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Abstract. We address the existence, uniqueness, and averaging principle for Caputo—Hadamard
fractional dynamic systems with Dirichlet boundary conditions driven by Rosenblatt process and
pure Lévy jumps. First, Lemma 4 establishes the equivalent integral equation representation of
our system. Using this foundation, existence and uniqueness are proved by Banach’s contraction
principle under stochastic calculus, Lipschitz and finite energy conditions. Subsequently, under
appropriate averaging assumptions, the system is averaged out with time scale e. Mean-square
convergence between original solution and its counterpart is verified by employing tools such as
Wiener-It6 double integral, Cauchy—Schwarz, Doob’s martingale, and Gronwall-Bellman inequal-
ities. Eventually, computational example with numerical simulations is provided to support the
theoretical results.

Keywords: Caputo—Hadamard derivative, stochastic differential equation, averaging principle,
Lévy jumps, Rosenblatt process.

1 Introduction

We aim to discuss the fractional stochastic differential equation with Rosenblatt process
subject to small Lévy jumps as follows:

DY u(t) + XD u(t)

:X(t,u(t))+a(t,u(t))dRTh;(ﬂ+ /P(t,y,u(t)) N(dt,dy), tel, (1)
lyl<d

with Dirichlet boundary conditions

u(l) = ¢1, u(b) = dp.
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Here “IDY and CHD? ~! denote the Caputo-Hadamard fractional derivatives of order
1 <9 <2 \o¢1,0p € Ryand J = [1, ] is a time interval. Let ({2, F, P) be a complete
probability space with a normal filtration {; },c[1 ;). Consider two real separable Hilbert
spaces Z and U. Let Ry = {Rp (t), t > 0} be a U-valued Rosenblatt process with Hurst
parameter H € (1/2,1). The state u(-) takes values in a real separable Hilbert space Z
with norm ||-||. Let N be an F;-adapted Poisson random measure on J x (R™ \ {0}), and
let Y = {y: |y| < d, d € (0,00)} C R™\ {0} denote the set of admissible jumps.
Assume that (Y, 4, 1) is a o-finite measurable space. The mappings X : J X Z — Z,
0:JxZ— L3(U,Z),and P : J x Y x Z — Z are measurable and continuous.

Fractional calculus has garnered significant interest for its ability to effectively model
the dynamic behavior of systems exhibiting memory and hereditary characteristics. It is
significantly effective in characterising memory-based models, which has led to a growing
body of research [8, 16,22,27,33]. Stochastic differential equations (SDEs) are powerful
tools for addressing system problems influenced by random processes [14,20]. Fractional
systems with boundary constraints facilitate more precise simulations of real-world phys-
ical processes, encompassing systems with irregular geometries or complex boundary
conditions. This advancement enhances the understanding of stress distribution and heat
transfer in intricate, noisy environments. Additionally, such models are used in fluid
dynamics, where fractional derivatives are important for capturing the memory effects
seen in turbulent flows or in porous media, where randomness and jumps in the flow
behavior are crucial to the model’s accuracy [5,7,12,19,23,26].

The averaging principle is extensively utilized to examine the behavior of dynamical
systems and aids in comprehending their long-term by averaging fast oscillations. How-
ever, Khasminskii [15] was the first to introduce it in SDEs. His work made significant
contributions to solving uncertain problems in stochastic analysis, particularly regarding
the convergence of idle systems on the slow time scale as ¢ — 0. Following his pioneering
work, Cerrai et al. [4] discussed the application to stochastic reaction—diffusion equations.
[31] investigated the approximation properties of solutions to SDEs with non-Lipschitz
coefficients. Later, Xu et al. [30] explored the averaging principle for SDEs involving the
Caputo derivative, Cui et al. [6] examined averaging results for SDEs with impulses and
non-Lipschitz coefficients.

On the other hand, the Rosenblatt process, a self-similar, non-Gaussian stochastic, is
particularly effective for simulating situations characterized by a significant correlation
between current and remote past values, owing to its long-range dependence [24, 28].
Lévy jumps are part of Lévy noise. Lévy noise is a subclass of non-Gaussian noises.
Many fields, including physics, biology, and economics, exhibit random fluctuations
with breaks [3]. The averaging principle for fractional SDEs has evolved across several
dimensions: foundational work on fractional Brownian motion-driven SDEs [13] was
extended to time-delayed systems [10], impulsive ¢)-Hilfer systems with Poisson jumps
[11], and Lévy noise [18, 29]. Recent advances address Poisson jumps [2], Rosenblatt
process [9], and stability with Lévy noise [25].

