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Abstract. In this paper, we investigate the existence of positive solutions for a fourth-order integral
boundary value problem involving impulses and the p-Laplacian operator. First, we construct
a linear operator that incorporates impulsive effects, and then analyze its spectral radius properties.
Subsequently, under suitable conditions on the spectral radius, we apply the fixed point index theory
to establish existence theorems for the problem. Our results cover cases where the nonlinear term
exhibits (p — 1)-superlinear/sublinear growth, and the impulsive term satisfies superlinear/sublinear
growth conditions.
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1 Introduction

In this paper, we will study the following fourth-order integral boundary value problem
involving impulses and the p-Laplacian:

(p (2" ()" = f(t,2(t)), teJ t#ty, k=1,2,...,m,

Azl|t:tk:—fk(z(tk)), k:l,Z,...,m, (])

2(0) = (1) = / A ), ep(2"(0) = pp(2"(1) = / oo (2 () (1),
0 0
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2 J. Xu et al.

where J = [0,1], tx (k = 1,2,...,m, m is a given positive integer) are fixed points
with 0 = tg < t1 < -+ < tp, < tma1 = 1, @,(t) is the p-Laplace operator, i.e.,
ep(t) = |tP~2, p > 1, A2/ |1y, = 2'(t]) — 2/(t; ), and 2’ (¢]") and 2/ (¢, ) represent the
right-hand limit and left-hand limit of 2’(¢) at ¢t = tj, respectively. The functions f, I,
7, -y satisfy the conditions:

Hy) n, X are nondecreasmg and nonconstant functions on [0,1] with fo dn(t),

Jo dv(t) € [0,1),
(Hy) feC(JxRY R, I € C(RT,RT), Rt = [0, +00).

In recent decades, the study of boundary value problems (BVPs) involving p-Laplacian
operators and impulsive effects has become a focal point in nonlinear functional analysis
due to their extensive applications in modeling real-world phenomena in physics, engi-
neering, biology, and economics. The strong nonlinearity of the p-Laplacian operator can
characterize nonNewtonian fluid flow, the elastic mechanics of anisotropic materials, and
population dynamics with density-dependent diffusion. Impulsive effects are ubiquitous
in practical systems, such as chemical reactions with instantaneous catalyst injection, neu-
ral networks with sudden voltage spikes, and ecological systems affected by occasional
natural disasters (see [13,21]).

In research on impulsive p-Laplacian boundary value problems (BVPs), there has been
significant progress in existence theory using multiple tools, such as the upper and lower
solution method, the monotone iterative technique, variational methods, and topological
degree theory (see [2-8,10,11,15-20,22-28]). For example, in [5] the authors investigated
the existence and uniqueness of solutions for three-point integral boundary-value prob-
lems of piecewise fractional impulsive differential equations involving the p-Laplacian
operator and delay

op ("D (t)) = Mg (1, 2 (1), x(t + (=1)*7)),
Ax(t) = Pe(x(tr)), A2’ (te) = Qu((tr)),

z(0) = 2/(0), /ng
0

where 1 < a < 2, and HDf:w is the ¢-Hadamard fractional derivative of order a.
The authors employed the v-Hadamard fractional definition along with three fixed point
theorems — the Leray—Schauder nonlinear alternative, Krasnosel’skii fixed point theorem,
and the Banach fixed point theorem — to prove the existence and uniqueness of solutions.

In [16] the authors focused on the existence of solutions for noninstantaneous impul-
sive fractional differential equations with the p-Laplacian operator

(6 (DGu())) = f(t,ut)), te€ (s tpp], k=0,1,...,m,
u(t) = gi(t,u)), ') =he(t,u®)), te (tese), k=1,2,...,m,
u(0) =/(0) =0, ép(‘Diu(sr)) =0, k=0,1,...,m

https://www.journals.vu.lt/nonlinear-analysis
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where “Df denotes the Caputo fractional derivative with 1 < a < 2. By applying the
Schauder fixed point theorem, the authors derived sufficient conditions for the existence
of solutions.

In [23] the authors investigated the following fourth-order nonhomogeneous impul-
sive differential system:

ut® ( )+ 2t (#) + (B2(6) + 1 (8) + Be™ Jo MDAV (1) = fi(tu(t)),
(517 z+1}7 1_07172 N
(4’( £) + 2h(t)u" (t) + (B>() + W' () + Be~ Jo MO 47)u (1) = 0,
te ( 7;}, 1= ]. 2 ,N,
() = u"(t;

)
Ad" (t;) = Li(u(t;)), i=1,2,...,N,
uw(0) =/ (0) = u(T) = u/(T) = 0,

;o () = (s7), W (sF) =" (s7), i=1,2,...,N,

K3

where f; and I; (i = 1,2,..., N) satisfy some growth conditions. Under these assump-
tions, the authors established several existence theorems for the proposed system.

