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Abstract. This paper investigates the dynamics and control of a fractional-order delayed predator—
prey system with disease in the prey. The existence conditions for all feasible equilibria are
analyzed. The local asymptotic stability of these equilibria is then studied by deriving the
characteristic equation and establishing the corresponding stability criterion. Furthermore, it is
demonstrated that the system undergoes a Hopf bifurcation as the time delay crosses a critical
threshold, leading to the emergence of sustained periodic oscillations. To suppress oscillations and
control disease transmission, a time-delayed feedback controller is incorporated into the infected
prey dynamics. Theoretical analysis reveals that the additional control delay can elevate the critical
threshold. Numerical simulations validate this strategy, highlighting its potential for ecological
management.

Keywords: fractional-order eco-epidemiological model, time delay, stability, Hopf bifurcation,
feedback control.

1 Introduction

Eco-epidemiology is an emerging interdisciplinary field integrating ecology and epidemi-
ology. It aims to understand disease transmission dynamics within populations and its
subsequent effects on species composition and energy flow in ecosystems [2, 3, 25, 27].
Recent studies [10, 13, 15] have revealed that diseases not only act as key regulators
of population sizes but can also significantly alter the strength of predator—prey inter-
actions, triggering drastic oscillations in population abundances. Such disease-mediated
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ecological disturbances pose increasingly severe challenges to biodiversity conservation,
sustainable natural resource management, and public health security.

Time delays, which are inherent to biological processes like pathogen incubation and
predator digestion, play a critical role in eco-epidemiological systems. By frequently
inducing oscillatory dynamics or outright destabilization, they profoundly influence fun-
damental outcomes such as species coexistence and extinction thresholds [9, 28]. For
instance, a predator—prey model with disease spreading in the prey population and a ges-
tation delay in predator response has been proposed [5,21]. In such models, the delay
in predator recruitment typically depends on past consumption of both susceptible and
infected prey. Analyses show that introducing a delay into the predation process results
in substantially more complex behavior in epidemic systems, often altering stability and
promoting sustained oscillations.

Classical integer-order dynamic models, though fundamental in biological studies, are
inherently limited in capturing memory effects prevalent in nature, such as the influence
of infection history or population state dependence on past trajectories. Against this back-
drop, fractional-order derivatives, due to their definition relying on the entire historical
state of the system, can more accurately describe complex phenomena involving historical
dependence and long-range correlations, such as the growth of biological individuals and
the spread of diseases [8,17,19,24]. For instance, modeling studies on the global COVID-
19 pandemic conducted by Xu et al. [22,23] have shown that, compared with traditional
integer-order models, models based on Caputo fractional-order derivatives significantly
improve the fitting accuracy and predictive ability for transmission trends. An increas-
ing number of empirical advantages have opened up new avenues for constructing eco-
epidemiological models that are closer to reality, and also promoted the development of
research on fractional-order eco-epidemiological models [4,7, 11, 16].

Meanwhile, integrating time-delay factors into the fractional calculus framework to
construct time-delayed fractional-order eco-epidemiological models holds dual signifi-
cance. Firstly, it represents a necessary breakthrough beyond the limitations of traditional
integer-order models and a deepening of relevant theories. Secondly, it serves as a key
scientific tool that can provide in-depth insights into the nonlinear dynamics of complex
biological interaction networks, reveal their stability and bifurcation behaviors, and ac-
curately evaluate the effectiveness of intervention measures [14, 18,26]. However, there
are still significant gaps in current research on such time-delayed fractional-order eco-
epidemiological models.

This paper provides a qualitative analysis of a fractional-order eco-epidemiological
model with time delay. By incorporating a time-delayed feedback controller, it investi-
gates the controller’s impact on system stability and Hopf bifurcation, establishing a the-
oretical basis for controlling population oscillations and mitigating disease transmission.
The paper is structured as follows. Section 2 presents the fractional-order delayed model,
analyzes the existence conditions of all equilibria, and proves solution nonnegativity
and boundedness. Section 3 analyzes the uncontrolled system, including stability and
Hopf bifurcation conditions, and examines the delayed feedback controller’s effect on
bifurcation behavior. Section 4 presents numerical simulations validating the theoretical
results. Section 5 concludes with a summary and future research directions.
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2 Model and preliminary results

This section presents the foundation for our analysis by introducing the fractional-order
dynamical model with its assumptions and the necessary mathematical preliminaries. Key
lemmas on stability and bifurcation are provided, which are crucial for the subsequent
dynamical analysis.

2.1 Model description

We consider the following fractional-order model in which a disease spreads within the
prey population, while the predator remains unaffected by the disease:

S+1

CDES(t) :aa5<1— ; Py SY
K

14+ mepeS + mepg I’

) _jepsr -

pgIyY
1+ mopgS + mepgl’
GFS(t—7) + p3I(t — 7)Y (t — 7)
1+ m"ﬁ? (t - ?) + maﬁg (t — %)

CDtI(t) = b*BST — &1 — (1)

—d°y.

Dty (t) =

Here CDf‘ is the a-order Caputo derivative with 0 < « < 1, defined as

L)
F(l—a)/(t—T)adT'

0

“Def(t) =

The specific biological meanings and dimensions of each variable and parameter in the
model are shown in Table 1. Assuming that predators exhibit a higher predation efficiency
on infected prey and adopt a Holling type II functional response for both types with

Table 1. Model variables and parameters with biological meanings and units.

Variables Meaning Units

and parameters

t Time day

S Density of susceptible prey individuals

1 Density of infected prey individuals

Y Density of predators individuals

a Intrinsic birth rate of susceptible prey day~?!