The Caputo—Hadamard derivative, known by its logarithmic kernel, is specifically
suited for modeling extremely slow diffusion process. Despite its importance, research
on this operator is limited. Notably, Abbas et al. [1] established existence results for
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Caputo—Hadamard differential equations, while Mouy et al. [21] studied the same systems
with pantograph-type delay. Subsequently, Liu et al. [17] introduced a novel estimation
technique to address the challenges posed by the logarithmic term.

The existing averaging results for fractional stochastic systems primarily cover Caputo-
type derivatives driven by Brownian motion or Lévy noise [6, 18,25,29, 30]. Similarly,
studies involving the Rosenblatt process have focused on evolution equations without
boundary constraints [9]. For Caputo-Hadamard operators, the available works establish
only existence, uniqueness, or stability for deterministic or Brownian-driven systems
[1, 17,21], and none of them incorporate non-Gaussian long-memory noise or jump
discontinuities. To the best of our knowledge, there is no averaging principle available
for fractional dynamics that simultaneously involve: (i) the Caputo—Hadamard derivative,
(i1) Rosenblatt process and pure Lévy jumps, and (iii) Dirichlet boundary conditions.
Therefore, the framework developed in this manuscript fills a clear gap in the literature
and extends the scope of averaging theory to a class of non-Gaussian, memory-dependent
boundary value problems that were previously untreated.

The primary contributions of this manuscript are as follows: A novel boundary value
framework for fractional dynamic system, delivering slow diffusion process, is developed.
The main results of this manuscript are the establishment of existence and uniqueness
results in Lemma 4 via the Banach fixed point theorem, as well as the agreement between
the original solution and its averaged counterpart in the mean-square sense in Theorem 2.
Finally, numerical simulations are performed for better understanding of theoretical re-
sults.

2 Preliminaries

Let N be a F;-adapted Poisson random measure that is independent of Rosenblatt process
Ry, and let NV denote its compensated Poisson random measure defined as

where p is a Lévy measure satisfying fR”\{O} (Jyl2 A)pdy < oo, ie.

y2
d
/ T2y <o
R\ {0}

and f|y|<d P(t,y,u(t)) N(dt,dy) is called small jumps. Let (U, ||-||) and (Z, ||-||) be two
real separable Hilbert spaces. Let L(U,Z) represent the family of all bounded linear
operators from U to Z, equipped with the operator norm. Furthermore, let L2(Q'/?U, Z)
signify the separable Hilbert space of all Hilbert—Schmidt operators from Q*/2U into Z.

Definition 1. (See [28].) Letn : J — L3(Q'/?U, Z) be such that

Z HKI*{(W Ql/er)Hp(J,Z) < 0o.
j=1

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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It’s stochastic integral depending upon the Rosenblatt process is defined as

t o0
/ ’I7 dRQ Z
0

n(w QI/QGJ dr;(p)

<.

—
(=)
-~

>

(K7 (nQ"%¢;)) (w1, y2) AW (y1) WA (v2),

<.

A
(=)
o7

where K3, : J — L?([1,b]) is an operator, 7; (¢) — sequence of two-sided, one-dimensional
Rosenblatt process, and {e;, j = 1,2,...} is a complete orthonormal basis.

Lemma 1. (See [28].) Letn : J — L2(Q'/?U,Z) be such that

Z ||77Q1/26J’||L1/H(J,Z) <o

=1
Then, for any r,s € J with s > r, we have
2

< Cp(s— 2H 1Z/| Ql/ze H dw.

