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Abstract. We investigate the existence of positive solutions for a system of 1)-Riemann-Liouville
fractional differential equations with positive parameters and sign-changing nonlinearities subject
to nonlocal coupled boundary conditions containing Riemann—Stieltjes integrals and fractional
derivatives of various orders. To prove our main result, we use the nonlinear alternative of Leray—
Schauder type.
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1 Introduction

In this paper, we consider the system of 1)-Riemann-Liouville fractional differential
equations

D&Y u(t) + M (tu(t),v(t)) =0, t€ (a,b),

5.4 (1
D o(t) + pg(t,u(t),v(t)) =0, t€ (a,b),
supplemented with the coupled boundary conditions
u(’)(a):O7 1=0,1,...,n—2,
c b d b (2 )
1
D Pu(d) = Z/Dé’f’u(s) dHi(s) + Z/Dg_j_’wv(s) dK;(s),
=1 =1
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2 A. Tudorache, R. Luca

v¥D(@) =0, i=0,1,...,m—2,

p b q
DYy (b)fZ/Daf’ Z/D 5) dQ;i(s).

Herea,b e R,0<a<ba€e(n—1,n),8€(m—-1,m),n,mée N,n,m>=3,¢ €
C?[a,b], p = max{n,m} with¢'(t) > 0 forall ¢ € [a,b], c,d,p,¢g € N,1<¢<a-1,
0<oi<si=1...,60<n; <6,j=1,....p,1<I<B-1,0< 0, <V k=

,d,0< 0, <9,0=1,...,q, A and p are positive parameters. D”fu and Da+ v
denote the 1)-Riemann-Liouville fractional derivatives of functions v and v, respectively,
of order x and % for k € {o,5,0:,m;, 0 =1,...,¢,5 = 1,...,p}, K € {5,9,04,0,,

(22)

k=1,...,d, . =1,...,q}. The integrals from the boundary conditions (2) are Riemann—
Stieltjes integrals with H;, P;, Ky, Q,, ¢ = 1,...,¢, 5 = 1,...,p, k = 1,....,d,
¢t =1,...,q, bounded variation functions, and the functions f and g are sign-changing

continuous functions.

In this paper, under some assumptions on the nonlinearities f and g, we present
intervals for the parameters A and p such that problem (1)—(2) has at least one positive
solution. So we have here a system of semipositone boundary value problems. To prove
our main result, we use the nonlinear alternative of Leray—Schauder type. The 1)-Rie-
mann—Liouville fractional derivative generalizes the Riemann-Liouville derivative (for
¥ (t) = t) and the Hadamard derivative (for ¢)(t) = Int). Next, we present several papers
that study various fractional differential equations and systems connecting to our problem.
In [21], the authors investigated the ¥-Riemann—Liouville fractional differential equation

DYYu(t) + Mf(t,ut) =0, te (a,b), 3)
with the nonlocal boundary conditions

uP(a) =0, i=0,1,...,n—2,

b
4
D Pu(d) = Z / D2 u(s) dHy(s). @

Here 0 < a <b,a>0,n€ N,n>3,a € (n—1,n],¢¥ € C"a,b] with¢)'(t) >0
forall t € [a,b], m € N, \is a positive parameter, ] < ¢ < a—1,0< g; <, i =
1,...,m, the function f may change sign and may be singular at the points ¢ = a and/or

=b,and H; : [a,b] — R, i =1,...,m, are bounded variation functions. Based on the
Guo—Krasnosel’skii fixed point theorem, they proved the existence of positive solutions
to problem (3)—(4) for various intervals of A. In [14], the authors explored the system of

nonlinear fractional differential equations
Dg u(t) + Af(t ult), v(t)) =0 ) )
DY, o(t) + pg (¢ u(t), () = 0 )

https://www.journals.vu.lt/nonlinear-analysis
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System of 1-Riemann—Liouville fractional differential equations 3
subject to the coupled integral boundary conditions

u(0) = ' (0) = --- = u("2(0) = 0, Df u(l) = [ v(s)dH(s),
(6)

v(0) = v'(0) = --- = ™2 (0) =0, Dg,v(1) = [ u(s)dK(s).

o O —

Here n,m € N,nom > 3, a,0 € R,a € (n—1,n|, 5 € (m—1,m], p,g € N,
p € [l,n—2], ¢ € [I,m—2], A and p are positive parameters, D{, denotes the
Riemann-Liouville fractional derivative of order & for x € {a, 8, p, ¢}, the functions f
and g are sign-changing continuous functions, which may be singular at ¢ = 0 and/or
t = 1, and H and K are bounded variation functions. They presented intervals for
the parameters A and g such that problem (5)-(6) has at least one positive solution.
We also draw attention to the works [1,4,5,11,17,18,22-26,28] in which the authors
examined the existence of positive solutions for a variety of semipositone or singular
Riemann—Liouville fractional differential equations subject to different types of boundary
conditions. Other systems of Riemann—Liouville fractional differential equations subject
to various nonlocal boundary conditions have been studied in [6,8,9,12, 16]. For compre-
hensive treatments of Riemann-Liouville, Caputo, and Hadamard fractional differential
equations and systems with various applications and related nonlinear dynamics, the
reader is referred to the monographs [2, 3, 13, 29] and the papers [7, 10, 20, 27]. For
definitions and various properties of the i)-Riemann-Liouville fractional integrals and
derivatives, we refer the reader to the monographs [15, 19] and the paper [21].