K Environmental carrying capacity of prey individuals

b Infected prey contact rate day~?!

/3) Disease transmission coefficient individuals—!

¢ Disease-induced mortality rate of infected prey day—?!

pl Predation rate on susceptible prey individuals—1 day—?!
P2 Predation rate on infected prey individuals—! day—!
m Handling time coefficient in Holling-II response day

q Conversion efficiency of prey biomass to predators  dimensionless

d Natural mortality rate of predators day~!

T Predator gestation delay day
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a shared handling time coefficient m, we set the capture rates as po > pj. All parameters
are positive.
The initial conditions take the form

S(0) = ¢1(0) 20, 1(0) =¢2(0) 20, Y(0)=¢3(6) 20, 6¢€[-7,0]

Under standard results for fractional-order delay differential equations [6,23], model (1)
admits a unique solution for any initial value (S, lo,Yy) € RY. For notational conve-
nience, we define:

a=a% b=b"B, m=m p=pY, pp=py, c=¢, d=d"
In this context, the original system can be represented as follows:

o S+1 15Y
CDES(t) aS<1 - K) —bST — 1+m£15'+mp21’
p2lY
1+ mp1S +mpoI’
q(piS(t—7) +pl(t—7))Y(t—7)

Cnha
DY (t) = —dY.
Y () 1+mp1S(t—7) +mpoI(t —7)

CDeI(t) = bST — ¢l — (2)

2.2 Existence of equilibria

System (2) always admits two trivial equilibria: the extinction equilibrium Ey(0, 0, 0)
and the single-species equilibrium E; (K, 0,0) in which only the susceptible prey per-
sists at the environmental carrying capacity. Furthermore, a predator-free equilibrium

E5(Ss, I5,0) exists, provided that bK > ¢ with the following components:
c a(K — S5)
So = — [h=— =

T T atbK

This establishes a basic reproduction number Ry = bK/c > 1, which allows the infected

prey population to persist. Additionally, the system admits a disease-free equilibrium
Es5(S3,0,Y3), where

d aq < Sg)
S3=—" Yy=g(1-22),
3 p1(q —dm) 3 d’? K

provided that Kp;(¢ — dm) > d holds. This condition ensures that the maximum per
capita growth rate of predator exceeds the mortality rate. The existence of the endemic
equilibrium E*(S*, I*,Y™*), where the disease persists in the predator—prey system, re-
quires that the system

o1 E0N e pY -0
K 1+ mpS* + mpoI*

b

Y*
bS* —c— b2 =0
1+ mpy S* + mpoI*
q(p1S™ + p2I™)
14+ mp S* + mpoI*

—d=0
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admits a positive solution. Solving the equations, we obtain

K (aps + cpy) — L) 1/ d
S*: ¢ ) I*< plS*)7
a(pz — p1) p2 \q—dm
e abS"—o)
p2(g —dm)
The endemic equilibrium E* exists under the following condition:
H1) d - K(ap2+cpl)*% S €
pi(g — dm) a(ps — p1) b

2.3 Nonnegativity and boundedness of solutions

To ensure the biological plausibility of (2), we first demonstrate that its solutions remain
nonnegative and bounded for all future time.

Lemma 1. Given nonnegative initial conditions
SO)=¢1(0) =20, I(0)=¢200)>20, Y(0)=¢3(0)>0, 6€[-7,0],
the solutions (S(t), I(t),Y (t)) of (2) remain nonnegative for all t > 0.

Proof. Suppose there exists t; > 0 such that S(¢;) < 0. Since S(t) is continuous and
S(0) > 0, there exists a first point ¢y = inf{¢t > 0: S(t) < 0} satisfying

S(to) =0, S(t) <0 forte (to,to+e€), €>0.

Evaluating the first equation of (2) at t = t, yields “D#S(tg) = 0. According to the
definition of the Caputo derivative, S(¢) remains identically zero in a neighborhood of
to due to the uniqueness of solutions. This contradicts the assumption that S(t) < 0
immediately after ¢5. Hence, S(¢) > 0 for all ¢ > 0. The same argument yields I(¢) > 0.

Now suppose Y (t1) < 0 for some ¢; > 0, and let tg = inf{t > 0: Y (¢) < 0}. Then
Y (tg) = 0. Substituting into the third equation gives

plS(to - 7') —|—p21(t0 — T))Y(to —
1 + mplS(to — T) + mpz_[(to — 7')

DY (to) = 44 ) _av(t).
Since S(tg — 7), I(to — 7) = 0 (by the initial conditions on [—7,0]) and Y (to — 7) > 0,
the first term is nonnegative. However, because Y (to —7) > 0, if Y (tg — 7) > 0, then the
right-hand side would be positive, contradicting “D'Y (¢y) = 0. Hence, we must have
Y (to — 7) = 0. Repeated application of this argument backward in time shows that Y ()
vanishes identically on [ty — T, to]. By the uniqueness of solutions, Y () remains zero
for ¢ > tp, which contradicts the assumption that Y (¢) becomes negative. Consequently,
Y(t) > 0forall¢ > 0.

Thus, all three populations remain nonnegative for all time under nonnegative initial
conditions. O

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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Lemma 2. The solutions of system (2) are uniformly bounded.