In [25] the authors investigated the existence of positive solutions for a second-order
impulsive m-point boundary value problem on the half-line within the time-scale frame-
work

[0 (W2 (0))] Y+ h(E) f (£, u(t),u?(t)) =0, te(0,00), t £ ty,

m—2

Z au® (n;) u?(00) = 2_: Biu(mi),
u(td) —u(ty) = In(u(ty)), k€N
ep(u?(ty) = ep(u?(ty) = —Ii(ul(ty)), keN.

By employing the four functionals fixed point theorem, the authors established several
existence results for positive solutions.

For (1), when 7 and ~y are differentiable, in [8] the authors used fixed point theory to
provide some sufficient conditions for the existence of one or two positive solutions. How-
ever, our method differs from the one adopted in that paper. First, we construct a linear
operator with impulsive effects, obtain its adjoint operator by means of the Riemann—
Stieltjes integral. Then we use the Krein—Rutman theorem to study the properties of its
spectral radius. Under growth conditions related to the spectral radius, when the nonlinear
term grows (p — 1)-superlinearly and (p — 1)-sublinearly, the impulsive term grows
superlinearly and sublinearly, we apply the fixed point index to establish the existence
of positive solutions. It is noteworthy that our conclusion can be directly applied to cases
without the p-Laplacian operator and impulsive effects.

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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2 Preliminaries

In this section, we first present some basic knowledge and notations, which will be used
in our paper. Let £/ := C[0,1], [|z]| := sup;¢,1) [2(t)[- Then (£, ||-||) is a real Banach
space. Let J' := J \ {¢1,t2,...,tm}, and we introduce the space
PC/[O, 1] = {Z S 0[07 1}2 Z/|(tk,tk+1) S C(tkﬂkarl), Z/(t;) = Z/(tk),
3(t)), k=1,2,...,m}
with the norm ||z|| pcv = max{]|z||, ||z’||}. Then (PC"[0,1],||:||pc’) is a Banach space.

Let
P={zeE: 2(t)>0,tel0,1]}.
Then P is a cone on E.

In this paper, our aim is to establish the solvability for (1) by using the fixed point
index theory. First, we consider the following auxiliary boundary value problem:

(eo(z" )" = g(t), ted t#t, k=12....m,
Ay, = —Ii(2(tr)), k=1,2,...,m,
2

A0) = 2(1) = [0 dn(0), 2" (0) = 2" (1)) = [l () 10,

where g € L0, 1]. Now, we will consider the Green’s functions associated with (2), and
obtain the following lemma. Let

op(2" (1)) = —x(t), te,
then from (2) we have

(=90, ted  a0) =)= [, @)
and ’
2(t) = —pq(x(t), ted t#ty, k=1,2,....,m,

Ay, = ~L(=(t)). k=1.2.....m.
4)

where ! = 4, 1/p+1/q = 1.

Lemma 1. Suppose that (Hy) holds. Then problem (3) is equivalent to the following
integral equation:

/ 5)
x(t) = [ G(t,s)g(s)ds,
/

https://www.journals.vu.lt/nonlinear-analysis
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where )

G(t,5) = Gt s) + / Gi(t, ) dy(0),
0

1*%

t1—s), 0<t<s<l,
Ci(t,s) =
1(t,9) {3(1—t), 0<s<t< 1.

(6)

Proof. Note that (3) can be transformed into the following integral equation:
¢

o(t) = [ (s = gls)ds + ert + ca
0
where ¢; € R, ¢ = 1, 2. From the boundary conditions we obtain

0/ (1-1s)g co = O/w(t) dv(t).

t 1 1

/s—t d&+/(1—@ﬂ$d&+/m@d%ﬂ

0 0
1

0
G1(t,s)g(s)ds+ [ x(t) dv(¢).
0/ |

0

Therefore, we have

Also, we obtain

/1x(t)d'y(t):/l/1G1ts s)dsdry(t :/ /lx t)dvy(t)

0

and
1

JECCUE 1_f0 e //Glts 5) ds dy(t).

0
Therefore, we have

Gi(t,8)g(s)ds + ——— //Glts s)dsdy(t)
/ 1_f0d’7

z/G(t, s)g(s)ds
0

This completes the proof. O

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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Lemma 2. (See [8, Lemma 2.6].) Suppose that (Hy) holds. Then problem (4) is equivalent
to the following integral equation:

m

/Hm% ) ds + > Ht, te) I (2(t)),
0

k=1

where
1

! / Gi(t,5)di(t),

H(t,s) =Gi(t,s) + ——5——
() =00+ T

and G1(t, s) is defined in (6).
Proof. From [8, (2.25)] we have

1 1 m
z(t) = /Gl(t>5)‘Pq(x(5) d8+/z(t) dn(t)+ZG1(tatk)Ik(Z(tk))-
0 0

Also, we obtain

and

Therefore, we have

1 1 1
2(t) = /Gl(tys)SOq(x(S))dS-f— //G1 (t, 5)pq (z(5)) ds dn(t)
0 0 0

m 1 m

+;ammmmm+bkm !Z&tm& 1)) du),

https://www.journals.vu.lt/nonlinear-analysis
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which implies that

k=1

/H (t,8)pq(x(s)) ds + > H(t, ti) I (2(tx)).-
0

This completes the proof. O

From Lemmas 1-2 we obtain that (2) can be transformed into the following integral
equation:

1

:/H(t, S)(pq</G(S,T)g(T) dT) ds+ZH(t,tk)Ik(z(tk)). (7
0

) k=1
Lemma 3. The functions G, G1, and H has the following properties:

(1) Ga G17H € C([O7 1] X [07 1]3R+);
(ii) G, Gy, and H are strictly greater than 0 on (0,1) x (0,1);
(i) G and H satisfy the inequalities

~(t
{1 = t)s(1 — [ fo)] < < sU=s)
1- fo d'y 1- fo dy(t)
and
t(1—¢t)dn( 1-—
t(1—1t)s(1— [ fon)} < H(t,s) < M
1-— fo dn(t)
for (t,s) €10,1] x [0,1].
Proof. The proof follows from routine calculations. O

From Lemmas 1-2 and (7) we can see that (1) is equivalent to the following integral
equation:

1

/H t,s) (/G s,7)f (7, 2( ))dT) ds—l—iH(t,tk)Ik(z(tk))

k=1

Note that Lemma 3(i) and assumption (H,) imply that 7' : P — P. Moreover, if there
existsa z* € P\ {0} such that Tz* = z*, then this z* is a positive solution for (1). There-
fore, in what follows, we study the existence of positive fixed points for the operator T'.

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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Lemmad. Let wy = 1 — fol dn(t) + fo t(1 —t)dn(t) > 0. Then T(P) C Py, where
Py={z € P: z2(t) > wot(1 — t)| 2|, t € [0,1]}.

Proof. Note that if z € P, from Lemma 3(iii) we have

cwxwg/l };Z </GST T2 »w)m
0 0

o= Jo dn(t
and
2 | —t)s(1 —s fo t1-1) dn(t 1 T |ds
<T><t>>0/t<1 s - o) 14 28 o ] (/G >)d>d
41— )t (1 — Q=)
+kz::1t(1 tr(1 — t, { T ]Ik( (t))
_ k
— { 1—k® ][ /M]
i s(1—s)
XL/l foldn </GST T, 2(T ))dT)d
m tk
t
"R )
2 wot(1 —t)[|T||.
This completes the proof. O

Let v, B > 0 such that o 4 3% # 0, and define the linear operator L, 5 : P — P as

follows:
1
(La,p2)( :Oé/
0

+5

H(t (s,7)dsz(r)dr

o _

NE

H(t,tk)z(tk), zeP te [07 1] ®)

b
Il

1
Now we prove that the spectral radius of L, g, denoted by (L, ), is positive.
Lemma 5. (L, g) > 0.

https://www.journals.vu.lt/nonlinear-analysis
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Proof. Let

11
= a//H G(s,7)ds z(7) dr, (Lgz)(t) = BZH(t,tk)z(tk),
00

and
(LG, ,a2)(t) = oz//Gl(t,s)Gl(s,T) ds z(7) dr.
0 0

For n € NT, we have

(L52)(1) = Z D H () H by try) - H(t, 1,20,
Ei=lko=1  kn,=1
and Lemma 3(iii) implies that
n — n >
128l =, gmax, | (LE=)(®) > mex (LLE) (1)
1
t(1—t)dn(t
AT ATSULGl
1-— fo dn(t)

X max Z Z Z (1 — )ty (1 =t Yty (1 — o Vtay (1 — tgy) - -

te[0,1
G ]kl 1ko=1 kn=

X tg, o (1— tknfl)tkn(l —tg,)
1
1 ot
- -4 1 0
46 [ +

where 1(t) = 1,t € [0,1], k; =k, k = 1,2,...,m,j =1,2,...,n. Let r(Lg) denote
the spectral radius of Lg. Gelfand’s theorem implies that

Jy 11 S
Lg) =1 £/ L% 1 0— ti(1—tg)
r(Lg) = lim inf /|| Lg]| > /3[ + 5 Zl k)
Now we consider the following boundary value problem:
2 (1) = Az(t), 2(0) = z(1) = 2"(0) = 2" (1) = 0. )

If there exists a nonidentically zero function z* such that (9) holds, then the parameter A
is called an eigenvalue associated with z*. As is well known, (9) has nontrivial solutions
if and only if the parameter A > 0, and its solutions can be expressed as

2*(t) = Cre!t + Coe ™™ + Cycos put + Cysinput, p* =\, u> 0.