The novelty of the present paper lies in the use of -Riemann—Liouville fractional
derivatives both in the equations of system (1) and in the associated boundary condi-
tions (2). Moreover, the nonlinearities f and g in (1) are not assumed to be nonnegative;
instead, they may change sign. Finally, the boundary conditions (2), formulated in terms
of Riemann-Stieltjes integrals, represent a unifying framework that encompasses multi-
point boundary conditions, classical integral conditions, as well as combinations thereof.

The remainder of the paper is structured as follows. In Section 2, we analyze the
linear version of problem (1)—(2), including the construction of the corresponding Green
functions and a discussion of their properties. Section 3 is dedicated to establishing the
main existence result for positive solutions of problem (1)—(2). In Section 4, an example is
provided to highlight the applicability of the theoretical results. Finally, Section 5 contains
the concluding remarks.

2 Auxiliary results

In this section, we study the linear problem associated with our problem (1)—(2), including
its solution, the corresponding Green functions, and their properties.

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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We consider the system of fractional differential equations

D&Y u(t) + h(t) =0, t€ (a,b),

7
DEVu(t) + k() =0, ¢ € (a,b), @

subject to the boundary conditions (2), under the assumptions presented in Section 1
after (2), with h, k € C(a,b) N L(a,b).

We mention that the conditions «(") (a) =0,i=0,1,...,n — 2, are equivalent to the
conditions D'u(a) = 0,4 = 0,1,...,n — 2, where D = (1/4'(t))d/dt. In the same
way, v)(a) = 0,4 = 0,1,...,m — 2, are equivalent to the conditions D*v(a) = 0,
1=0,1,...,m—2.

We denote by

P T . | (8)

A= N Ay — Ay 3.

Lemma 1. If A # 0 (that is, Ny Ay # A A3), then the solution of problem (7), (2) is
given by

1 / ’ a—1 AU+ AV a—1
w/w(s>(w<t>—w(s>) hs) ds + == (b(t)~v(a)* ",

1 / / B-1 AU+ AV 8—-1
w7 [ Y O@O-vE)" k) s + B ) ()

https://www.journals.vu.lt/nonlinear-analysis
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System of 1-Riemann—Liouville fractional differential equations 5

forallt € [a,b], where

b s
- 1 / a—p;—1
— — h(t)dr | d
;F(a_gi)a/<a/wm(¢<s> 9()* 0 B dr | dta(s)
d 1 b s 5 )
ey /(SO - e o Jaxi)
\ a a (10)
_ 1 ’ _ B—9-1
V= 57 / 9/() () ~ ()" k(s) ds
p
a—n;—1
_ ; s / </¢ B(m)* " () dT)dPi(s)
q
B—0;—1
Ny T / (/zp 6(r)" " k() dr>dg,»(s).
Proof. By Lemma 5 from [21], the solution of system (7) can be written as
u(t) = —Ig‘+wh + Za] aij
j=1
/ e ()" h(s) s+ 3 ay ((0) — v(@) ",
= (11
o) = ~IEP RO + 3 b5 (6(0) — ()
1 ; _
/ 5 1 5—j
_m/¢(5)(w(t)— ds+Zb
forallt € [a,b], where a;,b; e R, i =1,...,n,j=1,...,m.

Using (11) in the conditions u(a) = u/(a) = --- = u(» 2 (a) = 0 and v(a) =
v'(a) = --- = v™ 2 (a) = 0, we find that a,, = a,_1 = --- = ay = 0 and b, =
bpm—1 = -+ = by = 0. We will show next that the conditions u(a) = v'(a) = --- =
u("=?)(a) = 0 indeed imply a,, = a,,_1 = --- = ay = 0. The last term of u (from (11))

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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is an (¥ (t) — 1(a))* ™, which has negative power. If we suppose that a,, # 0, then u is
defined only on (a, b], and u becomes unbounded near ¢ = a; so it is impossible to impose
a condition for u(a). Then a,, = 0, and therefore we obtain

) =~ [ - v)"  hds + 3 (010)  0(a) .
The first derivative of u is

W (1) = fﬁ / ¥ (5)((t) — () "2 (B)h(s) ds

3 ayla 0 ~9(@)" )

The last term in v’ is a,,—1 (o — n+ 1)¢' (¢) (¢ (t) — 1 (a))*~™, which also has a negative
power. Hence the condition «'(a) = 0 implies, from the same reason as above, that
an—1 = 0. Continuing in this way, we conclude that all coefficients vanish until the
condition u("~?)(a) = 0, which implies as = 0.