Proof. Define the total prey population N (t) = S(t) + I(t). Adding the first two equa-
tions of (2) we obtain

N (p1S +pl)Y N
Cra
DN (t) = l—= ) —cl— < 1-—=).
N () aS< K) ¢ 14+ mp1 S+ mpal as K

Observe that “D N (t) < 0 when N(t) > K. We now prove that N (¢) < max{N(0), K}
for all ¢ > 0. Suppose for contradiction that N (¢1) > max{N(0), K} for some ¢; > 0.
Let tg = sup{t < t;: N(¢) < max{N(0),K}}. Then N(ty) = max{N(0), K} and
N(t) > K on (tg,t1], which implies D& N(t) < 0, t € (to,t1]. By the integral repre-
sentation of the Caputo derivative, we obtain N(¢;) < N(to), which is a contradiction.
Therefore N (¢) is uniformly bounded.

Now we establish boundedness of the predator population Y (¢). From the third equa-
tion of (2),

N
q P2 y
1+mp N

CD?Y(t) < q(p15+p2[)

< Y(t—7) <
1+ mp S+ mpol ( )

(t—7).
Since N (t) is bounded, there exists a constant 17 > 0 such that
‘DY (t) < nY(t — 7).

Then Y (¢) is bounded on any finite interval. Moreover, using the method of steps and
the boundedness of N (t), one can show that Y (¢) remains uniformly bounded for all
t>0. O

2.4 Preliminaries on stability
For the purpose of analyzing the local stability of the equilibria, we first introduce the

following lemmas regarding the stability of fractional differential equations.

Lemma 3. (See [12].) Consider the fractional-order system

“Dia(t) = f(t, (1)),
z(0) =z

with o € (0,1] and f(t,x(t)) : RT x R" — R™. The equilibrium is locally asymptotical-
ly stable if all roots s; (j=1,2,...,N) of the characteristic equation det(s*I—J) =0
satisfy |arg(s;)| > w/2, where J = 0f(t,x)/0x is evaluated at the equilibrium. It is
unstable if there is a root such that |arg(s)| < /2.

Remark 1. According to Lemma 3, the equilibrium is locally asymptotically stable, pro-
vided the characteristic roots satisfy |arg(s)| > /2, a condition equivalent to |arg(s®)| >
am /2. 1t follows that the stability criterion is more easily satisfied as v approaches 0.

https://www.journals.vu.lt/nonlinear-analysis
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Lemma 4. (See [20].) Consider a n-dimensional fractional-order system with delay
CDexi(t) = gi(xy, Ty ..., 0, T), i=1,2,...,n, 3)

where oo € (0,1), and the time delay 7 > 0. It will undergo a Hopf bifurcation at the

equilibrium x* = (a7, x5, ..., 2% )% when T = 7¢ if following conditions are satisfied:

(i) All the eigenvalues of the coefficient matrix of the linearized system of (3) satisfy
larg(s®)| > am/2.

(ii) The characteristic equation of (3) has purely imaginary roots +ipy when T = 7.

(iii) dRe[s(7)]/dT|r=r, > 0, where Re[-] denotes the real part of a complex number.

3 Stability and bifurcation analysis

We first linearize system (2) around an arbitrary equilibrium point E= (5’ I, }7) yielding
CDES(t) = a1 S — a1ol — a1zY +c1,
“DYI(t) = an S + asnl — aY + e, )
DY (t) = az S(t — 7) + asoI(t — 7) + az3Y (t — 7) — dY + c3.

The coefficients of the Jacobian matrix are given by

2S’+j N ply(l +mp2f) p1§
aip1=all-— — bl — = =, aiz =
K (14 mpyS + mpal)?

B 1—l—mpl,SA’—i—nwgf7

ais = (a + b>S + mp1p2SY as1 = bl + mpipa [V
K (14 mp1 S + mpoI)?’ (1+mp1S +mpyl)?’
agy = bS — ¢ — sz(l i mplg) a23 = 2
(14 mp1 S + mpyI)?’ 1+ mp1S+mpal’
asz; = qplff agz = qu}A/
(1—|—TerlS—|-7”rL]92.7)27 (1+mp15+mp21)2’
S+ pol 5 / y
a3z = Q(pl P2 ) c1 = —a11S + a,12I + a13Y7

B 1 er]olSerpgf7
Cy = —aglg — a22f + CL23Y/, C3 = —CL31»§ — a32f — (CL33 — d)i/
Applying the Laplace transform to (4), we obtain the characteristic matrix

s —an aia a13
A(s) = —a21 % —ag a23
—az1e” %" —agzee” T s% —az3e” T +d

Then the characteristic equation of the system is given by

|A(s)]| = Q1(s) — Qa2(s)e™*" =0, (5)

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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where
3 2 «@
Ql(S) =35+ (d —a11 — a22)3 + (a11a22 + ajgag1 —and — a22d)5
+ ayia22d + aj2a21d,
_ 2a a
Q2(5) = a33s™™ — (ar1a33 + ai3as1 + azeass + az3a32)s” + aj1azass

+ a12a21a33 + 11023032 + Q12023031 — G13021032 + 413022031 -

3.1 Stability analysis

We now analyze the stability of each equilibrium point for the case 7 = 0 by examining
the roots of their respective characteristic equations.
The characteristic equation at Ej is

(s* —a)(s* + c) (s*+d) =0.