E / n(w) dRg(w)

T

If, in addition, Z;’;l ||’I7Q1/26j || converges uniformly for t € J, then it fulfils

S

[ ) drot)

T

E gCH(sfr)QHfl/Hn(w)Hng dw

T

Definition 2. (See [1].) The Hadamard fractional integral of order ¥ > 0 of a function u

is expressed as
Iﬂu(t)—l/t lnE ﬁil@ds t>1
T s s ’ '
1

Definition 3. (See [1].) The Hadamard fractional derivative of order m — 1 < ¥ < m for
u is expressed as

HpYa(t) = (ti) mHIm—%(t)

- (m1 19( >m1/( )m“uf) ds,

where m = [J] + 1, [J] — integer part of .

https://www.journals.vu.lt/nonlinear-analysis
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Definition 4. (See [1].) The Caputo—Hadamard fractional derivative of order m — 1 <
¥ < m of u is expressed as

A j(m;)’”“ug i

Lemma 2. (See [16,21].) Letm — 1 <9 <m, m € Nand u € C™ 1[1,00). Then

m—1 k
Ao [CHD;?U(S)] =u(s) — Z Cr lnks, cp = ﬁ (ti) u(t)

k=0

eR.

t=1

Lemma 3. (See [16,21].) Let 1 < ¢ < 2. Then
coln s

I

A1 DY u(s) = Hlu(s) —

3 Existence and uniqueness results

The following lemma serves as a foundational step toward the subsequent existence and
uniqueness analysis for system (1).

Lemma 4. Let u € Z. The Hadamard fractional integral equation of (1) is given by

b
u(t)z(x1nt+1)¢1+ﬁ—z ¢b—(Alnb+1)¢1+>\/L‘9)ds

) ()
b t

r&/( b) psy, U)N(ds’dy)]_kl/@ds

)R (o)

H@ﬂqum@wwmw

Proof. Multiplying both sides of Eq. (1) by I”, , we obtain
13 (P08, )(0) + 217, (DY) 1)

= Hp?, (X(t,u(t)) +o(t, u(t))%’ft(’f) + / P(t,y,u(t)) N(dt, dy)>.

lyl<d
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By using Lemma 2, we have

u(t) — co — ey logt + N7, (CHijlu) (t)

= Hpo, (X(t,u(t)) - a(t,u(t))%i(t) + / P(t,y,u(t)) N(dt, dy)>.

lyl<d

Now, to calculate 719, (CHijlu)(t), we use Lemma 3.

¢ ¢ o1
u(t):(/\lnt+1)co+cllnt—)\/us)ds—i—1/<lnt) Mds
1 1

(m t>19_1/P(3’y’u(s))N(ds,dy). )
Y

By using the boundary condition u(1) = ¢, we get ¢g = @1, and by using u(b) = ¢y,
we deduce that

b b -1
oy = (A(lnb)+l)¢1+c1lnb—)\/us)ds+1/<1nb> Mds
1 1

)
Ry

Cl_lnlbl% e j s, % 1/b (lnb>ﬁ—1x<s,su<s>> N
i (nt) o
) [ ]
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By substituting the values of ¢y and ¢; in Eq. (2), we get

u(t) = (At +1)é, +

b . ¢
_1“(119)1/<1nl;)§ Y/P<,ys, (s) (dsdy)] A1/ i)ds
S ey () e
+F(119)1/t(1nz)ﬁ_ly/”5’y; ) §(ds, dy)

Hence the desired result follows. O

The solution of system (1) can be defined as follows.
Definition 5. An F;-valued stochastic process {u(t), ¢ € [1,b]} is called a unique solu-

tion of system (1) if u(t) satisfies the following integral equation:

u(t) = (/\lnt+1)¢1+ s

b
¢b (Alnb+1) ¢1+/\/
1

" X (s u(s) 1 /b(ln> 7(5,005)) 41 (s)
s S s s

(=)

+ﬁ <lnz ﬁ_lX(S’S“(S” ds+F(179)1/t(ln z>ﬂ_10(5’“(5)) dRp(s)
i ()[R

We impose the necessary conditions to X, o, and P.

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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Hypothesis 1. For any uy,us € Z and ¢ € J, there exists C;, C» > 0 such that
@ (| X (Eu)|*V [|otun)|*V[[PEw)|]P < Cr(1+ fJud?),
) (X (6 w) = X (6 u)|PV o) — ot u)|* /HP tu1)— P(t, un)|*dy
< Oalur — s,

where u; V uz = max{uy, ua}.

Hypothesis 2. For any F;-adapted solutions » and w, there exists a constant C,, > 0 such

that
b

/ Hu(s) - w(s)szs

1

< C2.