In consequence, system (11) takes the following form:

u(t) = =147 h(t) + a1 (¥(t) — (a)) "

a—1

1 p ’ a—1
_ _F(oz)/¢ () (1) — () h(s) ds + ar (¥(t) — v(a) ",
2 (12)
v(t) = —IPP k() + by () — v(a)) "

-1

*—Lt’s —(5)" k(s)ds —(a))’
- rw)a/“)w(” 909" k(s) ds + b1 (9(6) — 9(@)*,

where ¢ € [a, b].
From (12) we have

Dyult) = =Dy I h(t) + ar Dy (w(t) = (@)

F(a) a—k—1
m(ﬂl(t) —(a)) (13)
fort € (a,b), k =¢,0:,7m5,i=1,...,¢,j=1,...,p, and
DEYo(t) = =D I k() + b1 DEY (v(1) = (a)”
i~ (B R
=L b s () — (@) T
fort € (a,b),k=1,0;,0;,i=1,...,d,j=1,...,q.

= —I27"Yh(t) + @

https://www.journals.vu.lt/nonlinear-analysis
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Inserting (13) and (14) in the integral boundary conditions of (2), we deduce

. b
a1 lpr(a))(w(b)—w(a))ﬁl -y Fl“(a)) /(@b(s)—w(a))”"gi’l dH;(s)

(a—¢ P (a—o; J
/ 5—01‘,—1
b Z - ﬂ L / dKCi(s) = U, (15)
T r —
)l / (606) (@)™ APy (s) by | i (000 - wl)
i=1 a4
b
.7 -
Yty [ @ -u@) e | = v. 16)
i=1 v
where U and V' are given by (10).
Using notations (8) in (15) and (16), we obtain
Aya; — Asby = U, —Asa; + A4b1 = V. (17

The determinant of system (17) in the unknowns a; and by is A = A1 Ay — As A3z # 0.
Then the solution of system (17) is unique, namely

1 1
ap = Z(A4U+A2V)7 by = Z(A3U+A1V)' (18)

By replacing the formulas for a; and b; (given by (18)) in (12), we obtain the solution
(u(t),v(t)), t € [a,b], of problem (7), (2) presented in (9).

Conversely, the functions u and v given by (9) satisfy system (7). Indeed, it follows
from (9) that for ¢ € (a, b),

patut = 0 (1zonte) + 22 ) —via) )
= 7h(t),

Pt = o2 (~1twn + 5 o) - o))
_—

In addition, » and v satisfy the boundary conditions (2). By (9) we obtain u(a) = 0. The
first derivative of u is

AU + AV ~

W (1) = ~Zu (015 R + T I (0 () — (@)

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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with Z11(t) = ¢'(t) and Zy1(t) = (o — 1)’ (t). So o (a) = 0. The second derivative of
u is

u'(t) = —Zor (I Y R(t) — Zoo ()07 PV h(2)

+ LY (70, 0) (000) — 0)) ™ o Zoo 1) (000) — )],

where Zy () = "/ (£), Zoa(t) = (& ()% Zon (1) = (@ — 1) (1), Zan(t) = (@ — 1)
(a — 2)(¢'(t))2. Then " (a) = 0. For the third derivative of u, we find
W (t) = —Zs1 (I Uh(t) — Zaa () Igr PV R(E) — Zss ()15 Vh(t)
+ MY 1700 (00) — 0(0) " + Zinl0) (011) — (a)
+ Zaa (1) (0(1) — (@) ],

where Zy1(t) = 0" (t), Zaa(t) = 3¢/ ()0 (1), Zas(t) = (& (£))%, Zua (1) = (a — 1) x
(1), Zaa(t) = 3(a—1)(a=2)¢' (t)" (t), and Zs3(t) = (a—1)(a—2)(a=3)(¥'(1))*.

Hence u”’(a) = 0. We continue in this way until the derivative

a—3

n—2
w2 () = =3 Zu ()7 Vh(t)
i=1
AU + AV < a—i—1
Tzzn 2i(8)(¥(t) — ()™ ",
1=1
where Z,,_» ; and En_gvi,l. =1,...,n—2, are functions, which depend on the ¢’ , 9", . . . |

¥(=2) We obtain u("~?) (a) = 0.
The condition in the point b for the function u, namely

. b
D;fu(b):Z/Da+u ) dH( +Z/Da+v (s),
=17

is equivalent to

_I;Y;Qwh(b) + A4UZA2V F(];(i)g) (w(b) _ d](a))a*C*l

c b
_Z/|: [fx i, ¢h /14UZ/12V F(z((j)&) (1/J(5) —1/J(a))a_gi_1] AHi(s)

a4 ©
8o A3U+A1V I'(B) oo P )
+;/[ o RS A T oy V) —¥@) }d/cl( ).

https://www.journals.vu.lt/nonlinear-analysis
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System of 1-Riemann—Liouville fractional differential equations 9

This last relation is also verified (see relation (15) and the definition of the constants a;
and by (18)).
In a similar manner, we obtain v(a) = v/(a) = - -- = v(™~?)(a) = 0, and

DY (b /DZ s) dP; (s +Z/D 5)dQ;(s). O

After quite long computations, we deduce the next result.