It clearly has a positive real root, therefore Ej is always unstable.
The characteristic equation at E is

Kpiq
« *—bK Y—————+d) =0.
(s*+a)(s +c)(s 5 Kop, +
Then FE; is locally asymptotically stable, provided that
bK <c and Kpi(q—dm) <d. (6)

If either condition is violated, then F; is unstable, indicating the potential existence of
or Fs.
The characteristic equation at Ej is

20 , ac ,  ac(bK —c) o q(p1S2 + p2l2)
sy d— —0.
(S TR T T R S i Ss + mpals

Since bK — ¢ > 0, the quadratic factor yields two roots, which are negative roots or
conjugate complex roots with negative real parts. Thus, F is locally asymptotically stable
if

(g — dm)(p1S2 + p212) < d,

that is,

ap2 (bK — ) ) d. )

The characteristic equation at E'3 has one root

apg(K— Sg)
s* =bS3 —c— —_—,
° 1K

which is negative if p; K (bS5 — ¢) — ap2 (K — S3) < 0. The other two roots satisfy

S0 a(dm + q)Ss — adeSa n ad(q — dm)(K — S3)
Kq Kq

=0.

https://www.journals.vu.lt/nonlinear-analysis
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They have nonpositive real parts when (dm + ¢)Ss > dKm. If (dm + ¢)S5 < dKm,
then |arg(s®)|| > an/2, provided that

V4adKq(q — dm)(K — S3) — (a(dm + q)S3 — adKm)?

am
> tan —. 8
adKm — a(dm + q)S3 g ®
The characteristic equation at ™ is
—dm)S*I*Y*A
224+ As2? 4+ Az + P2(g m/iZ 0 =0,
where
o q a(p2 —p1)  2mpipaY*
Z=8, AZq—dm’ Ao = K - A2 )
mpaS* I Y* (2bpy — Ag) | Y*(q — dm)(ptS* + p3I*) a
A = bS*I*| —=+0b
1 A2 + A2 + K +0b],
a5t mY(pRS® + 3l
7K A2 '

Three roots can be expressed as

_ k=B [BY  BY | swg/=Bx B}  BY A
_‘”\/2 TVttt 2 1 a7

k=0,1,2. Here
1 V3 A2
w=—5+ig,  Bi=A-
B 24, A1y | pag—dm)S* YA
T o7 3 A2

Then the condition for the local asymptotic stability of E* is
(H2) |arg(zx)| > aw/2fork =0,1,2.

Based on the linearization analysis and characteristic equations derived above, we now
summarize the local stability conditions for all equilibria of system (2) in the absence of
time delay.

Theorem 1. For system (2) with T = 0, the local stability of equilibria is characterized
as follows:

(i) Fo(0,0,0) is always unstable.

(il) F1(K,0,0) is locally asymptotically stable if (6) holds.

(iii) Fo (Sg, 15, 0) is locally asymptotically stable if (7) holds.

(iv) E3(Ss,0,Y3) is locally asymptotically stable if bSs — p2Ys — ¢ < 0, and either
S3 = dKm/(dm + q) or (8) holds.

(v) E*(S*,I*,Y™*) is locally asymptotically stable if (H2) holds.

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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3.2 Hopf bifurcation Analysis

We now derive the conditions under which the endemic equilibrium E* undergoes a Hopf
bifurcation as the time delay 7 > 0 varies. The characteristic equation (5) at E* is
expressed as

Qi(s) — Qz(s)e”"" =0, (10)

where
Q1(s) = s 4 (d + A)s** + (dAgy + Cp)s™ + dCy,
p2(q —dm)S*I*Y* Ag

Q3(s) = ds** + C15% + dCy —

A? ’
mpaS*I*Y™ el @
adS™ — qY™ 5,
Ci = K A2 ( S +p2 )

Substituting s = ip = @e™/?(¢p > 0) into Eq. (10) and separating the real and
imaginary parts yields

 RelQ; ()] RelQ3(i¢)] + ImlQ3 (i) Im[Q3 ()]
cosler) = R[Q3 (i) + 2 (Q3(ip)] = hle) "
n(or) — RelQi9)] 1lQ3(19)] — InlQ3 i) ReQ30i0)) _
(er) R(Q3(i¢)] & Q3 (i) = fale)

Here the real and imaginary parts are given by
3o o
Re[Q}(ip)] = ©** cos Tﬁ + (d 4+ A2)@*™ cos(ar) + (dAy + Co)p™ cos % + dCy,

Im[Q7 (ip)] = ¢**sin 3a77r + (d + Ap)p**sin(ar) + (dAy + Cp)p® sin O%T,

p2(q —dm)S*I*Y* Aq
A? ’

Re[Q3(ip)] = dp** cos(am) + C1¢* cos % +dCy —

Im [QE(RP)} = dp** sin(am) 4+ C1p® sin %,

Assume that Eq. (11) admits a positive real root ¢g. Then the critical values of time
delay 7 are given by

1 1
70" = - (arecos fi(ipo) +2km) = —(aresin fa(o) +2km), (12)
0 0

where £k = 0,1,2.... Let 19 = Téo). Next, differentiating both sides of Eq. (10) with
respect to 7 and simplifying yields

(d) _ () - Qi () 7
dr N sQ35(s) s’

https://www.journals.vu.lt/nonlinear-analysis
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where

’

Q7 () = 3as®* ™1 £ 2a(d + Ap)s** ! + a(dAy + Cp)s* 1,
Q5 (s) = 20ds®* ' 4+ aCy 5@

Substituting s = iy and 7 = 7, we obtain

R%Gﬂq] __MiNy 4 M,
dr) |, N7+ ND)

in which

M; =Re [Q;l(isﬁo)} —Re [Qf(i%ﬂ cos(poTo) + Im [Qf(isﬁo)} sin(@o7o0),
M, =Tm[Q3 (ipo)] — Im[Q} (ivo)] cos(womo) — Re[Q} (io)] sin(omo),
Ny = Im[Q3(iv0)],

Ny = —Re [Q;(icpo)}.
Therefore, if the condition
(H3) M{Ny + M5Ny <0

is satisfied, then Re[(ds/d7r)~!],—,, > 0. According to Lemma 4, a Hopf bifurcation
occurs at the equilibrium E* when 7 = 7.