In view of the boundary conditions, we have C; = Cy = C5 = 0. If we want the solution
z* to be nontrivial, we need Cy # 0. Note that z*(1) = Cysin u = 0, and thus u = n,

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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ie, A\ = (nm)* (n = 1,2,...). Moreover, we can also obtain the nontrivial solution
z*(t) = sinnwt, t € [0, 1].
On the other hand, if we let z”/(t) = —z(t), then (9) can be decomposed into the
following two boundary value problems:
Z'(t) =—x(t),  2(0)==2(1)=0
and
=" (t) = Xz(1), z(0) = z(1) = 0.

Solving the boundary value problems, we obtain

11
:/\//GltsGlsT) (r)dsdr.
00

Combining this with (9), we have

2" (t) = (n7r)4/1/1G (t,8)G1(s,7)z"(7)dsdr,

0

where G is defined in (6). Therefore, the spectral radius of L, o, denoted by (L, o),
is equal to ov/7*. From the definitions of L,, and L, , we have
o
T(La) = T(LGLQ) = gv

where r(L,,) is the spectral radius of L.
Thus, we have

a
La 2 Loc Z —
(Lap) 2 7(La) 2 —
and
L L —fo 3 i
7(La,g) =2 1(Lg) 2 B|1 Ztk 1—ty)?
1= fo =1
Therefore, 7(Lq,3) > 0. This completes the proof. O

By Lemma 5 and the well-known Krein—-Rutman theorem [12], there exists a (, g €
P\ {0} such that

LagCa.p = 1(Lag)Ca.8; (10)

i.e.,

1 1 m
ab/O/H (s,7)ds Cap(T )dT+ﬁZH(t7tk)Ca,3(tk)

k=1

= 7”( a,ﬁ)ga,ﬁ( )7 te [07 1]'

https://www.journals.vu.lt/nonlinear-analysis
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From the definition of L, g and Lemma 4 we obtain

Caﬁ e b.

Remark 1. Let kg = maxy s[04 H (1, 5), kg = max, sep0,1] G(t, s). Now, we estimate
the upper bound of the spectral radius of the operator L, g. From Lemma 3(iii) we have

M(Las) < Lol < amrrng + ——F—— Ztk (1t

_fo kl

Lemma 6. (See [9]). Let {2 C E be a bounded open set, and let T : NNP—Pbe
a continuous compact operator. If there exists a zg € P\ {0} such that z — Tz # pzo
Sforallp > 0and z € 02N P, then i(T, 2N P, P) = 0, where i denotes the fixed point
index on P.

Lemma 7. (See [9]). Let 2 C E be a bounded open set with 0 € (2. Suppose that
T : 02N P — P isa continuous compact operator. If z # pT'z for all z € 02 N P and
0< <] theni(T, 2NP, P)=1.

Lemma 8 [Jensen’s inequalities]. (See [6].) Let 6 > 0, n > >00@=1,2,...,n),
and ¢ € C(la,b],R"). Then forall 6 > 1,

b b n 0 n
(/¢(t)dt> (b—a)?~ 1/ “dt and (ZQZ) gne_lzaf;
o i=1 j

and forall0 < 6 <1

b 0 b n 0 n
</1/)(t) dt) > (b—a)’~ 1/ Odt  and <Zai> > ne_lzaf.
a =1 i=1

3 Main results

Let p, = min{l,p — 1}, p* = max{l,p — 1}, and B, = {z € P: ||z|| < p}, p > 0.
Note that B, is an open ball in P, and
={z € P: |z <p}, OB, = {z € P: ||z = p}.
Now, we list our assumptions:
(H3) There exist aj,b; > 0 with a? + b% # 0 such that r(Lg, ,) > 1 and
(P=1)/P«
t
lim inf 1(t2) > uniformly on ¢ € [0, 1],
20t 2Pl (QHH)pwl,{lg/(p—l)—l

I- bl/p*
lim inf £(2) > L
z—0+  Z (2mp g )t—1/p

ai

uniformlyon k = 1,2,...,m.

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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(Hs) There exist ag, by > 0 with a3 + b3 # 0 such that 7(Lg, 5,) < 1 and

(p—1)/p"
t
lim sup I ,j) < ( = 1 p*/( 1)1)

z—+oo 2P 2r°p/(p=1) =250~ Hg p

uniformly on ¢ € [0, 1],

T bl/P*
lim sup k(2) < 2 T
sotoo 2 (4mkpg)t=1/p

uniformlyon k = 1,2, ... ,m.

(Hs) There exist ag, bs > 0 with a3 + b3 # 0 such that 7(Lg, 5,) < 1 and

(p—1)/p"
t .
lim sup il ’j) < ( 9 o 1)1> uniformly on ¢ € [0, 1],
z—0+t zP (Q/QH)P*—lﬁg p
I bl/P*
lim sup k(2) 3 uniformlyon k = 1,2,...,m.