Lemma 2. If A # 0, then the solution of problem (7), (2) (given by (9)) can be expressed

as
b b
:/Gl(t, s)h(s) ds+/G2(t,s)k(s) ds, te€]a,b],
a a (19)

_ / Gy(t, s)h(s) ds + / Galt, s)k(s)ds, t € [a,b],

where the Green functions G;, i = 1,...,4, are given by
t) — a—1
Gr(t.s) = gr (. 5) + LU=

c 0 P b
/14 11'(’7'7 8) d’HZ(T) + A2 21‘(7‘, 8) dPl(T) 5
> R

1

(v(t) — ¥(a)"”

Gs(t,s) = A
a b g b
A4Z/g3i(7',s) d’Ci(T)+AQZ/g4i(T,S)in(7)]7
_ a B-1
1.y = (0 V(@)

A

. b b b
/132/911‘(7'78) dHi(T)+AIZ/g2i(7a5)dPi(T) ;
=1 =1

() — (@)’
A

G4(ta 8) = gZ(ta 8) +

4 b

32 g3i(T, 8) I ( +Alz/g4z7-5 ) dQi( )]

=

=

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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forallt,s € [a,b] with

L [Pl e G
0ts) = 75| ~W0 - v, a<s<t<h,
W($)($(0) — (@) () Y ast<s<h,
L[l - @) G
9t9) = | WO - vE), a<s<t<b,
V($)($(1) — (@) T (SH=AS) T a<i<s<h,
L [Pl - v e (R
91(r ) = Tagy | T —ve)m e, a<s<r<h,
() () — dla) e (SR T, a<T<s<h,
L [P OIEE) ) T R
925(7, 8) = Tla—mn) () —ab(s))*~m 71, a<s<T<b,
() W(r) = a) T ERERES) T, a<r<s <),
L (YOI =) )
931 (7, 8) T(G—o07) —((1) = p(s))P 771, a<s<T <D,
W) @r) — @) (BB a<r<s <o,
L [P @)
g4L(T7 8) F(ﬁ—g ) —(1#(7’) _w(s))ﬁiebil]v a<s<TLh,
@) - (@) T GHER)P T, a<r<s<h

fori=1,...;¢,5=1,....,pk=1,....d,t=1,...,q

Based on the definitions of functions GG;, ¢ = 1,...,4, and the properties of the
funCtiOﬂSgl,gz,911‘,92j,93k,94ui =1...,¢c5=1,...,pk=1,...,d,t=1,...,q
(deduced from [21, Lemma 8]), we obtain the next lemma.

Lemma 3. Assume that Ay > 0, Ay > 0, A > 0, and H;, Kj, P, Q. i =1,...,¢
j=1...,d k=1,...,p,.=1,...,q, are nondecreasing functions. Then the functions
Gy, k = 1,...,4, are continuous on [a,b] x [a,b] and, for t,s € [a,b], satisfy the
following inequalities:

() Gi(t,s) < Ji(s), where

_ a a—1
() = y(s) + D=0

X

. b p b
Ay Z / g14(7,8) dH; (1) + Ag Z / 92i(7, 8) dP;(7)

https://www.journals.vu.lt/nonlinear-analysis
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with

hi(s) = ﬁw’(S) (0(B) = %) () = (@) = (¥(b) — ¥(s))°];

(i) G1(t,s) =771 (t)J1(s), where y(t) = ((t) —1b(a))/(L(b) —1(a));
(iil) Ga(t,s) < Ja(s), where

4 b
A4Z/gsms ) dKC( +AQZ/g4ms dQ;(r ]

.
Il
N

c

b b
A3Z/gli(7', s)dH; (1) +Alz/ggi(7',$) dP;(1)

V) Gs(t,s) =771(t)Js(s);
(vil) Ga(t,s) < Ju(s), where

X

A
da ° p b
x A3Z/93i(7', s) d/Ci(T)+A1Z/g4i(T, s)in(T)]
with
ha(s) = ﬁw%s)(wb) — ()" () — (@) — ((b) — $(5))°);

(viii) Ga(t,s) = ~+P71(t)Ja(s).
Remark 1. Under the assumptions of Lemma 3, we deduce that A; > 0, A5 > 0, A3 > 0,
and A4 > 0.

Lemma 4. We assume that the assumptions of Lemma 3 are satisfied. If h(t) > 0 and
k(t) = 0forallt € [a,b], then the solution (u(t),v(t)), t € [a,b], of problem (7), (2)
(given by (19)) satisfies the inequalities u(t) > 0, v(t) > 0 for all t € [a,b] and u(t) >
YO ) u(r), v(t) = P~ (t)v(T) forall t, T € [a, b).

Nonlinear Anal. Model. Control, 31(Online First):1-24, 2026
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Proof. By using Lemma 3 we obtain the following inequalities for all ¢, 7 € [a, b]:

/b ds+/G2 (t,s) /le(s)h(s) ds+/sz(s)k(S)ds,
/b Yh(s )ds+/7 (1) Ja(s)k(s) ds

a

b
=7a_1(f)[/J1( )h(s )d8+ (7),
b

0= [ )ds+/a4<ts / e [ nionco

a
b

b
o) > [P OB ds + [T 1O Sk ds

a
b b

:vﬁl(ﬂ[ / J3(s)h(s)ds + / Ja(s)k(s) ds] > A7 (v (T). n

a a

3 Existence of positive solutions

In this section, we present our main result related to the existence of positive solutions for
problem (1)—(2). We first give the assumptions that we will use in our main theorem.