Theorem 2. Assume that conditions (H1) and (H2) hold. If a positive root ¢q of the
characteristic equation (11) exists, leading to a critical delay Ty, and condition (H3) is
satisfied, then system (4) undergoes a Hopf bifurcation at E* when T = 9.

Remark 2. Equation (11) is a transcendental equation that may admit multiple positive
real roots ¢q, ¥1,...,9n (n = 1). Each positive root ¢; corresponds to a sequence of
critical delays given by (12). The phenomenon of stability switches—where the stabil-
ity of E* alternates as 7 increases—occurs if the sign of Re[(ds/d7)~!] alternates at
consecutive critical delays. The specific switching pattern is determined numerically in
Section 4.

3.3 Bifurcation control via time-delayed feedback

Given the inherent complexity of eco-epidemiological systems, effective control strategies
are crucial for guiding them toward desirable outcomes. These strategies include vacci-
nation, habitat management, and population regulation, and are aimed at achieving goals
such as population coexistence, disease eradication, and sustainable resource use. These
efforts are vital for advancing biodiversity conservation, maintaining ecosystem services,
and protecting public health. To control disease outbreaks, a time-delayed feedback con-
troller

ult) = h(I(t) ~ 1(t — v))

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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is introduced into the infected prey equation, resulting in the controlled system

S+I>—bSI— pSY

Crna
D t 1— ——
5(t) = S( K 1+mp1S +mpal’

p2lY

t 13

1+mp15’+mp21 ( ), (13)

qp1SE—7)+pA(t—7))Y(t—1)
1+ mp1S(t—7) +mpaI(t —7)

CDEI(t) = bSI — el —

DY (t) = —dY.

Here the parameter v denotes the sampling interval for infected population data, and h(+)
represents a proportional control gain defined as h(z) = hz. A negative feedback gain
h < 0 implements suppressive control measures to reduce infections. It follows directly
that when A = 0 or v = 0, the dynamical system described by (13) degenerates into the
original uncontrolled system (2). This implies that the controller introduces no alteration
to the equilibrium points of the system.

Remark 3. For the controlled system (13) with & < 0, the nonnegativity of solutions is
still preserved. Indeed, when I(t) = 0, the second equation yields

CDYI(t) = —hI(t —v) >0

since h < 0 and I(t — v) > 0 by the initial condition. Thus, I(¢) cannot cross zero
to become negative. The arguments for S(¢) and Y () remain the same as in the uncon-
trolled case. Hence, all solutions remain nonnegative for ¢ > 0 under nonnegative initial
conditions.

For given values of 7 > 79 and v > 0, the characteristic equation corresponding to
system (13) is given by
Qs(s) + hQq(s)e™®" =0. (14)

Here
Q3(s) = Q1(s) — Qa2(s)e™ " — hQa(s),

Q4(S) _ <QP125;(2&:* - C) o ai.(S* B d5a>eST
+ 5% 4+ (d — D)s* — dD
mp125*(bS* — ¢) _aS”

p2A K

D =

Substituting s = i) = 1e™/2 with ¢» > 0 into Eq. (14) and separating the real and
imaginary parts leads to

Re[Qs(i¢)] Re[Q4(i9)] + Im[Q3(i))] Im[Qu4 (i9))]

st = ReZ[Qa(i0)] + (0410 IR
Re?[Qu(iv)] + 2[@4(i¢)] ’
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Re [Qg(i?/))] = Re [Ql(iw)] — Re [Qg(i@b)] cos(¥1) — Im [Qg(ii/))] sin(y7)

— hRe[Qa(i)],

Im[Qs3(iv)] = Im[Q1(iv)] — Im[Q2(iv))] cos(¥7) + Re[Az(ih)] sin(y7)
— hIm[Qa(iv)],

Re[Qa(iv))] = 9** cos(am) — dy® cos (W’ - M) + (d — D)y cos % —dD

2
n qp125*(bS* —¢) _ adS”
p2A K

)t

Im[Q4(iv)] = ¢** sin(amr) + dyp® sin (wr - O‘”) 4 (d— D)% sin 28

2 2
2 Qx * *
n (qpl S*(bS* —c) adS )sin(wT).

p2A K

Assume that Eq. (15) possesses a positive real root ¢g. Then, for k£ = 0,1,2,..., the
corresponding critical values of the time delay v are given by

v(()k) = % (arccos gL (;1/10) + 2k7r> = % (arcsin 92 (;fo) + 2k7T>~ (16)

Let vg = véo) denote the smallest such value. Next, differentiating (14) with respect to v

and simplifying yields

(d) Qe +hQls) v
dv hsQ4(s) '
Here
Q3(s) = Q1(s) = Qa(s)e™ + 7Qa(s)e™ " — hQ(s),
Q4(s) =225t +a(d — D)s* ! — ads* e T
(S s

Substituting s = i)y and v = vy, we obtain

rel(d5Y AR
dv vo,  PUOL(VE 4 V)

in which

U = Re[Q5(iv0)] cos(1ovg) — Im[Q5(ih)] sin(¢pove) + h Re Q) (ivko)],
Us = Im[Q%(iv0)] cos(tovo) + Re[Q%(ivb)] sin(ove) + hIm[Qf(itko)],
V1 =—Im [Q4(lw0)] s V2 = Re [Q4 (11/)0)] .
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Hence, if the condition
H4) U1V1 +UxVe >0
is satisfied, it follows that Re[(ds/dv)™],—,, < 0.