SO TS @)

(He) There exist a4, by > 0 with a3 + b% # 0 such that r(Lg, 5,) > 1 and

(p—1)/p~
t
lim inf 1(tz) > a4 uniformly on ¢ € [0, 1],
2400 zp—1 (QKH)p*fllig*/(p_l)_l
I by/"
lim inf k(2) 4 uniformly on k = 1,2, ... ,m.

z—+00 z ~ (QTTLKJH)l_l/P*
Theorem 1. Suppose that (H|)—(Hy) hold. Then (1) has at least one positive solution.

Proof. From (H3) there exists a sufficiently small vy > 0 such that

ai

(p—1)/p-
ft,2) > < 1) PN 2 e0,m], te[0,1], (1)

(2,€H)p*—1l€1é*/(p71)

and
b}/P*

I (2) 2 W%

z€[0,m], k=1,2,...,m. (12)

For a1, b1, by (8) and (10), we obtain that there exists a (4, 5, € P\ {0} such that

Lay by Car oy = T(La17b1)Ca1,b1' (13)
Now we prove that

z2—=Tz# V(s p,, 2€0B, NP, v=0. (14)

https://www.journals.vu.lt/nonlinear-analysis
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We argue by contradiction. Suppose there exist z; € 0B, N P, v; > 0 such that
21 7T21 = VlCa1,b1' (15)

Note that we only need to consider the case where 14 > 0 (since if 1 = 0, then Tz = 21,
and z; is a positive solution for (1), so the theorem is proved). As a result, we can obtain

z1(t) = (Tz)(t), te][0,1].
Therefore, we have

A7 (1) = [(Tz)()]™

1
H(t,s
/FEH ( )90q<
KH
0

O\ ~
X
Q
Q
—
»
)
~
—
I
™
[l
—
2
S~—"
~—
[oW
3
N———
oL
Va)

m
Ht,t
o H 1)
K

b pe/(p=1)
oot [ [H(t, s)} /(1) [G(ST)} /=D (7, 2 (7)) drds
KH Ra

+ (2m)P Z W [H(t;{tk)] *Ilf* (1 ()

> (QHH)p*_llig*/(p_l)_l //H(t, S)G(S,T)fp*/(p_l)(T, z1(7)) drds

00
m

+ @meg)P Y D H(E )T (21 (k). (16)
k=1

By substituting (11)—(12) into (16), we obtain

[(T=0)()]™

> (2HH)p*71K:I(7;/(p_1)_1
y /1/1H(t Vel )K a1 )(p—l)/p* p—l( )} p*/(p—l)d 1
,8)G(s, T = 1 \T Tas
) (2r -ty [P0

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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m bl/p* P
+ (QmHH)p*_l Z H(t,ty) |:(1_z1 (tk):|

1-1/p.
— 2mk g )11/
11 m
= o / / H(t,s)G(s,7)2y" (1) drds + by Y H(t,tx)2}" (t)
00 k=1
= (Lal,blzf*)(t)v te [07 1]
Note that from (15) we have z; > v1(q, 3, , and then

Dx

Zij* Z a,b1 > V{)*HC<L1,51HP*71<111J)1'

Let v* = sup{v: 20 > vCa, b, }. Then v* = 0" ||Cay 5, [P~ > 0 and 27~

From (17) and (13) we have

P« P« * %
21 > Lahblzl > Lahbly Cal,b1 =V T(Lal,bl)cal,bl'

J. Xu et al.

a7

> V*Cal,bl .

Note that r(Lg, 5,) > 1, and so v*r(Lg, 5,) > v*, which contradicts the fact that v* is

the supremum. Therefore, (14) holds, and Lemma 6 implies that
i(T, B,, NP, P) =0.

From (Hy) there exists a d; > 0 such that

o v
f(t7z) < * * — )71 Zp

2p*p/(p—1)—2,€ll’{—1ﬁg /(p—1

+di, zeRY telo1],
and
b;/P* N
Ik(Z)<WZ+d1, z€eR 7]{1:1727...77’?’1
Now, we prove that the following set is bounded:
W={zeP:z=vTz 0<v <1}

Suppose there exist zo € W, v5 € [0, 1] such that zo = v5T29. Then

22 () < [(T2)(t >J”*

/ Ht / G(s
O/Fc <O//<;G (7, 22(7)) dT) ds

*

n i . H(t’tk)fk (Zz(tk))]

K
k=1 H

(18)

19)