(A a,beR,0<a<bae(n—1,n),€(m—1,m);n,mée N;n,m > 3;

(RS C’p[a,b}, p = max{n,m} with ¢’(t) > 0 for all ¢ € [a,b]; ¢,d,p,q € N;
€ell,a—1);0,€[0,¢,i=1,....,¢5m; € [0,¢],j=1,...,;;9 € [1,8-1);

o, €09, k=1,...,d;0,€[0,9],c=1,...,¢; A\, 0 > 0; H;, Kj, Pr, Q. :
[a,b] — R are nondecreasing functions for all ¢ = 1,...,¢, j = 1,...,d,
k=1,...,p,t=1,...,q. Inaddition, A; > 0, A4 > 0, andA>O

(A2) The functions f,g € C([a,b] x Ry x R4 ), and there exist the functions z; €
C(la,b],Ry), @ = 1,2, such that f(t,z,y) > —z1(t), g(t,z,y) = —2a(¢) for
t € [a,b], z,y € Ry. Here R, = [0, 00).

(A3) f(t,0,0) >0, g(t,0,0) > 0forallt € [a,b].

Now we consider the system of nonlinear i-fractional differential equations

D&Yz (t) + A[f(t, [2(t) — (D], [y(t) — 82(8)]) + 21(8)] =0, t€ (a,b),

o ) . (20)
DYyt + plg(t, [2(t) — 61(1)] ", [y(t) — 62(8)]") + 22(t)] =0, ¢ € (a,b),

https://www.journals.vu.lt/nonlinear-analysis
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with the boundary conditions

tD(a)=0, i=01,....,n—2,  yD(a)=0, i=0,1,....,m—2,
b b

c d
DYt =Y / DY a(s) dHi(s) + Y / D%y (s) dKy(s),
i=1Y i=1 2n
p b
DY y(b) = Z/Dm 5)dPi(s +Z/D 5)dQ;(s),
=17
where x*(t) = ( )if x(¢) > 0, and x*(¢t) = 0if x(¢) < 0.
Here (61(t),62(t)), t € [a, b], given by
b b
51 (1) :/\/Gl(t,s)zl(s) ds+u/G2(t,s)zQ(s) ds, telab),
9o (t) = )\/Gg(t,s)zl(s) ds + /,L/G;l(t,s)ZQ(S) ds, te€la,b],
is the solution of the system of v-fractional differential equations
DOYS(t) + Az (t) =0, DZY6s(t) + pza(t) =0, t€ (a,b), (22)
with the boundary conditions
sa)=0, i=0,1,....n—2, 5§i>(a) =0, i=0,1,...,m—2,
DY, Z/Dgl Y81 (s) dH( +Z/D°” Y55(s) dKi(s),
(23)

DY 55 (b) /D’Wa1 ) dP;i( +Z/D9“w5 )dQi(s).

Under assumptions (A1) and (A2), we obtain d1 (t) > 0, d2(t) > 0 for all ¢ € [a, b].
We will prove that there exists a solution (x, y) for the boundary value problem (20)-
(21) with x(t) > 01(¢) and y(¢t) > d2(t) on [a,b], z(t) > d1(t) and y(t) > d2(t) on
(a,b).
In this case, (u,v) with u(t) = z(t) — 1 (¢) and v(t) = y(t) — 02(¢t) for all t € [a, b] is
a positive solution of problem (1)—(2). Indeed, by (20)—(23), for any ¢ € (a, b), we derive
D u(t) = DY a(t) — Do, (t)
= -Af(t [z(t) = 6], [y(t) = 82(6)]) = Aza(t) + Az (t)
= 7>‘f (ta u(t)a U(t))a
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D o(t) = Dy y(t) — Do (1)
= —ug(t, [2(t) = 5:1(D)], [y(t) = 62(8)] ") — pz2(t) + pz2(t)

= —ug(t,u(t), v(t)),
and

uD(a) =2 (a) =6 (a) =0, i=01,...,n—2,
Dgu(b) = DY a(b) — DS o (b)

c b d b
=3 / D&Y (x(s) — 61(s)) dHi(s) + > / D7 (y(s) — 8a(s)) dKy(s)
=17 i=17

d b
=3 [ petue anis) + 3 [ Do) ki)

v (a) =y (a) — 65 (a) =0, i=0,1,...,m—2,
DY¥u(b) = DY y(b) — DY 6a(b)

g b
= Z / Dgiw (gc(s) — 61(8)) dPi(s) + Z / Dzrp (y(s) — 62(3)) dQ;(s)
; =17

P a b
:Z / DI u(s) dPi(s)+Z / DY u(s) dQy(s).