€

E

Define
Bi={u (10> 2@:2) | sup B < o}
te(1,b]

equipped with the norm

lulls = sup (E[Ju)]?)".
te[1,b]

Then B is a Banach space. Define an operator £ : B — B by
L(u(t))

= (Alnt+ 1)y +

b 91 t
B F(lﬁ)l/(lng>9 Y/P(S,ys,u( ) N(ds’dy)l _)\1/u88)d5
oy f(ot) R b ) D
+ F(l)l/t(ln Z)ﬂ_ljp(s’y; (ds, dy)

We aim to show that the operator £ is a contraction map.

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 5. Under Hypothesis 1, the operator L satisfies

1)

w)HB < xllu —wllp  for some 3 € (0,1),

where 3 is given by
Oy In b~ 1z
(29 — 1I'2(v)

2
sp (1) <4 (4)
1<t<b Inb

and letting Au := u — w, we estimate the difference £(u) — £(w) by grouping similar
terms:

%:=4<A2 In®b + (Cu(b—1)*H~1 +2)>

Proof. Using the inequality

4
E||L(u) — L(w)|; <83 E|Jil2.

For
t

b
I = _)\/ Au(s) ds 4+ Alnt [ Au(s) ds,
s Inb s
1

1

using the Cauchy—Schwarz inequality and inequality (4),

E|J1]]> < A [In® b+ In*b] || Au||3 = 2A? In” b|| Aul 3.

t b
1 / v 1AX lnt / U= 1AXd
T T T *
1 1

by Cauchy—Schwarz inequality,

¢ 91 ¢ 202 ¢ 9
S S S S
1 1 1

Using Hypothesis 1(ii) and the change of variables r = In(¢/s),

For

E

Int

¢ 202 _
t ds 29— (Inp)2?-1
_ R < —
/(IHS) 5 /r dr<Sy—1
1 0

! v-1 2 20—1

/ In ! Aax ds|| < Cellnd)™" (Inb)
] S 29 — 1

1

we get

E | Aullg-

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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The same bound holds for the integral over [1, b], and using inequality (4), we obtain

Cy [(nd)2*~!  (Inb)22-! 20, (In b)2~!
2 < 2 2'
B < pis | g+ g | 1AulE = Zyye—s 1 Aul
Thus,
QCg(hlb)Qﬁ_l
E|J|? < o B
For
Jy= Lo j nt) A7 g (s) 4 b L /b DY AT (s)
T ) \Ms H Inb T(9) P HAS),
1 1
by Lemma 1,

E

L 9—1 2 t 202
t Ao E Aa||2
/(lns> —dRH( )| <C 2H 1/( ) Hsg
1 1

Using Hypothesis 1(ii) and the change of variables r = In(t/s), we get

t 29— 2ds Int Inb (ln b)2ﬂ71
/ In - — = /rw*Qe*T dr < /r2ﬂ72 dr < ———.
S s 20 — 1
1 0 0

p 9—1 2 _ 1\2H-1 20—1
/(lnt> ngH( )| < Cu(b-1) Ca(Inb)
s
1

= 20 — 1
An analogous argument for the integral over [1, b], together with inequality (4), gives

E||J5|*

Hence,

E 1Al

| Aull

. G [Cub- D2H=1(In b))t  Cy(b—1)?H-1(Inb)?'~!
S I2(0) 29 — 1 20 — 1
. 2CH(b — 1)2H—102(ln b)219_1

I2(9)(20 — 1) | Aul.
For
et [(o2) [

(ds,d

v—1

) /AP N(ds,dy),
S

w | o

b
121/1
T oW .

1

https://www.journals.vu.lt/nonlinear-analysis
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we first apply Itd isometry and inequality (4) to get

() 12
+1S<th<)b(lnb) E/b( >2(ﬁ_1)/”4§|2u(dy) ds].

By Hypothesis 1(ii),

E||J|* <

/ | AP|? u(dy) < Ca| Auts)|,

Y

2

and since s € [1, b], we have s~ < 1. Hence,

[0 e et e
- s /b( ) s | Aul.

Using the change of variables r = In(b/s), which yields r € [0,1n ],

2C’2

E||J4]* <

b b 29—2 Inbd Inbd (lnb)219 1
9 _ 20-2  —r </ 20-2 3. _
/(1118) ds /r e "dr dr 59 — 1
1 0 0

we finally obtain
2C5 (ln b)21971

2«
Bl < r2(9)(20 — 1)

| Al |-

Combining all estimates, we have

[£(u) — L(w)le
2.2 Cylnp?’ 1 2H—1 Yz
< 4()\ In“b+ —————(Cu(b—1) +2 ) | Au||s
(20 — DI )( )
Hence the desired result follows. ]

Theorem 1. Assume that the operator L : B — B is well-defined and » < 1. Then:

(i) there exists a unique u* € B such that u* = L(u*);
(ii) for any initial element uy € B, the sequence w1 := L(uy), n > 0, converges
inB tou*.