(20)

https://www.journals.vu.lt/nonlinear-analysis
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pr—1 lnH 1/$G TZT T sp*
<2 L/H (O/G ﬂ))d)d]

s

4 2]3*_1 [iKHH t tk (Zg(tk))‘|

11
< (QKH)p*_lmg/(p71)71 //H(t,s)G(s,T)fp*/(p_l)(T,22(7')) drds
00
+ (2mep)? 1ZH (t,te) 12 (2a(11))- (21)

By substituting (19)—(20) into (21), we have

*

£7(1) < (2rp) T/ 0TDT

11 .
[ [ e " )" e
X H t,s S, * * z
)4 (,8)G(5:7) 2 p/(p=1)=2,p7 =1, 27/ (=)= 2

p*/(p—1)
+ d1] drds
. m 1/p* p*
+ (2mkg)P -1 ZH t,tx) {)11/1)*22(%) + dl]

<92 p/(p*1)72,€1;{—1,€1é /(p=1)—1

11
as *
X H(t,s)G(s, T - 2 (T
0/ / 9667 G T )

+ dlf*/(pl)) drds

e b . .
+ (4m/<;H)p 1ZH(t,tk)<2*Z§ (tk) +d11) >

1
Pt (Admk )P

—ag//HtsG(s 7)22 (r )deS—FngHttk 25 (tk)

k=1
9P p/(p*1)72,€1;1 ln’é/(p - 1df /(p—1)
11

y / / H(t, $)G(5,7) dr ds + (dmur)? "1 S H(t, 1),
k=1

00

Nonlinear Anal. Model. Control, 31(Online First):1-25, 2026
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Let
11
19(t) _ 2p*p/(p—1)—2lil;;—1’{1&*/(1’771)71(111)*/(‘1)71) //H(t’S)G(S,T) drds
00

+ (g MY Y H(t ), € 0,1].
k=1

Then we have |9 < +oo and

*

B (1) < (Lagpo?h (@) +9(1), te[0,1].

After performing n iterations of the above inequality, we obtain

2 (1) < (Lo, p,75 ) () + (L 5,9) (1) + -+ (Lagp,0) (1)
+9(t), tel0,1], neNT.

Note that from r(Lg, 5,) < 1 we have

lim (L7, ,,25 )(t) =0

n—-+oo
and
i C[(Z575,9)(0) + - 4 (Lay 0, 0) () + 0(8)]
= ((I = Layp,)'0)(t), te[0,1].
Note that (I — Ly, p,) "' : P — P, and hence we have

o
||Zz

< = Laga) 9]
Thus, W is a bounded set in P. Now, we choose R; > sup W and R; > r; such that
z2#vlz, 2€0Br, NP, 0<rv <L
Therefore, Lemma 7 implies that
i(T, Bg, N P, P) = 1. (22)
From (18) and (22) we have
i(T, (Br, \ Br,) NP, P) =i(T, B, N P, P) —i(T, B;, NP, P) = 1.
This implies that T has a fixed point in (Bg, \ B,,) N P, and thus (1) has at least one

positive solution. The proof is completed. O

https://www.journals.vu.lt/nonlinear-analysis
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Theorem 2. Suppose that (H|)—(Hy) and (Hs)-(Hg) hold. Then (1) has at least one
positive solution.

Proof. From (Hy) there exists a sufficiently small 7o > 0 such that

as

(@r) 1wl /D

(p—1)/p"
f(t,2) < ( ) 27 ze [0,72], t €]0,1], (23)

and
b;/P

Ii(2) < WZ7

z€[0,r], k=1,2,...,m. (24)

Now, we claim that
z2#vlz, 2€0B, NP, 0<r<1.

If this claim does not hold, then there exist z3 € 0B,., N P,v3 € [0, 1] such that

zZ3 = I/gTZg.
By (21), (23), and (24) we have
2 (1) < [(Tz)(1)]"
< (QKH)p*—lﬁg/(pfl)fl
/1/1 as G-V e D)
x [ | H(t, s)G(s,T) [( — > 22 (7)] drds
00 O T
L pu/P" v
+ (2mrg)? ;H(tytk)[wz?)(tk)]
11 m
= a3 //H(t, $)G(s, T)Zg* (r)drds + b3 Z H(t, t;g)zg* (tr)-
00 k=1

This implies that
(I = Lagp,)25 )(t) <0, t€0,1].