Therefore, we proceed to study the boundary value problem (20)—(21).
By using Lemma 2, problem (20)—(21) is equivalent to the system

b
2(t) = A / Gi(t,5)[£ (5 [2(5) — 61()]", [y(s) — 62(5)]) + 1(s)] s
b

—+ ,u/Gg(t, s) [g(s, [m(s) — 51(5)]*, [y(s) — 52(5)}*) + zz(s)] ds,

S (24)

(1) = A / Galt, 5) [ (s, [2(5) — 61()]", [y(s) — 62(5)]) + 21(s)] s

a
b

+p / Ga(t,5)[g(s, [2(5) = 61()] " [y(s) = 0a(5)] ") + 22(5)] ds,

a

where ¢ € [a, b].

https://www.journals.vu.lt/nonlinear-analysis
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We consider the Banach space X = Cfa,b] with the supremum norm ||-|| and the
Banach space Y = X x X with the norm ||(u, v)||y = ||u|| + ||v]|. We define the cone

P = {(u,v) € Vi u(t) 2y @)lull, v(t) =77 O)]v], t € [a,0]}.

For A\, u > 0, we define the operators 71,75 : Y — X andT:Y — Y by T'(z,y) =
(Tl(xay)a T2(x7y))7 (x,y) €Y, with

b
= )\/G1(t» $)[f (s, [2(s) = 61(5)] ", [y(s) — d2(s)] ") + 21(s)] ds
’ b
+ ,u/Gg(t, s) [g(s, [az(s) -0 (s)]*7 [y(s) — 62(5)]*) + 22(8)] ds,
b(l
To(z,y)(t) = )\/Gg(t, s) [f(s, [:v(s) — 51(5)]*, [y(s) - 52(5)]*) + Zl(s)] ds

b
+ ,u/G4(t, s) [g(s, [m(s) -0 (s)]*7 [y(s) - 62(5)]*) + 22(5)] ds,

where ¢ € [a, D].
One readily verifies that (z,y) € P solves problem (20)—(21) (or, equivalently, sys-
tem (24)) if and only if (x, y) is a fixed point of operator T'.

Lemma 5. Assume that assumptions (A1) and (A2) hold. Then the operatorT : P — P
is a completely continuous operator.

Proof. The operators T} and T are well defined. To prove this, let (z,y) € P be fixed
with ||(z,y)||ly = M, thatis, ||z|| + ||y|]| = M. Then we have

[2(s) = 61(s)]” < ]l < |
[y(s) = 82(9)]” < llyll < [|(z,9)[|y = M, s € [a,b].
If (A1) and (A2) hold, then we obtain

‘ x y)HY =M, sé€]lalb],

b
)\/J1(5) [ (s, [2(s) = 61(5)] ", [y(s) = 6a(s)] ") + 21(s5)] ds

b
o / 1239 (5. [£(5) = 61(5)]", [u(s) — 62(5)]") + 22(s)] s

a
b b

<2)\M1/J1(s)ds+ZuMl/Jg(s)ds<oo, t € [a,b],

a a
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b

To(,)(t) < A / T2(s) [£ (5. [(s) — 61(5)]

a

*

y(s) — 52(5)]*) + 21(s)] ds

b
+ M/J4(s) [9(s, [2(s) = 01(5)] ", [y(s) — 02(5)] ) + za(s)] ds

b b
<2)\M1/Jg(s)ds+2uM1/J4(s)ds<oo, t € [a,b],

where

M, = max{ max ’f(t,%il/)

) max ’g(t7$>y)

)

t€[a,b)] te[a,b]

z,y€[0,M] z,y€(0,M]
51 (1), 52(t) V.

B0 B0}

Therefore T3 (x, y) and T»(x, y) are well defined.
In addition, by Lemma 4, we infer that for all (z,y) € P,

Ti(z,y)(t) > 7 (OTi(z,9) (), Talz,y)(t) =77 (O Ta(e,y)(Q),

where ¢, ¢ € [a, b], and then

T1($7y)(t) = ’Ya_l(t)HTl(‘rvy)! ) Tg(x,y)(t) > ’yﬁ_l(t)||T2($,y)|

where ¢ € [a, b]. So we find that (T3 (z,y), T2(x,y)) € P forall (x,y) € P, and therefore

b

T(P)CP.
An application of standard techniques shows that the operator 7" : P — P is completely
continuous. O

Theorem 1. We assume that (A1)—(A3) hold. Then there exist the constants A1 > 0 and
w1 > 0 such that for any A € (0, \1] and p € (0, p1], the boundary value problem (1)—(2)
has at least one positive solution (u(t),v(t)), t € [a,b].

Proof. Letw € (0, 1) be fixed. By (A2) and (A3), there exists r¢ € (0, 1] such that
f(taxay) >wf(t7070)7 9(75755;?/) 2@9(1‘;,070)7 (25)

where t € [a,b], z,y € [0,70].
We define

fo= max {ft,z,y) +21(0)), g0 = max, {9(t,2,y) + (1)},

z,y€[0,70] z,y€[0,70)

https://www.journals.vu.lt/nonlinear-analysis
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b

T}:/Ji(s)ds, 1=1,...,4,

a

M_{mﬂﬁ&’%%}ﬁﬂ¢Q M_{mﬁé&w%%}ﬁn¢@
r . _ T 3 J—
SFoTh if Y3 =0, S0 if 7y = 0.