Theorem 3. For system (13), suppose that (H1)—(H3) hold. If T > 719 and (H4) is
satisfied, then the positive equilibrium E* of system (13) undergoes a Hopf bifurcation at
v = vg, where its stability switches from unstable to stable.

Remark 4. As elaborated in Remark 2, Eq. (15) is a transcendental equation that may
possess multiple positive real roots. Accordingly, the phenomenon of stability switches
will occur if the sign of Re[(ds/dv)~!] alternates at consecutive critical delays.

4 Simulations

In this section, we conduct numerical simulations to validate the theoretical results on
stability and bifurcation obtained in the previous sections, and to demonstrate the effec-
tiveness of the proposed time-delayed feedback controller. All simulations are conducted
using the parameter values listed in Table 2, unless otherwise specified. The initial condi-
tions are set as S(¢) = 1.6, I(t) = 0.5,and Y (¢) = 1.5 for t € (—7,0].

4.1 Stability and bifurcation analysis

We first consider the uncontrolled system (2) described by the fractional-order differential
equations. The parameter values in Table 2 satisfy condition (H1), confirming the exis-
tence of a positive equilibrium E* = (1.3797,0.8393, 1.6193). Further calculation yields
three roots in (9): zg = —0.002, z; ~ 0.0182 + 0.6301i, and 2z ~ 0.0182 — 0.6301i.
Since |arg(z2)| — an/2 = 0.0497 > 0, condition (H2) is satisfied. When 7 = 0, the
positive equilibrium E* of system (2) is locally asymptotically stable, and the numerical
simulation results are shown in Fig. 1.
When 7 > 0, solving Eq. (11) yields two sets of critical parameters:

(5 To0) = (0.594039,1.8628) and (g, 7¢) ~ (0.550496, 4.6668).

According to (12), these define two infinite sequences of critical delays:

2k
T(i:k:Tg,:0+nga k=0,1,2,....
0

The transversality condition analysis shows that M; Ny + MaN, ~ —0.0113 < 0 for
(#0 > 7o) and My Ny + My Ny = 0.0092 > 0 for (¢ , 7). Consequently,

ds\ " ds\
Re || — >0 and Re||— <0 fork=0,1,2,....
dr —rr dr +

T=Tg k
The ordering of the initial critical delays is given by

- + - + - + - - +
0< T0.0 < To0 <To1 <To1 < <Tpo <Tog <Tp10 < To11 < To.10-
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Table 2. Fitting parameters of system (2).

Par.  Values Par. Values Par. Values  Par.  Values
a 0.65 K 25.0 b 0.009 d 0.1
P1 0.11 p2 0.5 m e 0.95
=0 =0

2

18
>
B 14 == —
T
T 12
S
T 1
2 - .
o 08
o

06 S s

— I.
0.4 Ve ey
02
0 500 1000 1500 2000 2500

15

t

Figure 1. Solutions for system (2) with &« = 0.95 and 7 = 0.

Population density

05 o5 S

"o 2000 4000 6000 8000 10000 |
t

Figure 2. Solutions for system (2) with 7 = 1.6.

According to Theorem 2, the equ1l1br1um E* is stable for 7 within the intervals [0, T, o)
(T&k,ro’kﬂ) for k = 0,1,...,9, and unstable in the intervals (7, ,,7,,) with k =
0,1,...,9and (7'1_ 10> +oo) Furthermore system (2) undergoes a Hopf bifurcation at E*
when T = Toik fork = 0,1,...,9and 7 = = Tp,10- This alternating pattern of stability
switches is illustrated in Figs. 2 and 3 for two cases: E* is locally asymptotically stable
with 7 = 1.6 € (0, 75 ), while it becomes unstable with 7 = 2.5 € (7, 7'(1'0).

To visualize the effect of the time delay 7 on the dynamics of the infected prey,
we numerically compute the bifurcation diagram shown in Fig. 4. The black horizontal
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7=2.5 7=2.5

Population density
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t

Figure 3. Solutions for system (2) with 7 = 2.5.
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Figure 4. Bifurcation diagram of infected prey I with respect to 7.

line represents the stable equilibrium level I* = 0.8393. The red dots denote the local
maxima and the blue dots the local minima of the oscillatory solutions obtained by direct
simulation for different 7 values. For 7 values between 7,, = 1.8628 and T(f 0 =
4.6668, the system exhibits periodic oscillations. For brevity, we present only the first
two bifurcating branches in this figure.

4.2 Control via delayed feedback

We now consider the controlled system (13) with the same parameter values as in the
uncontrolled case, and the negative feedback gain is set to o = —0.1. With fixed 7 = 2.5,
two positive roots ¢, = 0.5659 and 17 = 0.604117 are computed from Eq. (15). The

https://www.journals.vu.lt/nonlinear-analysis
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Figure 5. Solutions of system (13) with fixed 7 = 2.5 and v = 2.

corresponding fundamental critical delays, computed from (16), are

2km
v(jJE,k:”(TOJFF, k=0,1,2,...
0

with the fundamental critical delays v, o ~ 0.6944 and vaf o ~ 9.6919, respectively. We
have U1 V14U Va2 = 0.0555 > 0 for (v , vak), and we have U1 V1 +Us Vo =~ —0.1966 <
0 for (Y Vo, o). Hence,

ds\ ™ ds
Re [(dv) L_%k <0 and Re [(dv) L_ng > 0.