Proof. Let w41 := L(uy,) be defined recursively. By Lemma 5,

[tn41 — tunllB < 5[Jtn — un—1lB < - -+ < 5"(|L(uo) — uols-

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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Hence, {u,, } is a Cauchy sequence in the Banach space B and converges to some u* € B.
Passing to the limit in u,,+1 = L(u,,) gives the fixed-point identity u* = L(u*).
To prove uniqueness, let u* and w* be fixed points. Then

lu* —w*lls = || £(u") — L(w")

< |lu” — w*|p.

B

Since » < 1, this implies u* = w*. O

4 Averaging principle

In this section, we will study the averaging result for our system (1). First, we reformulate
the integral equation (3) in the following more convenient form with time scale € € (0, 1]:

ue(t)

S

t(m)w JECEECIE )
Y

LetX :Z —Z,6:7Z — L%(U,Z),and P : Y x Z — Z be continuous and measurable
functions representing the averaged forms of X : J x Z — Z, 0 : J x Z — L3(U,Z),
and P : J x Y x Z — Z, respectively.

The averaged counterpart w,(t) is defined as

we(t) .

qu (Alnb+ 1)y +)\/

L j() Ku(s), j( ANICCIPTE

https://www.journals.vu.lt/nonlinear-analysis
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t

L /(1b> [ Pl mds,dw] e

i (o0 ()
) s

Hypothesis 3. For any period T" € J and u, v € Z, there exist positive bounded functions
~:(t), i = 1,2, 3, such that

T
) %/HX(w,u) - X’(u)H2dw < (T)(1 + [|ul?),

T
1 _ 2
) 7 [ Notee,w) = o) dw < 92(D)(1 + ful),
1
T
S| 5 2 2
(iii) | P(w,y,u) — Py, u)||” u(dy) | dw < v3(T) (1 + [Jul?),
1Y
where limy_, o 7:(T) = 0,4 = 1,2, 3.
Theorem 2. If Hypotheses 1-3 hold, then for a given 6 > 0, there exist C > 0, ¢; €

(0, €], and o € (0, 2(Y — H)) such that for all € € (0, €1],

2
(g - w) <
Proof. Forany t € [1,a] C [1,b], we have
E( sup ||u5(t) — we(t)H2

1<t<a

+8\2E sup
1<t<a

it /b(l b)“X(sm(s)) - Xw(s)

|

[ uls) ~wls) |
jrz,

2

8
+ ——E su
I2(9) 1<t£a

8
+ 7E Ssu —_—
T2(0) 12000

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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2

8
+ ——E su
I2(9) 1<t2a

In

b /(1 b)ﬁ/ Ploi (o) = Pl 5,
1 Y

20 [T X (5 (s) — X(we(s) |
S, ue(8)) — X(we(s
+ e e | [ () : s
820 H) [0t o (s ul(s)) — 5(wels)) ’
€ o(s,ue(s)) — a(we(s
+7I’2(19) Elsgltlga /(1118) . dRg(s)
1
8201 [N [ (s, u(s)) — Ply,we(s)) ’
6 s?y7u58 y’wi N 7
+ 2(0) E1S<1;Ea /<ln s) / . N(ds,dy)
1 Y
=10 + Iy + I3 + Iy + II5 + g + 117. )
‘We know that
Int 2 In%a
3 — ) << (>0, 6
sup <1nb) o > ©)

and let z(s) = (In(b/s))?"~2/s2, obviously max; < s<p 2(s) = (Inb)?"~2, therefore

— 29-2
e (s, () = (™2 g

Estimation of 1I,. Using inequality (6) and Hypothesis 2, we have

b a
EZ/||u—w||2ds+/||u—w||2ds]
1 1

<8N (2 4+1)C2 = K. (8)

I, = 8)\°E

Estimation of II5. Using Cauchy—Schwarz’s inequality and inequality (6), we get

1642

H2 X 1—\2(19)