We see that

fo= tm{a%}{wf(t, 0,0) +z1(¢)} > 0, go = tm[a)li]{wg(t, 0,0) + z2(t)} > 0.
€la, €la,

We will prove that for any A € (0, A\1] and p € (0, p1], there exists a positive solution
for problem (1)—~(2). Let A € (0, A1] and .z € (0, 21] be arbitrary, but fixed for the moment.
We introduce the set = = {(z,y) € P: ||(z,y)|ly < ro}. We suppose that there exist
(x,y) € OZ, that is, ||(x,y)|ly = 7o or ||z|| + ||yl| = ro, and £ € (0, 1) such that
(x,y) = T (z,y); hence x = Ty (z,y) and y = T (x, y). Then we obtain

* l’(t) — 51(t) < x(t) <o 1fx(t) — (51(t) >0,te [a7b],
W”&@}{o if 2(t) — 61(t) <0, t € [a, ]

and

« Juy@t) —da(t) <ylt) <o ify(t) —da2(t) >0, t € [a, ],
[y(t) = &2(t)] " = {0 if y(t) — 62(t) <0, t € [a,b].

Therefore, by Lemma 3, we find

b b
z(t) = T (z,y)(t) < Th(z,y)(t) < A/Jl(S)fo ds +M/J2(5)90 ds

= A fod1 + p1goTa < %O + %0 = ZO, t € la,b],

b b
mwzaamwm<T%mmw<5/h@ﬁw+u/hwmm3
=/\1f0T3+M190T4<%0+%=%0, t € [a,b].

Then ||z|| < ro/4 and ||y|| < ro/4. Hence ||(z,y)||y < 70/2, which is a contradiction.

Therefore, by using the nonlinear alternative of Leray—Schauder type, we infer that
T has a fixed point (x1,y;) € Z. So (x1,31) =T (21, 1), or, equivalently, z1 =T} (x1,y1),
y1 = To(z1,91), and [[(z1,y1)lly = [leall + [lya]l < 7o with z1() = 471 (1) |21,
y1(t) > 4* (1) | for all £ € [a, b].
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Besides, by (25), we derive

b
21(t) = Ty (0,0 (1) > /\/Gl(t, ) (@ £(5,0,0) + 21 (s)) ds

b
+ M/GQ(t, 5)(wwg(s,0,0) + z2(s)) ds

a
b

b
> A/Gl(t,s)zl(s)ds+M/G2(t,s)zQ(s) ds = 6:1(1), t€ab,

a

b b
z1(t) > )\/Gl(t,s)zl(s) ds + M/Gg<t78)22(8> ds =01(t), te€(a,b],

a

b
y1(t) = To(x1,y1)(t) = )\/Gg(t,s)(wf(s,0,0) + zl(s)) ds

b
+ /L/G4(t, 5)(wg(s,0,0) + 22(s)) ds

a

b b
> )\/Gg(t,s)zl(s)ds+u/G4(t,s)22(s) ds = 5(1), t€ [ab)],

b b
nit) > )\/Gg(t,s)zl(s) ds +M/G4(t,s)z2(s) ds = 6,(), t€ (ab].

a

Hence x1(t) > 01(¢), y1(t) = d2(t) forall ¢ € [a, b], and 1 (t) > 01(¢), y1(t) > Ja(t)
for all t € (a,b]. We consider u;(t) = z1(t) — d1(¢) and v1(t) = y1(t) — I2(¢) for all
t € [a,b]. Then ui(t) > 0, v1(t) = 0forall ¢t € [a,b], and ui(¢) > 0, v1(¢t) > 0 for all
t € (a,b]. So (uy,v1) is a positive solution of problem (1)—(2). O

4 An example

Let ¢(t) = Int, t € [a,b] = [l,e], « = 5/2,n = 3, 8 = 10/3, m = 4, ¢ = 1,
d= 2,p = 1,q = 1,§ = 5/4,’(9 = 11/5, 01 = 2/7,0’1 = 0,0'2 = 5/3,771 = 14/15,
01 = 17/12. We also define

Cf(s=1)78, seL,2), 1, se1,d),
7-[1(8)—{(}1)7/8’ se[g,é], /C1(s)—{37 36[%,(23],

https://www.journals.vu.lt/nonlinear-analysis
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In this way, we obtain the system of Hadamard fractional differential equations

DY u(t) + AF (1 u(t), (1) =0, t € (1,0) 6
Dy () + g (1 u(t) v(6) =0, t € (Le),
with the boundary conditions
uw(l) =4/(1) =0, v(1) =2'(1) =2"(1) =0,
5/4
1
D?f’wu( )= % /(s - 1)*1/8fo’wu(s) ds + 21}(2)
1
1] : 27
+ 1 /(s - 2)_3/4Di’f’wv(s) ds, 7
2
11/6

11/5 2 1415, 7 13 1\*° 17/12
DY*Yu(e) = 19D1+/ “’u(3>+5 / <52) DY 0(s) ds.
1

We have here y(t) = Int, t € [1,e], and after some computations, we obtain A; ~
1.44143276 > 0, Ay ~ 2.41470243, A3 ~ 0.14310234, A4 ~ 0.54581281 > 0, and
A 2 0.44120289 > 0. So assumption (A1) is satisfied.