It is straightforward to verify that
— + — + — + + —
0 <wgo<wgo <V <voy <<V <V < Vg2 < Vg

According to Theorem 3, the equilibrium E* is stable for v within the intervals (v(; o U& )
withk = 0,1, ..., 11, and unstable for v in the complementary intervals, namely [0, Vo, 6),
(Vg s Vo pgr) FOr ke =0,1,...,10 and (vg11, +00). Furthermore, system (13) undergoes
a Hopf bifurcation at E* when v = ”0 i fork =0,1,...,11. As shown in Fig. 5, stability
at E* is restored for 7 = 2.5 by setting v = 2, Wthh falls within the stabilizing interval

(U1,0v ”io)-

4.3 Effect of fractional order o

To quantitatively characterize the regulatory role of the fractional order o on the system
dynamics, we determine the critical delay 7y for Hopf bifurcation by solving the char-
acteristic equation for different « values. It should be noted that the condition for the
equilibrium to be stable at 7 = 0 is |arg(zy )| > am/2, where zj, are the roots of the cubic
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Figure 6. Hopf bifurcation threshold 7 as a function of the fractional order a.

equation (9). For the selected parameters, this condition requires & < qpax ~ 0.9816;
when « exceeds this threshold, the equilibrium is unstable even without delay. Therefore,
we only consider o < 0.98 to ensure a meaningful discussion of 7.

According to the analysis in Section 3.2, substituting s = ip (p > 0) into the
characteristic equation (10) yields the modulus condition |Q1 (ip)| = |Q2(ip)|. Define
the function F'(¢) = |Q1(ip)| — |Q2(ip)|. Then a positive root of F'(¢) = 0 corresponds
to a frequency at which a Hopf bifurcation may occur. Numerical computations show that
the modulus condition has no solution when o« < 0.945. In this case, the stability of the
system does not change with 7. Together with the fact that the equilibrium is stable at
7 = 0, we conclude that the system remains stable for all 7 > 0. This further confirms
the stabilizing effect of strong memory, corresponding to small a.

We numerically solve for the roots of F'(¢) = 0 and compute the corresponding 7
for each « in the range [0.945, 0.98], with the results shown in Fig. 6. As « increases
from 0.945 to 0.98, the critical delay 7y decreases monotonically from about 2.62 to
about 0.067. This indicates that a larger fractional order, which corresponds to a weaker
memory effect, makes the system more sensitive to delay, meaning that the tolerable delay
before destabilization becomes smaller. This provides intuitive numerical verification of
the assertion in Remark 1 regarding the stabilizing role of memory and highlights the
unique advantage of fractional-order modeling: by adjusting the memory strength, one
can effectively suppress or delay harmful population oscillations.

5 Optimal control parameter design

In practical ecological management, control measures must strike a balance between
effectiveness and cost. Excessive control may suppress disease transmission but lead to
high implementation costs, while insufficient control fails to achieve the desired effect. To
minimize the disease burden and control costs, we consider the following two objectives:

T

Ji(h,v) :/I(t) dt, Jo(h,v) = h?,
0
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which represent the cumulative number of infected individuals and the control cost, re-
spectively. Thus, we construct the biobjective optimization problem

n}fblin(Jl (h,v), J2(h,v)) subject to dynamics of system (13).
)

Here h € [-0.5,0], v € [0.1,10]. To convert the biobjective problem into a single-
objective one, we use the linear weighting method. Let wq,ws > 0 with wy + we = 1
be the weights for infection burden and control cost, respectively. The weighted objective
function is defined as

J(ha U) = wljl(ha 'U) + wQJQ(ha 'U),
and the original problem becomes

i J(h, biect to the dynamics of system (13).
h€[—0.5,1(§]1,lge[0.1,10] (h,v) subject to the dynamics of system (13)

5.1 Optimization method

In the multicriteria decision-making framework, we set the objective function weights as
w1 = 0.7 and wo = 0.3 to balance the trade-off between infection scale and control cost.
Since J(h,v) lacks an explicit analytical form, we employ the pattern search algorithm
[1] for derivative-free optimization. For each (h,v), J(h,v) is obtained by numerically
solving system (13) and integrating I(¢). The optimization is set with a maximum of
20 iterations and a function tolerance of 10~*, ensuring convergence while maintaining
computational efficiency.

Figure 7(a) shows the convergence process of the pattern search algorithm. The ob-
jective function value steadily decreases from an initial value of 1200.62, reaching the

1201

—e—Best Function Value Fixed Control (h=-0.100, v=2.000)
® Optimal: 1194.3900 —— Optimal Control (h=-0.481, v=7.094)

1200 16

o Initial: 1200.6200 » Fixed Control: J, =1718.0, J,=0.0100, J=1202.6
16 "

Optimal: 1943900 Optimal Control: J,=1706.2, J,=0.2316, J=1194.4
Iterations: 20 ! 2

Improvement: 0.52% Improvement: AJ=8.2 (0.7%)

1195

y 04
1o s > 4 5 N 2 14 16 1 20 0 200 400 600 800 1000 1200 1400 1600 1800 2000

o
Iteration
(a) Pattern search convergence (b) Infected population comparison

Figure 7. (a) Convergence process of pattern search: the objective function value converges to 1194.39 after
15 iterations; (b) Comparison of infected individuals: the optimized control strategy significantly reduces the
cumulative infection scale.
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optimal value of 1194.39 at the 15th iteration and remaining unchanged in subsequent
iterations, indicating algorithm convergence. The algorithm finally obtains the optimal

parameters h* = —0.481, v* = 7.094. The corresponding optimal objective function
value is J* = 1194.39, with cumulative infection scale J; = 1706.17 and control cost
J3 =0.2316.