82

b—l\c-

by\29—2 b
() ds/EHX(s,u(s)) —X(s,w(s))||2ds
1

b

o )20-2 p
oo [0 s [ B (st - X (o) s

1

Applying Hypotheses 1-3, we obtain
16¢%(Inb)2v—1 (

23 (20— 1)I2(W)
= Ko. )

CoC2 +b sup 7i(t )( +E sup [w(t ”2))

1<t<b 1<t<b

https://www.journals.vu.lt/nonlinear-analysis
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Estimation of IIs. Using inequalities (6), (7), Lemma 1, and Hypotheses 1, 3, it
follows

b
1602(Inb)29=2CyCr (b — 1)2H -1 2
I3 < T2(0) /EHu(s) —w(s)||" ds
1
16£2(Inb)2" =20y (b — 1)2H-1 2
b s +E .
20) e ) (148 s o))

Exploiting Hypothesis 2 yields

16£2(Inb)27=2Cy (b — 1)2H 1 ) ] 2
T2(9) (CQCe +b 1S<Lt12b’}/2(t) (1 + E &ligbnw(t) || ))

= Ks. (10)

II3 <

Estimation of 114. Noting Doob’s martingale inequality, Itd isometry, and Hypothe-
ses 1-3, we obtain

b
64¢2(In b)?v—1
H4 X (219 Eli I‘2 E/ (/||P S, Y, U P(s,y,U)(S))Hzlj,dy) ds
1
6402(1 b 20-1 ~
- (n /(/HP s,y,w(s)) = Py, w(s)) [ p dy) ds

64¢%(In b)” 1 (

S @I-1rEm) CyCZ +b sup ’Y3(t)(1+E sup ||w(t)”2)> =K. (11)

1<t<h 1<t<b

Estimation of II5. Using Hypotheses 1 and 3, we get

166219 (ln )219 2
II5 < Cy / = E su uc(s1) — we(s ds
5 T2(9) 52 1<31p§aH 1) 1 H
+M1a6219(1na)219*1, (12)
where 18
M= ———— su t(1+E sup ||lwe(t 2).
N T IENTETE 1@2&%( ) Sup [[we(®)l

Estimation of I1g. By Lemma 1 and Hypotheses 1, 3, we get

1 < 16620 ~H) 0y Cpy(a — 1)2H -1 / (In 2 1)20-2

E sup [|uc(s1) —we(s1)||* ds

r2(4) 52 1<51<s
+ Maae?"=H)(Ina)?"=2(q — 1)2H 1, (13)
where 160
Mo = L t(l—l—E sup ||we(t 2).
2 = T30y lgtgavz( ) 1<t2a|| @®)]]
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Estimation of II;. Exploiting Doob’s martingale inequality, Itd isometry and applying
Hypotheses 1, 3, we obtain

64¢20-1 [ (In2)20-2 )
II7; < T2(9) 2/ 552 ElgsipgsHUE(Sl)_we(Sl)H ds
+ Msae®’ "1 (Ina)??1, (14)
where
Mo=— % b ) (1+E sup [uwe®)]?).
(20 = DI?(Y) 1<t<a 1<t<a
Substituting Egs. (8)—(14) into inequality (5) yields
2
E( sup Hue(t) —we(t)H )
1<t<a
In & 29—2
< £1+£2/(S)2E sup luc(s1) = we(s1)||* ds, (15)
S 1<s1<s
1
where
L1 =K+ Miae®’(Ina)? 1 + Moae@—H) (In a)219_2(a — 1)1
+./\/l3a621971(1na)21971, K= InaX{’Cl,’CQ,IC3,IC4}
and

£, 160?640y 166200~ CyCpy(a — 1)1
27 T2() I2(9) I2(0)

Due to Gronwall-Bellman’s inequality [32], inequality (15) becomes

E( sup [[uc(t) = we®)|*) < £1Bz91,1 (L2720 = H(Ima)®’ 7). (16)

1<t<a
Then there exist @ > 0 and a € (0, 2(9 — H)), where H € (1/2,1), such that for all
tell,Qe ] C1,1],
E( sup Hue(t) — wg(t)H2) < Lge??—H-o
1<ECQe e
where
Ly = K + MiQe™ (In(Qe))*" ™! + MoQe™ (In(Qe®))
+ MyQe T (In(Qe ) >

16C5e2? 640,201 16 2(19—H)C C —a _ 1)2H-1
¢ Eap1s 2¢*0 | 640y | 16e 2CH(Qe )
I2(9) I2(9) I2(9)

29 29—-2
(

Qe — 1)2H—1

X D(20 - 1)(1n(Qea))”1>.