We also find

t
gi(t;s) = % L1372 (l—lns)l/47 1<t<s<e,

S

1 { [lng/2 t(1-Ins)/4— (Int—Ins)?/?], 1<s<t<e,

{ [ln7/3t(171n5)2/157 (Int—Ins)™/3], 1<s<t<e,

92 ?0 11n7/375(1—1113)2/15, 1<t<s<e,
( L' 7 (1—Ins)V/4— (InT—Ins)'7/M], 1<s<r<e,
7,8)

gu 3—4 111117/14 (1—Ins)'/4, 1<7<s<e,
( 1 307 (1-Ins)/4— (In7—Ins)' /3], 1< s<r<e,
7,8)

921 g—o 111117/30 (1 ln5)1/4, 1<7<s<e,
(7,5) 1 ™37 (1-ns)*P— (Inr—Ins)7/3], 1< s<T<e,
T,8) =

951 (L) | L™ 7 (1-Ins)2/12, 1<7<s<e,
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(r.5) 1 [ im®Pr (1-Ins)>/— (In7-1Ins)?3], 1< s<T<e,

T,8) =

932 I'(3) %1112/37(171115)2/15, 1<7<s<e,
(r.5) 1 L™ 7 (1-Ins)?15— (In7—Ins)' /12, 1< s<r<e,
T,8) =

ga I(Z) | w27 (1-1ns)?/15, 1<r<s<e.

Besides, we obtain

5/4
7

2 7
/14§ /911(Ta s)(r—1)"8dr + /125921 (378>1 ;

1

1 /3 17
5931 (2, s) + 1 /(T — 2)—3/4932(7-, s) dT]

%%t
A

Gl(tv S) = gl(t7 S) +

10372
Gty s) = 2 t{A4

A
2
11/6
+ A E/ (1,5) 1 8/5d
25 ga1\T, T B T (s
1
5/4
m/3t | 7 2 7
Gs(t,s) = A /138/911(7',5)(7'—1)_1/8d7'+/1119g21<3,8> ,
1

/3¢ 1 3 1 r
2

8/5
—&-Al%g 941(T, 8) (T - ;) dr}, t,s €1,¢l,
hi(s) = I‘(15)s [(1 Ins)t/* — (1 lns)3/2]
ha(s) = F(llo)s[(l —Ins)?/1° — (1 - 1118)7/3]7 s € [1,el.
3

We consider now the functions
ft,z,y) = (x +y)> +10cosy, g(t,z,y) = (z + y)l/3 + 2cos(x2 + y7), (28)

where ¢t € [l,e], z,y > 0. Here we have z1(t) = 10, 22(t) = 2 for all ¢t € [1,€]
and f(t,z,y) > 10cosy > —10, g(t,z,y) = 2cos(z® +y7) > —2forall t € [1,¢],
x,y = 0. So assumption (A2) is satisfied.
Assumption (A3) is also satisfied because f(¢,0,0) = 10 > 0 and ¢(¢,0,0) =2 >0
forall t € [1, e]. We consider w = 1/20 < 1 and rg = 1. Then we obtain
1

1
f(t,$,y)>Wf(t,0,0):§, g(thvy)}wy(tovo)zﬁa
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where t € [1,€], z,y € [0, 1]. Besides, we find

fo= max {f(t,z,y) + z1(t)} =~ 21.25166806,

te(l,e]
z,y€10,1]

m[?x {g(t,x,y) + 22(t) } ~ 4.9751295.
tell,e]

z,y€[0,1]

In addition, after complex computations with Mathematica program, we obtain 73
f1 Ji(s)ds = 047071797, Ty = f1 Ja(s)ds =~ 3.51870072, 15 = f1 J3(s)ds
0. 09563862 Y, = f1 Jy(s)ds =~ 2. 15462064 and then

Q|

8f0T1’ 8f0T3

1 1
= min ~ 0.0071.
H = { 89072 89074 }

A= min{1 L } ~ 0.0125,

By Theorem 1, for any A € (0, A1] and i € (0, 1], we deduce that problem (26)—(27)
with the nonlinearities given by (28) has at least one positive solution (uq (t), v1(t)), t €
[1,e].

5 Conclusions

In this paper, we investigate the system of -Riemann—Liouville fractional differential
equations (1) with two positive parameters A and p and the sign-changing nonlinearities
f and g. This system is subject to the general coupled boundary conditions (2), which
involve Riemann—Stieltjes integrals and -fractional derivatives of various orders. We
begin by examining the linear version of problem (1)—(2) and derive its solution, the
corresponding Green functions, and their main properties. Then we make a change of
the unknown functions and transform our problem into an equivalent one, namely prob-
lem (20)—(21). Using the Green functions, we rewrite this last problem equivalently as
the system of v-fractional integral equations (24). We introduce the operator 7" defined
on the cone P in the Banach space Y, whose fixed points are the positive solutions
of system (24). Under appropriate assumptions on the functions f and g, we identify
intervals of the parameters A and u for which the operator 7' admits at least one fixed
point. The proof of our main result relies on the Leray—Schauder nonlinear alternative.
Finally, we provide an example that illustrates the applicability of the obtained result.
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