To evaluate the effectiveness of the optimized control strategy, we compare it with
a fixed control strategy h = —0.1, v = 2. Figure 7(b) shows that the infected individual
curve I(t) under the optimized control strategy is always below that of the fixed control
strategy, indicating its superiority in suppressing epidemic spread. From a cost perspec-
tive, the optimized strategy reduces the total objective function value J by 0.7%.

It is worth noting that although the control cost Js of the optimized strategy increases
significantly due to stronger feedback, the cumulative infection scale .J; decreases more
substantially, achieving overall cost optimization. This result suggests that moderately
strengthening intervention intensity in infectious disease control can bring greater social
benefits by reducing the infection scale.

5.2 Weight sensitivity analysis

To assess how decision-maker preferences affect the optimal strategy and model robust-
ness, we perform a sensitivity analysis on the weight w; . The biobjective problem is trans-
formed into the following single-objective optimization problem via the linear weighting
method:

minJ(z) = w1 Ji(z) + (1 —wy)Jo(x), x=[hv]".

For each wy € {0,0.1,0.2,...,1.0}, the above optimization problem is solved using the
pattern search algorithm, and the optimal solution (h*,v*) along with the corresponding
objective values (J5, J3) are recorded. By analyzing the trend of the optimal solution as
w; varies, we assess the sensitivity and robustness of the model. The sensitivity analysis
results are shown in Table 3.

It is observed that when wy < 0.4, h* and v* change significantly; when w; > 0.4,
both tend to stabilize. These results indicate that the model is insensitive to preference

Table 3. Optimal strategies and objective values under different weight coefficients.

w1 Decision variables Objective values J*
h* v* JY J3

0.00 —0.0047 2.0000 1860.68 0.0000 0.00
0.10 —0.2547 7.0000 1708.86 0.0649 170.94
0.20 —0.4422 7.0000 1706.57 0.1955 341.47
0.30 —0.4891 7.0625 1706.09 0.2392 512.00
0.40 —0.4969 7.0781 1706.02 0.2469 682.56
0.50 —0.4988 7.0859 1706.00 0.2488 853.13
0.60 —0.4988 7.0625 1706.00 0.2488 1023.70
0.70 —0.4998 7.0664 1705.99 0.2498 1194.27
0.80 —0.4998 7.0664 1705.99 0.2498 1364.84
0.90 —0.4998 7.0664 1705.99 0.2498 1535.42
1.00 —0.4998 7.0664 1705.99 0.2498 1705.99
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changes when the weight w; > 0.4. The optimal strategy remains stable as long as
infection control is assigned at least 40%. In contrast, the system is more sensitive to
weight changes in the range w; < 0.4, which requires a nuanced balance between
infection control and cost considerations.

5.3 Biological interpretation

The sensitivity analysis reveals a critical decision inflection point at w; = 0.4. When
the preference weight exceeds this value, further increases yield diminishing returns in
reducing infections, with minimal changes to the optimal strategy. For w; € [0.4, 1.0], the
optimal control parameters are h* ~ —0.5 and v* ~ 7.1 days, the resulting cumulative
infections are J; ~ 1706. This stability indicates that the recommended strategy is robust
as long as infection control is prioritized with at least 40% weight. In contrast, when
resources are limited and control effectiveness must be carefully balanced against cost, the
focus should be on the more sensitive interval wy € [0.2,0.4]. Within this range, small
adjustments in the weight coefficient lead to substantial variations in both the optimal
strategy and outcomes, making it the critical interval for policy adjustment.

6 Conclusions

We analyze a fractional-order eco-epidemiological predator—prey model with time delay
and Holling type II response. We first determine all possible equilibria and analyze their
stability. For the uncontrolled system, we derive explicit stability conditions for the pos-
itive equilibrium E* in the absence of delay. When 7 exceeds 7y, a Hopf bifurcation
occurs, generating periodic oscillations. Figure 4 shows the bifurcation diagram, and
Fig. 6 shows that 7y decreases as « increases, confirming that stronger memory effects
enhance stability.

To control disease outbreaks, we introduce a delayed feedback controller u(t) =
h[I(t) — I(t — v)] into the infected prey equation. This controller delays the Hopf bi-
furcation and stabilizes the system under certain conditions. We derive critical v values
and verify via simulations that the controller can suppress or induce stability depending
on v.

Numerical simulations confirm the theory, showing stability loss as 7 increases and
recovery via fractional-order reduction or delayed feedback. A biobjective optimization
(Section 5) yields (h*,v*) = (—0.481,7.094) via pattern search. Sensitivity analysis
shows the optimal strategy is robust when infection control weighting > 40%, while
[0.2, 0.4] requires fine-tuning.

Limitations include the specific Holling type II response and linear feedback, which
may not capture ratio-dependent predation, nonlinear costs, or stochastic fluctuations. The
analysis is local, leaving global dynamics and multidelay interactions for future work.

Future directions: (i) generalized functional responses; (ii) adaptive or real-time con-
trol; (iii) age/stage structure, stochastic perturbations, or spatial diffusion. Such extensions
would bridge theory and real-world dynamics, enhancing applicability for conservation
and public health.
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