Note that 7(Lq, 5,) < 1, and similarly to the proof of Theorem 1, we have
51 < T = Lag) "0 = 0,

where 0(t) = 0, t € [0,1]. Note that z5 € P, and thus z3(t) = 0, t € [0,1], which
contradicts ||z3|| = r2. Therefore, Lemma 7 implies that

i(T, B,, NP, P) = 1. (25)
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In what follows, we will rewrite Y, H (¢, t)z(t;) as a Riemann-Stieltjes integral.
First, define a function &;(7) (depending on ¢) on [0, 1] such that £ (7) has jump disconti-

nuities at ¢1, ta, . . ., t;, and the size of the jump at ¢, is H (¢, ty), i.e
> H(tty), Te0,1], k=12,..,m.
kit <7

Then, by the definition of the Riemann—Stieltjes integral, we have

1
> H(t, ) /z ydé (), telo,1].
k=1 0

Therefore, the operator L, g in (8) can be rewritten by
11

(Lapz)(t) = a//H(t,s)G(s,T) dsz(r)dr

00
1

Jrﬂ/z(T) d¢(r), ze P, tel0,1].
0

From [14] we obtain that the conjugate space of F, denoted by E*, is E* = {{: & has
bounded variation on [0, 1]}. Moreover, the dual cone of P and the bounded linear func-
tional on E can be expressed by

P* ;= {¢ € E*: {is nondecreasing on [0,1] }

and
1
€2 = [0, zeBcer
0
Note that (L) > 0in Lemma 5, and there exists a ¢, 5 € P*\ {0} such that
Lg pCa,s = r(La,)a,85 (26)

where L7, ; is the conjugate operator of L, g, defined by

(L% 50)(r) = as / da /1 /1 H(t,s)G(s,2) ds do(t)
0 00

+b4/§t(7) ao(t), e E*.

From (Hg) there exist a do > 0 such that

a4 (p—1)/p=« . N
ft,2) = 1 2P —dy, z€eRT,te]0,1],

((QKH)T’*—lmZg/(pl B

https://www.journals.vu.lt/nonlinear-analysis
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and
bi/P*

1 >
k(Z) (QmHH)lfl/p*

z—dy, z€RT, k=1,2,...,m.

Noting that p., p./(p — 1) € (0, 1], we have

[f(t,z) _|_d2]p*/(p—1) < fp*/(pfl)(t,z) + dg*/(p—l)
and
[I(2) + do]P* < [Ii(2)]"" +db".

Consequently, we find
e 27)
> [f(t7z) +d2]p*/(p71) _ dg*/(p_l)

—1)/p. ./ (p—1
. [( a4 )(P )/p Zpl]P /(p—1) - dg*/(p_l)
(@rg -ty 7D

- (QHH)P*—f:’g/(pl)lzp* SN L eRb te0,1],  (@8)
and
()] > [I(e) + da]” — - > {fu/_] "
(2mrp)t=1/p-
(zm,f;)p*—lzp*dg*, zeRY, k=1,2,...,m. (29)
Let

S={z€eP:z—-Tz=vz, v >0},

where Z is a given element in Py. Now we prove that S is a bounded set in P. Suppose
there exist z4 € S and v4 > 0 such that

za = Tz4 + v4Z.

Lemma 4 implies that
z4 € Fp. (30)
Similarly to (16), from (28)—(29) we have
11

(1) > (QKH)p*—l,%«/(pfl)fl //H(t,s)G(s,T)fp*/(p_l)(T, 24(7))d7 ds
00

=+ (2m/$H)p*_1 Z H(t, tk)I]f* (Z4(tk))
k=1
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> (QKH)p*—lﬁlg/(Pfl)fl

11
a4 N ./ (p—1
X //H(t,s)G(s,T)[(QHH)p*_lnp*/(p1)1z§ (r) —db /p )] drds
00 G

m

—|—(2m/€H)p*7le(t,tk) |:(27n,§b4)17*1 ( ) dp*:l
k=1

11 m
> ay //H(t, $)G(s, 1)z} (1) des+b4ZH(t,tk)z5*(tk)
00 k=1

_ gps—1 [,{z;; Hzg/(p—l)dg*/(p—l) + mP Kz;; dé’*] )

Note that 7(La,,b,) > 1, and similarly to (26), there exists a (;;, ,, € P\ {0} such that

Z4,b4<—;4,b4 = T(La4ab4)C;4,b4' (31)
From (31) we obtain

1
(t) + op«—1 [K;z;{* ng/(;v—l)dg*/(p—l) + mP KII); dg*] / d<24,b4 (t)
0

o
—
tN
L]
R
—
~
=
&
IS
N
o
I

1

1 11
Zb/ [a4/O/H (t,8)G(s,T)2h" (T )des+b4/sz*(T)d§t(7)1 d¢;, », ()
1

0

Note that (Lg, 5,) > 1, and we have

— « Px/(p—1 «/(p—1 « JPx
L L A S Rl T . A

1
P () d¢, b, () <
/24 ( ) <a47b4( ) T(La4,b4) - 1
0

From (30) we have

1 1
[ @0 = [l
0 0

pe—l d¢g, », (1) =

1
p- / HL - )dCE, . (0).
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and then we obtain
2?**1v€;n2J“*4%#“/@—1)+7np*f”dpﬂtf dGz, 0, (1)

wo [7‘ ag, b4 fo a4,b4 (t)

[ESEN

This implies that S is a bounded set in P. Now, we choose Ry > sup S and Ry > 79
such that
z—Tz#vzZ, z€0IBgr, NP v=0.

