to verify the validity of the proposed theoretical results and the feasibility of the
control strategy. Next, we will consider adopting methods such as adaptive controllers
and sliding mode controllers to further explore the synchronization problem of QVNNs.
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