Thus, the desired conclusion follows naturally. O
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5 Illustration

Consider the nonlinear fractional stochastic differential equation with Dirichlet boundary
conditions driven by a Rosenblatt process and an «a-stable Lévy jumps

1 9 dRg(t
“Du(t) + 55 “DI ) = X (¢ u(t)) + d—Ht() + / Y’ pa(dy)dt - (17)
0<y<1/2
subject to the Dirichlet boundary conditions
u(l) =u(2) =0,

where 1 < 9 < 2, the Hurst parameter H € (1/2, 1), and
c
to(dy) = ——dy, 0<a<2, ¢>0,
y1+a

is the a-stable Lévy measure on (0, 00) restricted to {0 < y < 1/2}. Note that, for
0<a<?2,

1/2 1/2 1/2

2 — 2_¢ — 1-a _ c 2—a
/y ua(dy)—/y Wdy—c/y dy—mOﬁ < 00.
0 0 0

We choose the coefficients in the form
X(t,u) = %(1 - ef(tfl)) tanh(u), o(t,u) =1, P(t,y,u) = y*.
For any uy,us € Z and t € [1, 2], we have
X(t,ur) — X(t,uz) = %(1 - e*(tfl))(tanh uy — tanh ug).
Using the mean-value theorem and the fact that | tanh’ £| = sech? £ < 1, we obtain
1 (6 1) — X (¢, u2)]| < %|1 e Dy — | < %Hul ]|
Similarly, growth is controlled since | tanh(u)| < 1, so
1wl < 31— e P < < Ox (14 ul?)

for a suitable constant Cx > 0. o(t,u) = 1, hence C, = 0 and satisfies the required
linear growth bound. Similarly, P(¢,y, u) = %2 is independent of u, so Cp = 0 and

1/2

1P(t,y,w)||” pa(dy) = /y“ua(dy) < 0.
0<y<1/2 0

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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Thus Hypothesis 1(i), (ii) are satisfied with

Csy = maX{C’?(,Cg,CIQ;} <

= =

For any u, w € B, we have
b
E/ [|u(s) — w(s)H;ds < blju—w| < oo,
1

so Hypothesis 2 is satisfied on B. Under Hypothesis 1, Lemma 5 yields

|£(uw) = L(w)]|5 < #[u—w]s
with
Cg(ln 6)21971

1/2
m(@{(b — 1)ty 2)) :

%:—4<A21n2b—|—

For instance, taking A = 0.05, ¢ = 1.8, b = 2, Inb = In2 =~ 0.6931, I'(1.8) ~ 0.918,
Cy = 1,and Cy =~ 0.0441, we find that 5 ~ 0.51 < 1. Hence, by the Banach contraction

principle, system (17) admits a unique solution on [1, 2].

Averaging principle

We now introduce the e-scaled version of system (17)

1
CHDYu(t) + — “HD?Lu (t)

20
d t
= eﬁX(t, uc(t)) + 6197HB;7];() +€071/2 / y? o (dy) dt
O<y<l/2
with the same boundary conditions
ue(1) = ue(2) = 0.
The averaged coefficients are defined as
T
X(u) = lim —/X(w,u) dw, a(u) =1, P(y,u) = 9>
T—oo T
1
Thus 1
X(u) = B tanh u.
Moreover,

- 1
X(w,u) — X(u) = —§e_(“’_1) tanh u,

and therefore )
S 2 9w
| X (w,u) — X (u)]| < e 20D (1 4 (Jul?).

(18)

https://www.journals.vu.lt/nonlinear-analysis
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This yields

S ) = 1 () + )

T
%/HX(w,u) —X(U)Hde <
1

with v (T) = C/T — 0 as T — oco. For o and P, we have

o(w,u) = d(u), P(w,y,u) = P(y,u),

hence Hypothesis 3(ii), (iii) are satisfied with o (T") = v3(T") = 0.
The corresponding averaged equation associated with (18) reads

1
DY we(t) + o5 D we(t)

20
1 dRg(t
= 6195 tanh (we(t)) + eﬂ_HTh;U 4 €071/2 / y? po(dy) dt. (19)
0<y<1/2
Using the explicit computation
v pa(dy) = 5—— 0.2
2 -« ’
0<y<1/2
we can rewrite (19) as
1
CHDD . (t) + 20 CHDY= Ly (t)
1 o pgdRg(t) 45 1/5c(0.5)%
9 9—H H ¥—1/2
—= € Qtanh(we(t))“re T+6 / ﬁ.