Lemma 6 implies that
i(T, Br, N P, P) =0. (32)

From (25) and (32) we find
i(T, (Br, \ B,,) NP, P) =4(T, Bg, NP, P)—i(T, B,,NP, P) =—1.

This implies that T has a fixed point in (Bg, \ B,,) N P, and thus (1) has at least one
positive solution. The proof is completed. O

Remark 2. In [1] the authors established the existence of positive solutions for the fourth-
order boundary value problem

tut)) =0, 0<t<l,

Af
) = (0) = (1) =, o

U() (

where A > 0 is a constant, and the nonlinearity f satisfies:

(Hp;) sublinear growth condition

lim inf M > 7%, limsup M <7t
u—0+ U U—s+00 U
uniformly on ¢ € [0, 1];
(Hpy) superlinear growth condition
t t
lim inf ftw) > 7%, limsup ftw) <t
u—r+00 u u

u—0+
uniformly on ¢ € [0, 1].

If the considered problem (1) is without impulses and the p-Laplacian and 7(t) =
~v(t) =0, t € [0, 1], then our conditions (H3)—(Hg) reduce to the following conditions:

(H3)" There exist a; > 0 such that #(Lg, 4,) > 1 and

lim inf 7f(t’ ?)

> a; uniformly ont € [0,1];
z—0t z
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(H4)" There exist ag > 0 such that r(Lg, 4,) < 1 and

lim sup M

< ag uniformly on ¢ € [0, 1];
z—s+00 z

(Hs)" There exist ag > 0 such that #(Lg, 4,) < 1 and

t
lim sup 1(t2) < asg uniformly ont € [0, 1];
z—0t z
(Hg)" There exist a4 > 0 such that r(Lg, 4,) > 1 and
t
lim inf ft.2) > ayq uniformly on ¢ € [0, 1].

z—+o0 VA

Here
11

(L, 0 2)(t) = as / / Gt 5)Gh (s, 7) ds 2(r) dr (i =1,2,3,4).
00

Note that 7(Lg, 4,) = ai/7*, and we have a1, a4 > 7, az, a3 < 7*. Consequently,
(33) is a special case of (1), and our conclusions can be applied to (33).

In what follows, we offer some examples to verify our main results. Let 7(t) = t/2,
v(t) = t/4,t € [0,1], and m = 3, ¢, = 1/4,ta = 1/3, t3 = 1/2. Then ky =
maxy se(0,1] H(t,s) = 1/2, kg = maxy 4¢j0,1) G(t,5) = 1/3. Note that from Lemma 5
and Remark 1 we have

P(Lag) >~ (Lag) > 0.1728,
s
and

r(Lag) < % £1.328, B3>0

Example 1. Letp = 3/2, a1 = 274, by = 10, a3 = 2, by = 0.3. Then p, = 1/2,p* = 1,
7(Lay b)) > 1, 7(Layp,) < 1. If we choose
flt,2) =xa()2", Li(2) =z Db(z)=Vz IBz)=vz zeRf, te(0,1]

where x1 (¢) is a continuous positive function on [0, 1], then we have

Tz oxal(t)0 : flt,2) . x1 ()20
lim inf = liminf =——— = 400, limsu = limsup &¥———~+—— =
PRV 20t 205 z~>+oop zp~1 Z~>+oop 205

uniformly on ¢ € [0, 1]; and
I

lim inf M = lim inf
z—0t z z—0t

~+00, lim sup = lim sup 0.

z—+400 z z—+00

E L(2) VE

uniformly on k£ = 1,2, 3.
Thus, all the conditions of Theorem 1 are satisfied. Then (1) has at least one positive
solution.
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Example 2. Letp =5/2,a3 = 1,b3 = 0.2, ag = 37, by = 15. Then p, = 1, p* = 3/2,
T(Lay,bs) < 1,7(Layp,) > 1. If we choose

ft,2) = x2(t)2"C, I(2) =2% D(z)=2% I3(2)=2% zeRY tec(0,1],

where x2(t) is a continuous positive function on [0, 1], then we have

t,z )26 t,z t)z16
lim sup 1(t,2) = lim sup X227 =0, liminf ft:2) = lim inf Xa(H)z 7 = +00
ot 2P7T 250+ z1-5 z—>+o0 2ZP~ z—+o00  z1.5
uniformly on ¢ € [0, 1]; and
I 5—k T 5—k
lim sup M = lim sup : =0, lim inf £(2) — liminf 2 = 400
z—0+ z 20+ z z—+o0 2 z—>+00 Z

uniformly on k = 1,2, 3.
Thus, all the conditions of Theorem 2 are satisfied. Then (1) has at least one positive
solution.
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