Therefore, on any fixed finite interval [1, 2], we have u. — w, in mean-square sense
as € — 0, showing that the original and averaged systems are equivalent.

In Figs. 1, 2, we present three distinct solution trajectories for both the original and
average systems. The initial trajectories display significant stochastic roughness stemming
from long-range dependence and heavy-tailed Lévy jumps, while the averaged version
adheres to smoother trajectories, confirming the theoretical averaging principle amidst
the nonlinear drift and boundary constraints by letting ¢t = 1.8, H = 0.7, = 1.8, and
c=0.3.

Figures 3, 4 illustrate the probability density functions (PDF) of the solutions at
various time points. The original method shows pronounced, non-Gaussian peaks and
significant tails, arising from the combined influences of Rosenblatt process and Lévy
jumps, while the averaged approach produces more continuous distributions without los-
ing essential stochastic characteristics.
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Time evolution of original and averaged solutions

— Original, traj 1
20 e == Averaged, traj 1
e — original, traj 2
-~ Averaged, traj 2
15 — original, traj 3
-~ Averaged, traj 3

10

Solution value
°

Time ¢

Figure 1. Time-domain evolution of sample trajectories of the original and averaged solutions for € = 0.1.

Time evolution of original and averaged solutions

025 — original, traj 1
-~ Averaged, traj 1
— original traj 2.
0.20 == Averaged, traj 2
— origina, tra} 3
- Averaged, traj 3
015
3 o0
3
g
<
2
£ oos
5
]
0.00
-0.05
010
10 12 14 16 18 20
Time ¢

Figure 2. Time-domain evolution of sample trajectories of the original and averaged solutions for ¢ = 0.01.

PDF comparison of original vs averaged solutions

— Original at t=125
==+ Averaged at t=125
— original at t=15
04
-~ Averaged at t=2.0
03
2z
G
g2 0SS T =)
g
3
2z
3
H
kS
So02
&
01

0
Solution value

Figure 3. PDF comparison of the original and averaged solutions at selected time instants ¢ = 1.3, 1.5, 1.7,
and 1.9 fore = 0.1.
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PDF comparison of original vs averaged solutions

— Original at t=125
-+ Averaged at t=125

— Original at t=2.0
-+ Averaged at t=2.0

Probability density

0.0
Solution value

Figure 4. PDF comparison of the original and averaged solutions at selected time instants ¢ = 1.3, 1.5, 1.7,
and 1.9 for e = 0.01.

Remark. We used fBm-type increments with the same Hurst parameter H due to tech-
nical difficulty of Rosenblatt process implementation. This preserves long-range depen-
dence and roughness, and the theoretical results remain valid because the approximation
is used only for numerical illustration.

6 Conclusion

We have addressed the existence, uniqueness, and averaging principle for Caputo—
Hadamard fractional stochastic differential equations with Dirichlet boundary conditions
driven by Rosenblatt process and Lévy jumps. Subsequently, under appropriate averaging
conditions, the system was averaged out, and the resulting solution approximates its
nonautonomous counterpart. The mean-square convergence is profoundly verified with
the rate 20 — H — a.

Limitations. The analysis is carried out exclusively for Dirichlet boundary conditions;
extensions to Neumann, Robin, mixed, or nonlocal boundary conditions are not covered,
and the averaging principle is established only in the mean-square sense and only for
coefficients satisfying global Lipschitz and finite-energy assumptions, which excludes
systems with superlinear growth and non-Lipschitz coefficients.

Practical implications. The framework we propose in (1), together with the illus-
trative example (17), encapsulates situations in which long-range memory and sudden
jumps coexist. These combined effects are crucial for modeling viscoelastic materials
subjected to random loads, climate systems affected by ongoing fluctuations and extreme
occurrences, and financial processes that show heavy-tailed characteristics and long-range
dependence in physics, engineering, and biological contexts.
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